N

N

On relationship between term rewriting systems and
regular tree languages
Gregory Kucherov

» To cite this version:

Gregory Kucherov. On relationship between term rewriting systems and regular tree languages. [Re-
search Report] RR-1273, INRIA. 1990. inria-00075286

HAL Id: inria-00075286
https://inria.hal.science/inria-00075286
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00075286
https://hal.archives-ouvertes.fr

N

UNITE DE RECHERCHE
INRIA-LORRAINE

Institut National
de Recherche
en Informatique
et en Automatique

Domaine de Voluceau
Rocquencourt
BP105
- 78153 Le Chesnay Cedex
France

Tel:(1)39635511

Rapports de Recherche

N° 1273

Programme 1
Programmation, Calcul Symbolique
et Intelligence Artificielle

ON RELATIONSHIP BETWEEN
TERM REWRITING SYSTEMS AND
REGULAR TREE LANGUAGES

G. A. KUCHEROV

Aoiit 1990

.




Une relation entre les systemes de réécriture de termes et
les langages réguliers d’arbres

On relationship between term rewriting systems and
regular tree languages

G.A. Kucherov

Résumé

Si P est un ensemble de termes ouverts, Red(P) est 1’ensemble des termes qui
contiennent au moins un sous-terme qui est une instance d’un terme dans P.
Le théoréme principal de cet article affirme que si L est un langage régulier de
termes clos et P est un ensemble fini de termes ouverts tels que L C Red(P),
alors il existe un ensemble fini P* tel que tous les termes de P* sont des in-
stances linéaires de termes de P et L C Red(P*). L’article montre comment
ces résultats peuvent s’appliquer a la réductibilité sur les termes clos des sys-
temes de réécriture. Ce travail a été effectué lors d’une visite de ’auteur a
I’INRIA-Lorraine.

Abstract

If Pia set of open terms, Red(P) is the set of terms that contain at least a
subterm which is an instance of a term in P. The main theorem of this paper
says that if L is a regular language of ground terms and P is a finite set of open
terms such that L C Red(P), then there exists a finite set P* such that all the
terms of P* are linear instances of terms in P and L C Red(P*). Applications
of this result to ground reducibility of term rewrite systems are also discussed.
This work was done while the author was visiting INRIA-Lorraine.



On relationship between term rewriting systems
and regular tree languages
G.A.Kucherov
Institute of Informatics Systems
Siberian Division, USSR Academy of Sciences
Novosibirsk, 630090, USSR

The paper presents a new result on relationship between term
rewuriting aystems (TRSs) and regular tree languages. Important
congequences  (concerning, in particular, a problem of
ground-reductbiltty) are discussed.

1. Introduction.

It is well known that in many applications of term rewriting
technique non-left-linear TRSs8 (i.e. those with possibly multiple
ocourence of a variable in the left-hand side of a rule) are
essentially more diffioult to deal with than the left-linear ones
(see, e.g., [Der81,GKM83,Huet80]). According to general mathematical
intuition this is not very surprising, since in most fields of
mathematiocs non-linear objeots (€8s differential equations,
algebraioc equations, finite difference schemes, eto.) are prinocipally
more ocomplex. But a formal comparative study of a power of linear and
non-linear objeots as well as a problem of "linear approximation" is
always of great interest.

Obviously, a ocomparison between left-linear and non-left-linear
TRSs may have different purposes and, respeotively, may be stated in
different ways. For example, in [DC87] an expressive power of
"generating" different sets of ground terms is compared ("generating"
means reduction of a set of ground terms by a given TRS). This paper
deals with another approach where a power of left-linear and
non-left-linear TRSs is compared with respeot to corresponding sets of
reducible ground terms. Within this approach a following question may
be propounded: if R is a non-left-linear TRS and S is a set of
R-reducible ground terms then whether a "weaker" left-linear TRS ([
exists s.t. every term in § is L-reducible.

Let us give the following toy example which illustrates also a
"more pragmatio" motivation of the problem. Suppose we want to specify
an equality predicate eq over natural numbers defined by free



construotors 0,8. An axiom

eq(z,x)~true ' (I)
naturally oomes into the mind but it does not form a oomplet
axiomatization of eq since it rests undefined when its arguments ar
different. To ocomplete the speoification we have to add, e.g., th
following three axioms.

eq(0,3(z))~false (2)
eq(s(z),0)~false (3)
eq(s(z),s(y))~eq(z,y) (4)

Apparently, (1)-(4) form a oomplete specification of eg, i.e. al
terms of the set 8={eq(l1,12)ll1,lzefp} are reduocible. Now we not
that axiom (1) and no other axiom is applied, only when both argument
of eq are O. Thus, preserving completeness of the specifiocation, axio
(1) can be transformed into eq(0,0)-true so that the resultin,
specification is left-linear. (The resulting specification may b
"less effeotive” but 1in this paper we are not ooncerned abou
effectiveness but only about prineipal issues). .

In fact, the above example illustrates also a main result of th
paper which states that this "equivalent" transformation is possible¢
to perform whenever S is a regular tree languoge. This prineipa:
result has a number of important ocorollaries, at least two of them are
discussed in the paper. The first one characterizes a class of regula:
tree languages defined by TRSs. It is known ([GB85]) that left-lineax
TRSs define regular languages of reduoible ground terms, but =
question has still to be answered whether this "TRS-definable"’
subclass of regular tree languages is- extended if non-left-linear TRSe
are admitted. In this work we give a negative answer to this question.
We show that if some (non-left-linear) TRS define a regular tree
language, than there exists a left-linear TRS defining the same
language.

Another corollary concerns a problem of ground-reduoibility of a
term for a given TRS [KZ85,JK86]. A term t is R-ground-reduocible if
all ground instances of t are R-reducible. Ground-reducibility is very
important in reasoning in abstract data types [JK86, Com88, Kuc88,
Fr86, KNZ87]. As it is stated in [P1a85,KNZ87], ground-reducibility is
deoidable for any term t and any TRS R. However, while traotable and
transparent ground-reducibility testing algorithms are known for
left-linear systems (see [Kuc88)), the problem appears to be much more
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complicated in the oase of non-left-linear TRSs. Original algorithme
[P1as85,KNZ87] serve rather for demonstration of decidability than for
the praotiocal use. An algorithm of [Com88] is based on a speoial
notion of "oonditional grammar" and, basically, on “oleaning
algorithm" for such grammars. In [KouS89] a direct algorithm ie
presented, but from our point of view its description is not olearx
enough to oconsider the algorithm practicable. In our opinion, the
design of a practicable algorithm for the general case is still on the
agenda. Besides, the oomplexity of the problem also have to be
studied. Some complexity measures for related problems are presented
in [KNRZ87]. .

In our work we show that if a linear term is R-ground-reduoible
then it is‘R*—ground—reduoible, where 'R* is a left-linear systen
derived from R (similarly to the above example). Por example, 1if we
have to specify oompletely a funoction f, i.e. we should have a ternw
f(z4,...,T,) ground-reducible, then we oan always get rid of
non-left-linear rules. Thus, non-left-linearity is able only to make
the computation of f "more effeotive", and‘ is never inevitable in
defining its values. In other words, non-left-linear TRSs are not more
expressive than linear ones in defining linear terms completely. Since
a set of ground instances of a linear term is regular, this gives

~another example of the leit-motif of the work: {n speclfying a regular

set of ground terms non-left-lineartity of rules {s always possible 1o
avotd.

2. Preliminaries

2.1. Term rewriting systems

We assume the reader to have a minimal Inowledge about term
rewriting systems (for more details see [HO80]). Let IF denote a set
of ground terms over a signature F. TFLX) stands for a free algebra
over a set of generators A (=a set of terms over A). In partiocular,
TF(X) denotes a set of terms with variables, and var(t)cX is a set of
variables in teTF(X). We define a set of occurences 0(t) in the usual
way as sequenoces of natural numbers (inocluding the empty sequence,
oorresponding to the root ooocurence). If teZF(K), then 5(t)90(t)
denotes a subset of occurences of generators in t (for instance, if
teTF(X), then 5(t) is a set of variable ocourences in ). For two
ocourences U,V€0(t) define ugv iff U is a prefix of vV and u<v iff ugy



and v#uU. SUB (respeotively GSUB) denotes the set of substitutions
(respectively ground substitutions).

Given a TRS R a term teTFCX) is (R-)reducible iff a subterm of 1
is matohed by the left-hand side of a rule in R. A temm teTF(X) ie
(R-)ground-reducible iff for every O¢GSUB O(t) 1is (R-)reducible.
Throughout the paper we oconsider only reducibility (ground-
reducibility) of terms, but not the results of reductions. Therefore
we identify a TRS R with the set of its left-hand sides and we treat %
as an ordinary set of terms. Gr(R) stands for a set of grounc
instances of terms of R and Red(R) stands for a set of R-reducible
ground terms.

For a term tETF(X) a term g(t) is the result of superposition (&
superposant) of a term 8 into t at ueO(t)\O(t), if 0 is a most general
unifier of 8 and {/u (0 is called a superposition substitution).

2.2 Regular tree languages

Regular tree languages [GS84] are a natural generalization of
"olassioal”" regular languages (of words over <finite alphabet). All
basic results about regular languages have their oounterbarts in the
tree oase. In partioular, there are three main presentations of
regular tree languages:

- tree automata; .

- regular tree grammars;

- regular expressions;
In what follows we essentially use the first two of them. We always
oonsider ground terms with the natural tree struoture as language
objects. In the rest of the section we give the definitions of tree
automata and regular grammars for ground terms languages.

A bottom-up tree automaton is a quadruple.A=(Q,F,inn,P). where §
is a finite set of states, F a signature, than, and P is a <finite
set of transition rules

f(Q1 sece -qn)"qO’ where fan’ n>t, {QO- ces ,qn}CQ.
or a~q s where aeFo, qer.

Informally, given a ground term ¥ an automaton attempts to visit
all the nodes of M moving from leaves towards the root. A node can be
visited if all its immediate descendants have been visited.

An automaton A defines a (multi-valued, partial) function(QA:IF*Q
defined recursively as follows.



- if ¥=acF[ and P ocontains a rule a~qy, then ¢ ,(¥)=qy,
- ir ¥=f(4,,...,M,)), f€F,, for every tle€(71,n) QA(Ht)=qt. and [
contains a rule f(q,,...,qn)*qo, then(QA(H)=qO.

An automaton A is said to accept a term XA, if ¢(”)€thn' Ar
automaton A defines a regular language of terms aocepted by A. Ar
automaton A is called

- determiniatic, if there are no two transition rules in P with the
same left-hand sides,

- completely defined, it for every f¢F, and every Qqs---»qp€Q there
exists a transition rule with the left-hand side f(q1,...,qn),

- equivalent to an automaton B, if A and B define the
same language, :

- minimal, if there is no equivalent automaton with the less number
of states.

It is known [Daug83] that every bottom-up tree automaton A has the
unique minimal completely defined deterministic automaton B,
equivalent to A. Obviously, for such an automaton B a funoction ¢B ic
single-valued and total.

A regular tree grammar is a quadruple ®=(N,F,r,R), where N is ¢
finite set of nonterminal symbols, F a signature, r¢N an axiom, and I
a'Iinite set of deduotion rules

p~t, where peN, teTF(N).
Terms of Tp(N) (note that TFSTP(N)) are called sententi{al forms. !}
sentential form 85 is derived (at one step) from a sentential form 84,
if there exists a deduotion rule p~+t and UE0(81) such that 81/u—peb
and 35,=8;[u=t]. A language generated by a grammar O=(N,F,r,R) ie a set
of ground terms derivable from r at an arbitrary number of steps.

Regular grammars and tree automata are two different ways
for defining the olass of all regular tree languages.

3. Basic results
This seotion gives a summary of the results of [IM87] playing ar
important role in our paper. Besides that these Tresults are
explicitly used below in the proof of theorem 5.1, there is a deeg
analogy between them and the results of this paper. Also, we introduce
two partial order relations on TRSs and we state some of thei:
properties. These relations seem to be useful and allow our results tc
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have a compact presentation.

Definition 3.I. For R1,R2:TF(X) the relation R,:SRQ holds i1
Gr‘(R,)CGr(RZ).

Obviously, this relation is a partial order and we define R1"‘ﬁ
ife R,:ﬂ?.g and R25R7.

For oonvenience' sake we write "a linear set" as a synonym for "
set of linear terms".

Deftnition 3.2. A linear set R* is ocalled a linear {natantiatic
of a set K iff every term in R* is an instance of a term in R.

In other words, for every teR"l there exists 9¢R s.t. 0(8)=t fc
some 0€SUB, and O assigns a ground term to every non-linear variabl
of 3. Obviously, definition 3.2 implies R*sR.

By means of these definitions we can summarize the results o
(IM87] as follows.

Theorem 3.I. 1. The relation < induces a struoture of boolea
algebra on the olass of finite linear sets. It means that for an
finite linear set R_there exists a finite linear set R s.t.
Gr(R)=Gr(R), (¥
where Gr(R)= TF\Gr‘( R).

2. For any finite set R there exists a finite set 7?, satisfyin,
(x), iff there exists a finite set R' s.t. R“R'. Without 1loss o
generality we can always assume R' to be a linear instantiation of R.

3. There is an algorithm whioh tests for any finite set K th
existence of a finite R and compute R when it exists.

Theorem 3.1 distinguishes between two kinds of finite set:
depending on whether they are equivalent modulo ~ to a linear one oI
not. Linear sets (together with those equivalent to them) form :
boolean algebra w.r.t boolean operations induced by #, while the
others form only a lattice.

The following oorollary is useful for our presentation.

Corollary. Suppose R,.Rg are finite sets , R1 is 1linear anc
R jRE Then there exists a linear instantiation R2 of RZ s.t. R :SR2

Proof. Suppose R3 is a set of all possible unificants Dbetweer
terms of R, and terms of RQ. Since R jRB then RB R,, and aooordlng tc
part 2 of theorem 3.1 there exists a linear instantiation RS B.t.
R3”R3 Every term of R3 is an instance of a term of R2 and, henoe, R:
is a desired linear instantiation.m

To be ocompletely precise, theorem 3.1 is a variation of ([IM87].

6



Instead of “complement" R, the paper considers existence of a finit
"difference® R1\R2 for finite R1,R2 (R3=R1\R2, if
Gr(R5)=Gr(R, NGr(R,)). Clearly, computing R 4\R, reduces easily t
computing {t}\{01(t),...,0R(t)} for different terms t. A substitutio
gy is called non-restrioting (as in [Fr86]), if for every zevar(t
ot(x) is a linear 'term and for every Yyevar(t) ¥y 1implie:
oi(x)ﬂot(y)=¢. Theorem 3.1 can be easily extended to the oase o
differences, in this case linear sets are generalized to the set:
{61(t),...,6m(t)}. where substitutions 61,...,6m are non-restricting
E.g., part 2 of the theorem can be reformulated as follows.

Theorem 3.2.[1M87] PFor any term t there exists a finite
difference {t}\{01(t),...,ck(t)} iff there exists a se
{61(t),...,6m(t)} s.t. all substitutions 61,...,Gm are non-restrioting
and {01(t),...,Ok(t)}”{61(t),...,Gm(t)}. Without loss of generality we
can always assume {61(t),...,6m(t)} to be a linear instantiation o:
{01(t),...,0k(t)}.

Now we 1introduce another partial order relation on TRSs.

Defintition 3.3. Por TRSs R,,Re the relation R7I:R2 holds if‘i
Red(R1 )CRed(Rz) .

Obviously, R1jR2 implies R1!:R2. We again define a oorresponding
equivalence: R1ER2 ife R1=R2 and R25R1.

Consider now algebraioc properties induced by the relation €.
While a l.u.b. R,vRQ exists for any R1,R2 (we oan simply set ur
R1vR2=R1UR2 sinoce Red(R1UR2)=Red(R1)URed(Rg) ), ag.l.b. R,AR;_, does not
generally exist even for linear R1 and R (i.e. there does not exist &
finite RQ s.t. Red(Rs)—Red(R1)ﬂRed(R@)) To show this, we give the
following counterexample. Let F oonsist of two unary funoctions g,h anc
two oconstants a,b. Suppose R,={8(z)}, Ro={a}. A set Tp can be
represented as {g,h} {a b}. By definition KRy~ R@ defines a set of terms
reducible by both R, and RQ. Clearly, Red(R,)ﬂRed(Rg)—{g,h} g{g,h} *a.
Now we show that there does not exist R3 s.t. Red(R8)=Red(R1)ﬂRed(R@).
All terms of RS must be ground and end with @, otherwise there exists
a R3—reduoible term which ends with b and therefore does not belong to
Red(R1)ﬂRed(R@) Hence, Rb cannot be finite, because it must ocontain,
e.g., an infinite set gh Q. Thus, this is only an upper semilattice,
which is induced by £ on sets of terms.

Finally we note that some results in the following seotions ocan
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be interpreted as lifting of theorems 3.I,3.2 from the level o:
relation 4 to that of .

4. TRSs and regular tree languages

A fundamental result about relationship between linear TRSs an
regular tree languages is due to [GB85].

Theorem 4.1.[GB85] 1If R is a linear TRS then Red(R) is a regula:
tree language.

Obviously, the theorem oan be extended to those non-linear set:
whioh are equivalent modulo ™~ to a linear one (since 81z82 whenevez
67”82).

From the other hand, it is known that there exist regulax
languages of ground terms, which ocannot be represented as Red(R) for
any TRS R (Pv88]. (A trivial example [Com89a] is the language of ever
numbers {ezn(0)|n20}. A term O belongs to the language, but if O ie
reducible then any term sk(O) is reduoible.)

However, the following question arises. Do left-linear TRSs
generate all regular tree languages representable as Red(R)? In other
words, does a non-linear set R exist s.t. Red(R) is a regular tree
language and for any linear set £ Red(L)#Red(R)? In this seotion we
answer this question positively.

We start with teohniocal 1lemmas.

Lemma 4.1. Let a:<a1,a?>e(TF(X))2 be a pair of terms and let
{'i}?=1’ where Ht=<ﬂz,H§>E(TF)2, be an infinite sequence of pairs of
ground terms s.t. for any { ¥, is not an instance of a. Then there
exists an infinite subsequence of indexes j1<j2<J3<... s.t. for any
jk’jl a pair <H1 ,H? > is8 not an instance of a.

kR Y1

Proof. We proceed by case analysis.
Case 1. If there exists an infinite sequence XA 1,HJ2,... s.t.

1 2

either for every jk ‘}k is not matched by &' or for every jk MJR is

not matched by a? then this is a desired sequence.~

Case 2. Otherwise without loss of generality assume that for
every J u}:@ j(aq) and H4=7,(0,) for some 8,,7,6GSUB. My is not an

instance of a, and therefore this may be the case only when a7 and a?

have a common variable and for every J subterms of M} and Hg,
corresponding to this variable, are different. Since there is only a
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finite number of variables in @, we assume again that the latter is
true for all Hj and for a single variable zevar(a’)nvar(az).

Now oonsider an infinite sequence {Nt}?=1, where Nt=<NZ,N%>, and
Nz=6t(z), N€=7t(z). Suppose Nz# { for any {. To oomplete the proof we
show that an infinite subsequence j1<j2<J3<... exists s8.t. for any
jR’JZ NJR#NJZ. Clearly, for suoch a subsequence the sequenoce

X, ¥, ,¥, ,...satisfies the theorem.
J1" 2" 3
Case 2.1. It an infinite subsequence NJ1,NJ2,NJS,... exists s.t.
either the first or the second oomponent is oonstant for all th, then

this is a desired subsequence.
Case 2.2. Otherwise for any Nk there exists only a finite number

of Nl s.t. either N;=N{ or R=N2' We produce the desired subsequence
by the following reocursive prooedure.

Consider N1 and remove from the sequence Né,Né,... those Nt for
whioch N2=N§ or N§=N;. Place N1 into the resulting sequence. Since the
finite number of Nt has been removed, then the remaining subsequenoe
is infinite, and the procedure is applied reocursively to it. The
subsequence whioch results from an infinite application of the.
procedure satisfies the theorem, since for any Jk’jl N}R#Nil, and

henoe <H7 ,H2 > is not an instance of a.®
¥} S

Lemma 4.2. Let {a1,....aK}S(TF(X))N be a finite set of N-tuples
of terms and {"t}?=1' where lt=<lz,...,1¥>€(TF)N, be an infinite
number of N-tuples of ground terms, and for any {,71<J<K Hi is not an
instanoce of aJ‘ Suppose t7,t2 s.t. 1<t7<t2<f and let Hkl denote a

1

{
tuple derived from ”k either by replacing HR by 111 or by replacing

er by 1;2. Then there exist infinitely many pairs R,l s.t. R#l and
”kl is not an example of aj for any J.

Proof. We Bhow that there exists an infinite subsequence
j1<j2<... s.t. for any jk’Jl HJRJZ satisfies the desired property.

Using induction over K, we assume that K=7, i.e. there is a single
tuple A=<gy e ee s Oyd (this ocorresponds to the base case as well as the
induotion step).

If ¥ is a N-tuple, then denote (H)—t a (N-1)-tuple derived from ¥



by deleting the {-th ocomponent. _ -1,
If there exists an infinite subsequence J <J <... s.t. (”Ji) 1

._t1

-1 -{
(or (Hjt) 2) is not an instance of (a) (respectively (a) 2 )

then this is a desired subsequenoce.
If such a sequence does not existst, 1t;hen assume without 1loss of
generality that for any J a pair '<Hj1, j2> is not an instance of

t,
<a Za 2). Then by lemma 4.1 a subsequence j1<j2<... exists s.t. for

t1 t2 t., t2
any J,,J; <¥, ,¥,°> is8 not an instance of a ',a ©>. Thus, this
R*Y1 jk jl

is a desired sequence.m

Suppose ILan is a regular tree language, R a TRS, and LansRed(R),
i.e. every termm Neclan is R-reducible. Let us split ILan into two
sublanguages as follows. Ian=Im%Lan7, where Lano oonsists of Melan,
reducible only at root (and irreducible at any u#g), and Ian1 oconsists
of ¥Melan, reduoible at some u#e. Obviously, IanOcGr(R). The following
lemma says that Iano ocan be "approximated" with a linear instantiation
of R. '

Lemma 4.3. Let R, Lan, Iano, Ian1 be defined as above (in
partiocular, LanocGr'( R)). Then there exists a linear instantiation R*
8.t. Ian%Gr(R*).

Proof. Our goal is to build a 1linear instantiation R* which
satisfies the lemma.

If R is linear, then R*=R. Otherwise consider a non-linear term
pER and suppose yevar(p) ocours twice or more in p. Consider all
instances 84(p),85(P),... B.%.

(a) Vi 8,(p)elan®,

(b) V¢ Gt(p);{Gr‘(R\{p}) (i.e. Gt(p) is not an instance of

any other t¢R).

If there are no such examples, then we delete p from R keeping up the
ocondition IanocGr( R). Then we reapply reoursively the proocedure. If
such examples exist, consider a set A={61(y),62(y),...} of ground
terms, ocorresponding to y. If A 1is <finite, then we instantiate p
substituting for y by terms of A. Thus, we are getting rid of a
non-linearity (still keeping up ImOcGr( R)), and we reapply again the
procedure. Finally, assume that A is infinite. In the rest of the
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proof we show that this entails a contradiotion with the lemma
conditions.

Suppose Lan is defined by a oompletely specified deterministio
bottom-up tree automaton A with a set of states Q. The idea is to
construot a term ¥ out of the terms & (p) 62(p),... s.t. ¥ is acoepted
by A, but ¥ is irreducible, thus ooming to ocontradiction.

Note that if ¥,,N,€Tp, M,elan, ueO(¥,) and tI!A(M /u)-tI!‘A(Hg), then
Hflusﬂelélan (remind that QA is single-valued and total). Since A is
infinite, it ocontains infinitely many terms corresponding to a state
qer Therefore without loss of generality we assume QAKG (y))—qo for
all O,(y)eh. We also assume that all terms of A are different.

Suppose u1,u260(p) B.t. p/u,-p/uQ—y We assume ¥ to have one of
the forms !—Ot(p)[u1¢61(y)] or M=0 (p)[u7cﬁj(y)] for some {#J. On the
one hand, Me¢lLan (acoording to the above remark). On the other hand, X
is not an instance of p (i.e. is not reduoible by p at root), since
different terms are assigned to y. Pinally, ¥ is R-irreducible at any
ueO(p), since a subterm ¥/u coincide with that of 6 {(p) (or Gj(p)).
Thus, it rests to show that there exists a temm H whioh cannot be
reduced at any u€0(p)\5(p) (in this way we need not oonsider the
reduction by p at root which is not possible by construction of ﬁ).

Let us introduce two variables Y',y“gvar(p) and denote
p=p[u1=y ][u2=y 1. Pind all superpositions of terms of R into p exoept
of the superposition of p into p at root, and suppose O (p),...,OK(p)
is a set of superposants. Obviously, if ¥ is reduocible at ue0(p)\O(p),
then it is matohed by some oj(é)' Thus, we have to build (or to prove
the exietenoe of) a term N whioch is not matched by any of

1(P),...,0K(P)

Note that every §,(p) is not matohed by any of 01(p),...,0K(p),
for otherwise Gt(p) would be reducible in a manner other than by p at
root, but this oontradlots to (a),(b).

Suppose var(p) {$1....,xt1,...,xtg,...,IN}, where xi =y’, xig‘y”
Every superposant oj(p) can be represented as a tuple

j"<°j(x1)""'°j($t1)""'oj(xtz)""'oj(xN»‘
1 4 to N
: . =<aJ,...,aJ seeesOy ,...,aj>.
Every 0;(p) is also an instance of p and oan be represented as a tuple
H£=<Gt(x1),...,Gt(y),...,cst(y),...,Gt(xN)>=
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Since every tuple ”t is not an instance of any a,, then by lemma 4.2

for some R#l there exists a tuple
W, =<u] y! ¥e, ..
)y Ay AR L " REERREY S | yee-sdp or

um_a;,...,ul’,...,uk .
s.t. ”Rl is not an instance of any aj. The tuple "kl defines a desu'ed

term ﬁ, which is an instance of ;) but no OJ(E). il belongs to ILan but
is not reducible. This completes the proof.m

Lemma 4.3 allows us to state as its consequence the main result
of this seotion.

Theorem 4.2. Let R be an arbitrary TRS. If Red(R) is a regular
tree language, then there exists a 1linear instantiation R* s.t.
Red(R" )=Red(R).

Proof. Suppose Lan=Red(R). Consider a subset LanOs:Ian consisting
of the terms, reducible only at root. By lemma 4.3 there exists a
linear instantiation R* B.t. IanOcGr(R*). Since every term of Lan has
a subterm belonging to Lano (every reducible term has a reduoible .
subterm whioh does not contain a proper reducible subterm), then every
term of Lan is R*-reducible and, henoe, LancRed(R*). On the other
hand, R* is an instantiation of R and therefore Red( R*)CIan. Thus,
Red(R* )=Ian.m

To sum up, theorem 4.2 shows that a class of regular ground term
languages defined by arbitrary TRSs coincides with the one defined by
linear TRSs.

5 Main result

Using lemma 4.3, we prove in this section the main result of the
work. Similar to the previous section we start with a technical lemma.

Lemma 5.1. Suppose Lan is a regular ground term language defined
by a regular grammar O=(N,F,r,P), and suppose L is a linear set. Then
a regular language La\Gr(L) can be defined by a grammar &' =(N,F,r,P’')
(i.e. a grammar with the same set of nonterminals).

Proof. Given a grammar ®=(N,F,r,P) consider a set S of sentential
forms s.t.
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(a) V3¢S 8 is derivable from r,

(b) V8€S Vued(s) |u|>depth(C),

(o) V81,82€S 85 is not derivable from 84,
where |u| denotes the length of u, depth(L)=mazr{depth(t)|tel}, and
depth(t)=max{|u| |ueo(t)}.

Sentential forms, satisfying (a)-(c), can be computed as a result
of all possible derivations starting from r, where every derivation
step is applied to a nonterminal only if its depth is 1less than
depth(L). Obviously, S is finite.

Acoording to oondition (b) and the linearity of L, for every 3¢S
and every (€L exaotly one of the following two propositions holds.

1. 8 is an "instance" of t, i.e. 8 can be produced out of { by
substituting for variables by terms of TF(N). In this case all ground
terms derivable from 8 are instances of t.

2. 8 i8 not "unifiable" with t. In this case no ground term
derivable from 8 is an instance of t.

Separate a subset S'<S of sentential forms satisfying ocondition
1. It is clear that a set of ground terms, derivable from S°, is
exaoctly Lan\Gr(L). Then we replace the rules of P, having r in their
left-hand sides, by the rules r-8 for every 8€S’. The resulting’
grammar ' defines the language LanfiGr(L) and has the same set of
nonterminals.m

Now we are in position to establish the main result.

Theorem 5.1. Suppose Lan is a regular ground term language, and
IancRed(R). Then there exists a linear instantiation R s.t.
Lan<Red(R").

Proof. Let &=(N,F,r,P) be a regular tree grammar defining ILan.
Instead of Lan we oonsider a subset LanogLan, oonsisting of the terms
whioh contain no proper subterm belonging to Lan (since IanOsRed(R)
itf LancRed(R), this restrioction is correot). Lan, is also a regular
language, defined by a grammar Qof(N,F,r,PO) that can be built from &
by deleting every deduction rule for whioch 7 ooours in its right-hand
side.

We prooceed by induction on the number of nonterminals in N.

Base case. 1If N={r}, then ILan is finite, for it consists of all
right-hand sides of P that have no ocourences of r (=are ground
terms). For a finite language the theorem trivially holds.

13



Induction step. Suppose the theorem holds for any language for
which the number of nonterminals is 1less than R, and suppose a
ocardinality of N equals R. Without loss of generality we assume PO to
have a single rule having r in the 1left-hand side. Indeed, if the
theorem is true for a single rule r-+t, then it can be automatically
extended to the case of finitely many such rules by taking a finite
union of oorréspopding linear instantiations.

Por every peN denote by Lano(p) a set of ground terms derivable
from p by the grammar QO (thus, Lan0=LanO(r)). Since r does not ocour
in the right-hand sides of rules of PO and ococures in the left-hand
side of the only rule r-tf, then this rule can be applied only at the
first step of the derivations of terms of Lano and cannot be applied
otherwise. In partioular, the rule r~t is not applicable in deriving
the terms of Lano(p) for any peN\{r}. Thus, a language Lano(p) is
defined by a grammar with the number of nonterminals less than k.

Now oonsider a rule r»!. Let 5(t)={u1,...,um} and p,,...,anN
be nonterminals occuring in t¢. Substitute at Ugsoooslly, different
variables Tyseeesdy (B0 that every I, corresponds to a nonterminal
pj E{p1....,ph}) and let t be a resulting linear term. Every Nelan, is

an instance of t and is assooiated with the tuple <H/u1,...,H/um>
where "/ut is an element of the ocorresponding language IanO(pjt)' By

the theorem ocondition ¥ is R-reduocible, and there are two
altermatives:

(a) H is reducible at some ueO(t)\O(t), but is not at any v2u, for
any utEO(t), that is, every ocomponent of the tuple <H/u1,...,l/um> is
irreducible,

(b) ¥ is reducible at some v)ut for some uteb(?), that is, there is
a reduoible ocomponent in <H/u1,...,l/um>.

Compute all superpositions of R into t and let 01(t),...,0L(t) be
correspondlng superposants. Every term satisfying (a) is an 1nstance
of 01(t),...,0 (t) Note also that while 01(t),...,0L(t) - are
R—reducible, RLRM{01(t),...,oL(t)} Applying lemma 4.3 to ILan and
RU{O,(t)....,OL(t)}, we oonclude that there exists a set

{6 (t),...,GK(t)} s.t. every 6 (t) is llnear, and every term ¥
satlsfying (a) is an instance of {6 (t),...,OK(t)}

Obviously, the language IanOﬂGr({G (t),...,GK(t)}) is reducible
by a 1linear instantiation R*. Now we show that the language
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LanO\Gr({61(?),...,GK(?)}) is also reduocible by a linear instantiation
of R. N . . . .

Let {n,(t),..;.nJ(t)}={£}\{61(t),....GK(t)} (see theorem 3.2).
Sinoce LanOﬂGr({61(t),...,CK(t)}) oontains all the terms satisfying

(a), then LanOﬂGr({n1(t),...,nJ(t)}) oontalns only terms. satisfying
(b). Thus, for every HeLanOﬂGr({n1(t),...,nJ(t)}) the tuple
<H/u1,...,ﬂ/um> is reduoible. Denote
Hy=My(Zg)y.eesmy (Zp)> ...,HJ=<nJ($1),...,nJ(zm)>.

If for HeLanO the tuple <H/u1,...,ﬂ/um> is an instance of one of
H1,...,HJ, then there exists a reducible ocomponent H/ut' Without 1loss
of generality we assume that the tuples H1,...,HJ are pairwise
non-unifiable. Then for every Hk=<nk(z1),....nk(zm)> there exists a
component  TM(Z;) s.t. every term NeLanO(pjt)ﬂGr(nk(xi)) is

R-reducible. (Otherwise there exists HeLanOﬂGr({n1(;),...,nJ(?)}) for
whioh the tuple <H/u1,...,l/um> is not reduoible). Consider a language
Lano(pjt)ﬂGr(nk(xt)). Since Lano(pjt) is defined by a grammar with the

number of nonterminals less than R, then by lemma 5.1 the language
La"o(Pjt)”G”(nk(xt)) is defined by a grammar with the same number of,

nonterminals. By induction hypothesis every term of the language
Lano(pj )ﬂGr(nk(xt)) is reduoible by a linear instantiation R;, Thus,

all tuples <H/u1,... H/um> that are instanoes of H1,...,HJ are
reducible by a linear instantiatlon R U...UR@, i.e., a language
HeLanOﬂGr({n7(t),....QJ(t)}) is reducible by a linear instantiation of
R.m

Thus, we have proved the main result which says that when
speoifying a regular language of ground terms (so that every term of
the language is reducible), non-left-linearity of rules 1is always
possible to avoid.

If Lan=Red(R), we obtain immediately theorem 4.2 of the previous
seotion. If Lan=Red(L) for a linear set L, another important corollary
is obtained.

Theorem 5.2. Let L,R be two sets of terms s.t. LER, and suppose [
is linear. Then there exists a linear instantiation R* s.t. CeR™.

Note that the only difference between theorem 5.2 and the
oorollary of theorem 3.1 is that the relation 3 is replaced by &.
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In the following section we show how theorem 5.2 gives rise to
important applications to the problem of ground-reducibility.

6. Applications to ground-reducibility
In the introductory example we have built a linear instantiation
of a given TRS, preserving ground-reducibility of a term eq(z,y). 1In
this seotion we answer the question whether such a transformation is
always possible. In other words, if R is8 a TRS and a term ¢ is
R-reducible, then does a linear instantiation R* always exist s.t. ¢
is R*—ground—reducible?

Lemma 6.1. Suppose L,R are TRSs, Then the
following statements are equivalent.
I. LcR.

2. for every tel t is R-ground-reducible.
Proof. Obvious.m

Lemma 6.1 together with theorem 5.2 give a positive answer to the
question above provided that ¢ is a linear term.

Lemma 6.2. If R is a TRS, and a term t is 1linear and.
R-ground-reducible, then there exists a linear instantiation R* s.t. ¢
is R*—ground—reduoible.

Proof. Pollows directly from lemma 6.1 and theorem 5.2.R

Now oonsider the case when t is non-linear. Suppose teTF(X) and
var(t)={x1,...,.rn}. Compute all superpositions of R into ¢ and suppose
{01(1.’),. ..,omv(t)} is a B8set of oorresponding superposants. Now
introduce a new n-ary function symbol h and let h(.r,,...,.z‘ ) denote t.
Denote also o] (h(:r1,...,:r ))-h(Gt(.z‘,),...,ot(.r ))“h(3£1"“'3tn)
Clearly, t is R—ground—-reduoible, iff h($1,...,1‘ ) is ground-reducible
by RU{h(aH,...,81n),...,h(8m1,...,8 )}. According to lemma 6.2 we
oconclude that h(1‘1. cee ,:rn) is ground-reducible by a 11near
instantlatlon R* U{h(sﬁ, ces ,sm) yoos ’h(3k1 yeoe ,sm)}
R* U{h(sﬁ""’81n)’""h(sk1""'skn)} Coming back to t, we can see
that if h(3j1"""9jn) corresponds to a superposition of some l€R into

t, then h(s 1""’3Jn) corresponds to a superposition of some instance
8(1l) into t, where the superposition substitution is non-restriocting
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(see section 3). Thus, we have proved the following result.

Theorem 6.1. Given a TRS R suppose t is R-ground-reduocible. Then
there exists an instantiation R* s.t. t is R*—ground—reduoible and
every IGR* is linear or superposes into t yielding a non-restrioting
superposition substitution. |

Theorem 6.1 is a generalization of lemma 6.2 to non-linear terms.
If we have to specify ocompletely a non-linear term, then we can avoid
those non-linearities in left-hand sides generating restrioting
superposition substitutions. For example, specifying a term [f(z,Z,Y),
the left-hand-sides f(s(z),s(z),3(y)), f(0,z,z) are non-linear, but
do not produce restricting superposition substitutions and cannot
generally be instantiated. On the ocontrary, a left-hand-side
J(3(z),8(y),8(y)) presents a non-linearity which ocan always be
avoided. :

T. Concluding remarks

New results on relationship between term rewriting systems and
regular tree languages have been presented. A ocentral result is
theorem 5.1 which is fundamental and has several important
oconsequences. One of them (theorem 4.2) is a ocharacterization of a,
olass of term rewriting systems defining a regular set of reducible
ground terms. It is shown that this o¢lass ocoincides with that of
left-linear rewriting systems modulo equivalence ~. Another ocorollary
(theorem 5.2) has important applioations to a problem of
ground-reducibility. We have proved (lemma 6.2), for example, that
ground-reducibility of a linear term ocan be always preserved after an
instantiation of the rewriting system into a left-linear one.

A possible further development of the work may primarily ooncern
algorithmic aspects. The presented proofs are completely
unoonstruotive and do not allow us to extract any algorithms from
them. Meanwhile, a problem of designing such algorithms is very
important. E.g., having an algorithm of oonstructing a linear
instantiation for lemma 5.2, we could always reduce a
ground-reducibility testing problem to the left-linear ocase for which
practicable decision. algorithms are known (see introduotion). An
algorithm for testing regularity of Red(R) for a given TRS R is also
of great importance. A problem of designing such an algorithm was
raised in [Com89b] where an assumption of regularity of Red(R) played
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a prinoipal role. However, this algorithm is deeply related to a
general ground-reduoibility testing algorithm and therefore seems to
be of similar oomplexity. Design and oomplexity analysis of the
abovementioned algorithms may be a subjeot for the future work.

Most of presented results were obtained during the author's visit
to Computer Science Research Center of Nanoy. Many thanks must be
given to Hubert Comon and Pierre Lescanne for stimulating discussions
and practical help.
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