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On the stability analysis of boundary conditions
for the wave equation by energy methods
Part I : The homogeneous case

Tuong HA-DUONG! and Patrick JOLY2

Astract:

We reconsider the stability theory of boundary conditions for the wave equation from the point
of view of energy techniques. We study here, for the case of the homogeneous half-space, a large
class of boundary conditons including the so called absorbing condidons. We show that the results
of swong stability in the sense of Kreiss, studied from the point of view of the modal analysis by
Trefethen Halpern, always correspond to the decay in dme of a particular energy. This result leads to

the obtention of new estimates for the soludon of the associated mixed problem.

Sur I'analyse de stabilité de conditions aux limites
pour I'équation des ondes par la méthode énergétique.
Partie I: le cas homogene

Résumé:

Nous réexaminons la théorie de la stabilit€ des conditions aux limites pour I'équation des ondes
du point de vue des techniques €nergétiques. Nous €rudions ici, dans le cas du demi espace
homogere, une large classe de conditons aux limites incluant les condidons dites absorbantes. Nous
montrons que les résultats de stabilité forte au sens de Kreiss, €rudi€s du point de vue de I'analyse
modale par Trefethen-Halpern, correspondent toujours 4 la décroissance d'une certaine énergie. Ce

résultat meéne a 'obtention de nouvelles esimations sur la solution du probléme mixte associg.

Mots clé : Equation des ondes - Conditions aux limites - Problémes hyperboliques mixtes -
Théorie de la stabilité - Esumatons d'énergie.

Keyv words : Wave equation - Boundary conditions - Mixed hyperbolic problems - Stability
theory - Energy estmates.
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1. INTRODUCTION AND PRESENTATION OF THE PAPER

The theory of the stability of initial boundary value problems for hyperbolic systems, has
known an important development at the end of the 70's with the major work of Kreiss [K]. A very
interesting review paper of this theory has been recently given by Higdon in [Hi].

It appears that the relative complexity of this theory comes from the difficulty of a good
definition for the stability or well-posedness of these problems and from the technical character of the
proofs. In fact one can roughly distinguish two kinds of stability definitions, namely :

- the weak well-posedness (or weak stability)

- the strong well-posedness (or strong stability).

The weak well-posedness corresponds to the classical well-posedness in the sense of
Hadamard, means that there is existence and uniqueness of the solution and that one can estimate
some norm (let us say of Sobolev type) of the solution by some norm of the data which implies, since
the equations are linear, that the application data — solution is continuous for appropriate topologies.
In its definition of the strong stability, Kreiss prescribes a priori the norms for which he wants to
obtain some estimates, which is of course a stronger result.

For instance if one considers the Cauchy problem whose initial conditions are the only data, one
requires that the L2 norm (in space and time, including the trace on the boundary) of the solution must
be estimated (modulo a constant which may depend on the interval of time [0,T] one considers) by
the L2 norm of the initial data : there is no loss of derivatives. On the other hand, the problem is
weakly well-posed as soon as one can control the same L2 norm of the solution by some higher
Sobolev norm of the solution. We shall give a simple concrete illustration of the distinction between
these two notions in this article (see section 2.2).

In the case of a half-space of RY, the two types of stability are studied for first order strictly
hyperbolic systems with constant coefficients via the so-called modal analysis which means that one
uses the Laplace-transform in time and a Fourier-transform with respect to the variables tangent to the
boundary of the half-space. This study leads to the concepts of generalized eigenvalues and
characteristic equation which are extensively discussed in [Hi] with a geometrical interpretation, using
characteristic manifolds and group velocities. We shall not enter the details here. Let us simply
mention that the characteristic equation takes the form :

(1.1) Hs,8)=0



where s € C is the unknown and 6 belongs to the unit sphere of Rd-1. Once the characteristic
equation (1.1), which is a polynomial equation with respect to s, has been determined, the difficulty
is reduced in the location of the solutions of this equation in the complex plane. The case of weakly
well-posed problems corresponds to the result of Hersch [He] while the case of strongly well-posed
problems corresponds to the result of Kreiss [K]. These results can be summarized as follows :

f Weak well-posedness > {solutions of (1.1)) c { Res2 0}
\Strong well-posedness <> (solutions of (1.1)} c { Res> 0}

Otherwise, the corresponding problem will be said to be strongly ill-posed. In the last past
years, the emphasis has been put on the strong stability notion and the works of Kreiss have been
generalized to various situations by different authors (see [Hi], [MO] for instance). One of the
reasons is probably the fact that this concept has led to an analogous stability theory for the finite
differente approximations to mixed hyperbolic initial boundary value problems (see [GKS], [GT],
[Mi], [T] ). The other major interest of the srong well-posedness concept holds in the fact that Kreiss
has been able to prove that the stability results could be extended to the case of smooth variable
coefficients. Its proof is very complicated and makes use of the theory of symmetrizers and pseudo-
differential operators ([K]). The precise condition about the variations of the coefficients (which are
allowed to vary in space and time) can be stated as follows :

The coefficients are of class C with respect to
space and time variable and are asymptotically
constant at infinity. '

Taking into account the finite velocity propagation of solutions of hyperbolic systems, the
constraint that the coefficients are constant at infinity is not really troublesome. The relative weakness
of the result lies more in the fact that one cannot say anything in the case where the coefficients are not

smooth.

Of course this is due to the technique of proof which uses pseudo-differential operators. It is
natural to think to other methods as the energy methods. In most of the systems derived for physical
phenomena, one can associate an energy to the solution which can be shown to be conserved in time
in the case of the pure initial value problem : these are conservative hyperbolic systems ([F],[W]).
The acoustic wave equation, in which we are particularly interested in this paper, belongs to this
category of systems. The study of the stability of the wave equation associated to various boundary
conditions has a very important practical interest if one thinks for instance to absorbing boundary
conditions. In their second paper on the subject, Engquist and Majda {EM] applied the theory of
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Kreiss to show the strong stability of their boundary conditions. More recently, Halpern and
Trefethen [TH] considered a completely general class of boundary conditions for the wave equation
and, applying Kreiss theory, obtained explicit necessary and sufficient criteria (concerning the
coefficients of the differential operator appearing in the boundary condition) for the strong well-
posedness of the corresponding initial boundary value problem. We shall state their precise results in
the next section. Associated to this work, a question naturally arises : is it possible to obtain the same
results by energy estimates ?

This is the question we intend to address in this paper. In his review [Hi], Higdon evocated
briefly this question and concluded that, if energy techniques fail, this does not mean that the problem
1s not well-posed but simply that the energy method is not adapted.

As far as we know, the only case where the energy method has been shown to work is the case
of the first order absorbing boundary condition.

In the present paper, we are going to show that appropriate energy methods lead to the stability
result for a class of boundary conditions which is almost the same as the one considered by
Trefethen-Halpern in [TH]. More precisely we shall show, for the model problem of the wave
equation in the homogeneous half-space (N = 2), one can show that the strong stability result is
associated to the decay in time of some energy associated to the solution. This energy is not
necessarily the physical one : by energy, we mean a quadratic form with respect to homogeneous
linear differential operators of a given order applied to the solution, which is equal to O if and only if
the solution u is identically equal to 0, provided it vanishes at infinity . More precisely, we shall
show that, if one considers the problem :

52_._a_z..a_5=0 xeR,y<0,t>0
X y
( ) Byu=0 x=0,t>0
1.2

u(x,y,0) = ugx,y)

x=0,y<0
o
§u(x,y,0)=01(X,Y)

2.9 9
ot 9x’ dy
strong well-posedness of (1.2) will correspond to the decay in time of an energy involving Nt order

where Bn= BN( ) 1s an appropriate homogeneous differential operator of order N, the

derivatives of the solution. For instance, the physical energy :



Qﬂzdx+-12—[ | vu|? ax
Q

(1.3) E(ut) = lf
2 o ot

1s an energy in our sense for N = 1. The class of differential operators for which our analysis will be
valid is the sub-class of the one considered by Halpern-Trefethen for which direction x and -x play
29 &
ot "9y "9x2
this hypothesis is to be replaced by the invariance of By with respect to rotations in the tangential

0 0
hyperplane, thus By = BN |5 »=— A
yp rp us N N (at ay X
in view of the practical applications. For such particular conditions, Higdon [Hi2] observed that the
stability analysis was essentially reduced to a 1D analysis. This remark will also be the starting point

of our method.

the same role, in other words for which By = BN( ) For larger dimensional problems,

} We think that this particular class is the most interesting case

It seems to us that this new approach of the stability theory of boundary conditions associated

with the wave equation has the two following advantages :

1) It gives a new enlightening to the Kreiss theory applied to the wave equation. Moreover it leads
to results which are stronger than those simply deduced from the direct application of Kreiss

theorem in the sense that :

(1) It shows that "all" strongly stable boundary conditions
are dissipative for an appropriate norm of the solution.

(i) It gives rise to L™-estimates with respect to time
instead of L2-estimates.

(iil) These estimates are uniform in time : the constants
involved do not depend on time.

2) Such a method, applied to variable coefficients, leads to strong stability results even when these

coefficients are not smooth.

This is the point 1) that we shall develop in the part I of this paper. We shall give an illustration
of point (2) in the part II.

The outline of this article is as follows. In section 2, we present the basic ideas of our method
on the rather simple examples of the second order (section 2.2) and third order (section 2.3) boundary
conditions. In each case, we first treat as a mode!l problem the absorbing boundary condition of
Engquist-Majda and then extend the result to more general cases. We have chosen to develop this
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section for pedagogical reasons since the ideas for the proof in the general case are not so obvious.
Section 3 is devoted to the generalization of results of section 2 to general odd order conditions
(section 3.1) and even order conditions (section 3.2).

2. OBTENTION OF ENERGY TYPE A PRIORI ESTIMATES FOR THE WAVE
EQUATION IN THE HALF SPACE : THE CASE OF LOW ORDER
CONDITIONS

As announced in section 1, we consider the wave equation in a 2D homogeneous medium and
consider for simplicity that the propagation velocity is equal to 1 :

aSztzg-Au:O

2.1
2:) P P
U=—+—
ox? ody?

The domain of propagation will be the half-space :
Q={(x,y)e R?,xe R ,y<0>

and we shall denote by T’ =dQ its boundary. The wave equation will be associated to initial
conditions :

2.2) f‘g‘ux’y"” =uly) g

o (x,y,0) = ui(x,y)
which will be the only data of the problem, and to a boundary condition :
(2.3) Bu=B (—, 9
dgx

where B denotes a homogeneous linear differential operator involving only ¢ven order derivatives
with respect to the tangential yariable x.

In this section 2, we shall only consider the cases where B is of order 1, 2 or 3 to describe the
basic principle of our method. The case of the first order condition is very simple and classical



(section 2.1). For the second order and third order boundary conditions (sections 2.2 and 2.3) we

shall begin by considering the classical absorbing boundary conditions of Engquist-Majda and shall
show that their stability can be proved by energy methods. Then we shall consider the cases of more

general second order or third order differential operators and show that the energy method leads

exactly to the same conditions than the ones obtained by directly applying the results of Halpern-

Trefethen. For the case of the second order boundary conditions we shall illustrate on a particular

example the difference between strong and weak well-posedness.

The calculations we make in this section are formal. Our goal is to obtain a priori estimates on
the solution u, if one assumes that this solution exists, is unique and sufficiently regular to justify
the technical manipulations we shall be led to do. All this approach can be justified a posteriori by
means of functional analysis techniques. In fact almost all our computations will be based on the

following well-known identity :

If v denotes a sufficiently smooth solution of the wave
equation %E-Av=0 in the domain {xe R,y<0,t>0>,

(2.4)
one has :

d gyg= | ¥V
dt E(vt) fr dy atdx

where we have set Q = {(x,y)/xe€ R,y <0} and I' =0dQ, and where E(v;t) is defined (1.3).

2.1. The case of the first order boundary condition

Here we consider the boundary condition

_ou  du _
Bu——aT+§y——0.

In this case, it is well-known that, applying (2.4) to the function u itself, leads to the identity :

(2.3) g—t {%L ? dxdy +%L iVuIzdxdy}+fr 9

ou du
ot
which shows that the "first order” energy, which coincides with the physical energy, defined by :

2d 0
ot x=




du|2
ax

El(u;t) = %f
Q

is a decreasing function of time. The well-posedness of the initial boundary value problem follows

dxdy + IJ qulzdxdy
Q

immediately. More precisely one shows that if the energy E;(0) is finite, which means that :
(wo,u) & HY(Q)xL2{0)

then problem (1.2) has a unique weak solution (i.e. in the sense of distributions, see [LM] for
instance) which satisfies
(2.6) ve WiR* ;LHQ)) A L{R* ;HY{Q))

with the estimates

?B_ sc(HVuoIILz(g)+nulnu(n))

ot || 1{r*; L))

(2.7)
1 Vul| v 140)) < € (|| Vuol| sxe) + 1wl 40)

Note that such estimates correspond to a strong stability result in the sense of Kreiss since first
order derivatives of the solutions can be estimated at a time t by the same derivatives evaluated at the
initial time t=0; one does not lose any order of derivatives. In fact the result we obtain here is even
stronger than the one one gets by a simple and direct application of Kreiss theory since we get here
uniform estimates with respect to time (if one uses L2 norms with respect to the space variables)
instead of the - LZ(O,T;Lz(Q)) - estimate given by Kreiss theorem. Moreover, as in the theory of
Kreiss, we obtain an estimate of the trace of the solution on the boundary (I") since, thanks to (2.5),

we have :

(2.8) f
0

and also, using the boundary condition :

(2.9) f
0

8<% (i) 1 Vuol o)

du|?

oy % (”“1“1](9 +“VU0“L’(Q)

’()
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2.2.The case of second order boundary conditions
2.2.1. The classical second order absorbing boundary condition

We consider now the boundary condition

(2.10) Bu=—— —_— - =O

which is known ([EM]) to lead to a strongly well-posed problem. A natural question is : how this
well-posedness can appear if one uses energy techniques instead of the normal mode analysis ? In
fact, it is not clear that, with the condition (2.10), the "first order" energy E,(u;t) is a decreasing
function of time. Nevertheless, we shall see that such a decay occurs for another energy, which will
be a "second order" energy in the sense of a positive quadratic form involving second order
derivatives of the solution.

To obtain this result we observe that, because of the fact that only the second order derivative in
x occurs in the expression of Bu, the boundary condition (2.10) can be rewritten, as soon as the

solution we consider is sufficiently regular, only with derivatives with respect to y and t. This was
?u 0%u _ d%u

- to , we obtain :
o2 ay2  ax2

previously observed by Higdon in [Hi 2]. By simply substituting

(a 8)2u=32u+282u +82u_0

ot dy] " a2 oy oy

that we can also write

d%u % 0%

o =-2—

2.11 ou
(2.11) o2 dy? oyot

Now let us remark that, as we are in the constant coefficient case, if u is a smooth solution of

the wave equation, So are %% and g—;— Therefore we can apply our identity (2.4) successively to

= du and v = du to obtain the two following equalities :

ot dy

v
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2 2 2
uf Pul’ | )® | )dde P P
(2.12) 2.dt}), (o] |axat| |ayot r o dyot
: 2 2 2 2
14 (BZu +82u +82ul)dxdy =I_&§_‘ldx
2.dt ) \awy| |oxoy| l0y?] -y 9y

If we now add term by term these two equations it is natural to introduce the following "second
order” energy :

]
2 Q

So we have :

2
+

2
+

0%

Pu® |
o2

oxot

d%u
otdy

2
dE; _ (82u . 82u) 2% dx

2
o |*

%
axdy|

dy?

2
+2

2
dxdy

that is to say, thanks to (2.11) :

dE
(2.13) —dt—z =- f
r

which means that the energy E,(u;t) is a decreasing function of time. In particular it remains finite as

2

Ful” 4

dyot

soon as

(2.14) (uom) € H{Q)x HY(Q)

In that case E,(u;t) can be uniformly estimated with the help of [|ug H%lz(g) +{u || 12_{1(0). This

: : : o 0%u : .
gives a uniform estimate of all second order derivatives of u but Y But this last estimate follows
X

u_%u d%u

from the fact that, because of the wave equation, = -—
ox2 o2 oy2

These estimates enable us to prove the existence of a weak solution (in a sense that we shall
precise in the next section) of (1.2) satisfying :

(2.15) ue W2{0,T;L4Q)) n Wi{R*; H{Q)) n LR *; HY{Q))

as soon as assumption (2.14) holds. Moreover, the estimate, valid for any second order differential
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operator :
(2.16) D%l & i1.402)) < C (1l voll )+ w1l 1))

shows that we have proven a strong stability result (no loss of order of derivatives). Moreover these
interior estimates are completed by L2-type estimates on the boundary. Indeed from (2.13), we easily
deduce that :

™| 9%
(2.17) fo ‘ga—t

2

dt < C(HUOH%{Z(Q) +||u1“f{‘(9))
LAr)

This is not the only boundary estimate one can obtain since for instance (2.10) directly provides

. . 9%u 1 %u
an estimate of the quantity — - ~ ——
a2 2 ox2
sufficient to give a meaning to u as a weak solution of problem (1.2). (See the definition (2.25) in

the next section 2.2.2).

Nevertheless both a priori estimates (2.16) and (2.17) are

Note that for the second order boundary condition, we need more regularity on initial data than
for the first order condition but we also get more regularity on the solution. Such a fact is not really
surprising since the operator B involves higher derivatives which implies more regularity to give a
sense to the boundary condition Bul = 0. One could wonder how to give a sense to a solution of the
same problem when we assume only for instance that (ug,u; ) € HI(Q) x Lz(Q), which means that
only the first order energy E;(t) is finite at t = (. This should be possible thanks to a duality process
but we shall not examine this point in the present work. ‘ :

2.2.2. The case of more general second order boundary conditions
Let us recall that, in the theory of absorbing boundary conditions for the wave equation ((EM],
[TH], [Hi2)]), the condition (2.10) corresponds to a Taylor approximation of the function
x— ¥1-x2:
Y1-x2 = 1- %
Of course one can consider approximations of the following type :

(2.18) Vi-x2 =v-Bx2  (By)e R?,B=0
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which leads to the boundary condition :

2 2 2
au+8u Bau=0

2.19 -
(2.19) e SRLPX:

This is the moment for us to recall the results obtained by Halpern-Trefethen in [TH]. These
results concern in particular the well-posedness of the initial boundary value problem obtained by
coupling the wave equation to the boundary condition Bu =0 derived from the approximation of the

function Y1-x2 by a general rational function :

(2.20) Vi-x :R(x)=%%

where P(x), Q(x) are polynomials. They give the following

THEOREM A [TH]

The initial boundary value problem (1.2) corresponding to the boundary condition Bu =0
associated with the approximation (2.20) is strongly well-posed if and only if the two following
conditions are satisfied :

R(x)

(i)  Allthe poles and zeros of the rational function —~

(ii) R(1)>0 and R(-1)>0.

are real and interlace along the real axis

Remark
Condition (i) implies in particular that :
0<d°P-d°Q<2

Let us apply this criterion to the condition (2.19) where R(x) =7 - Bx2. Itis immediate that (i)

holds if and only if yB >0 while criterion (ii) implies y-f > 0. Therefore, problem (1.2) associated
to (2.19) is strongly well-posed if and only if :

(2.21) 0<B<y

Let us see now how this condition appears when one uses energy techniques. Of course we still
can use the two equalities (2.12) which are independent on the boundary condition. Now instead of
summing term by term these two equalities we first multiply the first of them by a the second one by
('y- [3) and add the two results. We obtain :
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dE 02 o?u\ 92
02) -a—f (e Bay‘z’)ay;id*

where the function E,(u;t) is defined by

2 2 2
Exu t)—y——B—f( +& +&)dxdy
(2.23) ot? oxot dyot
2 2
+%jOazu +82u +azl;_)dxdy
q \|9yot oxdy dy
du d%u

Now we observe that, replacing 923 y
ox2 o2 ayz

the boundary condition (2.19) is

equivalent to :
( )82u ddu o4
R
ot dy dyot
so that (2.22) becomes :
2.2
(2.24) % .. f O
t T ayat

This proves that the function E,(u;t) is decaying in time. To be able to deduce from this fact a
priori estimates on the solution, we need that E,(u;t) be a "second order energy", i.e. a positive
quadratic form. This implies 0 < B <. Now if we want to estimate all the second order derivatives

of u, which is necessary to get the strong stability property, we see that we must have :
0<B<y
that is to say exactly the condition (2.21). If (2.21) holds it is then easy, mimicking what we did in

section 2.2.1, to obtain the estimates (2.16) and (2.17) and then to prove the existence of a unique
weak solution of u. This must be understood in the following sense :
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* u(x,y,t) satisfies (2.15)
e Vv(xy)e V={ve B{Q)/v|re HY)}

& dxd I dx
(2.25) de ( L v y)+ydt2 r v
d M NG00 inD
< L Vu.Vv dxdy)+[3fr = 3 dx=0 in £'(0,T)

du

* u(x,y,0)=ug(x,y) ; g(x,y,0)=ux(x,y)

Let us state our result in the following theorem:

THEOREM 2.1

Under the condition (2.21), the initial boundary value problem ((2.1), (2.19)) is strongly well-posed
in the sense of Kreiss and the unique solution satisfies the identity (2.24) which yields the decay in
time of the second order energy E, defined by (2.23). Moreover, this solution satisfies the a priori
estimate:

stgHDaullu(R.;u(n)) < C (1l woll )+ lwlla)

where the positive constant C only depends on yand B.

Remark

If one does not look for a strong stability result in the sense of Kreiss but only a well-posedness
result in the sense of Hadamard, it is sufficient to apply the condition of Hersch [He]. In our
particular case, this condition implies simply that :

v>0,B>0

This means that for 0 <y < <+, problem (1.2) is only weakly well-posed. Such a fact can
also be obtained by using energy techniques in order to get a priori estimates. Indeed let u be a
regular solution of (1.2), let us introduce :

2u 9%u _du
+ -B

2.26 =
( ) Y Ya@ oyot  oOx2

It is clear that v is solution of ;
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v )
—-Av=0 in Q
ot

(2.27)
vir=0 onI'.

which is a well-posed problem. Now if we want to get estimates on u we have only to check that the
initial value problem :
2 2
Yazu o’ Bau=v (x,y)e Q,t>0
atZ ayat ox2

u(x,0) = uo(x,y)

du

—3?(’(,0) = u(x,y)

(2.28)

is well-posed. But multiplying equation (2.27) by du and integrating over 2 gives:

x
d jY| |ou]? B jou ol
dt {2] x dmy*zf ox d"dyf
Q Q
. %dxf V2 ey
r Q

which easily leads to the following estimates in the interval [0,T] (use Gronwall's Lemma) :

u
ot {{10,T;1?
du
ox

< AT)IvllKo,T; 1Y)
(2.29)
< AD)|IvI Ko, T: 12

L0,T; L3

Moreover, multiplying equation (2.27) by %ltl + % and integrating over €2, we get:

a frf (on 0P g B 2
dt\f at+a dxdy + f I dxdy
du|? au du
r
which leads to the estimate :
(2.30) y ou < AM)lIvllom )
9y || L10.T; 12)
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We need now an estimate about v solution of (2.27). This problem can be solved explicitly
using the theory of images for the Dirichlet condition. Then, by a Fourier transform in space, one
easily checks that :

(2.31) M)l 2xg) < 2 {Ilvoll ) + 1va 1))

where v(x,y,0) = vo(x,y) and %%(x,y,O) =vj(x,y). But, thanks to the definition of v, we have :

2
Vo—v%} (r- B)a e
d%u 82u
v =BT;+(Y_B)W21+3—}TMO
so that :
(2.32) vl 2q) +1vi1(a) < € {lluoli ) + 1o i)

Regrouping (2.29), (2.30), (2.31) and (2.32), we obtain :

(2.33) [IDulft0,1;12) < AT {llvoll ) +1lu1 | ()]
This proves the well-posedness of the initial boundary problem as soon as as [,y > 0.

Nevertheless this result corresponds only to a weak stability result since we lose one order of
derivative in our estimates.

2.3. The case of third order boundary conditions
2.3.1. The classical third order absorbing boundary condition

We consider now the classical third order condition :

Pu_ Pu 3 Pu y Pu

(2.34) -
ot at2ay 4 3x2 4 ax2dy

which is known [Hi2], at least for smooth solutions, to be equivalent to :
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9.9% . _,

at‘*‘g u

that we can also write :

(2.35) 83u+ Pu N Fu +a3u ____2(83u N Pu
o ofdy owy2 9y o2dy  owy?

The idea is now to apply the identity (2.4) to the two functions :

o%u d%u
vVi=——+

o oy

o%u
Vo= ——

oy 0Jy?

which are particular solutions of the wave equation as soon as u is also a solution. Moreover, they

have the property that —a—avyi = ﬁz_ We thus have :

d _ u  Pu [ Pu 23u dx
ar 5 L (at3 * at2ay)(atzay " ooy
du  Pu )( d%u 83u)
+ + dx

(2.36)
dt - 0%y owy?/\owy? dy3

Summing these two equalities leads to :

4 [ (P, Pu)(Pu, Pu, Pu Pu),
dt {E(Vl)'f'E(VZ)} fr (a@ay +atay2)(at3 +at28y +atay2 +ay3

that is to say, thanks to (2.35) :

d%u N ou |2

ot?dy  dwdy?

(2.37) ad; (E(v1) + E(va)} =-2 f

r

which means that the quadratic form :
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2 2 )
Hvl)+E(v2>=Lf (33“+ Pu * | Pu P | Pu, P )dxdy
2 Jo o aay ot2ox axayatl ot2dy  otdy?
2 2 5
Y N B N - N e )dxdy
2 Jo 23y oy otoxdy 9y29x ddy2 a3

is a decreasing function of time. Nevertheless, the estimates we can deduce from this fact do not
permit us to conclude to a strong stability result since we do not control all the third order derivatives
of u butonly some linear combinations of them. Therefore we have to go into the second step of our

estimates which consists in applying the identity (2.4) to the function v = & By this process, we

otdy
obtain :
2 2 2 3
(2.38) _d_f_l_f u du R >u )dxdy\=f du dx
de\2 Jo ody| |awxdy| |ady j - 9tdy2 dyor?
Noticing that :

2(a+b)? - ab = %(a+b)2 + %(a2+b2)

we see that, if we introduce the third order energy

Ez(u) = E(v) + E(v) + E(v2)

2
Elv) = 1 d*u Pu Pu dxdy
2 ), | |o0y| |owxdy| |dw0y2

2.39 [ 2 3. |2 2
(2.39) E(v1)=l 224. P u N u . d°u N u . > u dxdy
2 o oty ot?dx  Otoxdy ot%dy  Otdy?

[ 30 (2 3 2 2
E(Vz)-_-:lz— 823u N d’u N d°u N Fu + P u +83u| dxdy
a2y owoy?| |owxdy axoy?| |owy? oy

2

2
+ +

the addition of (2.37) and (2.38) leads to :

*u
ot2oy

o |2
otdy?

Pu . A |?
owy2 ot2dy

+

dEs .0+ 3
(2.40) " (ut) + 2 L

3

which proves that the energy E;(u;t) decays in time. In particular if it is finite a t =0, i.e. if one has

2
dx =0




20
(2.41) (uo,u;) € HYQ)x HAQ)

it remains uniformly bounded in time. From (2.40), we easily see that we get a priori estimates of the
L2-norms of all the third order derivatives of u except the ones containing second or third order
derivatives with respect to x. Anyway, analogous estimates for these quantities can be derived from
the wave equation that we can differentiate in t, x and y to obtain :

Fu =ﬁ1_ _ u
oox2 9° owoy?
(2.42) Fu _ Fu _8311
dyox2 ot%dy ody3

0x3 odt%0x Oxdy?

As these estimates are uniform in time, we can write for any linear third order differential

operator :

(2.43) | D3ull iz .14Q) < C (luollne+]lwi]lw2)

which establishes the strong stability of the initial boundary value problem (1.2) when one uses the
boundary condition (2.34).

Of course, as in the second order case, we get I.2-estimates on the boundary I' since from
(2.39) we directly obtain that :

o [

which is the equivalent of the estimate (2.15) we obtained in the second order case.

2
+

’u
otdy?

u
ot2dy

2
)dxdt < C {lluollZe + 1wy 32

2.3.2. The case of general third order boundary conditions

Condition (2.34) follows from the following Padé approximation of the function V1 -x2



1y
(2.45) 1-x2=1--2—
1--‘1{x2

Let us generalize this condition by considering the following class of rational approximations of

¥1-x2:
(2.46) T2 =y % (0.B.7) € R3

1-ax2

which leads to the general third order condition :

Pu P ( }a3u Pu
+ -lo+

il -Q -
ot ooy ox20t  Ix2dy

(2.47)

the stability of which we wish to analyze using energy techniques. For the sake of simplicity, we
shall restrict ourselves to the particular case Y= 1. However, all what we shall do can be extended
without any supplementary difficulty (except purely technical difficulty) and this assumption will
simply allows us to shorten this section. We thus consider the boundary condition :

Fu  Fu Fu *u
+ -(a+ ) -

(2.48) B ady aW  oxddy
(o,B)e R*xR"

If we refer to theorem 1 to analyse the strong stability of (2.47) it is easy to see that, for

Bx2

R(x)=1
(x) o

,we have :

(i holds & a>0,f>a
(i) holds < B(1-o0)>0.

Therefore, the necessary and sufficient condition for problem (1.2) to be strongly well-posed is:
(2.49)  a>0,B>0, O<oa+B<1

Our purpose in this section is now to show how these conditions naturally arise when one tries
to obtain energy estimates using a method analogous to the one we have used in section 2.2.1.

Since the computations are rather lengthy, let us decompose this approach in several steps.
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First step : _
Let us consider a real number a and the two following functions :

u d2u
Vi=—+a——
o> oy
o%u o%u
Vvo=——-+ta——
oy  9y?

u denoting a (sufficiently smooth) function satisfying the wave equation in Q and the boundary
condition (2.47) on (I'). Note that v, and v, are derivatives with respectto t and y of the same

. du  du dvy _0ovy C e -
function 3 +a 3y and are thus related by 3y Applying identity (2.4), we obtain :

d _| [u &u | Pu du d
at {E(v1)} L (813 +a atzay)(atzay e atayZ) *

d _ d%u Fu )( d*u 83_u) dx
g (Fv2) L (a@ay+aatay2 02 3y3

Soif b denotes a real number, we have :

(2.50)

3
(2.51) 4 (bE(v;)+ E(vp)) = Pu_, , Pu (ba3u+ab Pu, Fu Pl
dt - ooy  owy2/\ o o2y owy2  dy3

Second step
We eliminate the x derivatives in the boundary condition (2.47) that we rewrite :
(2.52) [1-(a+[3)]§i5+(1-a)ﬁ+(a+[3) Pu +oa213l =0
ot o2oy owy2  dy
We now choose :
a=Aq

b= A{1-a-p)

so that, thanks to (2.52) :



Thus, identity (2.51) leads to

4 {bE(v))+ E(vy)) =

(2.53) a0 2 N
=fr (ayatz ayzat)([ Vod1-0-) - M1- 0‘)] 3590 [l-l(a+B)]% dx

Let us choose A in order that :

Ao 1-0B) - A1-a) = 1-A{c+P)

which means that A is one the roots of the following polynomial equation :

(2.54) P(K) = X3oc2(1-oc-B) - lzoz(l-a) + k(owB) -1=
In that case, we have :

2

Pu + Ao Fu dx

dyar2 dy2at

(259) L (E(v2) + b Bfv)} = [\ a1-0-) - A(1-t) f
r

To deduce appropriate a priori estimates on v; and v, from (2.55), we have to satisfy :

f )\(1 aB)>0

(2.56) A\ 2od1-0-B) - M1-0) < 0

Nevertheless this is not sufficient to conclude to a strong stability result since the fact that E(v,)
and E(v,) is bounded does not lead to uniform estimates of all the third order derivatives of u in the

domain €. To overcome this difficulty we also apply our basic identity (2.4) to the function

v3 = ﬂ, exactly as we did in section 2.3.1:
dyot
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(2.57) d E(ﬁ) =f P g
dt |\ \ayat)| J- oyo? ay2or

We multiply (2.57) by some & >0 and add the result to (2.55) which gives :

adf [ b E(vy) + E(vo) + OE (Qi)} =

l dydt
5 58 020 (1-0-8) - N1 u A Pu |2
(2.58) [A%(1-a-B) - (1 oa)]fr e v

+5 Fu ‘ Fu dx

r dy20t dyor?

In order that the right hand side member of (2.58) be a negative quadratic form, we need of
course that 7\.2oz(1-a-B) - M1-a) < 0 but this is not sufficient. Indeed, let us set :

Ia = [\ a(1-a-B) - M1-0)} &

2.59
(2.59) lExu) = 5}3(%) + E(vo) + b E(vy)
we have
iy 2 220 (1o R) . AL [| B Pu |’ 5 Pu P
(2.60) dt E3(“)"{7” (1-a-p) - A1 a)}L \ dyor? +ho oy2ot o dyZot ayatzl o

To be able to conclude, we must find ' <0 such that the quadratic form (x+ Kay)z + 8'xy s
positive. As the discriminant of this quadratic form is :

A=8" Lo
We simply have to ensure that A <0. This implies :

(2.61) Ac >0

in which case it suffices to take :

5=-La

2
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and the coefficient & will be strictly positive as soons as :
2
(2.62) A a(l-a-B) -M1-a)< 0

Let us now regroup all our conditions. We see that if one can find a real number A such that:

P(A) = 2o (1-a-B) - A2ox (1-01) + A {ee+B) -1 = 0
Ao (1-a-B)-A(1-) < 0

(2.63) A(1-a-B)> 0
Ax >0
then, the third order energy :
(2.64) Es(u) = b E(v;) + E{vp) + E(%)

where (b,0) are strictly positive numbers, is a decreasing function of time and is thus uniformly
bounded in time as soon as :

(2.65) (uo.u1) € H3(Q)xH2(Q)

This leads to uniform estimates in time of the L2-norms in space of all the third order derivatives

Pu Pu Fu

of u but , , . Nevertheless these quantities are easily estimated using the wave
owx? dx%dy ox3

equation as in section 2.3.1. Finally, as soon as we can find A solution of (2.63), we get the

following interior estimates :

(2.66) ”D3u“L"(R’;L’(Q)) < C{lluollx{’(Q)+l|U1 HH’(Qj}

that we can complete with boundary estimates, as we have seen in section 2.3.1.

s < Cfluoll ) + 1wl

(2.67) a;’jtz LAR*;14r)) (Il uoll i)+l i)}
- <Cfllollstq) + Il

ayzat Lz(R’;L’(I‘)) { o H3(9)+ up H%Q)}

It remains to see what are the conditions on a and b in order that one can find some A
satisfying (2.63). For this let us introduce :
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(2.68) X =Ac
so that the system (2.63) becomes :

F(x) = [1-(a+B)] x3 - (1-0) x2 - (a+B) x-a=0
x>0
a:(l-(a+B))> 0

ax2 (1 -(a+[3)) -ox(1-a)< 0

(2.69)

The two first inequalities imply that :
(2.70) x2(1 -(a+B)) >0

Suppose that o <0, then 1-a>1 and axz(l-(ou-ﬁ)) - ax(1-a) > 0, which is impossible
because of the third inequality of (2.69) .Thus « is strictly positive and the first two inequalities of
(2.69) are equivalent to :

x>0

(2.71) a+f <1 .

Moreover the equation F(x) =0 can be rewritten
(2.72) [1- (0+B) x2) - [1- 0] x = % - 04B

which shows that the last inequality of (2.69) is equivalent to % <o+P. Since x >0, necessarily

o+P >0 and therefore, we have to find x such that

i

(2.73) \g(<)<i+(? <1

It remains to find under what condition F(x) admits a solution in the interval ]—ag , +°°[.
o+

From o+ < 1, we deduce that :

lim F(x) = +eo

X oo

Moreover :
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Ba?

- a(i[i) - (0L+[3}3

Thus :

(i) IfB >0, P(x) admits at least one root in the interval ]—q—, +°°[ (x =1 is suitable since
o+

& <1 assoonas B >0).

o+p

) If B<0, =%~ >1. Let usremark that :
o+

F(x) = (x-1){[1 - (0+p)]x2 - Bx + ot}

which clearly shows that F(x) >0 in the interval ]—@E , ool .
o+

Finally our method permits us to obtain a strong stability result if and only if :

o>0 B>0

2.74
(2.74) O<o+f<l1

which are exactly the conditions we obtain by applying the Kreiss criterion. We have proved the
following result:

THEOREM 2.2

Under the condition (2.49), the initial boundary value problem ((2.1), (2.48)) is strongly well-posed
in the sense of Kreiss and the unique solution satisfies the identity (2.60) which yields the decay in
time of the third order energy Ej defined by (2.64). Moreover, this solution satisfies the a priori
estimate:

!Sng || D%ul|{&*;140)) < C (Il vol | k@) I w1} i)

where the positive constant C only depends on yand .
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It is interesting to notice that the equation F(x) =0 which appears naturally in this approach is
nothing but the "characteristic equation” that one obtains when applying the normal mode analysis.
Indeed, looking for generalized eigenvalues in the form :

(2.75) fu(x,y,t) =exp (-st) exp Ey exp ikx
. ‘k eR, Re £>0
leads to the two equations :

f k2= éz -§2 (interior wave equation)

2.76
(2.76) \-s3+ 2 & - (a+B) K2 s+ k2E =0 (boundary condition)

Eliminating k2 between these two equations is equivalent to eliminate the x derivatives in the
boundary condition (2.47). We obtain the characteristic equation :

(2.77) [1-(a+B)] $3-(1-a1) s2§+(a+[3)s€;2-a§3 =0

which is exactly F(x) =0 if weset s=xE.

3. OBTENTION OF ENERGY TYPE A PRIORI ESTIMATES FOR THE WAVE
EQUATION IN THE HALF-SPACE : THE GENERAL CASE

We now consider general "absorbing" boundary conditions for the wave equation (2.1)

obtained form the "approximation" of the function :

f(s)=Vl-s2
by the rational fraction :
N Bk32
3.1 {s)=1v-
(3-1) (s)=v kg; o o

where o, B, and y are real numbers. The resulting boundary condition can be written in the

Fourier domain ((x,t) — (k,w)) in the form:
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2
(3.2) @+ICD‘YU+IO) Z Bkk =0
ay k=1 0.)2 (lkk2

Coming back to (x,t) variables, condition (3.2) can be reinterpreted as a system :

au Zﬁk_—o

33
(3-3) a2<pk - az(pk _
o2 ox2  ox2
or equivalently by :
2 0 oJ) _
(34) B2N+1 (§, &-, W) u=0

where the linear operator B,y ,, differential operator of order 2N+1, is given by :

ot?

S TG

a2 ox2

3 0 d) (o .  d\py[® &
(3.5) kel

We can of course apply theorem A to obtain the necessary and sufficient conditions on the

coefficients (y, ;, By) in order that the initial boundary value problem:

—-Au 0

(3.6) u(0)=uo, a—‘t‘<0)=u1
Bony1u=0

be well posed. These conditions are:

0<oy<op<---<an<1
(3.7) Bk20 1<k<N

N
v Bx
el 1- (058

Our goal in this section is to check that the same result can be obtained (and even improved in
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some sense) using energy techniques as we did for the second order and third order boundary
conditions in sections 2.2 and 2.3. For technical reasons we shall decompose our analysis into two

parts and consider separately :

(1)  The conditions of even order

They correspond to o, =0 < a,. We treat these conditions in section 3.2. As we shall see the
second order boundary condition (2.19) treated in section (2.2.2) can be considered as a model for
these conditions.

(il) The conditions of odd order
They correspond to o >0 and are treated in section 3.1. The third order boundary condition (2.47)
is the model for these conditions.

The distinction between these two cases comes from the fact that in the case o =0, the

operator B , which is of order 2N+1, is a multiple of 9—, in other words BNy =—a—(§2N).
pe 2N+1 p ot

ot

Therefore, if we integrate (3.4) once in time (assuming that initial data vanish on the boundary), our

boundary condition can be rewritten Boyu=0 where now Bon isan operator of order 2N.

For technical reasons, it seemed more natural to us to treat first the odd conditions. However, in
{HJ2], we have adopted another approach to obtain the same conclusions as here. In particular, a link
between the even and the odd conditions was presented in this paper.

3.1. The case of odd order boundary conditions

The first step of the analysis is to write a new boundary condition which is equivalent to (3.4)

2
for any smooth solution of the wave equation. For this it suffices to replace formally —a% by
X

2
i - Kl in (3.4). So, one proves that any C™-function u satisfying (3.4) on the boundary I =0S2,

at?. ayz
together with the wave equation (2.1) in the domain €2 also satisfies :

. * 0 0o
(38) B2N+l u=B2N+1 (g a-a—y u=90

where the linear differential operator Bjy,, is given by :
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J 0 BQ 22 92
B2N+lu B2N+l (at a ) ay ‘YatQ EB (5§'ay2) Q(
N CARAN
Q"Q(at’ay) EP“

SEEE

5 3)_ &, P
NI

(3.9)

P;=

In order to single out the principal part of B;.N+1 with respect to time, we remark that :

¢ & __1_{pk_i}

so that we can also write :

N
i|at+2 Bx 3Qx

k1 17Ok Jy2r

B?tN+l—_ l:’Y 2

1- 0oy

Note that this expression is linked to the following expression for the rational fraction r(s) :

0-(r2 )L ks

k=1

Therefore, the boundary condition (3.8) can be rewritten as :

a _ N aQu Bk &
(3.10) ay ‘[ z 1- ak] ot z_: 1-0x ay2atQku

Now, we turn to the obtention of our main energy estimate. We first introduce :

(3.11) v=Qu

Applying (2.4)t0 v leadsto:

(3.12) 4 (Fy)) = f dQu @ s
r
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Now, for 1 £k <N, we introduce the functions :

Vk'-'Qk&
(3.13) dy?
: d%u
Wg = -—
dyat
and apply (2.2) to v and w;. We obtain :
PFu Fu
3.14 d = A d
(.14 4 (E(w) fr QS0 do
Pu Pu
3.15 4 (Ew)=] Q Q do
3.15) 4 (Ewy) fr SR

We multiply (3.14) by ay, (3.15) by (1-ox) and add the two resulting equalities. Using the

fact that oy —ai +(1- o) -ai = Px and that P, Q =Q, we obtain:
ady? ot

2*u 9Qu
(3.16) 4 oy E(vi) + (1- o) E(w )}:j Qc — do
qr 1Ok Bk k k oy Jy
Now we multiply (3.16) by %, sum over k and add the result to (3.12) multiplied by -
- Ol
(7— i P ) This leads to :
k=1 Ok
d S S Br o 3
Y- D, | B(v)+ X, =—E(vi) + Y, Bx E(wi)
(3 17) dt =1 1-0g Pl 1-oy et
| aQu(NBk oQu 3 B & )
=] == - Qu |do
J;‘ 9y (Y kgl l-ox / ot g{ 1-o4 gy29t

Using now (3.10), we finally get :

(3.18) L (Evoi(u)) =- f

r
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where Egn, () denotes the (2N+1)% order energy :

(3.19) Exna(u (Y Z ) Bkak E(Q‘ ) E{Q( ayat)

As soon as the conditions (3.7) are satisfied all the coefficients appearing in the expression of
E,n.p (u) are strictly positive and the fact that E)y,,(u) be a decreasing function of time leads to

uniform bounds (by C (Il ul] H(g)+ Jup )| u?(y)) in time of the L2-norms in space of the quantities :

0 d 0
é't'(Qu) , a—;(QU) , a—y‘(Qu)

0 u) 9 oZu\ o otu
. = —, —, — —_— <k <
(.20 a‘(Qc ayz) 9x (Qkayz) (Qk ay) P=k=N
d

2ul o o%u *u
g Q« 1<k<N
ot (Q"ayat) aX( ayat) 9y (Q"ayat)

Now, let & denote the set of polynomials of two variables P(s,£) which are homogeneous

and of degree 2N. & is a vector space of dimension 2N+1 and it is easy to check that it is
generated by the (2N+1) polynomials :

(3.21) 2 Qels,E) . 1<k<N

Indeed assume that there exists (A,A,Hy) such that:

N
(3.22) AQs.8)+ Y [ Qo)+ sE Qs )} =
k=1
Choosing s =+ o ) £ we sxmply obtain for each value of k (we use the fact that all the
oy are distinct so that Qk( | —E— ) #0)

1/2
Hx i(lfx:;k 7\.1(=0

which implies that Ay =y, = 0. Coming back to (3.22) we deduce that A = 0. This proves that the
(2N+1) polynomials given by (3.21) are linearly independent and thus constitute a basis of P.
From (3.20) we deduce that the quantities :



(3.23)

o o ¥l

are bounded in L{R*;L2(Q)) forany P(.) in P by C(llugllgaw(q)+|luillga()) This implies
that
{v o e N3 /a|=2N+]
(3.24) , NI
D% is bounded in L*(R*;L2(Q)) by C{lluollsmvif)+llui l1(e)

Indeed any D%u containing at most first order derivative with respect to x can be written in

the form (3.23). If derivatives of order higher than 2 with respect to x appear, one can come back
2 2 32
to the preceeding case by (repeated) use of the wave equation (8_ can be replaced by 9. -a——).
ox2 otz dy?

(3.24) 1s nothing but a strong stability result in the sense of Kreiss. Note that we can also derive
boundary estimates from identity (3.17). For instance (3.17) directly provides that :

d
g(QU)
can be estimated in L%(R*;L3{T).

Once again we see that for the (2N+1)th order boundary condition (3.8), the energy one
controls is a (2N+1)! order energy, in the sense we define in section 1, which means that it involves
(2N+1)th order derivatives of the solution. This is in fact coherent with the estimates one would
obtain directly by the application of the Kreiss theory. Indeed if one wants to put the initial boundary
problem for the wave equation coupled with condition (3.8) and the form of the first order systems
studied by Kreiss, one has to introduce an unknown vector function U of dimension 2N+1 whose

coordinates are 2N+1th order derivatives of the function u. Therefore the L2-norm in space of U
corresponds to some energy of order 2N+1. Let us summarize the results of this section in the
following theorem:

THEOREM 3.1

Under the condition (3.7), the initial boundary value problem ((2.1), (3.4)) is strongly well-posed in
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the sense of Kreiss and the unique solution satisfies the identity (3.18) which yields the decay in time
of the (2N+1)th order energy Eon ., defined by (3.19). Moreover, this solution satisfies the a priori
estimate:

sup || D%l L{r*;14@)) < C (1] uoll gaa)+ Il usl y(c))

|oj=2N+1

where the positive constant C only depends on ¥, o and B, 1<k<N.
3.2. The case of the even order boundary conditions

As we said before, the even order boundary conditions correspond to the particular case o; =0
so that in fact the a priori estimates we obtained in section 3.1, in particular the decay in time of the
(2N+1)t order E,pn,q(u) given by (3.19) is still valid when we take a; = 0. Nevertheless we
prefere to treat separately the even order conditions becauce, since condition (3.4) for a,=0
corresponds in fact to a 2Nth order condition, one can expect the decay in time of a 2N% order
energy instead of a (2N+1)th order one as E,y,;(u) is. Moreover this is more coherent with the
definition of strong well-posedness by Kreiss.

Therefore the treatment of the conditions of even order will be slightly different from the one of

the conditions of odd order. First we note, by similar arguments as in section 3.1, that the condition

(3.4) is equivalent to (we have integrated (3.4) once in time, which is possible since o, =0, and

(3.25) B u = Bm‘at ay) u=0

where the differential operator B;N 1s given by :

3.26 By = Q:- .42
(3.26) N [ayat atz} 1 2 Bx [a 275 2} Q

where the differential operators Q have been defined in the previous section (simply note that in our

2
case, P; =§—2). Using the identities :
t
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N N
dgt_ {(Y' Bk )E(v1)+ B1 E(w1) + 2‘5 ?lfg: E(vi) + Bk E(Wk)} }
k=

(3.38) 82 N B’k ag az N Bk az
=f —-—(Qlu)[(’y-z )—2 Q1u+B1—-—2Q1u+z———-——Qku]dG
r ot dy - Ok

1- -0l k=2

Thanks to (3.28), we finally obtain :

(3.39) ad; (Emn(u)) = - f i do

r

a2
ayor (Quu)

where Epn{u) denotes the 2Nt order energy :

& ) oo o o

Kk Ok 3 3
> {1 o (ay2at qku)+ﬁ" E(ayatz q"u)}

It is then easy to check that, as in section 3.1, identity (3.40) is equivalent, as soon as the

(3.40)

stability conditions (3.7) are fullfilled, to a strong stability result. In fact it suffices to verify that the

° 0 > ?
2N operators =—Qj, s—Q; and — Qk,
ot ' dy {ayzat dyor?

differential operators of order 2N-1 with respectto y and t. The details are left to the reader. One

gk ,2<k< N} generate all the homogeneous

finally obtains:
THEOREM 3.2

Under the condition (3.7), the initial boundary value problem ((2.1), (3.25)) is strongly well-posed
in the sense of Kreiss and the unique solution satisfies the identity (3.39) which yields the decay in
time of the 2Nth order energy Eyn defined by (3.40). Moreover, this solution satisfies the a priori
estimate:

|§T$NHD°‘UHL’(R‘:L7(Q)) < C(lhuoll i)+ il w=1(o))

where the positive constant C only depends on ¥, oy, and [, 1<k<N.
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4. CONCLUSION

In this paper, we have revisited the theory of the strong well-posedness of initial boundary
value problems for the wave equations via the approach of energy estimates, which is, up to our
knowledge, new. This method allowed us to find again the conditions obtained by Trefethen-Halpern
in the framework of the modal analysis and to improve the a priori estimates directly deduced from the
theory of Kreiss.

Moreover, the second interest of the approach lies in the fact that we shall be able to extend
some strong stability results to the case of variable coefficients even if these coefficients are not
smooth. This will be the purpose of a forthcoming paper.
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