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On the stability analysis of boundary conditions 

for the wave equation by energy methods 

Part J : The homogeneous case 

Tuong HA-DUONG! and Patrick JOLY? - 

Astract: 

We reconsider the stability theory of boundary conditions for the wave equation from the point 

of view of energy techniques. We study here, for the case of the homogeneous half-space, a large 

class of boundary conditions including the so called absorbing condidons. We show that the results 

of strong stability in the sense of Kreiss, studied from the point of view of the modal analysis by 

Trefethen Halpern, always correspond to the decay in time of a particular energy. This result leads to 

the obtention of new estmates for the solution of the associated mixed problem. 

Sur l'analyse de stabilité de conditions aux limites 

pour l'équation des ondes par la méthode énergétique. 

Partie I: le cas homogène 

Résumé: 

Nous réexaminons la théorie de la stabilité des conditions aux limites pour l'équation des ondes 

du point de vue des techniques énergétiques. Nous étudions ici, dans le cas du derni espace 

homogène, une large classe de conditions aux limites incluant les conditions dites absorbantes. Nous 

montrons que les résultats de stabilité forte au sens de Kreiss, étudiés du point de vue de l'analyse 

modale par Trefethen-Halpern, correspondent toujours à la décroissance d'une certaine énergie. Ce 

résultat mène à l'obtention de nouvelles estimations sur la solution du problème mixte associé. 

Mots clé : Equation des ondes - Conditions aux limites - Problèmes hyperboliques mixtes - 
Théorie de la stabilité - Estimations d'énergie. 

Key words : Wave equation - Boundary conditions - Mixed hyperbolic problems - Stability 
theory - Energy estimates. 
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1. INTRODUCTION AND PRESENTATION OF THE PAPER 

The theory of the stability of initial boundary value problems for hyperbolic systems, has 

known an important development at the end of the 70's with the major work of Kreiss [K]. À very 

interesting review paper of this theory has been recently given by Higdon in [Hi]. 

It appears that the relative complexity of this theory comes from the difficulty of a good 

definition for the stability or well-posedness of these problems and from the technical character of the 

proofs. In fact one can roughly distinguish two kinds of stability definitions, namely : 

- the weak well-posedness (or weak stability) 

- the strong well-posedness (or strong stability). 

The weak well-posedness corresponds to the classical well-posedness in the sense of 

Hadamard, means that there is existence and uniqueness of the solution and that one can estimate 

some norm (let us say of Sobolev type) of the solution by some norm of the data which implies, since 

the equations are linear, that the application data — solution is continuous for appropriate topologies. 

In its definition of the strong stability, Kreiss prescribes a priori the norms for which he wants to 

obtain some estimates, which is of course a stronger result. 

For instance if one considers the Cauchy problem whose initial conditions are the only data, one 

requires that the L2 norm (in space and time, including the trace on the boundary) of the solution must 

be estimated (modulo a constant which may depend on the interval of time [O,T} one considers) by 

the L? norm of the initial data : there is no loss of derivatives. On the other hand, the problem is 

weakly well-posed as soon as one can control the same L2 norm of the solution by some higher 

Sobolev norm of the solution. We shall give a simple concrete illustration of the distinction between 

these two notions in this article (see section 2.2). 

In the case of a half-space of Rd, the two types of stability are studied for first order strictly 

hyperbolic systems with constant coefficients via the so-called modal analysis which means that one 

uses the Laplace-transform in time and a Fourier-transform with respect to the variables tangent to the 

boundary of the half-space. This study leads to the concepts of generalized eigenvalues and 

characteristic equation which are extensively discussed in [Hi] with a geometrical interpretation, using 

characteristic manifolds and group velocities. We shall not enter the details here. Let us simply 

mention that the characteristic equation takes the form : 

(1.1) F(s,6) =0



where s € C is the unknown and ® belongs to the unit sphere of R4-!. Once the characteristic 

equation (1.1), which is a polynomial equation with respect to s, has been determined, the difficulty 

is reduced in the location of the solutions of this equation in the complex plane. The case of weakly 

well-posed problems corresponds to the result of Hersch [He] while the case of strongly well-posed 

problems corresponds to the result of Kreiss [K]. These results can be summarized as follows : 

f Weak well-posedness «» {solutions of (1.1)} C { Res2z 0} 

\Strong well-posedness «> {solutions of (1.1}} C { Re s> 0} 

Otherwise, the corresponding problem will be said to be strongly ill-posed. In the last past 

years, the emphasis has been put on the strong stability notion and the works of Kreiss have been 

generalized to various situations by different authors (see [Hi], [MO] for instance). One of the 

reasons is probably the fact that this concept has led to an analogous stability theory for the finite 

differente approximations to mixed hyperbolic initial boundary value problems (see [GKS], [GT], 

[Mi], [T] ). The other major interest of the strong well-posedness concept holds in the fact that Kreiss 

has been able to prove that the stability results could be extended to the case of smooth variable 

coefficients. Its proof is very complicated and makes use of the theory of symmetrizers and pseudo- 

differential operators ([K]). The precise condition about the variations of the coefficients (which are 

allowed to vary in space and time) can be stated as follows : 

The coefficients are of class C” with respect to 

space and time variable and are asymptotically 

constant at infinity. ’ 

Taking into account the finite velocity propagation of solutions of hyperbolic systems, the 

constraint that the coefficients are constant at infinity is not really troublesome. The relative weakness 

of the result lies more in the fact that one cannot say anything in the case where the coefficients are not 

smooth. 

Of course this is due to the technique of proof which uses pseudo-differential operators. It is 

natural to think to other methods as the energy methods. In most of the systems derived for physical 

phenomena, one can associate an energy to the solution which can be shown to be conserved in time 

in the case of the pure initial value problem : these are conservative hyperbolic systems ([F],[W]). 

The acoustic wave equation, in which we are particularly interested in this paper, belongs to this 

category of systems. The study of the stability of the wave equation associated to various boundary 

conditions has a very important practical interest if one thinks for instance to absorbing boundary 

conditions. In their second paper on the subject, Engquist and Majda [EM] applied the theory of
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Kreiss to show the strong stability of their boundary conditions. More recently, Halpern and 

Trefethen [TH] considered a completely general class of boundary conditions for the wave equation 

and, applying Kreiss theory, obtained explicit necessary and sufficient criteria (concerning the 

coefficients of the differential operator appearing in the boundary condition) for the strong well- 

posedness of the corresponding initial boundary value problem. We shall state their precise results in 

the next section. Associated to this work, a question naturally arises : is it possible to obtain the same 

results by energy estimates ? 

This is the question we intend to address in this paper. In his review [Hi], Higdon evocated 

briefly this question and concluded that, if energy techniques fail, this does not mean that the problem 

is not well-posed but simply that the energy method is not adapted. 

As far as we know, the only case where the energy method has been shown to work is the case 

of the first order absorbing boundary condition. 

In the present paper, we are going to show that appropriate energy methods lead to the stability 

result for a class of boundary conditions which is almost the same as the one considered by 

Trefethen-Halpern in [TH]. More precisely we shall show, for the model problem of the wave 

equation in the homogeneous half-space (N = 2), one can show that the strong stability result is 

associated to the decay in time of some energy associated to the solution. This energy is not 

necessarily the physical one : by energy, we mean a quadratic form with respect to homogeneous 

linear differential operators of a given order applied to the solution, which is equal to O if and only if 

the solution u is identically equal to O, provided it vanishes at infinity . More precisely, we shall 

show that, if one considers the problem : 

—IS TO =0 xe R,y<0,t>0 
ôt2 ox2 3y2 d 

Buu=0 x=0,t>0 
(1.2) 

u{x,y,0)= ud(x,y) 
x=0,y<0 

S 06y.0)= ui(s) 

âÎ’â_x’ -Ë;) is an appropriate homogeneous differential operator of order N, the 

strong well-posedness of (1.2) will correspond to the decay in time of an energy involving N® order 

where BN= BN( 

derivatives of the solution. For instance, the physical energy :



ou 2 =1 1 2 (1.3) E(u;t) 2L = dx+2L|Vul dx 

is an energy in our sense for N = 1. The class of differential operators for which our analysis will be 

valid is the sub-class of the one considered by Halpern-Trefethen for which direction x and -x play 

2 
the same role, in other words for which Bn = BN (â— EÎ_y äô_2 

x 

this hypothesis is to be replaced by the invariance of By with respect to rotations in the tangential 

hyperplane, thus BN = BN (â ,a—ay- Âx 

in view of the practical applications. For such particular conditions, Higdon [Hi2] observed that the 

). For larger dimensional problems, 

). We think that this particular class is the most interesting case 

stability analysis was essentially reduced to a 1D analysis. This remark will also be the starting point 

of our method. 

It seems to us that this new approach of the stability theory of boundary conditions associated 

with the wave equation has the two following advantages : 

1) t gives a new enlightening to the Kreiss theory applied to the wave equation. Moreover it leads 

to results which are stronger than those simply deduced from the direct application of Kreiss 

theorem in the sense that : 

(i) It shows that "all" strongly stable boundary conditions 

are dissipative for an appropriate norm of the solution. 

(ü) It gives rise to L”-estimates with respect to time 

instead of L2-estimates. 

(ii) These estimates are uniform in time : the constants 
involved do not depend on time. 

2) Such a method, applied to variable coefficients, leads to strong stability results even when these 

coefficients are not smooth. 

This is the point 1) that we shall develop in the part I of this paper. We shall give an illustration 

of point (2) in the part . 

The outline of this article is as follows. In section 2, we present the basic ideas of our method 

on the rather simple examples of the second order (section 2.2) and third order (section 2.3) boundary 

conditions. In each case, we first treat as a model problem the absorbing boundary condition of 

Engquist-Majda and then extend the result to more general cases. We have chosen to develop this
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section for pedagogical reasons since the ideas for the proof in the general case are not so obvious. 

Section 3 is devoted to the generalization of results of section 2 to general odd order conditions 

(section 3.1) and even order conditions (section 3.2). 

2. OBTENTION OF ENERGY TYPE A PRIORI ESTIMATES FOR THE WAVE 

EQUATION IN THE HALF SPACE : THE CASE OF LOW ORDER 

CONDITIONS 

As announced in section 1, we consider the wave equation in a 2D homogeneous medium and 

consider for simplicity that the propagation velocity is equal to 1 : 

%Î%—Au=0 

2.1 @ u04P 
u= — + — 

ox2  oy? 

The domain of propagation will be the half-space : 

Q={(x,y)e R?,xeR ,y<0} 

and we shall denote by F =o0© its boundary. The wave equation will be associated to initial 

conditions : 

u(x,y,0) = uo(x,y) 2.2 | (2.2) \%‘:_ (x,y,0) = wi(x,y) 

which will be the only data of the problem, and to a boundary condition : 

(2.3) Bu=B 

where B denotes a homogeneous linear differential operator involving only even order derivatives 

with respect to the tangential variable x. 

In this section 2, we shall only consider the cases where B is of order 1, 2 or 3 to describe the 

basic principle of our method. The case of the first order condition is very simple and classical



(section 2.1). For the second order and third order boundary conditions (sections 2.2 and 2.3) we 

shall begin by considering the classical absorbing boundary conditions of Engquist-Majda and shall 

show that their stability can be proved by energy methods. Then we shall consider the cases of more 

general second order or third order differential operators and show that the energy method leads 

exactly to the same conditions than the ones obtained by directly applying the results of Halpern- 

Trefethen. For the case of the second order boundary conditions we shall illustrate on a particular 

example the difference between strong and weak well-posedness. 

The calculations we make in this section are formal. Our goal is to obtain a priori estimates on 

the solution u, if one assumes that this solution exists, is unique and sufficiently regular to justify 

the technical manipulations we shall be led to do. AlI this approach can be justified a posteriori by 

means of functional analysis techniques. In fact almost all our computations will be based on the 

following well-known identity : 

If v denotes a sufficiently smooth solution of the wave 

equation a—2v—-Av=0 in the domain {xe R,y<0,t>0}, 
(2.4) r 

one has : 

d Epvny= | OV OV 
dt E6v:) JÏ_ây Btdx 

where we have set Q = {(x,y)/x € R,y <0} and F = 0Q, and where E(v;t) is defined (1.3). 

2.1. The case of the first order boundary condition 

Here we consider the boundary condition 

ou |? 
ot 

ou 

In this case, it is well-known that, applying (2.4) to the function u itself, leads to the identity : 

2 
dxdy +—1-J qul2 dxdy\ +J 

ot 2 
(e] r > #l | 

which shows that the "first order" energy, which coincides with the physical energy, defined by : 



ou | ? 

ot 
dxdy +1J | Vu|* dxdy 

is a decreasing function of time. The well-posedness of the initial boundary value problem follows 

immediately. More precisely one shows that if the energy E,(0) is finite, which means that : 

(uo,u1) € H!(2)x L?(Q) 

then problem (1.2) has a unique weak solution (i.e. in the sense of distributions, see [LM] for 

instance) which satisfies 

(2.6) ue W-<{R* :L{0)) AL{R* :H'(9)) 

with the estimates 

du 
ot ||L{r*; L{o) 

([Vulli{r;140)) < C ((l Vuoll:Aa)+lusll14o)) 

)s C(HVuOHU{n)+HU1HÜ(Q)) 
@.7) 

Note that such estimates correspond to a strong stability result in the sense of Kreiss since first 

order derivatives of the solutions can be estimated at a time t by the same derivatives evaluated at the 

initial time t=0; one does not lose any order of derivatives. In fact the result we obtain here is even 

stronger than the one one gets by a simple and direct application of Kreiss theory since we get here 

uniform estimates with respect to time (if one uses L2 norms with respect to the space variables) 

instead of the - L2(O,T;L2(Q» - estimate given by Kreiss theorem. Moreover, as in the theory of 

Kreiss, we obtain an estimate of the trace of the solution on the boundary (F) since, thanks to (2.5), 

we have : 

(2.8) f 
0 

and also, using the boundary condition : 

(2.9) { 
0 

ou |? rl t t É ("“1H[}(Q +||uollTta) L{r) 

ou |? 

oy|1{r) & _% …“l"äQ)+ HVUOH7Ü(Q)) 



10 

2.2.The case of second order boundary conditions 

2.2.1. — The classical second order absorbing boundary condition 

We consider now the boundary condition 

(2.10) Bu=C84 LU . =0 

which is known ([EM)]) to lead to a strongly well-posed problem. À natural question is : how this 

well-posedness can appear if one uses energy techniques instead of the normal mode analysis ? In 

fact, it is not clear that, with the condition (2.10), the "first order" energy E,(u;t) is a decreasing 

function of time. Nevertheless, we shall see that such a decay occurs for another energy, which will 

be a "second order" energy in the sense of a positive quadratic form involving second order 

derivatives of the solution. 

To obtain this result we observe that, because of the fact that only the second order derivative in 

x occurs in the expression of Bu, the boundary condition (2.10) can be rewritten, as soon as the 

solution we consider is sufficiently regular, only with derivatives with respect to y and t. This was 

u du … d’u 
previously observed by Higdon in [Hi 2]. By simply substitutäing — - — to —, we obtain : 

o2 ody? - àx 

(ô ô)2u_ôîu Qu u 
=—+— =—+2——+—= 
ot ôy at2 atay 6y2 

that we can also write 

o’u 82u d*u 
2.11 =-2—— 
@n Pa ây2 dyat 

Now let us remark that, as we are in the constant coefficient case, if u is a smooth solution of 

the wave equation, so are %% and g-;£ Therefore we can apply our identity (2.4) successively to 

v= du and v= ou to obtain the two following equalities : 
P oy
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2 2 2 …J @ul? | |7 | 2717 uyl = | PU 20 
(2.12) 2 dt 1}a (o| [axot| [ayôt y ôt? ayat 

* 2 2 2 2 

L d ( Ë + o‘u — )dXdy = J Ë ê_lldx 

2 dt \}a (|or&y| [axoy| |0y2 r dtdy 0y? 

If we now add term by term these two equations it is natural to introduce the following "second 

order” energy : 

s[( 
So we have : 

2 d |? 
8t2 

82u 
——" +2}+— 

ôxôt otoy 

02 

oxoy 

32 

8y2 
) dxdy 

that is to say, thanks to (2.11) : 

(2.13) dEz =-2[ 
r odyot 

which means that the energy E,(u;t) is a decreasing function of time. In particular it remains finite as 

soon as : 

(2.14) (vou1) € H0) x B'(0) 

In that case E-(u;t) can be uniformly estimated with the help of ||uo |läz(… +ilu1|l î{1(Q). This 

[( [ [ RE o?u [ [( 
gives a uniform estimate of all second order derivatives of u but 2 But this last estimate follows 

x 

u ôzuêî_ 
from the fact that, because of the wave equation, — = —- 

dx2 aê ? 

These estimates enable us to prove the existence of a weak solution (in a sense that we shall 

precise in the next section) of (1.2) satisfying : 

(2.15) ue W°40,1;149)) N W-{R*; H!(0)) NL{R*; H{0)) 

as soon as assumption (2.14) holds. Moreover, the estimate, valid for any second order differential
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operator : 

(2.16) [DPulli4&*:14)) $ C(I1uoll u{a)+ Ilurllrr(a)) 

shows that we have proven a strong stability result (no loss of order of derivatives). Moreover these 

interior estimates are completed by L2-type estimates on the boundary. Indeed from (2.13), we easily 

deduce that : 

© dn (2.17) J:) l$ 

This is not the only boundary estimate one can obtain since for instance (2.10) directly provides 
2 

an estimate of the quantity êôt—î -—â— â% Nevertheless both a priori estimates (2.16) and (2.17) are 

sufficient to give a meaning to u as a weak solution of problem (1.2). (See the definition (2.25) in 

dt < C(lluollàa@) + ||“l”Ï{‘(fi)) 
2 

L*{r) 

the next section 2.2.2). 

Note that for the second order boundary condition, we need more regularity on initial data than 

for the first order condition but we also get more regularity on the solution. Such a fact is not really 

surprising since the operator B involves higher derivatives which implies more regularity to give a 

sense to the boundary condition Buly = 0. One could wonder how to give a sense to a solution of the 

same problem when we assume only for instance that (ug,u1 ) € H1(Q) x L2(Q), which means that 

only the first order energy Ey,(t) is finite at t = 0. This should be possible thanks to a duality process 

but we shall not examine this point in the present work. 

2.2.2. The case of more general second order boundary conditions 

Let us recall that, in the theory of absorbing boundary conditions for the wave equation ([EM], 

[TH], [Hi2]), the condition (2.10) corresponds to a Taylor approximation of the function 

x — VŸ1-x2: 

Of course one can consider approximations of the following type : 

(2.18) fi-x2=y-Bx2 = (By)eR°,B=0
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which leads to the boundary condition : 

2 2 2 (2.19) yêu , dtu _ pou 
2 y — àx 

This is the moment for us to recall the results obtained by Halpern-Trefethen in [TH]. These 

results concern in particular the well-posedness of the initial boundary value problem obtained by 

coupling the wave equation to the boundary condition Bu = 0 derived from the approximation of the 

function Ÿ1-x2 by a general rational function : 

(2.20) Vx :R(x)=Ë;—; 

where P(x), Q(x) are polynomials. They give the following 

THEOREM A [TH] 

The initial boundary value problem (1.2) corresponding to the boundary condition Bu =0 

associated with the approximation (2.20) is strongly well-posed if and only if the two following 

conditions are satisfied : 

R(x) 
(i) — All the poles and zeros of the rational function ——* 

(i) R(1)>0 and R(-1)>0. 

are real and interlace along the real axis 

Remark 

Condition (i) implies in particular that - 

O<d°P-dQ<2 

Let us apply this criterion to the condition (2.19) where R(x) = y- Bx2. It is immediate that (i) 

holds if and only if YB > 0 while criterion (ii) implies y-B > 0. Therefore, problem (1.2) associated 

to (2.19) is strongly well-posed if and only if : 

(2.21) 0O<B<y 

Let us see now how this condition appears when one uses energy techniques. Of course we still 

can use the two equalities (2.12) which are independent on the boundary condition. Now instead of 

summing term by term these two equalities we first multiply the first of them by a the second one by 

(y- [3) and add the two results. We obtain :



dE u 2 u\ u (2.22) & - J (('Y_B cu g_)_ 
dt r )a[2 By2 ayat 

where the function Ez(u;t) is defined by 

_ 2 2 
Edu;t) = Y BJ (fi Ë u ) dxdy 

(.23) Q or? ôxôt oyot 
° 2 2 

Ê J +4 — d dxdy 
72 ôyôt âxôy dy? 

o2u u du …. , 
Now we observe that, replacing s2 by SR —Ê, the boundary condition (2.19) is 

equivalent to : 

(ypjêu , u_ u 
2 07  dyt 

so that (2.22) becomes : 

(2.24) d __ | |F ex 
dt dyt 

This proves that the function E,(u;t) is decaying in time. To be able to deduce from this fact a 

priori estimates on the solution, we need that E-(u;t) be a "second order energy", i.e. a positive 

quadratic form. This implies O< B <y. Now if we want to estimate all the second order derivatives 

of u, which is necessary to get the strong stability property, we see that we must have : 

0O<B<y 

that is to say exactly the condition (2.21). If (2.21) holds it is then easy, mimicking what we did in 

section 2.2.1, to obtain the estimates (2.16) and (2.17) and then to prove the existence of a unique 

weak solution of u. This must be understood in the following sense :
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* u(x,y,t) satisfies (2.15) 

« Vwxy)e V={ve H'(Q)/vir e H'(r)} 

É uvdxdy|+ L uv dx 
(2.25) dè ( L d r 

d ou 9V Ax =0 in ® += L Vu.Vv dxdy)+B , S 5x dx=0 in ©'(0,T) 

ou 
* u(x,y,0)=udx;y) ; 5 (x9,0) = u1(x,y) 

Let us state our result in the following theorem: 

THEOREM 2.1 

Under the condition (2.21), the initial boundary value problem ((2.1), (2.19)) is strongly well-posed 

in the sense of Kreiss and the unique solution satisfies the identity (2.24) which yields the decay in 

time of the second order energy E, defined by (2.23). Moreover, this solution satisfies the à priori 

estimate: 

Su|gl|Daull L{r*:L{o)) < C(l[uollx{a)+ lu1ll+r(à)) 
|x 

where the positive constant C only depends on yand B. 

Remark 

If one does not look for a strong stability result in the sense of Kreiss but only a well-posedness 

result in the sense of Hadamard, it is sufficient to apply the condition of Hersch [He]. In our 

particular case, this condition implies simply that : 

y>0 , B>0 

This means that for O < Y< B < +o, problem (1.2) is only weakly well-posed. Such a fact can 

also be obtained by using energy techniques in order to get a priori estimates. Indeed let u be a 

regular solution of (1.2), let us introduce : 

(2.26) y=y24, EU _ pO 

Ît is clear that v is solution of :
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fi’——Av=0 in © 
(2.27) or 

vir= on T. 

which is a well-posed problem. Now if we want to get estimates on u we have only to check that the 

initial value problem : 

u du , 0 
(0.28) YŸ+ôy—ôt-Bä=v (x,y)e Q,t>0 

' u(x,0) = uo(x,y) 

\Sr 650)= w(c ) 

is well-posed. But multiplying equation (2.27) by % and integrating over © gives : 

d YJ ou 2dxd B[ ou|? \ 
#. 1= y+= dxdy 
dt {2 Q ot 2 Q ox { 

ou |2 ou 
+{} | dx=} v— dxdy 

[‘ à (e) à 

which easily leads to the following estimates in the interval [O,T] (use Gronwall's Lemma) : 

ou 

ot 

ou 

ox 

, € AT)livIlrAo,T; L3 @2) L‘{o,T; L 

< C(T){ivl{1%o.T:13 
L‘{o,T; L?) 

Moreover, multiplying equation (2.27) by ou , Ou —âÎ+ä and integrating over %, we get : 

a |y [ u , duf? B p jouf? = \2 L x +ay dxdy+2 , Sx dxdy 

ou 

ox J 

(2.30) ' 

2 L ou _ ou 
dx—Jfl v -âî+ay)dxdy 

which leads to the estimate : 

du 
oy 

< C(T)|vilL%o.T:13 
L‘{o,T; L*



17 

We need now an estimate about v solution of (2.27). This problem can be solved explicitly 

using the theory of images for the Dirichlet condition. Then, by a Fourier transform in space, one 

easily checks that : 

(2.31) II 40) < 2 (I1voll24a) +I1v1112rsça)} 

where v(x,y,0) = vo(x,y) and %%(x,y,0) = v,(x,y). But, thanks to the definition of v, we have : 

vo= 7%} (7-B)%“Ë Î)uy‘ 

1 =8_1121 (Y-B)%*”â Auo 

so that : 

(2.32) Iivoll24a) +I1111Er(a) $ € {11uollFta) + ux ! Prto)) 

Regrouping (2.29), (2.30), (2.31) and (2.32), we obtain : 

(2.33) (Dulli4o.r:19 $ CT) {lvollzr{) +I[91111r(0)} 

This proves the well-posedness of the initial boundary problem as soon as as B,y > 0. 

Nevertheless this result corresponds only to a weak stability result since we lose one order of 

derivative in our estimates. 

2.3. The case of third order boundary conditions 

2.3.1. The classical third order absorbing boundary condition 

We consider now the classical third order condition : 

Ê)fil_+ u 3 8u ; Œu (2.34) 
° ddy % at0x2 4% 0x20y 

which is known [Hi2], at least for smooth solutions, to be equivalent to :
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(â—+â—yÎu=0 

that we can also write : 

u_ u" u du (ô3u 83u) 
=-2 + (2.35) - + 4 =- 

* aPdy D2 0y d2ay ay2 

The idea is now to apply the identity (2.4) to the two functions : 

u u 
v =— + 

d? uy 
u u 

va = —— + — 
duy 0 

which are particular solutions of the wave equation as soon as u is also a solution. Moreover, they 

have the property that 3_avy_1 = %2— We thus have : 

dE(v,)= ÿ_3_g+ u \[ u 4 d*u dx 

de - (oë “ a@ay/latay — aay2 
(2.36) 3 

ÂE(v2)=J.(ô3u+ô3u)(âu+_æ_u)dx 

r \ot*dy oty?/\otdy2 0y* 

Summing these two equalities leads to : 

3 

d (E{v1) +E(v2)}= (a3" 2 )(ËB—“+ du , 24 +a—“)dx 
dt r \o2dy auy2/|08 a2dy aoy2? 0 

that is to say, thanks to (2.35) : 

u + u |? 

dzay aty? 
(2.37) adÎ (E(v1) + E(v2)} =-2 J 

r 

which means that the quadratic form :
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2 
+ 

2 
+ 

u_ u ? dxdy 
d*  a2oy 

2 

+l o’u + o’u )dxdy 
2 ja (o2dy at0y2 

is a decreasing function of time. Nevertheless, the estimates we can deduce from this fact do not 

u 4 u 

dt2dy otoy? 

œ u 
+ + — 

doy2 34 

u A u 

dx  3xoy0t 
u u 

+ + 
otoxdy ody2ox 

2 2 

permit us to conclude to a strong stability result since we do not control ail the third order derivatives 

of u but only some linear combinations of them. Therefore we have to go into the second step of our 

estimates which consists in applying the identity (2.4) to the function v = fi By this process, we 
dtoy 

obtain : 

2 2 2 3 
(2.38) fi—llf Q | 04 E (Ë )dxdy\‘=J u u 4 

dt |2 Ja (o@ay| [aoxay| |atdy j r OBy2 aydr 

Noticing that : 

2(a+b} - ab = %(a+b)2 + %(a2+bz) 

we see that, if we introduce the third order energy 

Ez(u) = E(v) + E(v1) + E(v2) 
E(v)=—1— œu |* u 2+ œu |? dxdy 

2 Ja L|ar2oy| [ataxay| |aty? ; 

(2.39) E(v1)=l Ïg+ u 2+ u + u 2+ u + u |? dxdy 

2 d* ay| |à%x ataxdy| |o%y t 

E(v2)=l— u + u |? u + u 2+ u +@2 dxdy 

2}) ||aroy ay?| |atoxdy 0xdy2|  |atoy2 0y3 

the addition of (2.37) and (2.38) leads to : 

2 2 2 

(2.40) g—EÂ(u;t)+3 o’u + ofu dx+LJ ( o“u + d‘u )dx=0 
dt 2 }, |aroy2 aCay 2 } (|ouny2| |a2y 

which proves that the energy Ez(u;t) decays in time. In particular if it is finite a t= O, 1e. if one has
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(2.41) (uo,u1) € H°(Q) x H{9) 

it remains uniformly bounded in time. From (2.40), we easily see that we get a priori estimates of the 

L2-norms of all the third order derivatives of u except the ones containing second or third order 

derivatives with respect to x. Anyway, analogous estimates for these quantities can be derived from 

the wave equation that we can differentiate in t, x and y to obtain : 

A 5 
dtax2 à ato,? 

(2.42) u _ u d 

dyox2 ot?ody 03 

u u u 

èx3 àx axoy? 

As these estimates are uniform in time, we can write for any linear third order differential 

operator : 

(2.43) [DPullr{&':14o)) < C (luollue+{lu1ll5) 

which establishes the strong stability of the initial boundary value problem (1.2) when one uses the 

boundary condition (2.34). 

Of course, as in the second order case, we get L2-estimates on the boundary F since from 

(2.39) we directly obtain that : 

< [H 
which is the equivalent of the estimate (2.15) we obtained in the second order case. 

2 
+ u 

atoy2 

u 

ovoy 

2 

)dxdt < C {}uoli%e + [bus127} 

2.3.2. The case of general third order boundary conditions 

Condition (2.34) follows from the following Padé approximation of the function V1 -x2



1l ,2 
(245) v1_x2 =l 2 — 

l-â— x2 

Let us generalize this condition by considering the following class of rational approximations of 

fT—2: 
(2.46) ITe = y É (x,B.y) e R° 

1-ax2 

which leads to the general third order condition : 

dx 0D 
(2.47) u + u (a+ d œ Qu 

d*  aPy 

the stability of which we wish to analyze using energy techniques. For the sake of simplicity, we 

shall restrict ourselves to the particular case y= 1. However, all what we shall do can be extended 

without any supplementary difficulty (except purely technical difficulty) and this assumption will 

simply allows us to shorten this section. We thus consider the boundary condition : 

u ; u Ou u 
—* -|o+ - 

(2.48) oP  at%y dx2at — 0x20y 
(x,B)e R*x R* 

=0 

If we refer to theorem 1 to analyse the strong stability of (2.47) it is easy to see that, for 

px? R(x)=1 ux ,we have : 

()  holds & a>0,B>a 

(i) holds & B(1-0)>0. 

Therefore, the necessary and sufficient condition for problem (1.2) to be strongly well-posed is: 

(2.49) ; a>0,B>0, O<a+sB<i 

Our purpose in this section is now to show how these conditions naturally arise when one tries 

to obtain energy estimates using a method analogous to the one we have used in section 2.2.1. 

Since the computations are rather lengthy, let us decompose this approach in several steps.
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First step : ; 

Let us consider a real number a and the two following functions : 

u u =C ra 
d2 ; dtwy 

u. u 2=— t4 
day — 9y? 

u denoting a (sufficiently smooth) function satisfying the wave equation in © and the boundary 

condition (2.47) on (F). Note that v, and v, are derivatives with respect to t and y of the same 

.. Ou _ ou dv, _ dv2 t aL E , 
function 5 +a 3y and are thus related by y 0 Applying identity (2.4), we obtain : 

d {E(vfl}={ (Ë+a a3“)(â3“ +a a3u)dx 
r * - dPdy/ld2dy — Atdy2 

3 3 3 

d (E(v2)} = ( o‘u +a du )( o‘u +aa—u)dx 
dt r \doy — ay2)\0t0y2 — 0y3 

So if b denotes a real number, we have : 

(2.50) 

(83u d'u )(b££+ab u + ou +afi dx +a 
ar dfoy atoy2 — ày3 

_d_ V = 251 À (vB(n)+E(2) J és * En 
r 

Second step : 

We eliminate the x derivatives in the boundary condition (2.47) that we rewrite : 

du u u u _ 
(2.52) 1-(es6}] 55 + (-0) D, +(a+B)@ es 0 

We now choose : 

a=Aa 

b=A{1-a-B) 

so that, thanks to (2.52) :
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aê3—u+bÈ =-À I(l 
* d | 

u u L +{o4p) \ 
ë ody2dy [ 

Thus, identity (2.51) leads to 

d {bE(v,)+ E…)} = 
(2.53) # 

=J( — +ke )([ X'of1-0-B) - Mla)] 
r \oyaz — 3yæx 

u 
[1 - k(a+B)]Œ dx 

Let us choose À in order that : 

Aal2*0{1-a-B) - M1-0)] = 1-Mo-B) 

which means that À is one the roots of the following polynomial equation : 

(2.54) P(À) = X3a2(1—a-B) - 73a(1—a) + À(a+B) 1= 

In that case, we have : 

2 
d 9 U 
dyor? oy20t 

(2.55) À (E(vz) + b E(v.)} =[ o{1-0-B) - 41-0) J dx 
r 

To deduce appropriate a priori estimates on v, and v, from (2.55), we have to satisfy : 

[ X(laB)>0 

\aP0{1-a-B)- M1-0) < 

Nevertheless this is not sufficient to conclude to a strong stability result since the fact that E(v,) 

and E(v,) is bounded does not lead to uniform estimates of all the third order derivatives of u in the 

(2.56) 

domain ©. To overcome this difficulty we also apply our basic identity (2.4) to the function 

V3 = Ë, exactly as we did in section 2.3.1: 
oyot
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(2.57) d E(Ë) =f Bu 0 
dt | \oyor)f Jr ayaiz ay2at 

We multiply (2.57) by some & > 0 and add the result to (2.55) which gives : 

d£ {b E(vy) + E(v) + 5E (ÊÊ)} = 
t dyot 

2 ou + A u 

oyot? oy2ot 
(2.58) =[2°w(1-0-8) - M1-0) | J 

r 

8 J u_ 
r dy2at ayor? 

In order that the right hand side member of (2.58) be a negative quadratic form, we need of 

course that À2a(l-a-B) - M1-) < O but this is not sufficient. Indeed, let us set : 

8 = (2'a(1-0-B) - M1-09} 8' 

(2,59) Eu)= ôE(ÊË) + E(v2) + b Efv1) 
l dyèr ‘ 

we have 

u u 
+ Ac 

oyot? oy2ot 

2 

+6' cu _d'u \dx 
ay2at ayot | 

(2.60) â—E3(u) = {À2a (1-0-B) - Â(1-a)} J { 
r 

To be able to conclude, we must find &'<0 such that the quadratic form (x+ lay)2 +6'xy is 

positive. As the discriminant of this quadratic form is : 

A = 8"-k0 

We simply have to ensure that À < 0. This implies : 

(2.61) A > 0 

in which case it suffices to take :
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and the coefficient & will be strictly positive as soons as : 

(2.62) p (1—a—B) - M1-a)<0 

Let us now regroup all our conditions. We see that if one can find a real number À such that : 

P{a)=2*a2 (1-0-B) - 2* (1-0) + à (0+B) -1 = 0 
X%(1-a—[ä)-l(l-a)< 0 

(2.63) à (1-a-B) > 0 

Aa > 0 

then, the third order energy : 

(2.64) Ex{u) = b E(v,) + Efv2) + & E(ây%) 

where (b,5) are strictly positive numbers, is a decreasing function of time and is thus uniformly 

bounded in time as soon as : 

(2.65) (vo,u1) € H°(2) x H?(Q) 

This leads to uniform estimates in time of the L2-norms in space of all the third order derivatives 

Bu B d 
otox2 ox?oy ox 

equation as in section 2.3.1. Finally, as soon as we can find À solution of (2.63), we get the 

of u but . Nevertheless these quantities are easily estimated using the wave 

following interior estimates : 

(2.66) ([Dulli{R:14a)) < € (lvollsA(o) + [fus l'sto)} 

that we can complete with boundary estimates, as we have seen in section 2.3.1. 

u 

oyot? 

u 

oy2ot 

< C{ltuollr{a) +Ilvrlln{o)} 
(2.67) LAR*;L{r)) 

<C{lluolr{a) +|lur!lr{0)} 
Lr*;L*4r)) 

It remains to see what are the conditions on a and b in order that one can find some À 

satisfying (2.63). For this let us introduce :
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(2.68) x=A 

so that the system (2.63) becomes : 

(2.69) 

ax2 (1 -(a+[3)) - 0x (1-0)<0 

The two first inequalities imply that : 

(2.70) x2(1 -(a+B)) >0 

Suppose that & <0, then 1-> 1 and ax2(l-(a+B)) - @x(1-0) > O, which is impossible 

because of the third inequality of (2.69) :Thus & is strictly positive and the first two inequalities of 

(2.69) are equivalent to : 

x>0 

(2.71) o+B<i. 

Moreover the equation F(x) = O can be rewritten 

(2.72) [1-(o+B)x2]-[1-a] x = %- o+B 

which shows that the last inequality of (2.69) is equivalent to % <a+B. Since x > 0, necessarily 

&+B > 0 and therefore, we have to find x such that 

b3s 
(2.73) 0<ao+B<1 

F(x)=0 

It remains to find under what condition F(x) admits a solution in the interval ]—°‘— , +°°[. 
œ+ 

From œ+fB < 1, we deduce that : 

lm F(x) = +æ 
x >+æ 

Moreover :
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pa* 
F(Ë) u (oc+B)3 

Thus : 

(i) 1IfB>0, P(x) admits at least one root in the interval ]—qg, +°°[ (x = 1 is suitable since 
œ+ 

—% <1 assoonas B >0). 
œ+B 

(i) If B<0, —# >1. Let us remark that : 
œ+B 

F(x)=(x-1) {[1 - (o+B)]x2 - Bx + } 

which clearly shows that F(x) > 0 in the interval ]—Ë{; , +l. 
œ+ 

Finally our method permits us to obtain a strong stability result if and only if : 

œ&>0 B>0 
2.74 
274 0<a+B<1 

which are exactly the conditions we obtain by applying the Kreiss criterion. We have proved the 

following result: 

THEOREM 2.2 

Under the condition (2.49), the initial boundary value problem ((2.1), (2.48)) is strongly well-posed 

in the sense of Kreiss and the unique solution satisfies the identity (2.60) which yields the decay in 

time of the third order energy E3 defined by (2.64). Moreover, this solution satisfies the a priori 

estimale: 

sup [D®ull14r';140)) < C(IIvollr(o)+![v1ll 1(a)) 

where the positive constant C only depends on yand P.
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It is interesting to notice that the equation F(x) = 0 which appears naturally in this approach is 

nothing but the "characteristic equation” that one obtains when applying the normal mode analysis. 

Indeed, looking for generalized eigenvalues in the form : 

(2.75) { u(x,y,t)=exp{-st) exp &y exp ikx 

. \k eR, Re Ez0 

leads to the two equations : 

t 2-E 52 (interior wave equation) 
2.76 
(2-76) \-s3+ s2 E-(a+B)k2s+ak2E=0 (boundary condition) 

Eliminating k2 between these two equations is equivalent to eliminate the x derivatives in the 

boundary condition (2.47). We obtain the characteristic equation : 

(2.77) [1-(a+[3)] s° —(1-a)s2ê+(a+B)s&2—aë3 =0 

which is exactly F(x) = 0 if we set s=x Ë, 

3. OBTENTION OF ENERGY TYPE A PRIORI ESTIMATES FOR THE WAVE 

EQUATION IN THE HALF-SPACE : THE GENERAL CASE 

We now consider general "absorbing" boundary conditions for the wave equation (2.1) 

obtained form the "approximation" of the function : 

f(s) = V1- s2 

by the rational fraction : 

N Bk52 

3.1 r(s)=Y- (3-1) (s)=y ëî Tn 52 

where Œ&,, B, and Y are real numbers. The resulting boundary condition can be written in the 

Fourier domain ((x,t) — (k,œ)) in the form :
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N 2 

(3.2) Ê+iœyû+iœ2 _ BK k T e =0 
ay k=1 œ2-ak k2 

Coming back to (x,t) variables, condition (3.2) can be reinterpreted as a system : 

$+Yî'ZBkÎ=O 
3.3 

2 < a2 702 

or equivalently by : 

oo \ - 
(34) B2N+l (ä, äÎ,ä u=0 

where the linear operator B,n,,, differential operator of order 2N+1, is given by : 

à à 3)_(à8 _ 0)ÿ [2 - @ 

8.5 Bs r 20 2165 I( 4 37) 

We can of course apply theorem A to obtain the necessary and sufficient conditions on the 

coefficients (y, &;, By) in order that the initial boundary value problem: 

(3.6) u(0)=uo , %—Î(O)=u1 

B2n u=0 

be well posed. These conditions are: 

0<0 < <:..<OaN<1 

(3.7) B,20 1<k<N 
N 

> 1BÎx <Y 
1 CK 

Our goal in this section is to check that the same result can be obtained (and even improved in
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some sense) using energy techniques as we did for the second order and third order boundary 

conditions in sections 2.2 and 2.3. For technical reasons we shall decompose our analysis into two 

parts and consider separately : 

(i) - The conditions of even order 

They correspond to à, =0 < a,. We treat these conditions in section 3.2. As we shall see the 

second order boundary condition (2.19) treated in section (2.2.2) can be considered as a model for 

these conditions. 

(i) The conditions of odd order 

They correspond to , > Ü and are treated in section 3.1. The third order boundary condition (2.47) 

is the model for these conditions. 

The distinction between these two cases comes from the fact that in the case a, = 0, the 

operator B2y,1, Which is of order 2N+1, is a multiple of â—, in other words B2N+1 =â—(ËZN). 

Therefore, if we integrate (3.4) once in time (assuming that initial data vanish on the boundary), our 

boundary condition can be rewritten Bn u =0 where now Ban isan operator of order 2N. 

For technical reasons, it ssemed more natural to us to treat first the odd conditions. However, in 

[HJ2], we have adopted another approach to obtain the same conclusions as here. In particular, a link 

between the even and the odd conditions was presented in this paper. 

3.1.The case of odd order boundary conditions 

The first step of the analysis is to write a new boundary condition which is equivalent to (3.4) 

2 
for any smooth solution of the wave equation. For this it suffices to replace formally —aâî by 

x 
2 

% - âÊÎ in (3.4). So, one proves that any C”-function u satisfying (3.4) on the boundary F = 09, 
t oy 

together with the wave equation (2.1) in the domain © also satisfies : 

. * d o 
(38) B2N+l u=B2N+I äa'a—y u=0 

where the linear differential operator B5y,, is given by :
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« _* (à 2)_æ, 2 2 
B2N+IU—BZN+I(ä’a) ay YàQ XBk(a[2 ây2)Q( 

(39) J3 5 

œ-0f5a)" 115 # 
_ (8 ày__ @ P 

d2 à T- 

so that we can also write : 

Therefore, the boundary condition (3.8) can be rewritten as : 

N odQu B o° 
3.10 = 

GT0 (Qu { z ] 1ÊÏ 1-@x 0y20t 

Now, we turn to the obtention of our main energy estimate. We first introduce : 

(3.11) v=Qu 

Applying (2.4) to v leads to : 

(8.12) À (Ev)}= [ Ÿ%“ 20 às 
T
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Now, for 1 <k < N, we introduce the functions : 

Vk=Qk& 
(3.13) oy? 

‘ d2u 
Wi = Q — 

dyot 

and apply (2.2)to v, and w, We obtain : 

du u 
3.14 g— = —, d (3-14) d (E(v,)} L A u 

u u 3.15 À (E(w)}= | & Ke do (3-15) 4 (Ebwi)) Jr E S 

We multiply (3.14) by ,, (3.15) by (1-@;) and add the two resulting equalities. Using the 

fact that Ox —ôi +(1- Ox) _ôi = P, andthat P, Q = Q, we obtain : 
oy? ar 

(-16 & (où, E(vi) + (1-c) } = L œ aî‘à%“ do 

Bx 
1- sum over k and add the result to (3.12) multiplied by ‘ 

- k 
Now we multiply (3.16) by 

N 
(y— E Bäk ) This leads to : 

Using now (3.10), we finally get : 

2 

(3.18) d (Exa(u)} =- J ’a“ (Qu)l do<0 
r
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where Ezy,; (u) denotes the (2N+1)% order energy : 

(3.19) Exvy1(u (y »> ) îEk_“_kfi(Q‘ ) ËB âzu) 
9 1- dyot 

As soon as the conditions (3.7) are satisfied all the coefficients appearing in the expression of 

E9N;, (U) are strictly positive and the fact that E,y,, (u) be a decreasing function of time leads to 

uniform bounds (by C (l| uo|| H*(0)+ u|l HM(n)) in time of the L2-norms in space of the quantities : 

0 0 O 
a—t(Qu) , ä;(Q“) , a—y'(Qu) 

2 

(3.20) %(QÎÊ) a(Qkäz‘;) a(Qk%y—‘î) 1<k<N 

o d‘u\ à o‘u u Lia | £ 1Q 1<k<N 
ât(Q‘ayat) âX( ayat) ôY(Q“ayat) 

Now, let P denote the set of polynomials of two variables P(s,&) which are homogeneous 

and of degree 2N. P is a vector space of dimension 2N+1 and it is easy to check that it is 

generated by the (2N+1) polynomials : 

Às,£) 
(3.21) s2 Qs,E) , 1<k<N 

s£ Qk(s E,) 1<k<N 

Indeed assume that there exists (A,Àp}H;) SuCh that : 

N 

(3.22) AQs,6)+ H ( s2 Qfs,E) + ux 55 Qls.E)} = 
k=1 

1/2 
Lo a:; ) & we simply obtain for each value of k (we use the fact that all the 
-k 

1/2 
O, are distinct so that Qk(Ï;,i(-l—gä—) Ï;)#O) 

- QK 

Choosing s=— 

12 
1- M = u+( 

which implies that À, = }, = 0. Coming back to (3.22) we deduce that À = O. This proves that the 

(2N+1) polynomials given by (3.21) are linearly independent and thus constitute a basis of P. 

From (3.20) we deduce that the quantities :



2 (r[2,2), 
ot \ \ot’oy 
O d à 

El 2} ody \ lot’oy 

are bounded in L'{R*;L?{&2)) for any P(..) in P by C{|lvol|y@*(a)+llu1l|pP{o); This implies 
that 

{v œ e N° /|a|=2N+1 
(3.24) _ los 42 

D‘u is bounded in L (R L (Q)) by C(l|uo{ly2—(9)+{{w1 ll uS(0) 

Indeed any D©u containing at most first order derivative with respect to x can be written in 

the form (3.23). If derivatives of order higher than 2 with respect to x appear, one can come back 
2 2 2 

to the preceeding case by (repeated) use of the wave equation (Ë— can be replaced by Ë —a—). 
ox2 or? 02 

(3.24) is nothing but a strong stability result in the sense of Kreiss. Note that we can also derive 

boundary estimates from identity (3.17). For instance (3.17) directly provides that : 

à 
äÿ(Q“) 

can be estimated in L(R*:12{T'). 

Once again we see that for the (2N+1) order boundary condition (3.8), the energy one 

controls is a (2N+1) order energy, in the sense we define in section 1, which means that it involves 

(2N+1)Hh order derivatives of the solution. This is in fact coherent with the estimates one would 

obtain directly by the application of the Kreiss theory. Indeed if one wants to put the initial boundary 

problem for the wave equation coupled with condition (3.8) and the form of the first order systems 

studied by Kreiss, one has to introduce an unknown vector function U of dimension 2N+1 whose 

coordinates are 2N+1th order derivatives of the function u. Therefore the L2-norm in space of U 

corresponds to some energy of order 2N+1. Let us summarize the results of this section in the 

following theorem: 

THEOREM 3.1 

Under the condition (3.7), the initial boundary value problem ((2.1), (3.4)) is strongly well-posed in
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the sense of Kreiss and the unique solution satisfies the identity (3.18) which yields the decay in time 

of the (2N+1)'h order energy E2N, ; defined by (3.19). Moreover, this solution satisfies the a priori 

estimate: 

sup_|[Déul{e"u4a) < C(i'ollyrm{a}*luslwr(o) |a[= 

where the positive constant C only depends on Y, &, and B;,1<k<N. 

3.2. The case of the even order boundary conditions 

As we said before, the even order boundary conditions correspond to the particular case , = 0 

so that in fact the a priori estimates we obtained in section 3.1, in particular the decay in time of the 

(2N+1)' order E,n,;(u) given by (3.19) is still valid when we take œ, = O. Nevertheless we 

prefere to treat separately the even order conditions becauce, since condition (3.4) for œ,= 0 

corresponds in fact to a 2Nth order condition, one can expect the decay in time of a 2N% order 

energy instead of a (2N+1)*" order one as E,n,; (u) is. Moreover this is more coherent with the 

definition of strong well-posedness by Kreiss. 

Therefore the treatment of the conditions of even order will be slightly different from the one of 

the conditions of odd order. First we note, by similar arguments as in section 3.1, that the condition 

(3.4) is equivalent to (we have integrated (3.4) once in time, which is possible since , = 0, and 

E 

(3.25) B2N u= B2N 

where the differential operator B;N 1s given by : 

* 82 82 {82 82 :! 
3.26 By=|—+Y—|Q: - E 

( ) 2N {âyôt + Yat2:| 1 2] Bk y Q( 

where the differential operators Q, have been defined in the previous section (simply note that in our 

2 
case, P1 =â—2). Using the identities : 

t
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d = R E Bk k } 
de Y-k T0 E(v1)+ B1 E(w1)+ E(Vk)+l3kfi(Wk) 

(3.38) - 
| æ aî S 8 @ 
_Lô—yôî(Qlu {(Y zla)—Ql Blä_yîQlu+âl—akâîï u:ldG 

Thanks to (3.28), we finally obtain : 

2 

(3.39) $ (Ex(u)} =- ] Æ (Qu)| do 
t r 8yôt 

where Ezn(u) denotes the 2N'h order energy : 

Ento)=|y- H P ElS Quu)+ 61 E[F- Qu (S T 0 ) r 93P O, * 
N 

Br Ox e 3° 

*2 {1-ak E(âyîär q““)+B“ E(ayar2 q"°)} k2 

(3.40) 

It is then easy to check that, as in section 3.1, identity (3.40) is equivalent, as soon as the 

stability conditions (3.7) are fullfilled, to a strong stability result. In fact it suffices to verify that the 

2N operators %Ql, %Ql and { ° qx ,2<k < N) generate all the homogeneous 
& C 

dy2at - oyot? 
differential operators of order 2N-1 withrespectto y and t. The details are left to the reader. One 

finally obtains: 

THEOREM 3.2 

Under the condition (3.7), the initial boundary value problem ((2.1), (3.25)) is strongly well-posed 

in the sense of Kreiss and the unique solution satisfies the identity (3.39) which yields the decay in 

time of the 2N'h order energy Ezy defined by (3.40). Moreover, this solution satisfies the a priori 

estimate: 

up IDruli{ru4a) < C(ilvollus(o)+Ilwsllu="(o) 

where the positive constant C only depends on Y, &, and Bp,1<kSN.



39 

4. CONCLUSION 

In this paper, we have revisited the theory of the strong well-posedness of initial boundary 

value problems for the wave equations via the approach of energy estimates, which is, up to our 

knowledge, new. This method allowed us to find again the conditions obtained by Trefethen-Halpern 

in the framework of the modal analysis and to improve the a priori estimates directly deduced from the 

theory of Kreiss. 

Moreover, the second interest of the approach lies in the fact that we shall be able to extend 

some strong stability results to the case of variable coefficients even if these coefficients are not 

smooth. This will be the purpose of a forthcoming paper.
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