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1. Introduction

Sensitivity analysis and light traffic analysis are concerned with the computation of
derivatives with respect to a parameter of performance measures of discrete event
systems occurring for instance in flexible manufacturing or in queueing networks.

In the case of light traffic theory, the derivative is computed at a value of the pa-
rameter for which the average intensity of a given flow of events is null. A typical ex-
ample 1s the computation of the average workload derivative of a G1/GI/1/00/FCFS
queue with respect to § for § = 6; in the case where the interarrival time goes to oo
in distribution as € tends to 6. In light traffic theory the computation of derivatives
of first and higher orders leads to explicit results in closed form, whereas in sensi-
tivity analysis. the derivatives are given under the form of an expectation which is
then evaluated by the standard methods of simulation. In sensitivity analysis the
derivatives are computed at a value of the parameter 6 for which, in general, flows
of events have positive average mntensity.

In the landmark article of Reiman and Simon [4], a direct analytic method leads
to formulas that can be interpreted in terms of virtual customers. In sensitivity
analysis, the method which has received most of the attention is the perturbation
wethod of Ho et alii ([3], [5] for instance). It is called the IPA method (infinitesimal
perturbation analysis) and 1s based on the infinitesimal perturbation of a single tra-
jectory. There 1s an alternative method called the RPA method (rare perturbation
analysis) in Brémaud [2]. The RPA method of [2] is of the negative type: it consists
of "phantomizing™ one customer per cycle, by comparing the nominal system with
the saine system with the phantom customer removed. As mentioned in (2], there is a
dual RPA method, where the nominal system 1s augmented by one virtual customer
per cycle. The phantom RPA method was called the negative RPA method in [2],
whereas the virtual RPA method was named the positive RPA method.

The light traffic analysis of Reiman an Simon [4] will be revisited in the present
article as a special case of the virtual customner RPA method. However our analysis

will be different from that of {2]. It will be shown in particular that the negative

2



RPA formula and the light traffic derivative formula can be obtained in a very simple
manner by using Campbell’s formula for point processes (see [1] for instance).

This new approach has to be compared in the light traffic theory to the analytic
approach of Reiman and Simon [4]. First of all, we do not require a priori a condition
on the basic functional because there are several inconveniences to this approach:
first of all it seems to require a complicated proof, and secondly it does not stay
close enough to generality in the sense that one might very well loose systems just
because they do not verify the assumption when these systems could be otherwise
analyzed. In our approach, we make a simple use of Campbell’s theorem for point
processes and impose an “ad hoc” condition just to make things work. The “ad hoc”
condition is always readily checked at least for all cases that have been considered
in (4] for instance. One should notice that in the approach of Reiman and Simon,
the fundamental assumption must be checked for every systein, therefore showing no
advantage on our “ad hoc” condition. Also, our argument is purcly probabilistic and
involves only one limiting procedure, the one essential to the problem, that is: the
mtensity vanishes.

Our method of proof easily extends to the “computation” of derivatives at non
null intensities, and provides theoretical ground for the positive RPA method, or the
virtual customer method of sensitivity analysis. In addition it easily extends, without
further work, to the computation of derivatives of the first order when the fow of

evewts 1s not Poisson.

2. Derivatives at Null Intensity: the Poisson Case

Let N be a Poisson process of intensity AN defined on R, and let {T},},n € Z, be its
sequence of event times with the convention - <T_ <Ty <0<Ty<T,---
Let {Z,},n € Z, be an 1d sequence of random marks taking their values in some
measurable space (E,z). The processes N and {Z,,} are assumed independent.

Call Pay the underlyimg probability measure.
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Let ¢ be a functional of (N,{Z,}) of the form
(1) 1/) = h(TOaZ01T-1aZ—1aT-——27Z—2”")

where 7, = T4, — T, is the nth time interval of N. The objective of this paper is

to compute

. 1
(2) A, Ax Beall

Assuming that the functional ¥(N,{Z,}) is null if the trajectory N has no points,
the quantity (2) is the right-hand derivative at time A = 0 of E,\[4].

Before stating the conditions under which the derivative (2) will be computed a
few notations have to be introduced. Define the functional ¢ by

g(Trn Za, Tn-1; Zn—l y Tn—2 Zn—?) e )
(3)

= h(Tn> Zn’ Tn-1, Zn—la T ) - h(Tn — Ta—1, Zn—l y Tn—-2, Zn—2a T )

In order to shorten the notations, write the left-hand side of the above identity
.(/(Tn-, Ly, y'n—-l) where Y, = (Tn—laZn—l’Tn—Z’ Zn—y,-- ) Also for a > 0, define
Y, = (athoi, Zu—1,amu=2, 2y, -) ; Y2, is therefore obtained from Y, _; by
dilation of the sequence (7p—1, Th—2, ) by a.

The assumptions on 3 are the following.

(Al) For some ag > 0
0
/ E, [lg(t, Zy, Y% ,)IJdt < oo for a> ag.

(A2) There exists a functional go(t, Zy), not depending on Y_;, such that

v
lim / E, [|g(t, Zo,Y2|) ~ goolt. Zy)||dt = 0.

atoo
adag VP

Theorem 1. Under conditions (Al) and (A2),

- 1 0 .
" lm A Ealy] = /_ Eilgeelt. 2t



Remark 1. Assumption Al is equivalent to

/—0 E,\Hg(t,ZU,)"_l)”dt <o for /\_<_i'

o

By Campbell’s formula

A/U Ex [|ott, 2o, V=)t = Ex[ Y |o(Tos 2, Yars)|
o s

and therefore, for A < %, ano 9(Tn, 2y, Y1) converges Py - a.s. and is equal to
. Thus (A1) implies that Ex[|¢]] < oo for A < a%, O

Rewmark 2. Since (t,w) — ¢ool(t. Zo(w)) 1s a Ly limit (for the measure dP, x
dt), E, fo lg(t. Zy)||dt < oo and therefore the quantity jfoo E, [g(t, ZO)] dt 1s well

defined. ©

Rewark 3. Going back to the expression (3), one sees that the obvious choice of
Y 15
(o) Goclt. Zy) = lilm_ {h(t. Zy.ar_y. 2y ) =Dt —aT_1,Zy,--)}

The physical interpretation of go.(t, Zy) is that of the value of the functional 3 when
there arrived only one customer before time 0 (this customer arriving at time Ty = ¢,
and bemg marked by Zy). ¢

Proof of the theorem.  From Campbell's formula and Remark 1

jl\'E,\['(/’] = lE‘,\ [Z g(TII~, Zm)‘—n——l)] “;

. The theorem nmmediately follows from this observation and Assumption

>

for a =

A2, O
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Example 1: The workload of M/GI/1/00/FCFS. Interpret T, as the arrival of a

customer with required service Z, = o, intoa -/-/1/00/FCFS queueing system.
Take v to be the workload at time ¢ = 0 in the stationary regime (A < E[o,]7!).
Observe that

= f(Tus0n, W)

n<0

where W, is the waiting time of customer n and

On T, +W, >0
F(Tnyon, Wa) = {0 T, + W, < -0, .
O'n + Tn + an 1f _Un S Tn + Wn < 0

Therefore since W,, = v(7,1,0,-1, ) = v(¥, 1) for some functional v,
g(Tru On. Y;L—l ) = f(T1n Tn, v(y'n—l ))
Also
g(t.oo, Y1) = f(t, 00, W5)

where W§ is the waiting time of customer 0 corresponding to the data ar_;, o_,,
at_s,0_9, - . Since at equilibrium the workload 1s null on a set of times of infinite
Lebesgue measure, it is clear that W decreases and eventually becomes null for a

finite a (depending on the trajectory). Theretore
goo(t,00) = f(t,00,0) = (00 + )"

Condition Al is guaranteed by E[o3] < oo. As for assumption A2, it follows by

Lebesgue’s theorem. Finally, since

/.(J E[(Uu + i)*}dt = %E[Ug]

J -

the result 1s

—E’A[l/)] = E[Ui‘i]



as can be directly checked on Pollaczek-Khintchine’s formula. ¢

3. Derivative at Positive Intensity and Higher Order Derivatives at 0: the

Poisson Case

Let N and {Z,} be as before. Let N and {Z,} have the same statistics as N, {Z,} ex-
cept that the intensity of the Poisson process N is A > 0, (N, {Z,}) and (N, {Z,)) are
assumed to be independent. If one merges the input flows (N, {Z,}) and (N, {Z,})
one obtains an input flow (N', {Z], }) of the same type, only with N’ being of intensity
A+ AA

Call Py ax the underlying probability measure.

The functional ¥ is now of the form

(6) ";’:h(TOaZU:’—-—le—la"';{Tn.}a{Zn.})

where for N = 0, we denote ¥ = h(0:; {T},{Z.}). The objective is now to find an

expression for

1
i —E Y| - E /
A])l\lllo N aoa¥l ro (¥

provided this limit exists.
The same notations as before are used, except that there is now an extra depen-
deney on N, {Z,}, and that the following assumptions are made:

(B1j For sonic ay > 0

-0
/ Ex, {|g(t,Zo,)“].N,{Z,,H <oo for all a> ag

—x

(B2) There exists a functional goo(t, Zy, N, {Z, }) not depending on Y_;, such that

0
lilm / Ey, [lg(‘t, Zy. Y N, {Z.,,}) — Yoolt, Zy: N, {Z,l})|](lt = (.
“Z;‘\U e

Theoremn 2. Under conditions (B1l) and (B2)

0

1
(T) HIH ——— {EX:A/\[I/.‘] — E/\,U['Lr/)“ piunt /

, N {7
Jo .EM[goou,zu,A,{Zn})}dt

—OC
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Proof: same as Theorem 1. &

Remark 4. The interpretation of goo(t,ZO;N, {Z.,L}) 1s that it is the value of
computed with the input flow N, {Z,} plus a customer at ¢t with an attribute mark
Zy. &

Higher order derivatives: From Theorems 1 and 2

LB - (Bl |, ) =

(8) 0
E\ [/; E [goo(t, Zy; ]\}, {Zrz}) ~ goo(ts ZO)lﬂr’ {Z,,}Jdt] = E,[?]

where
Al . N . .
(9) ¢ = / E[gw(t’z(l;!\r’{zll})*QOO(t’ZO)l-Nv{Z"}]dt‘

In order to compute, if it exists, the second derivative at A = 0 of E,[4], 1.e.

L1 &
(10) l/\I}TOl XE,\[‘I)]ZWE,\[‘Iﬁ]Ixzu

one can use again Theorem 1.

4. First Order Derivative: the non-Poisson Case
Consider the situation described at the beginning, except that now {7} is not re-
quired to be Poisson. It is required to be a stationary renewal point process with
intensity A(6) where ¢ € R; is a parameter governing the underlying probability Py.
It is still assumed that N and {Z,} arc Py-independent.

We are mterested i computing

C
(11) i g Eolv]

Assuming that Ey[y] = 0, the quantity (11) is the derivative of Egfy] with

respect to 8, at 0+,

o



The assumptions on ¢ are:

(C1) For some 6, > 0,

0
[ Btz v)dt<oo for all 856

-0

(C2) There exists o functional ¢y(¢, 2y ), not depending on Y_;, such that

0
lim / Eg[ly(t,Zo,Y_l)—go(t,Zo)l dt = 0.

VS0 —o0

Assuine moreover

M)
(C'3) 1011101 T_/\(O).

Theorem 3. Under conditions (C1), (C2) and (C3)

0

1 ,
(12) i gElvl = X0 [ Blance. 2]

-0

Proof:  same as Theorvem 1. ¢

Exnmple 2. Workload of a GI/GI/1/00/FCFS queue.  The situation is as in Ex-

auple 1 except that now {T),} is a stationary renewal process with interarrival dis-
tribution Gg(a) such that
1

MO) = J” %dGe(a)

verifies (C3) and such that limg)y Py(my 2 a)=1foralla >0 (n D ocash 10).
Theorem T3 applies with gy(t,00) = (¢ +1)T and g(¢,0¢,Y_;) as in Example

1. Assumption (C2) reads

[§]
leiﬂ} / Eé[f(t,Uu»T’Vo)—(Uo +t)t|dt =0

-0

9



voe 5y r ' ' ] . D
wheve f s as an Bxanple 1o To show this, it suffices to show that Wy = 0 as 6 | 0.

This ean he done by observing that Wi~ Wy and that

E0 [ciuwl] = E(i [Ciu(Wo+og-—r(>)+

wiel by using the hypothesis 7, 2 foons b I 0.0

Rewnrk 5, If one takes N to be an arbitrary stationary point process in place of
nrenewad process, the result of Theoreiws 3 also holds provided the conditions (C1'),
(C2') nacl (C3) hold, where (C2') and (C3') are similar to (C2) and (C3), but with
Ey replaced by the Palm probability of N, Ej. ¢
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