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Multiscale Signal Processing:
from QMF to wavelets.

Albert Benveniste
IRISA-INRIA, Campus de Beaulieu
35042 RENNES CEDEX, FRANCE

September 13, 1990

Abstract

This is a short course intended to relate to each other the following topics: multirate
filtering and maximally decimated QMTF filter banks, multiresolution analysis and multiscale
signal analysis and associated wavelet transforms.

1 Introduction

Multirate filtering (7] is now recognized as an area of increasing importance in digital signal
processing. The key issue in this area is how to handle properly the aliasing due to sampling
below the Nyquist rate. Maximally decimated filter banks have been introduced [12, 21, 22]
that allow to design filter banks with an exact saving of the global sampling rate (eg. a 2-filter
bank must involve downsampling by a factor of 2 in each subband).

Multiscale signal analysis [10] appears as an emerging alternative technique to Fourier anal-
ysis. Wavelet and related transforms are becoming increasingly popular in this area. Multiscale
signal recognition, i.e. performing multiscale pattern recognition on signals, is certainly a desir-
able objective, although no well established approach is available today for this purpose.

Finally, multiresolution analyses of L2-spaces of functions or kernels, and related wavelets
[19], recently proved an extremely powerful toolbox for highly demanding mathematical problems
in harmonic and functional analysis. They provide a very effective approach to derive new
approximations and expansions of functions, or operators, that are classically difficult to handle
(integral equations, singular integral, pseudodifferential operators). These theories also provide
a new theoretical support to the general area of multigrid methods (13, 17].

It has been recently recognized that these apparently different topics are closely related to
each other. This is precisely the subject of this short course, mostly intended to readers with
signal processing and otherwise general mathematical background. For the sake of simplicity,
we decided to concentrate on the essential features, leaving aside unnecessary technicalities:
1D-domains, 2-filter banks, and infinite signals are only considered here. To emphasize the
essentials of the topic, we also tried to separate as much as possible in our presentation the
algebraic aspects (mostly related to the theory of Quadrature Mirror Filters -QMF- in signal
processing) from those relevant to harmonic and functional analysis (issues of convergence and
approximation). This is the originality of the paper. Finally, to avoid overlength and tedious
calculations, we decided to have a relatively compact presentation of the mathematics, so that
this paper is indeed worth of a pencil-and-paper aided reading.
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Figure 1: Maximally decimated filter bank

2 QMF Banks and the Polyphase approach

2.1 Down- and up-sampling

x—»@——>Y

The above diagram will represent down-sampling by a factor of 2 throughout this paper. Con-
sequently,

X(z) = Y zaz™"
n

y(z2) - Zynz-2n=zz2nz—2n
n n

hence

V(%) = 5 [X(2) + X(=2)] (2.1)

Y——p{E b X

represents up-sampling by a factor of 2, so that

X(2)= anz'" = Zynz'zn =Y (2%) (2.2)

Similarly

2.2 Maximally decimated filter banks

The diagram of the figure 1 depicts such a filter bank. Using formulae (2.1,2.2), the input—output
map is written as follows:

Y(z) = H()U()+ G2V ()

3



- %[f[(z)H(z)+G’(z)G(z)] X(2) (2.3)
+ 5 [EH-2) + 6()6(-) X(-2) (2.4)

In this formula, the expression (2.4) represents the aliasing component, whereas (2.3) represents
the linear transfer component. Hence, for this linear map to be an (aliasfree) time-invariant
filter, we must have

H(z)H(-2)+ G(2)G(-2) =0 (2.5)
and, for perfect reconstruction
H(H(2) + G(2)G(z) = 1 (2.6)

up to a delay.

A sketch of history. The first paper to consider this problem is [12], where the following
solution is proposed to satisfy the condition (2.5) for antialising:

H(z) =G(-2), G(z) = -H(-2)

Then, the following choice for H
G(z)= H(-2)
results in the following condition for perfect reconstruction:

H*z2)- H¥(-2)=1

for which no pleasant exact solution does exist. The first satisfactory solution was due to Smith
& Barnwell in 1983 [21] and is explained next. Select H such that

H(2)HEzY+ H(-2)H(-2"Y) =1

(i.e. white noise — — — white noise).

Then the following choice

H(z) H(z"Y) 4+ H(-z) H(-z"') =1
I { {
H(z) z71G(2) 2G(2)

satisfies both antialiasing (2.6) and perfect reconstruction (2.5) conditions.

2.3 The polyphase approach

Consider the diagram of the figure 2: It certainly satisfies both antialiasing and perfect recon-
struction conditions. On the other hand, this diagram is clearly equivalent to the next one of
the figure 3 provided that

E(Z)E(Z) =1 (2.7)

This last diagram is now redrawn as in the figure 4 or, equivalently, as in the figure 5 by setting
Ho(z) Hi(2) i Hi(2) Gi(2)

= , E(z)=1 7% " 2.8

Ez) [ Go(z) Gil2) =1 Ho(z) Gol2) (28)

4
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and

H(z) = Ho(2%)+ 27 Hy(2?)
G(z) = Go(2®) + z71G4(2?) (2.9)

and similarly for H,G. Checking for solutions to (2.9) and then applying formulae (2.8,2.7) is
known as the polyphase approach to the QMF problem. In the sequel, we shall concentrate on
matrix polynomial solutions to (2.9) to get FIR maximally decimated filter banks.

3 QMTF synthesis

In this section, we check for 2-port transfer functions E and E satisfying
FE=1 (3.10)

Several solutions exist. Of particular interest are polynomial solutions we shall discuss throughtout
this course.

3.1 Non unitary QMF synthesis

This word refers to any solution (E, E) of equation (3.10). Such a solution does exist if and
only if the 2-port polynomial matrix E is a unit in the ring of polynomial matrices, i.e. if it is

unimodular, say!
1 = det E(2) = Ho(2)G1(z) — Hi(2)Go(2)

Then we take
. G, -H
R 1 1
pepa] G 0
which yields, up to a delay,
H(z) = =Go(z%) - 27'G1(2Y)

G(2) Ho(2%) — 271 H,(2?) (3.11)

Finally, given H, the problem reduces to a Bezout or Diophantine equation to find G. A solution
does exist if and only if the pair (Hop, H;) is coprime. Cascade parametrizations of unimodular £
matrices are provided in [20], which structurally guaranty linear phase properties for the analysis
and synthesis filter banks.

3.2 Unitary QMF synthesis
The question is now the following: find E lossless, i.e. such that
E()ET(z"Y) =1

and take E(z) = ET(27!) up to a delay. Now, the following equivalences are easy to check:

_ | Ho H,
E = [ Go Gi ] lossless

lup to a delay and a constant gain we don't care here



$ forz=¢"

1 = [Hol* +|Gol® = {Hi|* + |Gy ?
= |Hol® + |Hi|* = |Go[* + |G\ [? (3.12)
0 = ]_{0111 +C7()Gl = Hoﬁo + HI@I (313)
g
1 | H(z) G(2) |a
7 [ H(-z) G(-2) |~ J lossless (3.14)
Now, from (3.13) we deduce the following equalities
Gi(e*) _ () _ _ Gole®) _ iy
Ho(e=) Go(e™v) Hi(e™)
where the last one is obtained by noticing that Z = 1/2 = |z] = 1. As a consequence there

must exist an all-pass filter I(2)(]I(e**)|> = 1) such that

Gi(z) = I(z)Ho(z'l)
Go(2) ~I(2)Hy(z71)

whence
G(z) = Go(z")+27'Gi(2?)
= 2_11(22) (H0(2_2) - ZHI(Z—Z))
= " UGEHH(-z71)

If G polynomial is wanted, we must take I(z) = pure delay. Combining this with J lossless
yields
H)HCE Y+ H(-2)H(-2"1) =2 (3.15)

or, equivalently
H (%) 2+ |H (efrm) 2 =2 (3.16)

These equivalent conditions will be referred to in the sequel as the Quadrature Mirror Filter
(QMF) condition.

Summary for unitary QMF synthesis

F lossless

0

J lossless

)

QMF: H(z)H(z~)Y+ H(-2)H(-2z"1) =2
G(z)=2z"'H(-z71)

Finally, take, up to a delay,
H(z)=H(:EY), G()=G(z") (3.17)



3.3 Synthesis of 2-port lossless FIR polynomial transfer functions.

Direct cascade parametrization of lossless 2-port transfer functions. The following

elementary block
A cosa sina 1 0

—sina cosa

is lossless. Hence, so is

1
E(z) = [] Ean(z) (3.18)
m=n
Conversely, we are given
_ | Ho Hi
==& &)

lossless. We can assume det E = 1, which implies
HO,nGl,n = Hl,nGO,n (n = degE) (319)

(H;m coefficient of 2=™ in H;). Consider
Hy H, N cosax —sina Ho H,
Go Gy | | zsina zcosa Go Gy

From (3.19) we deduce )
Ja=an:d°H; <n-1,i=0,1 (3.20)

On the other hand, with a = a,, and using (3.20), we get

Gi(2) = zHo(z) | L a
Golz) = —z"Hy(z-1) [T Ci=2 Gni=01

for some G;. Hence, setting £ = E,,, we get the decomposition

cosay, sinay 1 0
) 1 | En=1,
—sina, cosay, 0 =z

degEn_l <n-1

5= |

showing that the cascade decomposition (3.18) may be used as a general parametrization of
2-port lossless polynomial transfer functions; such a factorization is originally due to Potapov
in the fifties. See also [8] for an overview of wave digital filter synthesis, where most of the
classical lossless digital filter design techniques are presented following a circuit theoretic point
of view. An alternative related parametrization is

! -1
B = I [_}Cm zz_’i"']

which is equivalent to (3.18) up to a constant normalization gain. This parametrization is
used by Vaidyanathan [23] to synthetize a {low-pass, high-pass} QMF pair using optimization
techniques.



I. Daubechies’ QMF unitary synthesis. {Low-pass, high-pass} QMF pairs can be syn-
thetized in an alternative way. Take H(z) of the form

H(z) = (14 z"YNH(2) (typically low-pass)

Then the condition 2 = H(z)H(z7) + H(—2)H(-z"") is rewritten as

24 271 N
- (1+ ) ()R ()

2
2+ 2-1\V S
+ [1- 3 H(-2)H(-27")
Consider the equation
I\ N I\ N
1= (1 + ”22 ) Q(z) + (1 - ”2” ) Q(=2) (3.21)

where Q(z7') = @Q(z). 1. Daubechies [9] proved the following important result: there ezists a
unique solution to (3.21) of degree 2N, and this solution satisfies

2(e) 20

Then QMF synthesis reduces to a polynomial spectral factorization problem.

4 Hilbert space structures of orthonormal QMF syntheses.

In this section, we investigate how orthonormal QMF banks give raise to some orthonormal
decompositions of {?-spaces of signals. Such decompositions turn out to be useful (for instance)
for coding purposes.

4.1 Basic decompositions

In what follows, we select a given discrete time index set that will serve as a reference for
the various sampling rates we shall consider in the sequel. We denote by Z this discrete time
reference. We denote by [2(nZ) (n integer) the space of square integrable signals z; such that
zi # 0 only if k is a multiple of n. Similarly, we denote by 12(%Z) the space of square integrable
signals that are upsampled at a rate n. Using these notations, the following diagram

induces an operator

H : 13(2) — 13(22)

and similarly for G. Vice-versa



x—z x-l xo 1 xa xs xc
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Y, Y, Y, Y,
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Figure 6: H and H*

T2 ﬁ—»

induces an operator
H . 13(22) — 1*(Z)

Now, if we take the case E = [ in the diagram of the figure 3 we get immediately the identities

I = HH+GG (4.22)
I = HH=GG
0 = HG=GH

H = H,G=¢

where .* denotes the adjoint. Introducing E lossless yields an orthonormal change of basis in
[2(2Z) x I*(2Z), hence the above identities remain valid. Consequently, using the Mason rule, we
may draw the H and H* operators as in the figure 6. The formulae (4.22) yield the decomposition

Vo 3(Z) = Im(H*) ® Im(G")

V_o1® W (4.23)

e e

we shall use in different ways in the sequel.

4.2 A “Gabor”-like coarse-scale decomposition

Using (4.23), the diagram of the figure 7 yields on its leaves a decomposition into signals at

10
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Figure 7: The Gabor tree

coarser scales, namely

Vo= @ Im(TunTol,) (4.24)
we{0,1}"

where w = w_n...w_;, w_; € {0,1}, and
To=H,T, =G" (4.25)

The name of the decomposition will be justified later on.

4.3 A wavelet coarse—scale decomposition

Using again (4.23), the alternative diagram of the figure 8 yields the decomposition

Vo
W_m

WaOW28 .. 0W_.0V_,
Im ((H")™1G*) (4.26)

Il

In this case it is usual to take for {H,G} a {low-pass,high-pass} pair.

REMARKS:

1. Draw the tree of the figure 7 until infinity. In this figure, it is cut according to vertical
lines. In the figure 8 the cut was taken along a parallel to the upper branch. It should be
clear from these comments that many other patterns could be considered as well to yield
different orthogonal decompositions.

11
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to coarser scales

Figure 8: The wavelet tree

2. Assume we consider now a non-unitary QMF bank following section 3.1. Then all but the
last formulae (4.22) remain valid. Hence (4.23) should be replaced by

3(Z) = Im(%)+ Im($)
Vo +Wo

Vo

e e

where + refers here to complementary (but not necessary orthogonal) subspaces of Vy.
Hence both the gabor tree of the figure 7 and the wavelet tree of the figure 8 could be
reinterpreted in this weaker sense, giving raise to non-orthogonal decompositions of {*(Z)
into complementary subspaces of signals at coarser scales.

5 Introducing orthonormal wavelets

In this section, we shall introduce orthonormal wavelets via the asymptotic analysis of QMF

banks.
5.1 Fine scale asymptotic behaviour of the orthonormal QMF bank, and
multiresolution analysis of L*(R)

Consider again the QMF analysis filter bank as shown in the figure 8. It yields a coarse-scale
decomposition

2(2) = Vo

( é wm) Pv-.

m=-1

that can be also interpreted as a fine-scale decomposition
1?(27"z) Vn

(él wm) P Vo (5.27)
m=0

(just change the name of the input signal space). This suggests to consider the “infinite length”
synthesis bank of the figure 9, i.e. to take the limit for fine scaling. The corresponding infinite

12
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Figure 9: Infinite length synthesis filter bank

Figure 10: Upsampling in continuous time (note the scaling by a factor of v/2).

block-diagram of the figure 9 exhibits a single infinite branch, namely the top one (all other
branches cross this one at the first stage). Hence understanding this infinite behaviour amounts
to study the top rightgoing branch, i.e. to ask for

lim (K)o = ? (5.28)

Recall that H is a (partial, i.e. non invertible) isometry. It should be clear that (5.28) is not
the proper way to study the infinite behaviour of the synthesis filter bank: in this bank, the
resolution is multiplied by 2 at each stage of the cascade, so that we expect to end up with
an “infinite” resolution, something that is better represented with continuous time index rather
than discrete one. Hence, what we shall do from the beginning is to imbed the discrete time
index [2(27"Z)-spaces into L?(R) by considering functions that are constant on the dyadic
intervals of corresponding length. More specifically, denote by L2 the Hilbert space of the L?-
functions that are constant on the dyadic intervals of length 2~", and associate [2(2-"Z) with
L?%. The upsampling operator | 2 : L% — LZ_, is carried on as shown in the figure 10. In
this picture, each grey rectangle represent one element of the canonical orthonormal basis of L2
(top) and LZ_, (bottom) respectively. The scaling by V2 has been introduced to make T 2 a
unitary injective operator. The translation of (5.28) in this new framework is presented now.
Introduce
X0 = X(-1.+1( (characteristic function)

and consider the following recursion:

A T+
x1 = Hxo

= V2 Z hmx[(m—%)z—l.(m+§)2—l[

13
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Figure 11: X0s X1y X2y "s¢

W.XI

>

X2

2 hm |, hpX((am+p-1)2-2 (2mtpt1)2-2(
m P

and so on. These two recursion stages are depicted in the figure 11, where the merging arrows
refer to additive superposition. The corresponding recursion involves the following operator H :

Hf(2)2V2 Y hnf(2z —m) (5.29)

Let us for the moment assume that we have proved the following :
the limit ¢ 2 lim (F")"xo exists in the L?-sense, (5.30)
{r™ ¢} ez orthonormal system in L2, (5.31)

14



where 7f(z) = f(z + 1) denotes the translation by 1. Then the following algebraic properties
can be derived based on the properties of the orthonormal QMF synthesis bank:

Algebraic properties of the limit ¢

1. the function ¢ satisfies the following fixpoint equation:

(z) = V23 hnd(2z-m), ie ¢=T¢ (5.32)
(5.33)
2. introducing
$(2) = V2 Y gmd(2z — m) (5.34)
we have
P L ¢, and (5.35)

{r™¥}nez orthonormal system in L’

3. Introducing the following translation and dilation operators (both are isometries of L?),

Tf(z)
o f(z)

the following orthogonal decompositions of L? into “successive scales” hold [9]:

f(z + 1) (translation)
V2f(2z) (dilation) , v2ro = or?

L*(R) = &S W (5.36)
V, = %_é W (5.37)

m=-00

where

Va
W,

span{o"t™¢,m € Z}
span{o"r™¢,m € Z}

Proof (sketch of). Point 1. is immediate. For point 2., we use the formula
[*¢] (z) = V2Y hmd(2z + 2k - m)
VEY b [ (22)
m
o (Z hm ['ru'"”‘qﬁ]) (z)

and the corresponding one for 3 with g, instead of h,,. This can be rewritten as

o7lrk¢ = Y hnrHme (5.38)
ottty = S gnrt e (5.39)

15



Hence, denoting by < .,. > the scalar product in L? and using the fact that the 7™¢ form an
orthonormal system in L2, we may write

< a'l'rkdz, 0_11'11/1 >
HG b1 =0

<5,y >
(using (5.38,5.39))

due to the identities (4.22). Similarly, using again (4.22), we have

< kg, rly > <o lrfy,07lrly >
(using (5.39)) = GG 6k_i = bk

which finishes to prove the point 2, and furthermore proves that the systems that span the
spaces V,, and W, are orthonormal.

To prove (5.37) we remark that (5.38) implies V_1 C V. On the other hand, for Vo 3 f =
S cxo~ 15, we have also thanks to (5.38) f = ¥, ¢, 7%¢ where ¢’ = He. A similar result holds
for W_; and G respectively. Thus the identity (4.23) carries on to yield

Vo=V_i06W_,

and (5.37) follows by induction from the corresponding properties of the orthonormal QMF
bank. To derive (5.36) — i.e. to prove that our decomposition actually spans the whole L2-
space — requires more technical work however, and we refer the reader to [9, 6]. Note that this
latter result states formally that adding finer scales is a valid approximation procedure.O
By the way, what we have got is a

multiresolution analysis of L?(R)
in the sense of S. Mallat [14, 15, 16] as reported in [9] and the system {o"r™y,m,n € Z} we

have so obtained is termed an orthonormal wavelet basis.

REMARK: when a non—unitary QMF bank is used, a more careful use of similar techniques
allows to derive the bi-orthogonal wavelets due to Albert Cohen and Ingrid Daubechies, cf.
remark 2 of section 4.3.

5.2 Existence and properties of the limit ¢: proof of (5.30,5.31).

Here we switch from algebra to analysis.

Existence of ¢: proof of (5.30). Introducing the Fourier transform
¥ 1 —iwzd
W)= — z)e z
j@ == [" 1@

é = lim (K )"xo

the formula

is rewritten as follows,

o(w) = \/% H H(eiz—ncu)
n=1

and the limit is defined pointwise. This limit belongs to L2 since, thanks to the QMF property,
we know that the finite products (%" )™xo are uniformly bounded in L?.

16



Proof of (5.31). The following equivalences hold:

{r™¢,m € Z} orthonormal & Y |p(w + m2m)Z =1

meZ
Introduce
ow) 2 Y |d(w+mar)
meZ
uw) £ [H(e™)]?
Then

d=H¢ & ¢(w)=V2H(e")p(w)
= P,d=9

where the operator P, is defined by
2P, f(20) = u(w)f() + uw + 7)f(w + 7) (5.40)
But, since the filter H satisfies the orthonormal QMF condition, we have
ww) + u(w+ 1) =2 (5.41)

i.e P, is the transition probability of a Markov chain on the unit circle. Then, knowing that &
is P,-invariant, we want to deduce that it must be a constant. Using the following equivalences

Po=0 = d=1
ft

continuous P,-invariant functions must be constant

i
P, ergodic

J-P Conze, A. Raugi (IRMAR Rennes) gave in [4] necessary and sufficient conditions on u for
this Markov chain to be ergodic. Recall that ergodicity is a generic situation for Markov chains,
so that QMF banks generally yield orthonormal wavelets. Similar results have been obtained in
(2] by A. Cohen (CEREMADE, Paris) with different techniques.

Smoothness conditions are useful when the so obtained basis of L? is used for harmonic or
functional analysis. The following theorem holds [9]

Theorem 1 (I. Daubechies) Assume H is selected of the following form

1 N
H(z) = [5(1 + z“)] H(z) (5.42)



where, in addition to be selected for H to satisfy the orthonormal QMF property, the fiter H
satisfies the following conditions:

ZIfI,,HnI‘ < 00,e>0

sup |H(e*)| = B < 2N-1
then ¢ satisfies

|B(w)| £ C(1 + |w])~N+Ules B)/ s 2)

and the convergence is pointwise.
This last inequality guaranties that ¢ has its M-th derivative in L? for some M, but this index
M is much smaller than N (in practice, for the wavelets obtained by thhe method of [9], one

has approximately M ~ 0.2/N). Better results on the regularity of ¢ given the decay rate of H
may be found in [11, 3, 5, 6).

NOTA: (5.42) and the QMF condition together imply

G(eiw) = Gl(eiw) = .. = G(N)(ei“‘)
= Oforw=0
or, equivalently, N
$(0) = ... = 9™ (0) = 0

and, finally, via inverse Fourier transform,
/x"w =0, n<N (5.43)

Such vanishing moment conditions appear to be extremely useful for approximating functions,
or integral operators when a 2D-theory is considered.

5.3 Some additional comments.

Consider again the diagram of the figure 7, and draw it infinitely long. As we already indicated,
several patterns may be used to cut this infinite tree diagram, among them we just showed 2,
namely the wavelet analysis filter bank (obtained via a cut which is parallel to the top branch of
the tree), and the “Gabor” tree (obtained via vertical cuts of the tree). Each pattern gives raise
to a different orthogonal decomposition of the space Vy. And the same method we have used
to introduce the wavelets may be used as well to derive alternative orthonormal bases of L2. In
particular, the “Gabor” tree has been used by Beylkin, Coifman, Rokhlin, and Y. Meyer, to get
a basis of oscillating L?-functions they call “Gaborets”. We shall give in the last section of this
course some indications of how such infinite products may be studied; results along those lines
are found in [11} [4].

6 Efficient approximations of L*-functions

1. Daubechies proved that, with further algebraic conditions on H, the following conditions may
be satisfied:
dz, € R: /¢(z +z,)2Mdz=0:1<m< M (6.44)
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We shall use these vanishing moment conditions to compute efficient expansions of functions of
the M-th order Sobolev space. For this purpose, we consider the diagram of the figure 12. This
diagram describes a two—step approximation procedure:

Recall that, on the other hand,

1. project f onto the space V, of L?-functions at scale 2,

2. use the QMF analysis bank to further decompose the projection into an orthogonal ex-
pansion.

Since the second stage has already been investigated, only the following problem remains to be

investigated: compute
< fyo"tTo >

efficiently. This is explained next. Write the following equalities:

< f,o"¢ >

2% / f(z)$(2"z)dz
= 2% [ f20)0(a)ds
23 / f27" (2 + 5,)) $(z + 2o)da

A Taylor expansion of f around 2~"z, yields:

f(2-n(x + xo)) = f(2—nxo)
+2 "z f' (27 "z,) + ...
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+2—(M—1)an-—1f(M—l) (2—nxo)

so that, thanks to the vanishing moment conditions (6.44), we get the following single point

approrimation !
9-n(M+1/2)
— |

< fio"¢>=2"3f(27"z,) + O ( i

2D-generalizations of this are useful to approximate integral Kernels involved in some integral
equations (BCR algorithm, due to Beylkin, Coifman, and Rokhlin, see [1] [18]).
7 Application of orthonormal QMF banks to random signals

Consider again the “Gabor” tree of the figure 13. The following question has been considered
by J-P Conze and A. Raugi [4]:

? What are the statistics of the signals
on the leaves of the “Gabor” tree 7

More precisely, we want to investigate this question for very long trees.

7.1 Filtering and decimation of signals

Decimation of signals results in the following change of the spectral measure of the input signal:
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Introduce the spectral measure of the process X:
2x
EXoX = / ™R x (dw)
0

we have

[ fw)Ry (@) = [ f2o)Rx(dw) (7.45)

If X has a spectral density, we have, denoting by Rx(z) the spectrum of X:

Ry(z) = 5 [Rx(z) + Rx(~2) (7.46)

Now, considering the case of filtering and decimation, we get

J $@Ry (@) = [ fw)lH () Rx () (7.47)

Again, if X has a spectrum we denote by Ry, we get:

Ry(z) = %[Ryx(z)+ Rux(—z)] where
Rux(z) = H(z)Rx(z2)H(:™") (7.48)
Case of a pure frequency
Rx = by + 0.0,
Ry = u(2wo)[b2u, + 6-20.) (7.49)
uw) £ |H(Ee™)P

Case of a spectral density

Rx(dw) = Rx(e™)dw 2 F(w)dw
Ry (dw) Ry (e%)dw £ P, F(w)dw (7.50)

N

where P, is the operator we already introduced:

2P, f(w) = u(w)f(w) + uw + 7) f(w + 7)
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Figure 14: Low-pass / high-pass QMF bank.

7.2 Use of the “Gabor” tree

Consider again the figure 13, and introduce the following notations:

X = (Xn),Rx(dw)
To = H', T, =6G"
w = w_,..w_; € {0,1}"
To = Typ.- Ty,
XY = T,X
In other words, we encode the paths of the tree via a dyadic coding; when infinite paths are
considered, the associated coding is the dyadic expansion of the real number defined by this

infinite path. We are thus interested in the limit of the statistics of X* when the length |w| of
the word w tends to infinity. Again, we consider two separate cases:

Case of a pure frequency. The following formula holds:

|w]

Rxw = [H ‘u,w_m(Q"‘wo)} [62|“’|wo + 6—2"‘"«1«;] (7.51)

m=1
where we used the notation
uo(w) = |H(e¥))?, w(w) = |G(e™)f?
Now, we make the following key remark:
2™w, modl yields the dyadic expansion of w, (7.52)

Now, assume { H,G} is a {low-pass / high-pass} pair (cf figure 14): From the above condition and
the formulae (7.52,7.51), we get the following asymptotic result, which holds for |w| “infinitely”

large:
Rxw #0& w_p,, = 2™w, mod 1 (7.53)

From this result, we derive the following

TEST: the energy concentrates on the path encoding the dyadic ezpansion of w,. By the way,
what we got is a

rmultiscale isolation of pure frequencies |
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Case of a density F(w) for X. Introduce the following notations:

P, & P,i=01
P, & P, .P,_,
Fu(w) a P, F(w) spectral density of X

What we want to investigate here is

lim F, =777
lwj—o0

A new difficulty arises here, namely P, is a non homogeneous Markov Transition kernel (recall
that, thanks to QMF, we do have P,1 = 1). Such non homogeneous operators have been studied
by I. Daubechies and J. Lagarias in [11] via tight bounds based on elementary linear operator
algebra. On the other hand, Conze and Raugi [4] have imbedded this problem into that of
the analysis of a single homogeneous Markov transition kernel: this is done by randomizing the
paths on the tree, i.e. for each successive decimation, select H or G at random using a (fair) coin
tossing. Hence w is randomized. Now consider the spectral density Fy, = P, F of the process
X% it is an L%-function on the unit circle, and we have the following theorem:

Theorem 2 (Conze-Raugi) For almost all infinite path w,

L*(T)

n— oo

PyF Cuw

where C,, is a constant spectral density with a power depending on the path w, and the conver-
gence holds in the L?-sense on the unit circle T. In other words, X¥ — white noise with power
Cuy.

Case of several frequencies in coloured noise. Since C,, € Dirac, an iterative multiscale
procedure to isolate frequencies in coloured noise can be derived from the theorem above.

8 Conclusion

We have provided an account of those concepts of multiscale signal processing that are con-
cerned with QMF techniques and orthonormal wavelet transforms. As opposed to most classical
presentations of this subject, we started from discrete time signal processing and QMF banks
and exlpoited their properties as far as possible to approach the construction of wavelets. Aside
from providing a new insight on this topic, we think this presentation raised some additional
questions, namely:

e How to exploit the suggestion of section 5.3 to generate other orthonormal decompositions
of signal spaces and L?-spaces?

e Is it possible to derive parametrizations of loss-less 2-port transfer functions in the style
of section 3.3 to additionnally guaranty vanishing moment conditions such as provided by
I. Daubechies’ “explicit” examples? We suggest the so—called associated chain scattering
matriz should be considered for factorization instead of the lossless transfer function itself.
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