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UNE NOUVELLE TECHNIQUE DE CALCUL DU
CONTROLE DE FLUX OPTIMAL DANS UNE
FILE D’ATTENTE M/M/c

Johannes Blanc?, Peter de Waal®, Philippe Nain* Don Towsley?

Résumé

Le calcul du contréle de flux optimal dans une file d’attente M/M/c est abordé dans cet article.
Deux classes distinctes de clients (classes 1 et 2) sont générés suivant deux processus de Pois-
son indépendants, & intensités coustantes. Les demandes de service sont des variables aléatoires
indépendantes, distribuées suivant une loi exponentielle identique pour tous les clients. Chaque
client de classe 1 porte avec lui une date limite de sortie du systeme. On suppose que la séquence
des dates limites d’exécution forme une collection de variables aléatoires indépendantes et équidis-
tribuées, de distribution arbitraire. Notre objectif est de maximiser le débit efficace des clients
de classe 1 en controlant leur flux d’arrivée au systeme (i.e., en admettant ou en rejetant chaque
nouveau client de classe 1). Nous supposons qu’a chaque instant de décision (i.e., a I'arrivée d’un
client de classe 1) le contréleur ne connait que le nombre total de clients dans le systéme, I’histoire
de ce processus et la suite des décisions déja prises. Nous montrons qu’il existe un contréle de flux
stationnaire et a sewil qui maximise le débit efficace pénalisé des clients de classe 1. La technique
de preuve est nouvelle et repose sur une construction partielle de la solution de ’équation de la
programmation dyunamique. Nous déduisons alors de ce résultat Pexistence d'un contréle de flux
stationnaire et a seuil qui maximise le débit efficace des clients de classe 1. La méthode utilisée
est de portée générale et devrait sappliquer a une large classe de problénes de contréle des files

drattente.
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Markovien; Programmation Dynanique; Date Limite d’Exécution de Taclies.

“Tilburg University, Faculty of Fconomics, 2.0. Box 90153, 5000 LE Tilburg, ‘The Netherlands.

TCWI, P.O. Box 4079. 1009 AB Amsterdam. The Netherlands.

‘INRIA, B.P. 109, 06565 Valbonne Cedex, France.

§Department of Computer and Information Science, University of Massachusetts, Amherst. MA 01003, USA. This

author was supported in part by ONR under contract N00014-87-15-0304 and NSF under grant ASC-8802764






A NEW DEVICE FOR THE SYNTHESIS
PROBLEM OF OPTIMAL CONTROL OF
ADMISSION TO AN M/M/c QUEUE

Johannes Blanc®, Peter de Waalf, Philippe Nain?, Don Towsley®

Abstract

The problemn of finding an optimal admission policy to an M/M/c queue with customers
with deadlines is addressed in this paper. There are two streams of customers (customers of
class 1 and 2) that are generated according to independent Poisson processes with constant
arrival rates. All service times are exponentially distributed with a class independent service
rate. Upon arrival a class 1 customer may be admitted or rejected, while incoming class 2
customers are always admitted. Associated with the n-th class 1 customer is a deadline, D,
by which it must complete service where {D, }$° is a sequence of i.i.d. random variables. We
are nterested in the throughput of class 1 customers that complete their service before their
deadline (usually referred to as goodput), and we wish to determine an admission control that
maximixes this throughput. At each decision epoch we assume that the controller has available
to it the complete history of the total queue length process as well as all of the past decisions
that have been made up to that epoch. We show that, for a large class of deadline distributions,
there exists a stationary admission policy of a threshold type that maximizes a discounted cost
function (for small discount factors) that corresponds to the discounted goodput of customers
that make their deadline. The proof relies on a new device that consists in a partial construction
of the solution of the dynamic programuming equation. In addition. we show that there also exists
a threshold admission control that maximizes the long-run average problem (i.e., maxinizes the
goodput). The proposed method is of independent interest and should apply to many queueing

control problems.

Keywords: Control of Queues: Optimal Control of Adinission; Markov Decision Pro-
cesses; Dynanic Programming; Deadlines.
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1 Introduction

We consider an M/M/c¢ queueing system (1 < ¢ < o) fed by two independent Poisson streams of
customers, with intensities Ay > 0 and A, > 0. Customers of stream ¢ will be referred to as class ¢
customers, # = 1,2. The buffer has unlimited capacity and the customers are served according to the
first-iu-first-out service discipline. The customer service times are independent and exponentially
distributed random variables, with class-independent service rate g > 0. The n-th arriving class 1
customer has a deadline D, associated with it, where {D,}$° is a sequence of i.i.d. nonnegative
random variables. The arrival, service time and deadline sequences are assumed to be mutually
independent.

Our objective is to find an admission control (policy) for class 1 customers that maximizes the
fraction of class 1 customers that complete their service before their deadline has expired. We
assume that the controller has only available to it the total number of customers currently in the
queue at the time a new class | customer arrives, as well as the history of the queue length process
and the history of the decisions that have been made (i.e., rejection or admittance). We also assume
that all class 1 customers admitted into the queue are served regardless of whether they make their
deadline or not.

I'his study is motivated by the new services available in current communication networks (ISDN’s).
In this context, class 1 customers represent interactive traffic (e.g., packetized voice) and class 2
customers non nteractive traffic (e.g., batch file transfers), where both traffic types compete for
the use of limited resources (e.g., telephone exchanges). Therefore, a natural objective is to seek
an admission policy that maximizes the throughput of customers that complete by their deadlines
guodput of this system. I all of the class 1 customers are accepted in the system, then the queue
will build up and they will be more likely to miss their deadline; on the other hand, if these are
all rejected then the goodput with respect to class 1 customers will be zero. Consequently, it is
reasonable to expect the existence of an optimal policy that will tradeoff these two effects.

Throughout the years, several authors have studied problems of control of arrivals (or flow control
problems) in the context of queueing systems, and a comprehensive discussion can be found in the
survey paper by Stidham [13]. A standard approach in the control of queueing systems consists in
formulating the optimization problem at hand as a Markov (see e.g., Serfozo [12], Lin and Kumar
[%]) or Semi-Markov (sce e.g.. Lippman [10]) decision problem, from which the functional equation
of dynamic programming caun be derived (Hevman and Sobel [6]). Then. the policy improvement
algorithm (see e.g., Lin and Kumar [8]) or the propagation of “good” properties, such as convexity,
concavity, (sub)modularity, monotouicity properties in the induction of dynamic programming (see
e.g., Hajek [5], Johansen and Stidham [7], Ma and Makowski [11]) may be used to determine the

optimal policy (e.g., threshold policy, switch-over policy).

Let us now give a short description of the optimization problem model that will be considered in this
paper, as well as the results that will be obtained. When a new class 1 customer is admitted, it earns
a reward g(k +1) if there are k£ customers in the queue upon its arrival, where the properties of g are
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given in Section 2. These properties will be chosen so as to place the model in the communication
network framework that has been discussed earlier. The aim is to find an admission policy that
maximizes the total average discounted reward earned over an infinite horizon (discounted reward
problem) and then to derive from this result the control that maximizes the long-run average reward
(average reward problem). We will establish the existence of an optimal threshold admission policy
for both the discounted reward problem (in the case of small discount factors) and the average
reward problem.

Because of the particular assumptions we place on the reward function (in particular, that it is
neither monotone nor convex, see Section 2), none of the classical techniques listed above applies to
our problem. We therefore employ a new device, first proposed by de Waal (3], based on a partial
construction of the optimal value function, from which the optimal control can be determined. This
wethod is of independent interest and should apply to many similar optimization problems.

In Section 2 the problem is formulated as a Markov decision problem. Section 3 addresses the
discounted reward control problem in the case where Ay = 0, which will turn out to be considerably
simpler to analyse than the case where A; > 0 of which the analysis is given in Section 4. The
existence of an optimal threshold policy for the average reward control problem is shown in Section

5.

2 The Model

All of the random variables considered in this paper are defined on some fixed probability triple
(2, F,P). IN will denote the set of nonnegative integers, IR the set of real numbers and IRt the
set of strictly positive real numbers. The optimization problem described in Section 1 is now
forinulated as a Markov decision problem. This formulation closely follows that of Lippman in [9]
(an alternative formulation can be found in de Waal [4], pp. 46-67).

Letag, 0 < of < @y < ---, be the arrival time of the n-th class ¢ customer, ¢ = 1,2, and let d,, be the
departure time of the u-th customer that is served, n > 1. Define {1, }5% := {al };Pu{a?}u{d, }5°,
0 <t <ty <---. I order to cast our problem into the framework of Markov Decision Processes
(MDP’s) [6], we specify the decision epochs, the state of the system and the action space.

We assume that the n-th decision U, € {0,1} is made at time t,, n > 1. If ¢, ¢ {a;}‘,”, then
the decision is irrelevant since only the stream of class 1 customers is controlled. In that case, we
shall assume by convention that U, = 0. If ¢, € {(L;}l\ then the decision may be either to accept
(U, = 1) or to reject (U, = 0) the new class | customer.

Let @, be the total nuwmber of customers in the system at time ¢, t > 0, including the customers
in service, if any. At time t,, n > 1, the state of the system is represented by the process Z, =
: ; Hop — 1o oy F
(Qa, Xu) € IN x {0, 1}, where Q, := @y, 1{ts & {0;}17°} + Q- 1{tn € {¢}}{°} and X, := 1{¢, €

{a;}f“} Here, @,- stands for the number of customers in the system just before the occurrence
n



of the n-th event. Let Ay, be the action space when the state of the system is (k,z), ¥ € IN,
a € {0,1}. It follows from the above definitions that 4; , = {0} 1{z = 0} U {0,1} 1{z = 1}.

The process Z := {Z,, n > 1} is a MDP, since clearly

P(Zn+l = (ln+l7 yn+1)|Zl = (117?/1)7U1 = Uy, .. ~aZn = (lnyyn)yUn = un)
=P(Zp41 = (ln+1»?/n+1) I Zn = (lmyn)aUn = Un),

forall ; > 0, yi,u; € {0,1},0=1,2,...,n4+ 1. Welet H, = (Z;,Uy,25,U2,...,Zn_1,Un_1,2y)
denote the history of Z up to time t,,, n > 1.

At the n-th decision epoch, a nonnegative discounted reward exp(—at, ) r(Zy; U,) is earned, where
rlkyziu)=glk+1)1{u=1,2 = 1}, (2.1)

for all £ € IN, 2,u € {0,1} and where ¢ is a mapping IN — IR*t. We will restrict ourselves to

mappings that are modified unimodal as defined below.

Definition 2.1 The mapping g : IN — IR* is called modified unimodal with mode ¢ and exponential

Jactor ¥, where ¢ = 1,2,--- and 0 < ¥ < 1, if

kglk) <(k+1)glk+1), fork=1,2,...,¢~1; (2.2)
glk +1) < Ug(k), fork=cc+1,... (2.3)

An adnussible control U is a sequence {u,}7” of [0,1]-valued random variables such that u, is
measurable with respect to the o-field F, := o(lH,), with the interpretation that u, = P (U, =
1| Fp),n > 1.

Let U be the set of admissible controls. A control is said to be stationary if w, only depends on
the value of Z,, and if it is non-randomized, i.e., u,, € {0,1}, n > 1.

Let us now introduce the so-called value function for the discounted problem. Let (0 < a < +00)

"‘:;\(kz-t; U) = EL" {Z e r{ Z'n,; Un)

n>1

Zy = (k,w)} , (2.4)

be the total average discounted reward gained over an infinite horizon starting from state (k,2) €
IN x {0,1}, when policy U € U is used. It is easily seen from definitions (2.1)-(2.4) that the value

function V,(k,2; U ) is uniformly bounded in k, 2 and U. More precisely,

(,l‘+/\1

«

0 < Valka; U) < ( )cgm, (2.5)

forall ke IN,2 € {0,1}, U e U.



Our first objective is to find an admissible control that maximizes (2.4) over the set of admissible
controls U for all (k.)€ IN x {0,1}. Let

Vi(k,2) = sup Va(k,a; U), (2.6)
Uel
for all (k,2) € IN x {0,1}.
Define the total reward Wr(k,2;U) gained under policy U € U over a horizon of length 7' > 0,
given the initial state is (k,2) € IN x {0,1}, as
Wr(k,z;U) := Eu Yoo 1(ZaUn)| Zy = (ki) (2.7)
{n:0<ty<T}

Our second objective is to find an admissible control that maximizes the long-run average reward
gained over an infinite horizon defined as

1 . .
W(k,2;U) := liminfre T Wr(k,2;U), (2.8)

forall U € U, k€ IN. x € {0,1}.

I'heorem 2.1 gives the Dynamic Programming (DP) equation that is satisfied by the optimal value
function V.

Theorem 2.1 There caists an oplimal stationary policy for the discounted problem. In addition,

Vi(k,x) s the unigue uniformnly bounded solution in (k,2) to the DP equation

Vi(kia) = max {r(_k.,x;uw—”ﬂ > Q(,l,ylk,m;u)VJ(l,y)}, (2.9)

A L (
W€ Ay, a+ 0. (u) eI e {01}

Jorall k€ IN. 2 € {0,1}, where

o Q(e,0|k,2;u) is the one-step probability transition of the process Z given the current state

is (k,x) and that the action u is chosen:

o O (u) is the transition rate out of state (k) given that action u is chosen.

Furthermore, the stationary control which selects an action mazimizing the right-hand side of (2.9)
forall k € IN, x € {0.1}. is optimal.

Proof. The proof follows from Theorem 1 in Lippman [10] g



For £ € IN, « € {0,1}, introduce

A= AL+ Ay
pr = pmin(k,c);
Vi = A+ g
Orx(n) = wvl{u=0}+ vy 1{u=1}

By observing from the model description that

/\1/l/k+], ifl:k+1,y:l;
/\2/W:+1, ifl:k.*_z,y:o;

QUYIRED = i, il =k, y = 0; (2:10)
0, otherwise;
Mive, fl=Fky=1;
QUL |k 1;0) = QUL y [k, 0;e) = { A2/vir HI=k+1,y=0; (2.11)

/’Lk/Vks if k> 1,l=k—1,y=0;
0, otherwise,

routine manipulations of (2.9) yield
(a+v)VI(k,0) = MVIE D)+ XVI(k+ 1,0)+ e Vi(k - 1,0)1{k > 1}, (2.12)
Vik.l) = max{g(k+ 1)+ VJ(k+ 1.0);V](k,0)}, (2.13)
for all k € IN.

As a consequence of the last statement of Theoremn 2.1 and (2.13), the optimal action when the state
of the system is (k, 1) (denoted as u}) is the one that maximizes [g(k+1)+ V2 (k+1,0)- V(k,0)]vO0,
that is

up = 1{V (k+1,0) - VI(k0) +g(k+1)>0}, (2.14)

for all £ € IN.

Define V7 (k) := V. (k.0), k € IN (from now on. the subscript a in V' (k) will be omitted). By
substituting the r.h.s. of (2.13) for V(L. 1) in (2.12), we finally obtain, by using (2.14), that V*(£),
k € IN, is the unique uniformly bounded solution in & to the DP equation
0 = —aV7(h)+ A up[VE+ 1) = V(E)+ gk + 1)
FA V4 1) = V()] = g [V(R) = Vo (k — 1)] 1{k > 1}, (2.15)

for k € IN, with wf = 1{V*(k+ 1) - V*(k)+ g(k + 1) > 0}.
The following equivalent form of equation (2.15) will be frequently used. Define 2™ : IN — IR as

172(0), k=0

k) = { VRk) = Ve = 1), k> L. (2.16)



Then, the DP equation (2.15) can be rewritten as

k
0=—a) z"()+Mui[a™k+ 1) +gk+ 1))+ rpa*(k+ 1) — pra™(k)1{k > 1}, k>0, (2.17)
=0

with
up = {a"(k+ 1)+ g(k+1) > 0}. (2.18)
The DP equation (2.15)/(2.17) will play a central role in the characterization of the optimal ad-

wission policy (Sections 3-5).

To conclude this section, let us briefly motivate the choice of the function g. As indicated in Section
1, our objective is to maximize the fraction of class 1 customers that complete before their deadline.
Therefore, a natural candidate for the reward function ¢ is to let g(k) be the probability that a
new class 1 customer meets its deadline given there are k customers in the system, including itself,
upon its arrival.

With this definition of g, it is easily seen that condition (2.2) of Definition 2.1 is satisfied, since
glky = P(S < D), k=1,2..... ¢, where S (resp. D) is a generic random variable for the service
time (resp. deadline) of a customer.

In the case that P (D < x) = | — exp(—7z2) for 2 > 0, ¥ > 0 (exponentially distributed deadlines),
it is easily seen that

(k) = 1/t ), k=1,2,---,¢
(/4 7)) (enflep+ )RS, k=c+ Le+2,--.

[t is easy to show that the above expression for g(k) satisfies the definition of a modified unimodal
mapping with ¥ = cp/(ep + 7).

I the general case where where the deadline distribution function is arbitrary, then ¢g(&) cannot be
computed under closed form. However, many interesting deadline distribution functions give rise
to modified unimodal mappings. More precisely, we have the following result:

Proposition 2.1 The mapping g is modified unimodal if one of the three following conditions is

fulfilled:

1. the deadlines are deternministic:

2. the deadlines have o fuilure rate that is bounded away from 0 by a strictly positive constant,

3. the deadlines have an Evleng distribution.

‘I'he proof of Proposition 2.1 can be found in de Waal [4]. Note that condition 2 in Proposition 2.1
is satisfied by a large class of distributions, including the exponential distribution, subsets of the
class of Gamma distributions, and truncated normal distributions (see Barlow and Proschan [1],
Sec. 5).



3 Discounted Reward Problem: the Single-Stream Case

This section is devoted to the analysis of the single-stream discounted problem (i.e., Ay = 0). In

that case the DP equation (2.17) reads:
k
0= —aZx'(i) + Mgtk + D+ gk + 1)) - pat(k)1{k > 1}, k> 0. (3.1)
=0
The main result of this section is:

Proposition 3.1 Let g : IN — IRt be « modified unimodal mapping with mode ¢ and exponential
factor ¥. Let uw* : IN — {0,1} be the optimal stationary control for the discounted problem with
Ay = 0. Define uj, := u™(k). Then,

P~

cup =1 fork=0,1,...,¢

e

if0 < a < cu(l —¥)/V and if there is an | € IN such that uf = 0, then u} = 0 for
k=0L1+1,...
Proof. We first prove 1. by induction. Substituting & = 0 and £ = 1 into equation (3.1) yields

0 = —a2™0)+ Ajug (2™ (1) + g(l1)), (3.2)
0 = —a(@™(0)+ 27(1) + Apul(27(2) + 9(2)) — ;ye™(1). (3.3)

Subtracting (3.2) from (3.3) yvields
Arug(27(2) + 9(2)) = Arug(a™ (1) + g(1)) = (a + pa)27(1).
If we assume that ug = 0, then since uj (2%(2) + ¢(2)) > 0 we can write
{or + )27 (1) > 0. {3.4)

However, because uj = 0, it follows that 0 > «~(1) + ¢(1) > 2*(1). But according to (3.4), (1) is

nounnegative which results in a contradiction and therefore ug = 1.

Assume now that uj = uj = --- = uf_| = 1 for [ < ¢ and let us show that uj = 1. Substituting

kA =1land k =1+ 1 into equation (3.1) and subtracting the first equation from the second one,
vields

Ml @+ 2) + gl +2)) = Mg (e U+ D+ g+ 1) = (a4 g+ 1) — mzt (D). (3.5)
I[f we assume that u] = 0, we then deduce from (3.5) that

(o + g )27+ 1) = puge™(1) > 0.

o



since uj (2™({ +2) + g(! + 2)) > 0, or equivalently that

(e + pup )@ (4 1) + 900+ 1) — @™ (D) + g(1) — gU + 1)(e + pugr) + pug(l) 2 0.

(3.6)

By noting now that 2*({+ 1)+ g({+ 1) < 0 (since u; = 0 by assumption), —(z*({)+g(/)) < 0 (since
uj_; = 1 by assumption) and ~g(!{ + 1)1 + g(l) < 0 (since g is modified unimodal) we see

that the left-hand side of equation (3.6) is strictly negative, which gives a contradiction. Therefore

2 ¥ —
u; = 1.

We also prove 2. by induction. Fix a such that 0 < o < ¢p(1 — ¥)/¥. Let I € IN, [ > ¢ be such

that u7 = 0. This implies that a*({+ 1) < —g(I + 1).
Define 2z : IN — IR as

a*(k), k=0,1,...,1
a(k) =
—aZf‘:’(}w(i)/(a+c;L), k=14+1,142,...

Note that 2(k), & > [, is the recursion we get from (3.1) if we choose uj, = 0 for k > L.

We prove that a(k) < —¢(k) for & > [ by induction on k.

Basis step. Let k =1 4 1. From the definition of 2 we have

l}
—az;u(i)/(a + ¢,

=0

——OZL () /(e + ep),

e(l+1)

IA

T+ 1),
—g(l+ 1).

IN

(@™ ({4 1) = Mufp (2™ (L+2) + g + 2)) + cpa™ (L + 1)) /(o + cp),

(3.7)

The last two steps follow from the fact that up(a™(k+ 1)+ g(k+ 1)) > 0 for all £ € IN and the fact

that u} = 0.

Inductive step. We assume that (k') < —g(k") for M =1+ 1.1+ 2,... k. We show that 2(k+1) <

—g(k + 1).

ko
ak+1) = |—ax(k)-a x(8)] [la+ cu),
1

—law(k) = (o + ep)e(h)]/ (o + cp),
cpee(k)/ (a4 ep),

< —cpglh)/(a+ ),

—-g(k + 1),

i

i

i

IA



by the induction hypothesis, the assumptions on g and the condition on a. We have thus found a

sequence of real numbers that when substituted for 2*(k) in equation (3.1) satisfies that equation.

Define now V (k) := 3%, 2(i), k € IN. First observe that V satisfies the DP equation (2.15). Let
us show that V(&) is uniformly bounded in k. Since by construction V(k) = V=(k) for 0 < k < I,
V' (k) is bounded for 0 < k < 1. On the other hand, the definitions of 2 and V imply that

—a
VR -V(k-1)= Vik -1 for k > 1 3.8
(6) = V(k = 1) = =2 V(E = 1), fork 21, (3:8)
which, in turn, entails that
Vk) = ( i )k_[ Ve(l), fork >1 (3.9)
T o e e - '

which shows that V' (k) is uniformly bounded in k. Hence, V = V™ since (2.15) has a unique solution
that is uniformly bounded in &, which in turn yields & = a™. Therefore, «*(k) + g(k) < 0 for k > [,

or equivalently, u} = 0 for £ >/, which concludes the proof. g

The methodology used in the proof of Proposition 3.1 does not fall into any of the categories that
were reported in Section 1. Therefore, we remark that the importance of the result lies not as much
in the optimality of threshold policies (which is what we would intuitively expect) but rather in the
method of proof. The next section shows that this method also applies to thie case where Ay > 0,
although this case differs from tlhe single-stream case in an essential way: in the two-stream case, the
number of customers in the system is never bounded from above regardless of the admission policy
for class 1 customers. This fact makes the analysis of the two-strcam case much more involved.

4 Discounted Reward Problem: the Two-Stream Case

This section presents the analysis of the discounted problem with two streams of customers. Recall
that only the stream of class 1 customers is controlled. Again, our objective is to find an admission

policy that maximizes the discounted cost function (2.4).

To illustrate the basic difference between both cases Ay = 0 and Ay > 0, let us briefly come back
to the single-strecam case. Denote by S(/) the system of [ + | equations obtained from the DP

equations (2.15) by setting up = 0 for k = 0.1...., [—1and uf =0.

Cousider first the case where Ay = 0. Fix o as indicated in Proposition 3.1, and let [* < 400 be
the smallest integer such that uj. = 0 (the boundedness of /~ will Le discussed later on, see Remark
4.2). Then, u} = 1{k < I"} by Proposition 3.1, and the optimal threshold [* is the smallest integer
[ > ¢ such that the (unique) solution « to the system S(/) of [ + 1 unknown variables and | + 1
equations satisfies the inequalities w{k) + g(h) > 0 for 1 < k <land 2(/+ 1)+ ¢g({+ 1) 0.
Note that this procedure defines a computational algorithm for the determination of the optimal

threshold (sece the end of this section where a much simpler numerical approach is given).
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Assume now that Ay > 0, and suppose that there exists a threshold policy that solves the discounted
problem — which is what we would intuitively expect. Then, a glance at S(!) indicates that this
set of equations now contains ! + 2 unknown variables and only / + 1 equations. Therefore, an
equation is missing in order to compute the optimal threshold.

The next lemma addresses the problem of determining this missing equation in the case where a
threshold policy is optimal. This will yield the construction of the optimal value function (Propo-

sitions 4.1 and 4.2), and subsequently the optimal control (Proposition 4.3).

Let us first introduce some notation. Let

8 = O.'+C,u+/\2—\/(():+C;L+/\2)2—~4/\2€[L; (4.1)
2 )
: A : A )2 — 4
3, = a+cp+ 2+\/(0;T\26u+ 2) 2c,u’ (4.2)

be the two roots of the polynomial (in z) Ay z? — (o + ¢t + Ay) = + cu. Note that 0 < 83 <1<
for all & > 0.

The following result will also be used. Assume that Ay < cu. Then, by observing that 83 = 1 when
a = 0, and that the mapping a — /3 is strictly decreasing in [0.+00), it is seen that there exists
ag > 0 such that

5>V, (4.3)

for 0 < v < aq, where ¥ has been introduced in (2.3).
The lemma below determines the missing equation in the case where u; = 0 for & > [, and therefore
strongly suggests what has to be the analog to (3.7) in the case where Ay > 0 (see Proposition 4.1).
Lemma 4.1 Assume that there exists ¢ <1 < +00 such that ui = 0 for k > 1. Then,

V) = sy VEk = 1), for ke > L. (4.4)

and
(k)= dhatth=1). fork>L (4.5)

Proof. If uj = 0 for k > [ > ¢, then from (2.15)
VE(k+ DAy — (o + e+ MV + cpVi(k = 1) = 0, (4.6)
for & > [. Let us show that any solution (V(k))i>i—1 of (4.6) can be expressed as
Vik)=apt+0535. (4.7)

for k > 1 -1, where « and b are arbitrary numbers.
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I'irst observe that both functions £ — /.3:‘., : = 1,2, satisfy (4.7), which therefore implies that
k — aB%+b 35 also satisfies (4.6) for any pair (a.b) of real numbers. Conversely, let (V(k))k>i-1 be
a solution of (4.6) and let us show that there exists two numbers ¢ and b such that V(k) = a[}f +b 05,

k>1-1.

Since By # B2, B1 # 0, B2 # 0, it is seen that the following system of equations in (z,y):

V-1 = Bla+ 87y (4.8)
V() = Bix+8y, (4.9)
has a unique solution («,b). Using now the fact that (V(k))x>,-1 is a solution of (4.6) together

with (4.8), (4.9), it Is readily seen by induction that V(k) =« jf +b é for £ > 1 — 1, which proves
(4.7).

Assume now that V*(/ — 1) and V*(/) are known numbers. Then, cf. (4.6), (4.7),

V) + A V= 1) (4.10)
/3{_1 (32 — 51) ’

V) = B VoL = 1)
BN (B - B

[

(4.11)

It b # 0, then we deduce from (4.7) that [limgj V*(k)] = 400 since 5y < 1 and g > 1 fora >0
(cf. (4.1), (4.2)), which contradicts the fact that V=(&) is uniformly bounded in k (cf. Section 2).
Therefore, b = 0, or equivalently. cf. (4.11). V=) = 3y V*(I — 1), which in turn yields from (4.7)
that V=(k) = 31V~(k — 1) for & > [. Using now (2.16) and (4.4), we readily obtain (4.5), which

completes the proof. g

From now on, we shall assume that:

o ¢:IN — IR* is modified unimodal with mode ¢ and exponential factor ¥;

o g(k)>glh+ 1), fork=1.2..... ¢ — 1 (sec Remark 4.1);

o Ay < i

o « lies in (0, ay).
Note that the case where Ay, < ¢t is the only case of interest for the average reward problem (which
is the criterion we are really interested in). since otherwise the Jong-run average cost function (2.8)

is zero under any admission policv. which in turn inplies that all admission policies are equivalent

(see Section 9).

We now state the key result of this section:



Proposition 4.1 If there exists a finite integer m > 0 such that the set of equations

k

0 = —a) yO)+M(wk+D+gk+1)+ 2yl +1)—pyk), 0<k<m+c; (4.12)
1=0
m+c

0 = -—-a Z yla)+ Agy(m+ e+ 1) —cppy(m + ¢): (4.13)
—

0 = ym+c+1)-=p1y(m+c), (4.14)

has « solution y that satisfies

y(kY+9(k) >0, forl1<k<m+c (4.15)
ym+c+1)+gm+c+1) <0, (4.16)

then

Lav(k)=yk) forO<k<m+c+Llandz™(k)y=Pya2*(k-1) fork>m+c+1;
2. u, = 1{k <m+c} for k€N,
Proof. Let m > 0 be such that (y(lc))'}j‘:ﬁf“ satisfies the set of equations (4.12)-(4.14) and inequal-
ities (4.15), (4.16). Define 2 : IN — IR as
(/(l‘)$ l‘::()alv'-'s[;
a(k) = (4.17)
Sratk=1)., k=Il+1,1+2,...,

with 7 :=m+ c¢. Note that x(k). k > . is the recursion we get from Lemma 4.1 if we choose up =0
for k > [.

We prove that (k) + ¢g(k) < 0 for k > [ by induction on k.
Busis step. Let k =1 4+ 1. From the definition of 2 we have

L+ 1)y = By
y(I 4+ 1). from (4.14),

IN

—g(l + 1),

from (4.16).

Inductive step. We assume that (k') + g(k') < 0 for &' = 1+ 1,1+ 2,..., k. We show that
wlk+ 1)+ gk + 1) < 0. We have, cf. (4.17).

wlk+ 1) = 3 a(k).
< —Fyglk). frow the induction hypothesis,
< =¥g(h), from (4.3),
< —glh 4+ 1),
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since ¢ is modified unimodal. Consequently,
w(k)+g(k) <0, fork>L. (4.18)

By combining this result together with the definitions of y, @ and f,, it is easily seen that z satisfies
the DP equation (2.17).

Let V(k) := 3%, 2(i), k € IN. Then, V satisfies the DP equation (2.15), and further it is easily
seen from the properties of & that V is uniforinly bounded in k. Therefore, V* = V since (2.15)
has a unique uniformly bounded solution (Theorem 2.1), which implies that z* = 2. Consequently,
cf. (4.15), (4.17) and (4.18), uj = L{hk <} for k€ IN. ¢

The next result establishes the existence of a solution to (4.12)-(4.16).

Proposition 4.2 There exists a finite integer m = m™, m* > 0, such that the (unique) solution to
the set of equations ({.12)- (4.14) satisfies the constraints (4.15), (4.16). Further, m* is uniformly
bounded as « | 0.

The proof of Proposition 1.2 relies upon the following three lemmas, whose proofs are given in
Appendix A. We introduce the following notation: for any m > 0, (:cm+c(lc))£ig+l will denote the
unique solution to the set of equations (4.12)-(4.14) (the uniqueness of the solution is discussed at

the beginning of Appendix A).

Lemma 4.2 The unique solution (x.(k))iL, to the set of equations (4.12)-(4.14) when m = 0 is

such that
rAk)+g(k)y >0, forl<k<ec. (4.19)

Lemma 4.3 Let €, m > 0, be the condition on the model parameters Ay, Az, p, ¢, o, (g(k) Z‘:IHC,
which s equivalent to &+ (m+1+c)+g(m+1+c) <0. If none of the conditions Co,Cy, ..., Chny
holds, i > 1, then x4 (k) + g(k) >0 for k= 1,2,....m+c¢.

Lemma 4.4 There cuists m. 0 < m < +oc. such that xpmp(m+c+1)+g(m+c+1) <0.

Moreover, m is uniformly bounded as o | 0.

Proof of Proposition 4.2.

Fix a such that 0 < a < ag. Let ™ be the smallest nonnegative integer such that xpeqp.(m*+ ¢+
)+ gim™ + ¢+ 1) <0, where the existence of m™ is ensured by Lemuma 4.4. If m* = 0 then the
proposition follows {rom Lemma 4.2, whereas if ™ > 0 the proposition follows from Lemuna 4.3.
The second part follows {rom the second statcient of Lemma 4.4. g

Combining Propositions 4.1 and 4.2 vields the following final result:

14



Proposition 4.3 Assume Ay < cu. Let g be modified unimodal with mode ¢ and exponential factor
V. If g is nonincreasing in [1,c), then the threshold policy uj = 1{k < m* + ¢}, k € IN, is optimal

Jor a € (0,a0). Moreover, m™ < +oc and m* is uniformly bounded as a | 0.

Before concluding this section, let us briefly address the numerical computation of the optimal
threshold m~ + ¢. This computation can be performed very easily (i.e., without solving systems
of linear equations) from (A.51) by using the recursions (A.23) and (A.24) in Appendix A. More
precisely, m* will be the smallest nonnegative integer such that (A.51) holds.

Remark 4.1 The assumption that ¢ is nonincreasing in [1,¢] is used in the proof of Lemma 4.2.
It is clearly fulfilled by the function ¢ that has been defined at the end of Section 2. We conjecture
that Lemma 4.2 holds without this extra assumption on g (we have checked it for ¢ = 2 and ¢ = 3,

which implies, in particular, that Proposition 4.3 holds for ¢ £ 3 without this assumption).

Remark 4.2 Since limy, o 3; = ¢pof(cpe+a), it follows that relations (4.4) reduce to relations (3.9)
that were obtained in the single-stream case. Hence, as expected, the results of the single-stream
case may be deduced from the analysis of the two-stream case by letting A, | 0. In particular, this
implies the finiteness of the optimal threshold in the single-stream case.

5 The Average Reward Control Problem

In this section we shall discuss the long-run average reward control problem for the M/M/c queue
with A} > 0 and Ay > 0.

Since Vi, (k,x;U) is well defined for all £ € IN, v € {0,1}, U € U (see (2.4), (2.5)), we know {rom a
Tauberian theorem (Widder [14], pp. 181-182) that

Wao(k,a: U7)

W (k,2;U) = liminfy T

< liminf oo Vo (b, 25 U), (5.1)
forall k € IN, 2 € {0,1}, U € Y. Further. if imp . Wk, 21 U)/T exists then lim, jy aV,(k,2;U)
exists as well, and
Wik,ao: i) = lilln a Vi, (k.o U). (5.2)
o |0

forall k € IN,z € {0,1}, U e Y.

Assume first that A2 < ¢ and let & and 2 be fixed numbers in IN and {0, 1}, respectively. For any
a € (0,ap), let ul : IN — {0.1} be the optimal control for the discounted reward problem, that is
from Proposition 4.3.

ay(j) =1{) <c+ml},



for j > 0 with 0 < m}, < +00. Consequently, for a € (0, ay),
aVylk,a; U) < aV,(k,a;uy), (5.3)
forall U € U.

Let {a;}° be a sequence in (0,a0) such that «; | 0 as i [ oo. Since the mapping a — m}, is
uniformly bounded as o | O (¢f. Proposition 4.3) and since m} is an integer, there exists J < 400

and a subsequence of {a,}7°, denoted as {a;}7", such that m;, is a constant (denoted as m*) for
all j > J. Define u*(j):=1{j <c+m*}.j > 0.

If we now take the limit in (5.3) along «;, j T 00, we get from (5.1) that for any policy U € U
W(k,2:U) < liminfjjeoa Vi (k, 2;u). (5.4)

Under the stationary threshold policy «* the Markov chain {Z,}7° is clearly ergodic. Therefore,
limp o, Wr(k, 2;u*)/T exists (Chung [2]. Section 1.15) which implies from (5.2) and (5.4) that

Wik, a;U) < W(k,a;u™),
forall U e U.

For A, > ¢p, it should be clear from (2.1), together with the fact that limgre, g(k) = 0, cf. (2.3),
that W(k,a;U) =0 for all U e U, ke IN. v € {0,1}.

The results of this section are collected in the following proposition:

Proposition 5.1 Let g be modified unimodal with mode ¢ aend ezponential factor ¥ such that
glk) > gtk +1) for 1 <k <c—1. If Ny <. then there exists a stationary threshold policy with
finite threshold that is average optimal over the class of all admissible policies. If A2 > cu, then all
admussible policies nre average optimal.

Acknowledgement. The authors would like to thank P. Mussi for a useful discussion about
Lemma 4.].

A Appendix

We first introduce some notation and establish some intermediate results.
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Define the matrices

ag a o a a b \
~i; a+ A a a a b
0 —pjp1 a4 A
0 0 —Hjt2
Ali(ao,bo,Co) = N (Al)
«
a+ A o
0 0 0 -1 a+ A b
0 0 0 0 —px  Co
for 1 < j <k, and
Adk((to bo Co) = % bo (A?)
BT ~pe o )’

for k > 1, where ap, bg and ¢q are arbitrary constants (recall that u; = pmin(j,c))

Let |M] be the determinant of any matrix A, with the convention that |z| = 2 if z is a scalar
number. It is easily seen by using an induction argument that

| M} (ag, bo.co)| > 0, (A3)

when ag > 0,0 >0 and ¢y >0, for 1 < j < k.

Let us show that the set of equations (4.12)-(4.14) has a unique solution for all m > 0. Let
Tote(k) = ylk), k =0,1,...,m+ c+ 1. in Proposition 4.1.

By substituting (4.14) into (4.13), by eliminating 2,,4.(0) from (4.12) by using (4.13), and finally

by using the definition of 1, we obtain the matrix equation:

Ante Xmpe = = A1 Bmtes (A4)
where
Xinte = ATpmgeldhoocitpmge(m + C))T;
8mtc = (g(1),....g(m+ c))T;

Ay o= { M,fwc_](a + Aep/Bi = A A Fep/B). ifmte > 1;

Ay +ooefih. fm+ec=1.
By noting that cu /3y — Ay > 0 (since J; < 1, cf. (4.1) for a > 0, and A, < cp) we see from (A.3)

that [d,,4¢] > 0 for m > 0. Therefore, the set of equations (4.12)-(4.14) has a unique solution for
all m > 0.

We start with the prootf of Lemma 4.2.
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Proof of Lemma 4.2.

For m = 0 rewrite the equation (A.4) as
Aclx. + g = [4Ac = M I ]ge := he,

where I, stands for the identity matrix and h, := (h.(1),... ,/zc(c))T. It follows readily that

c—1

he(k) = —pr-1g(k = 1) 1{k > 1} +a > g(i) + A g(k) + (% ~ /\2> g(c), (A.5)
1=k

fork=1,2,...,c.

By developing the determinant which forms the numerator of 2.(j) + ¢(7) to the j-th column we
get after a tedious but easy computation

. N i+ ? J-D! i
(x(7) + gUN Al = 1A D7 he(k) [Ago | 5—=
k=1 (k—1)!
J . c
( hant 1 ! R - I—1— ;
- E [Ag_i] (Z — 1))' =k Z he() M771 VY, (A.6)
k=1 ’ =j+1

for y =1,2,...,¢c, where

M!_(a+Aep/Br = A A +ep/Br), f1<j<e—1;

Al = A1+ e/ By, if 5 =¢;
L. ifj=c+1;
‘/,j L 1"/!_1(0‘,C1L/r’31 - /\2,/\1 + C;L/,/jl )s if | < ] <c-1;
¢ e/ — A, if j = ¢
Ml_(a+Aaa+ ), ilk>1
Ay = a4+ A itk =1: (A7)
1, ifk=0.

With the above definitious the following recursions can easilv be established for j = 1,2,...,¢ - 1,

EY (o + M) |4 Vot (A.8)

Vit (A.9)

v

a|AY +

Repeated application of the recursions {A.R) and (A.9) leads to

AT = 2 YT ML =00k e - L (A.10)
i=4+1



Introducing (A.10) into (A.6) finally yields for j = 1,2,...,¢,

(2e(5) + 9(5)) |4c| = Z

LVt ‘{hc(/\)/\"’+ Z [he(k) = he(i)] X797 IVC‘I}-

1)' =541
As we have seen before |4, > 0, |[Aj_y| > 0 for k = 0,1,...,¢—1, |[V}| >0 for i = 1,2,.
Further, the assumptions on ¢ imply that A (k) > 0 for k = 1,2,...,¢ and that h.(k) — ) > 0

for k < <. Hence, 2.(y) + g(J) > 0 for j = 1,2,...,¢, which concludes the proof of Lemma 4.2. )

Proof of Lemma 4.3.
Let us show that the lemma is true if

Tingel0) > T 146(0), (A~11)
when condition C',_1. m > 1, is not satisfied. We use an induction argument.

First notice that, cf. (4.12), (4.13),

-'L'm+c(k) — 2 Z:l—-o Tgelt) — A g/(\].,) + fr-1 :L"m+c(k - 1)’ 1<k<m+ C;(A.l?)
« Zm+L € m+c( ) + Hm4e 7/n1+c( m + (-)

Tmyelm+c+1)

s A.13
forall me > 0, ¢ > 1.

Basts step. Assume that Cy is not satisfied and let us show that @y (k)+g(k) >0for1 < k< 1+
From (A.12) and the inequality (A.11) (with m = 1). it is readily seen that

Tigelh) > ac(k), for 0 <k <e, (A.14)
which implies from Lemma 4.2 that

ipe(h)+glh) > ao(k)+ glk).
> 0.

for k =1,2,...,¢

Further, of. (A.12), (A.13), (A.14).

aYicg ¥ieell) = Mgl + ¢) + petiyelc)

Tipell+c¢) = \
a Y i—p (i) — Ayl 1+C)+HLL((C)
>
A
(b + o) - Mgl +¢)
= 3 .



and so
el 1+ O o140 > 22 (el o) +g(1+0),
> 0, (A.15)
from the assumption on Cp.
Inductive step. Assume that none of the conditions Cy,C),...,Cpn_2, m > 2, is satisfied and that
Tm—i+e(k)+g(k) >0, for1<k<m-1+ec (A.16)

Let us show that 2n,4c(k) + g(k) > 0for 1 < k < m + cif Cpy_y is not satisfied. It is easily seen
from (A.11), (A.12), (A.13), that

Tmac k) > Xpr4elk), for1l<h<m=~1+4¢ (A1T)

A2Tm—rte(m 4+ ¢) = Adig(m + ¢)

; (A.18)

l'm+c(7n' +c) >
Consequently, a,,4(k) + g(k) > 0for L < k< m~1+cfrom (A.16) and (A.17), and Zpqc(m +

)+ g(m+¢) >0 from (A.18) and the assumption on C,,,_;.

We are therefore left to prove that (A.11) holds if the condition C,,_1 is not satisfied, m > 1. More
precisely, we shall show that

A . {ep ,
[mm—i—c(o) - xm.—l-{-c(,o)] |Am+c| = ?1 /\771—1-}-‘. (BL - ’\2> ["vm—1+c(,7n + C) + g(m + C)]a (Alg)
( 1

for all m > 1, if €, is not satisfied (i.e.. 2, _14c(m + ¢) + g(m + ¢) > 0), which will prove (A.11)
since |Aptc| > 0 and cu/Fy — A2 > 0. The proof decomposes into 3 steps:

Step 1: Computation of &y pc(m+¢) + glm + ¢)
Recall the definition of Ay (cf. (A.7)). Let

M,}_l(cr + A, ), itk > 1

Y, = I, if kb =1; (A.20)
if k =0.

With these definitions, we easily obtain that
I!\kl = (l;l‘+/\)‘.’\A-__]l%‘(l")"/\‘_ll; (AZ].)
el = ol + e, (A.22)

for £ > 1, from which we deduce that

A | Akm1] = g | Ak) - o Yil; (A.23)
)‘/'L/\|)’/\—l| = (O+ /\)l)kl - ,U,A-Ix'\kl, (A24)
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fork > 1.
By means of the recursion
11:m+c(7n + C) |Am+c| = "/\1.’/(777' + C) |A'm.—]+c| + Mm—14c -7:m+c—1(7n -1+ C) IAm—l-f-cI, m 2 0,

that follows from (A.4) we obtain for m > 0,

m+c m-—1+4c¢
-'L'm+c(,7n + ¢) |Am+c| = -\ Z !](]) IAj—I‘ H Hi, (A25)
i=1 =
m & . (C — 1)' c—=73
= =M (ep) Z.’/(J)(j i # |Aj-1l
i=1
m .
= M D) g( e ep)™ T Ay, (A.26)
=0
where by convention we have assumed that Z?:l -=0.
Next, we introduce the new quantities
i ._ M pola+ e/ = A +ep/Bh), ifm 2> 1,
Ayt = A+ ep/ 3y, if m=0;
f, , = “/17(;1+c—](("ac/~5///31 - ’\21 ’\] + Cl"/ﬂl )s if m > 13
mt cuf3 — Ay, if m=0.

Then, for m > 0, ¢ > 1,
Appr] + Vet Vgl (A.27)

|Am+c| = IAc—l

For ¢ = 1, the proof of (A.27) is trivial by noting that .—i,,LH = Ay when ¢ = 1, Ag = 1 (cf.
(A.7)) and Yy = 0 (cl. (A.20)). For ¢ > 2, the proof follows from Lemma A.l.

For these new matrices, it is easily seen that for m > 0,

el = (o + M)Al + e |Val: (A.28)
Vg1l = Cl‘l-‘Lni"*'ClII‘:’:nl, (A.29)

from which it {follows that for m > 0.

|‘~"m+l| = ]-"im+1| - A |-'jm[:, (A}O)

| Apgal = (a+ A+ ep)|dma]| — cu MAnl, (A.31)

provided |Ag| = L and |V = 1 — A3 /(cp).
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Further, (A.27) and (A.30) imply that for m > 0,

|Am+c| = (IAc—ll + |Y*—1|) |fim+1| - A |Yc—1| I/im| (A-32)
Introducing the matrix

Ry = My . 1(atAa,a+A), iftm2>1;

ey a+ A, if m =0,

we have similarly to (A.32)
Amael = (IAc2a] + [Yeoa]) |1~\m+1l ~= MY |Am|’ (A.33)
for m > 0, with the convention that |Ag| = 1.

Using (A.33), (A.26) and the relation 2., _14.(m+¢) = 1 & p_14e(m — 1 + ¢), cf. (4.14), we finally

obtain for m > 1,

[-'L'm-l+c(7n + C) + g( m+ C)] ,Am—H-CI =

o1
mel % le=10 .
9(m+ &) [ Am—ygel = A1 Br ()™ Y 9(d) Ej — 1;, 1T AG ] -
i=1 .
m—1 ) . _
MBS gl + N en)™ 7 [Udeml + [Yeut DA = AYerr| [A524] (A.34)
j=0
Step 2: Computation of ¥, 4.(0) — wpy—14.(0)
In order to describe @, +.(0), we introduce the matrix
P -""1{:1+,_1(Cl'-c'ﬂ/51 — A Mt ep/d), f1<j<m+c
me e/ By — A ifj=m+ec.

By straightforward manipulations with the determinants, it can be shown that

I-"\/n (l - "n]l, cl ey - f— r]
Tagel 1) [ el = =My g(1) =2 2+ M D g N TVl m> 0.
=2

A

From this relation, it follows readily by using (A.12) with & = 1 that

/\] m+c . _ ]
Tmtel0) | Ange] = o Z g(j) N : “/':'77L+c|‘ m 2 0. (A.35)
T

From the definitions of the matrices V! | and V414, we have

Vit = Vit 14y (A.36)
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for ¢ < 7 €< m + ¢. Further, by applying again Lemma A.1 to ‘/’,’,'"Hc it is easily seen that

V2, = IW HAmer] 122 1Vl (A.37)

m

for1 <j<e¢—-1,m2>0, where

W = M;.'_Q(a,a,a-k A), if1<y<e—-2;
-1 a, ifj=c-1;

71
éc—l

M _y(@ tetspiemt), if1<j<e—2;
He—1, ifj=c¢c-1.

These matrices satisfy the recursions

(a+ MWl +alZ4); (A.38)

eu (W21 +122_41) (A.39)

W

It

122

for j = 1,2,...,c— 1, ¢ > 2, while |W¢| = a and |Z¢] = ¢p for ¢ > 1. With the aid of relations
(A.36) and (A.37) we may rewrite (A.35) as

/\1 c~-1 . - . - . _
Cnre O Antel = 223 90NN WL A+ 122401 Vi
J=1
/\ m . -
+ =2 Zg(c + AN Vo5, m > 0. (A.40)
a =0

Hence, for m > 1,

[a
’\_l ["L.HH-C(O) - Im—H—c(O)] |Am+cl I-“m—-]+c1 =
~ : c—-1 )
(IAm-{-lI ‘Am—l+c] - I“lml 'Am-h:‘) Z f/(./) /\J_l “’Vé’_l!
=1
. ’ N c—1
+ (l":m+1] |-‘1m—l+CI - IVm| ]A"lm+C|) Z.’/(]) ’\'/—1 |ZL{—1|
=1
+ glm+ c) ATt I‘T"l' | V1]
m—1
+ S g N (W A rgel = Vs A - (A.41)
J=V

It can be shown by induction on m (and by using (A.31)) that for m > 1 and 3 =1,2,...,m -1

orm=1and 7 =0,

it t V] = Ll W21 = A (™= =2 X777 [P A, (A.42)

23



By applying (A.27) and (A.42) to the first two terms in the right-hand side of (A.41), as well as

(A.30) and (A.42) to the last one, it is straightforward to reduce (A.41) for m > 1 to

@ .
/\_1 [$m+c(0) - l'm—l-f-c(,o)] 'Am+c' ,A7n—l+c| =

c—1 _ _
MBrlen) = X [T 3 g MY (Vema W2 | = 1Acmnl 1Z24]) +
=1

m—1

g(m + ) A"V Aol + 3 90 + ) M (ep)™ 179 Am=1He | x

=0

(MYemal 1A 2] = BAeoa] + Ve D1A1) -

Step 3: Proof of (A.19)

(A.43)

We are now in position to prove (A.19). For ¢ = 1, it is seen from (A.34) and (A.43) that (A.19)

is true.
For ¢ > 2, it follows from (A.34) and (A.43) that the relation

!

c—1
i _ o—1 . (C_l)' c—3 .
e ;gu) G il

c—1
>N (Wemd [ IWEL | = [Ae] '
i=1
has to be proved in order to establish (A.19).
For ¢ = 2, this relation reads
YW = Al 127] = =Ap Al

which is true since |Y1] = g JAo] = L, ]\l = a + A, W = a and |Z}] = 4.

Now suppose that (A.44) holds for some fixed ¢, ¢ > 2. Then,

= . c! 1 .
A* Zﬂ(.]) . =TT Ly = A gle) ep (Ao
y=1 (J - l)
c—1 ‘ .
+ e 3 gV T (1A 128 ] = Yol IWEL])
Jj=t

On the other hand, using the recursions (A.21), (A.22), (A.38) and (A.39), it follows that

> g (IAd1ZE = WD) = X7 gled (el Al = alY)) +

_/:l

c—1 . .
New 3 g N T (IAecal 122, = Vel W24])

)=1

(A.44)

(A.45)

(A.46)



Finally, by using (A.23) with k£ = ¢, it is seen that (A.45) and (A.46) are equivalent, so that (A.44)
holds for ¢ instead of ¢ — 1, which concludes the proof. g

The notation introduced in the proof of Lemma 4.3 will be used in the remainder of this appendix.

Proof of Lemma 4.4.

By using (A.25) and the identity 2,,4.(m +c+ 1) = /31 Tmic(m + ¢), it follows that the condition
C.,m 2> 0, can be expressed as

m+c m+c
1,81

Z 9(j ) H (A.47)

m [o4 .

gm+1+4+¢) <

On the other hand, it is easily seen from the definition of the matrices Apyc, Ymye and Apyyc that
form >0

(Amacd = (1 + ) Amereed + (5 = Ao ) Ynoril, (A48)

which implies, together with (A.21) and (A.22), that for m > 1

I4m+(_| - ’\1 lAm 1+L1 + B IAm 1+Ll (A49)
Repeated applications of (A.49) give for m > 1
cp\™ m+c cp m+c-J ‘
sl = (2) 140 Y (2 Al (A.50)
IBI J=c+1 ﬁl

Note that (A.50) trivially holds for m = 0.

With (A.50) it is easily seen that (A.47) reduces to

cu m m+c cL m+4c—j
gm+ 1+ c) [(U—l) Adexn S ()
E 71

J=c+1
(C m+c )
< /\1/31 Zum+c Jem (J I/\/ 1|J(])+ /\l »31 Z (Cu)m+c—1 l‘,.\]._1|g(j)’ (A'Sl)
7=1 1=c+1
for m > 0.
Because a is such that
¥ < 3 <1, (A.52)
and generally (see (2.3))
glm + 14 ¢) <Yt g5y (A.53)
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for 7 > ¢, it follows that

m+c cp mec—j3 mtc .
gm+1+4¢) > <-> Al < B Yo (en)™ 77 Aol 9(5)- (A.54)
j=c+1 ‘Bl 1=c+1

Further, (A.52) and (A.53) implies that

lim M =0

mloo ﬂ{" ’

so that there must exist an M (that clearly depends on @), 0 < M < +o00, such that forallm > M,
1<j<e¢

m+14+c ;e — 1) .
A9 a < Sl o) (A.55)
1 .

By combining (A.51), (A.54) and (A.55), we finally see that C,, is satisfied for all m > M.

The proof is coucluded by observing that such an M also exists for « = 0, since 8; = 1 if @ = 0,

cf. Section 4, and since lim,, 1.0 g(m) =0. g

Lemma A.1 Let ¢ > 2 and define

M a4+ Abg,co), ifm>1;
A771+1(00’CO) = 'n1+(.—1( + 0 0) Zf

o, ifm=0;

~ MS . labg, ), tfm > 1;
V. ; . — m4c-—1 s 5 3 - < 1,
m+l(b0s CO) b07 Zf m = 0’
; M! (ag,o,a+ N), ifl<j<c-2
WJ ((1,0) = c—2
et do, ifj=c—1;
M (a0, pemrspemr)y f1<j<c—2

z! = A
c—l(aO) Lot U] —c—1.

—N— — N A

Then,
|M2 L= W2 | A1 Doy co)] + 122 (o)) [ Vi1 (Do, co)ls (A.56)

Jor1<j3<e~1,m>0, and for any constants ay. by and cy.

Proof. We use an induction argument. Assume that m = 0. Then, it is easily seen from definitions
(A.l) and (A.2) that (A.56) holds for j = 1,2,...,¢ — 1 and for arbitrary constants ag, bo and co.
Assume that (A.56) holds for m = 1,2,...,n, j = 1,2,...,¢ — 1 and for arbitrary constants ag, by
and ¢o. Let ag, bp and ¢g be fixed arbitrary constants and let j € {1,2,...,c— 1}.. Then, cf. (A.1),

|A/Ii+c(tto, by, CO)l €y lA'ji-{.-c_](aO- a, o+ ’\)I + tntc |Ali+c_1(a0, bo, b0)|7

= |‘/Vg_1(“0)| (CO I“iu-fl(’-tv o+ /\)| + Hutc I/i'n.«}-l(b()’ bO)I)

+

1Z!_1(ao)] (Co [Virr(a, o + A)| + poge |Vn+1(bo,bo)|) )

C
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by the induction hypothesis. The proof is concluded by observing that

|An+2(b07 CO)l

[ Vet 2(bos o)

Co l-"in+1(aaa' + /\)l + lnte |An+l(b0al’0)|§

€0 |Vn+1(ava + ’\)l + Untec |Vn+1(b0a bO)la

I

from the definition of the matrices /-imH(-, -) and ‘7m+1(', S |
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