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An algorithm for the Forward kinematics of general 6
d.o.f parallel manipulators

Un algorithme pour la cinématique directe des
manipulateurs paralléles généraux a 6 degrés de liberté

Jean-Pierre MERLET

Programme 6
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Résumé

La cinématique directe des robots paralleles a été étudiée pour les architec-
tures mécaniques dans lesquelles le manipulateur présente, en dehors de la base
et du plateau mobile, des faces planes. Dans ce cas on sait que l'on peut se
ramener, en général, a la résolution d’un polynéme mono-variable de degré 16.
Mais la technique employée pour obtenir ce résultat ne peut se généraliser aux
manipulateurs sans faces planes. Aucun résultat sur ce sujet n’existe dans la lit-
térature que ce soit pour obtenir ’ensemble des solutions possibles ou concernant
le nombre maximum de solutions. Nous proposons un algorithme permettant
de trouver ’ensemble des configurations solution et montrons que le nombre de
solutions est majorée par 1320. Enfin nous exhibons une configurations a 12
solutions.

Abstract

Forward kinematics has been studied mainly for parallel manipulators with
planar faces. In this case the size of the set of equations from the inverse
kinematics can be reduced from 6 to 3 and this last set can be combined into a
polynomial in one variable of order 16. But this method cannot be extented to
general parallel manipulators without planar faces for which there is no known
results. We present here an algorithm for the forward kinematic of general
manipulators and we show that the number of solutions is bounded by 1320.
We present a configuration with twelve solutions.



1 Introduction

Parallel manipulators present a great interest for many industrial tasks due to
their high positionning ability and high nominal load. Many applications has
been presented in the past either for flight simulator [13] or as robotic de-
vices [4], [3], for example with force-feedback control [12], [8], [9]. This kind of
applications uses both inverse kinematics (which is in general straightforward)
but also forward kinematics. The later is known to be a difficult problem from
a long time [1]. The problem of the direct kinematics has been addressed for
manipulators where the mobile plate is a triangle and each of the three articu-
lation points on the vertices of the mobile plate are shared by two links. In this
case Hunt [5] conjectured that there will be at most sixteen solutions and this
conjecture has been proved geometrically in [10]. Then it has been noticed that
for a fixed set of links lengths each articulation point of the mobile plate lie on
a circle which center and radius may be determined through the links lengths.
Thus its position is fully defined by one angle. By expressing the position of
the three articulation points of the mobile as a function of the 3 angles and
writing that the distance between these points are known quantities one get
three equations in the sines and cosines of the unknown angles. Nanua [11] has
combined these equations to get a 24th order polynomial in one of the unknown.
Then it has been shown that the order of this polynomial can be reduced to
16, with only even power, if the lines normal to the circles and going through
their centers lie in the same plane and a numerical procedure has enabled to
find many configurations with sixteen assembly modes ([10], [2]). In [10] other
cases has been considered for the position of the lines: if the lines are no more
coplanar but intersect or are parallel we may find a polynomial of order 20 and
if the lines are in a general position the order will be 24. In the same paper it
has been shown that it is possible to find the direct kinematics polynomial for
most of the various manipulators find in the literature (as soon as the mobile
plate is a triangle) with this analysis and an extensive study of the number of
solutions has been performed. It has been noticed that the number of solutions
will be bounded by 16 whatever is the number of d.o.f of the manipulator: for
example both new prototypes of parallel manipulator developed at INRIA will
have at most 16 assembly modes although one is a 6 d.o.f manipulator and the
other only a 3 d.o.f rotational wrist. A very recent work [6] has proposed a
method to find a polynomial of order 16 in every cases i.e. a minimal polyno-
mial. Thus this paper seems to conclude the study of forward kinematics for
parallel manipulator with a triangular mobile plate.

But this method cannot be applied if the manipulator’s mobile plate is not
a triangle. In this case the manipulator has no more planar faces. A recent
work [7] has addressed the problem of a manipulator with 4 planar faces and
two non-planar faces. But basically in this case the resolution consists in find-
ing an equivalent manipulator with only planar faces. Thus, to the best of
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Figure 1: Top view of the considered manipulator

our knowledge, no paper has addressed the problem of the general manipulator
either to find a polynomial formulation or an upper bound of the number of
assembly modes. We propose here an algorithm to find all the assembly modes
which gives also an upper bound of the number of assembly modes. This algo-
rithm reduces the size of the set of equations to solve from 6 to 2 and we present
a numerical procedure to solve this reduced set.

We will consider here the case where both plates are hexagons with a sym-
metry axis (y and y, in Figure 1).

All the articulation points A; on the base are coplanar as well as the artic-
ulation points B; on the mobile. The links are numbered from 1 to 6 and we
define a reference frame (O,x,y,z) where y is the symmetry axis of the fixed
base. We then define a mobile frame (C,x,,y,,z,) for the mobile with y, the
symmetry axis of the mobile plate. The coordinates of the articulations point
A; in the reference frame are (za;,ya;, za;) and for convenience the axis z of the
reference frame is chosen such that za; = 0. In the same manner the coordinates
of the articulations points B; in the mobile frame are (zb;,yb;,0). The position
of the mobile plate is defined in the reference frame by the coordinates of point
C'(z0, Yo, 20) and its orientation by three Euler’s angles 1,8, ¢ with the associ-
ated rotation matrix R and p; will denote the length of link i. The subscripts
will be omitted each time there cannot be any misunderstanding. A subscript
» will denote that the coordinates are expressed in the mobile frame.



2 Relation between C' and R

We will consider here the expression of a links length p as a function of the
position and orientation of the mobile plate. We have:

AB =A0 4+0C +CB =A0 +4+0C + RCB, (1)

Therefore:

p* = A0 A0 "+CB, CB, T+2(40 T+CB, "R"OC
+240 TRCB, +0C oC T (2)

The forward kinematic problem is to find the solutions (i.e. OC and R) of a
system of 6 equations of type (2) for a given set of links lengths. Let us denote
d 4 the distance between A and O and dp the distance between B and C. These
quantities are constant and are defined by the geometry of the manipulator.
Thus equation (2) can be written:

P = d%+ &% +2(A0 T+ CB, TRT)OC +240 TRCB, +0C 0C T (3)

Let us consider now two links. We define:

Usj = dj, +dp, — 4, — dp Wiy =A0 T-A4,07

J

T, =CB, T-cB; T Sy = A0 TRCB;, — A;0 TRCB;,

We notice that U;;, W;; ,T;; are fully determinated by the geometry of the
manipulator and that the S;; are only dependent from the orientation of the
robot. Let us define p;; as:

pij = p. —p; (4)

Equation (4) can be written as:
pij = Uy +28; +2(Wy; +1;; "RT)OC (5)

This equation is linear in term of the coordinates of C. If we consider the
three equations pyq, pss, pes we get thus a linear system S in the three unknowns
To, Yo, Z0- 1Lhe resolution of this system enables to find the coordinates of C' as
a function of ¥, 8, ¢. Thus we have:

% = ﬂ (¢a 97 ¢) (6>

Through the geometry of the problem we may notice that if a set (1,0, ¢)
yields to a solution (¢, yo, 20) then the set (¢, —6, ¢) must yield to the solution
(20, Yo, —20). This means that for a given set of links lengths and corresponding
angles we must find the symmetrical configuration with respect to the base as
a valid configuration.



The system S has been solved and the values of z¢, 0,20 are given in Ap-
pendix 1. The previous remark is satisfied during the resolution. The determi-
nant A of the system is:

A = 32sin §(zagrbs — xazzby)(sin(ybs — yby) + sin ¢p(yas — yay))  (7)

which will vanished if sinf = 0, sing = siny) = 0 or sine(ybs — yby) =
—sin ¢(yaz — yay). In a first step we will suppose that none of these condi-

tions is fulfilled.

3 The ¢-curve

The system S being solved we may report the values of g, yo, zo back in the
two equations pag, p3s. An interesting remark during this operation is that these
two equations can be written as:

uycos +uy =0 vycosf + v, =0 (8)

where wuy, uz, v1, v contain only terms in sine and cosine of ¢, ¢. These equations
are described in more details in Appendix 2. From these two equations we may
get an equation in ¥, ¢ by writing the constraint:

U9 — vouy = 0 (9)
which yield to:

p1sin® ¢ + py cos® b + (pay cos b + pag) sin® b +
(pa1 sinap + pag) cos® b + sin¢p(psy cos h + psz) + pscosp =0 (10)

where the coefficients p; are independent from ). These coefficients are described
in Appendix 3. If we define ¢ = tan% equation (10) is then a sixth order
polynomial in z. Let us consider this equation for a given ¢ = ¢;. We get then
at most 6 solutions in ¥, ¥, 1 < ¢ < 6. For each pair ¢,,1s; equation (8)
yields two solutions in 6, (65, —6;). Thus for a given ¢, we get at most 6 pairs
of possible solutions (¢s,1s;, 05), (¢s,1s;, —05) which in turn yields to six pairs
of solution for C, OCy, ,0C,;, with:

ZCOI $02
OCL. = y01 OCgi = y02 (11)
20 20

1 B 2 B

But by using the remark done during the resolution of the system & we know
that zo, = o,,%, = Yo,,%0, = —20,- Thus the second set of solution OCj,

represents simply the symmetrical configuration with respect to the fixed base
of the first one. Thus for every ¢ we get at most a set of 6 possible solutions
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Figure 2: A typical ¢-curve (¢ in degree)

of the forward kinematics. They are only possible solutions because during the
resolution we have used only five equations (i.e. pi2, pas, Pes, P24, p3s) among the
set of 6 independent equations defined by (2) and therefore we have to verify if
the links lengths associated to these solutions are identical to the initial set. In
order to verify the validity of a solution we define a performance index C:

6
C=>_llps, = pill (12)
1

where p;, denotes the length of link i for a possible solution. This index will
vanished for each solution of the forward kinematics. By the use of a discretiza-
tion of ¢ we are able to draw a plotting of C as a function of ¢ which is called
a ¢-curve. It is shown in Appendix 4 that the discretization of ¢ has not to be
done between [0,27] but only between [0, 7] because any solution in the range
[7,27] will give identical solutions to those find in the interval [0, #]. By look-
ing at the ¢-curve we can determine among the possible solutions those which
have a performance index close to zero. These solutions are then fed to a least
square algorithm which enables to get the exact solutions. For example if we
consider the ¢-curve described in figure 2 it appears that 4 solutions have an
index close to zero. Taking into account the symmetrical solutions we will thus
have 8 solutions for this particular case to which we have to add the eventual
solutions corresponding to the particular cases of the resolution of the system

S.



4 Particular cases

The previous section does not deal with particular cases for which the determi-
nant of the system S vanishes.

First we consider the case where sin# = 0. In this case p;, is linear in term
of zg. Then p3y becomes linear in term of y,. By using this results p2 can be
written as z5 +c¢ = 0. Thus we get two possible solutions and have only to verify
if the corresponding links lengths are the same as the original set.

If sin(ybs — yby) = — sin ¢(yas — yaz) then equation pgs does not contain
any term in zg. It is possible to show that the ¢-curve will be identical if we
choose any other equation instead of pes. Thus the only change compared with
the general case is that we use another equation to compute the value of z,.

If sinty = sin ¢ = 0 then p4 is linear in term of xy. Then poy4, pgs are linear
in term of yo, zo. We expand p? and if we define z = tan % we get at most fourth
order polynomial in x. Thus we get a four possible solutions and have only to
verify if the corresponding links lengths are the same as the original set.

5 Maximum number of solutions

The solution of the direct kinematic problem is the solution of the set of equa-
tions:

Uy cosf +uy =0 (13)
vy cosf + vy, =0 (14)
pi(¥,0,6) = pi (15)
If we define x = tan %,y = tan %, z = tang this set is a set of multi-variable

polynomials. The higher order term of the first equation is z*y*z? (term wuy3

in uy) and therefore the order of this equation is 6. The higher order term of
the second equation is z*y*z? and therefore its order is 10. The order of the
last equation can be tediously found as 22 (see Appendix 5). Using Bezout’s
theorem we can thus state that there will be at most 6x10x22=1320 solutions.

6 Algorithm and Numerical example

The following algorithm has been implemented:

o verify if the initial set of links lengths can satisfied the particular cases and
find the corresponding configurations.

e compute the performance index C for a discretization of ¢ in the range
[0, 7] (a step of one degree seems to be sufficient).



o if C is sufficiently low use the possible solution as an estimate for a least-
square method.

This algorithm has been used for a manipulator with the following characteris-
tics:

number | z, Yq T Up
0 -9.7 1941 -3 7.3
2 12.76 | 3.9 | 7.822 | -1.052
3 3 -13 | 4.822 | -6.248
The initial set of links lengths is determined for the configuration zq = —5,

Yo =5, 20 =17, =0, 0 = 30, » = 0. The six over-the-base solutions are given
in table 1 and the corresponding configurations are presented in figure 3.

7 Conclusion

The proposed algorithm enables to find all the solutions of the forward kinemat-
ics problem for a general 6 d.o.f. parallel manipulator. Although the computa-
tion time is rather important (about thirty seconds on a SUN 3-60 workstation)
it is a first step toward a general resolution of the difficult forward kinematics
problem. The upper bound of the number of solutions is probably overesti-
mated: we plan to continue to work on the equations to decrease it.

X | %o | =0 | ¢ 6 E |
-5.0 5.0 17.0 0.0 30.0 0.0
4.8641 3.2024 14.6063 323.627375 | 95.320208 36.371860
-10.993397 | 1.780824 | 12.329258 | 206.593364 | -77.993466 | 153.406322
-5.0 -7.648977 | 11.288760 | 0.0 -118.179036 | 0.0
5.502910 -4.708340 | 8.390066 | 68.130481 | 127.378302 | 111.871026
-4.693844 | -2.020516 | 5.186273 | 88.941651 | -82.951268 | 91.057316

Table 1: Solution of the forward kinematics problem (all the angles are in degree)
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Figure 3: The 6 configurations for which the links lengths are identical (perspective, top and
side view). We would get the 6 others solutions by putting the mobile plate in a symmetrical
position with respect to the base.
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8 Appendix 1: Resolution of the system S

We suppose that the rotation matrix is defined by:
R= V4 Vs Vs (16)
From the three equations pi9, pas, pes we are able to compute zg, yo, z0. We get:

2 2 . . 2 2
TboP5 — ThoP3 T 225y Sas — 22p,512 + To, P — Ty, P35
4zp,Tq, — 4%, Tas

g =

Yo = —xbol‘angvs - ybll‘bspngs
+2022 1, TaoV3 — 4S65TbsTa V3 — 2U652h, T ao V3 + 4Yb, Th, S12V601
+2yp, Ty, S120601 — 2545Tb, Tay Vs — 2Us, Th, PaVaV3 + 2Yp, To, 1 V43 — 4Yb, Ty, S120403
—24p, Th, S12V4V3 + 2T by Yo, P2V4VS + 2Tbo Yp, Sa5VaV3 — 2Tbo PaTay V3 — Yby Tas LoV
Y, Ty PIVEVI — Yby Tos PIVEVL + Yoy Tas P16 + AYby Sa5TagVe — 2Tpo Yoy P4VaV3
+4Zp, Yb, SasVav3 + 2Tp,Ta, SasVs + 2Tp, Tay S12V3 — 2250 Sa5Tas V3 — Ty Yoy P204V3
+4@p, Se5T sV + 25, Uss Tay U3 + 24524, 80 V3 — 2Yb, Ty, P106V1 + 2T 4y Ys, P31 0601
— 224, Yo, Sa5V6V1 — 4Tby Yoy Sa5V6V1 — 224y Th, S12V3 + Yb, PeTagVs — Yoy PaTaq V6
—225, Y, PEV6 V1 + 2Yb, PETag V6 — 2Yby P1Tao V6 + 2Yb, Sa5Ta, V6
—2ybzxa3p§v6 + Ibuyblpi%m - mbuyblpévavl + xaﬁbspfvs
+2Ub, Tay P06 — AYb, Tay S12V6 — 2Us, Tay S12V6 + 2Ys, To, P3V6V1
—péxbzraovs + l’bupixaavs + yblm63P§U4U3 + xboyblpng?,
—Za,Th, P3V3 + Ty Tay 303 — P3Th,TaoV3 — TbyTay P13
—ZbyTa, P33 — PETsTagV3 + PATH,TaoV3 + ThyPaTa,Vs
/8Yb, T, T ag V6 Vs + 4Yb, Ty, T o, VVs — 423, Ty, V6Yp, Vo — 8TpoTa, VeYp, V2
—8Yby Ty LagV5V3 — 4Yby Lbs Tag UsV3 + 8LboLas Yoy V5U3 + 4850 Las Yby Vs VU3

+8ya2 ThsLag V3 + 4ya1$bg LagU3 — 8wbg YaryTaz V3 — 4$buya1 LqzV3

zg = _Qxauyang — 2%4,Ya, Sa5 — 21’(139(12/3%
+2%4,Ya, S12 — 4T 4y Ya, Sas + 2$auya2pi +4%4,Ya, 512
+4z4,Yp, SasVs + 2%, Yp, SasVs — 4Ta, Y, S12V5 — 24, Y, S12V5
=224, Yb, P3V5 — 284, Y, P3V5 — Tp,Yay P31 + Loy Ya, P11
+ Ty Yp, PIUSVL — TazTy,P3U2 + ThyTay P32 — PETH,TagV2
+ @by P3Tas V2 + Yby Toy p1V4V2 — 486588, TagVs — 2Ue5Th, T agV2
—2S45%p, Ty V2 — 2Yp, Th, P304V + 2Yp, To, P04V + 24, Yo, PEV4VS
— 225, Yp, P4V4Vs + 2250 X ay Sas V2 + 4Yb, Tos S12V5V1 + 25, To,y S120501
— 22, Yb, PEUSVL + 2Zpo Yb, PaV5VL + 225, Uss T as Vs + 2S45Th, Ta, Vo
+2022p,Ta0V2 — 2Tb,Yay S12V1 + 2T by Yan PEVI — 2T b Ya, PaV1

+424,Ya, SasV1 + 2250 Ya, SasV1 + TagYa, Pa — TaoYar Pa

11



—Las y(llp% + xdsydlpg - 4xb0yb2545v5v1 - 2xbgyb1545v5vl

— 220, Ya, 301 + 280, Yar V1 — 4T0yYa, S12V1 — TooYb, P1V4V2

+2boYar PEVL — TboYar PAVI + P4Tb,TaoV2 + 2Ta, Yo, P1 05

+22p, Ty S12V2 — 24y Sa5ay V2 — 2Tpo Paay V2 + 42h, Se5Tay U2

o PETas V2 — ToyTaypTV2 + TayTh, PTU2 — Thy Tay P4V

—PETY, TV + TaoYb, PEUS — TagYb, PaVs — 4Yb, Tos S120402

— 2y, Tb, S12Vav2 + 424, Yp, Sa5vava + 225, Yb, Sasvava + 2Yp, Tp, P3V5V1
—2Yb, Ty, PTVUSVL + TpyYb, PRVAVY — P3TbsTagV2 + Yb, Toy P35V
—Yb, Tb PTU5VL + 2a,Yas Py — Tas by P305 — Yb, To, 3042

+Tbo Tay P2V2 — 2Tay Toy S12V2 — TooYby PRVSVL + 2T agYb, P25 + TayYs, P1V5
[8Yb, T, Lay VeV + 4Yp, Ly, La, VeV2 — 4LbyLayV6Yb, V2 — 8Lb,La, V6 Y, V2
—8Yb, Ty Tao V53 — 4Yp, Thy Tag V503 + BT p Ty Yo, Vs V3 + 4T, Ta, Yp, UsU3

F8Yar T3 Ta V3 + 4Ya, To3TaoV3 — 8Ty Yay Tas V3 — 4TpyYa, Ty V3

9 Appendix 2: Factorization of p.4, p3s

The equations (8) are of the form:

uy cost +uy =0 (17)
vicosl+ vy =0 (18)
Uy = Uyl COS P SIin ) + uiosin ¢ cos (19)

with u11,u19 constants defined by:

= _4£d2xd3xboybz - 4%0%2%3@/50 + 41’(101’(1373(723160 - 4%0%3%2%3

F4T 0, Ta,Tho Yoy + 4Tag Tay Toy Yo,

= 4xaszomb3yd0 + 4xdumbsza Yas + 4xa3xbumb2yaz - 41‘431‘1]0 ThaYao

_4xa2mbuxb3ya3 - 433(10331721363%2

Uy = Ugq COS G SIN Y + Ugo SIN G COS Y + U3 (20)

with us1,us9, ugs constants defined by:

= 4xaszuxbayao + 41’(10:85213173 Yas + 4xaaxbuxbzyd2 - 4:6(13:650 ThaYao

—42 4,25, TpYas — 4L ay oy Lo, Yay

= —4$a2$a3$boyb2 - 4%0%2%3960 + 4»’8(10»’8@3%23/170 - 4%0%3%2%3

F420,2a;T0o Yy + 42agTar Lo Y,
_ 2 2 2 2
U23 = P1Tay;Th; — Pala,Thy +p62dgzbg — P3LagThs
2 2 2 2
+P5%TasTh, — P1TasTh, — P5%agTby + P1TagTh,

2 2 2 2
—PETa3Tho T P3Ta3Tho T P5TazTho — PaZaz The

12



Then
vy = w1y sin? ) + vy cos? Y + vy3 (21)

with:

V11 = V111 COS¢—|—U112 sin¢ (22)

where v111,v112 are constants defined by:

2 2
vin = 456(12:6(13:650 Yo, — 4%0%3%21}5 + 4xd0xd2xbaybzybs - 4xd2xdsxboybzybs
3 3
_4xdoxd2xbayboyba + 8xdoxd3xbzyboyba - 4xd2xd3xboyboyba - 4xdoxd2xbayboybz

2 2
+4$a22a3$boyboybz + 4%0%2263%0 - 4$d0$d3$b2ybo

2 2
V112 = 4xa0xboxbayba — 426020y Thy Loy Yoy + 4LasLas oo T, Yby — 4%0%3%0@/53
2 2 2 2 2
F4Z 40 Tas Ty Yo, — 485, T TosYby — 425 TooTb3Yb, T 4ag as Ty, Yb, — 400 TasTh, Yoo
2
F4200Ta, T, Tos Yby T 424, Too To3 Yo — 4TasTas Toy o, Yo,
Then
V192 = 81N ¢U121 (23)

with v1; a constant:

V1ot = ATboTb,YagYas Ybs — 4TboThy YasYas Uss + ATboTh,YagYas Ubs — 4TboTb, Yag U,
+4T o Ty, Y, Yoy — BTby Ty YaoYas Ybs + ATbe Tos Yoy Yby — 41, Tos Yo, b
420, L0 YarYas Yoo T 42850 Tb3YaoYas Yoo — 4LboLhsYaoYaz Ybo
and:
v13 = v1318in” ¢ + via (24)
and
V131 = V1311 8% + V1319 (25)

where v1311, V1312 are constants defined by:

V1311 = 4magma3ya2y[33 - 4xa0xa3 yagyl?s - 4%0%33}%%23}63 + 41‘(101‘(13 yagybgybg
F4% a0 Tas Yas YboYbs — 8TaoTazYas Yoo Ybs + 4%aoTasYao Yoo Yos + 4TaoTasYas Yoo Ybe
_4:6(1039(13 Yao Yoo Yoo, — 4xa0xa3ya3 yb20 + 4xa0xaayazygo - 4xduxdzmbszayda
+4I301‘501’53 yds + 4mdzmdambuxbzya3 - 4xduxd3x20ya3 + 4xduxd3x23 y(lz
—41‘335&’501‘53@;@2 - 41‘301‘501‘53%12 + 4%0%31‘1270%2 - 4%01‘@31‘1273%0

2
+41‘a0$a2$b21’53 Ya, + 41’031’50.1‘533;&0 - 4$a2$a3$60$62ya0

2 2
V1312 = 4xa0 TpoZlbzYas — 4mazmb0$bayaa - 4$auxbz ZpyYayYas + 41‘031‘[,0 ThrYazYas
_4ma0x62xb3yagya3 + SxGbeDxbgyagyaa - 4£a3xbgl‘bzya0ya3 + 4ma0mbgmbgyagya2
2 2
_4xa3$bumb2ya0 Ya: — 4x¢12 TboLb3sYa, + 4ma3mb0 Tv2Ya,

Then
V132 = COS ¢(‘11 sin ¢ + (Z2) + q3sin¢ + g4 (26)

13



with

g1 = quicosy + qzsiny
g2 = qarcosysiny

g3 = gscosysiny

ga = qasiny

The ¢;; are constants defined by:

11 = 4(ya3 - yao)(xaaxbuyaz Yos = TazTooYao Ybo3 — TaoTosYas Yo,
FTaqThsYar Yoy — TasThoYar Ybsy

FTa3TooYao Yoy T TaogTsYas Yoo — xaozbayazybo)

q12 = _4(ya3 - yau)(xauxaaxbgyba — Tay,LazThgYbs — TagLar, Lo Yb,

+xa2xa3xbu Yo, + LaogLay ThsYby — Iduxdsxbzybu)

@21 = HYbs — Ybo )(ZayTboYarUbs — Las LooYaoYbs — Lag Loy YasYbs + Lag Loy Yas Ybs

—LazThoYar Yo, + LazLboYaoYbs + LagTbzYazYbo — Lag xbsydzybu)

31 = 4($a0$b2xbgya3 — L, Lo Loz Yas — LagLby LhzYag + LazLbg Loy Yas

+xa2mb0 TysYay — xas$bumbzyau)(yb3 - ybu)

q41 = _41’(10'73(13(3463 - ybo)(yag yba - yaoyba - yaaybg + ydoybg + yaaybo - yaz ybo)
Finally vy is defined by:
Vo = Va1 SIn% 1) + Vo cos® Y + Vo3 (27)
with:
V21 = V211 sin qﬁ 4+ v219 cOs ¢ (28)
Va2 = VU221 sin ¢ (29)
v93 = g1siny + gocost) + gzsin) cos) + g4 cos ¢ + g5 sin @ (30)
with
Va1l = 4A%a®biYazYb,Ybs — ALazTooYas Yb,Ybs — Aag by Yar Yoo Ybs + ATa3 oo Ya, Yo, Ybs
— A4 Tby Yas Yoo Yos + 4T a5 TboYas Yoo Yo + 4000 TbsYao Yoo Ybs — 4TasTboYao Yoo Yo,
4200 T0Yas Yo Ybo — 4az TooYas Yo Yoo — 4LagThsYaoYbo¥bs + 4La; TooYaoYbo Vb,
V212 = 436(103852 LbsYasYbs — 4$a2$b0xb3ya3yb3 - 4:8@0:852 LhzYar Ybs + 4$a3$b0$b2ya2 Yo,
+4xdszo$ba YaoYbs — 4xdaxbumb2yao Yo — 41}&01}()2{8173 YaszYbo + 4xaszumbayaaybo
+4xauxbsza YaYby — 4xa3xbumb2ya2 Yoo — 4xaszuxba Yao Yoo + 4xaaxbumbzyaoybo
U221 = 4zdszboydzy23 - 4md3mboydoy623 - 4$d3$boyd3ybzybs + 4xd3xbuyduybzybs

F4Z a3, Yas Ybo Ybs — 4%aoTbsYar Yoo Ybs — 4T asTooYas YboYbs + 4Tag TbsYao Ybo Ybs

H4T 00 Tby Yay Ybo Ybs — AT ag Ty YaoYbo Uss — 4T agToyYas Vs + 4Ta Ty Yas Vo,

14



and

g1 = gi1cos’ ¢+ giacosgsing + gi3 (31)
g2 = gnsin® ¢+ gazcosdsing + goa (32)
g3 = gzisin¢g+ gsacos¢ (33)
where g;; are constants defined by:
g1 = 4xa3xb0ya2ya3 Yos — 4xa3xboya0ya3yb3 - 413(1313170 YaoYar Yoy + 4xd3xbuyigybs

—4 T, Y Yy + 4 a0 oy YasYas by — 4Tay TooYaysYasYbs + 4Tao oy Yag Yas Ybs
+4T 0y Tbo YaoYas Yor — 4aoTosYaoYas Yoo + 4Ty ThoYaoYas by — 4Tasho Yoy Uss

F4Z 0,5, Y2 Ybe — 4T anhsYasYas Yoo — 4Ta0TbsYaoYasYse + 4Ta0 by YaoYas Ybo

2 2
J12 = 433(10331721363?4@3 —4$a2$b0$baya3 —4%056621‘1]3%2%3 +4xa3xbuxbzya2ya3
_41'(101'62 Zp;YaoYas + 856(12:650 TohsYaolYas — 4xd3xbo Tp,YaoYas T 4ma0mbszayaoyd2

2 2
—A24, 25, T0,YaoYa, — 4ayToo Loy Yg, + 4%a; 2o T, Ya,

913 =  PaTao@b,Ybs — ATayThoYasYasYos — P1TaoToyYbs + P3Tas,Yby
— P ay Ty, Yy — PETa0To¥bs + 2U658a0ToYse — 208 T anThs Yo
—2Ug5% ayThoYbo + 2P8% a3 ThoYbo — PeTaoThy Yoy — PaTaoThsYb,
—PiTay ToyYby + P3TaoToaYss + P TaoTosYss + PaTasTooYs,
—2U5% 00Ty Yoy + P2TarThoYbs — PaasThoYbs — 4T a0 ThsYao Yas Yo
+203TaoToaYss + 2Ue5Ta, Too Yy — 2U4Ta, ThoYss + P2Tas TooYs,
—P3Tas TooYby — P1TasTooYbs + P3TasToyYbo — PaTasThoYbo — PaTasTho Yo
—PEZay Ty Yby + PaTayThoYbe T 4Tag Ty YayYas Yoy — 2U24T a0 To, Yo,
+2Una% 0,81, Yb, — 4T a0 ThyYazYas by + 4TasThoYasYas Ybs + P2Tag ThyYs,
F P2 T a0 Ty Yoy — PETas o Ybe + PrLasThyYbo + PEE a0 Thy Ybe
_pixdoxbzybo - 2p§l‘a31‘bo Yoy — 4$a3$boya0 YazYbo T+ 4:’3&3:’350 YaoYasYbo
+P1Tay To Yoy — P3TaoTosYbs — P3TasToy Yoy + 2U24T a0 To, Yo,
+P3Tas TooYbs + P1TasTooYss + AT as TooYaoYas Ybs + AT ag by YaoYas Yoo

+4xd0xbsydo Yar Yb, — 4xd3xbuydoydzyb2 - 4xduxbsydoydzybo

921 = 4Ta,Ta,TooYas Yo — ATagTas To,YasYbs + 4Tag Tas ToyYao Yo, — 4Tay Tas TooYaoYbs
+41’a01’a21’63ya3962 - 4xa2xa3xbgya3ybz - 4mag$a2$bgyagybg + 4%2%3%0%0%2

—41‘001‘021‘[,3 YasYbo T+ 4mdumdambz Yas Yo + 4$a0$a2$b3 YaoYby — 4xaoxdaxbzyauybu

923 = ATagTayYao¥h, — 4TagTasYas Vi, + 4TagTayYasYosYbs — 4TagTayYaoUs, Yo
440 Ta3YasYbo Ybs T 8Tao®asYasYbo¥bs — 4Tao®asYaoYboYbs — 4CaoTasYas Yoo Yo,
+4xa0ma3yduybu Yo, + 4$agma3ya3y50 - 4xagxa3ya2y§0 + 4%0%21?623?533/(13
_4xigxbuxbayd3 - 456(12:6(13:650 LhyYas + 4ma0ma3m§0ya3 - 4ma0ma3m§3yaz
+4x33$bombaya2 + 47:307:50 Ty Yap — 4xa0xa3x50ya2 + 4xa0xa3x§3ya0

2
_4ma0ma2mb2xbgyag - 4%3%0%3%0 + 4%2%3%0%2%0
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924 =  PITyYas¥bs — P3ThyYasVbs + PaTboYasYbs — PaThoYasYbs
+P5Tb,YaoYbs — P1EbsYaoUbs — PaboYaoYbs + PaTboYaobs
+P5TbsYasYbs — P1bsYasVbs — PaTboYas Yoo + PaTboYasYbs
— P31y YaoYbs + PiTbyYagVbs + PaboYaoYbs — PaTheYao¥ss
— P3TbYas Yoo + PrTbs YasYbo + PETEeYas Yoo — PaTboYasYbe
+P5TbsYasYbo — P1bsYasVbe — PaTboYas Yoo + P4TboYasYbo

2 2
931 = 4%2%3%0%3 - 4%0%3%2%3 + 4%0%2%3%2%3 - 4%2%3%0962%3
_4xauxd2$ba Yoo Ybs + Smaumasmbzybuybs - 4ma2ma3mbu Yoo Ybs — 4mdumdzmbaybuyb2

2 2
+4$a2$a3$bg ybg y62 + 4xa0xa2xb3ybu - 4%0%3%2%0

932 = ATboTo,YaoYasYbs — AThoThyYasYasYos + ATbo oy YaoYasYbs — 4TboTo, Yo, Ybs
+4T4,Ta, T, Thy Yo, — 43?203317056173 Ybs — A0, Tas TooZhy Yoy + 4%0%31‘50%3
+4$b0$baygsybz — 8Tpy Tt YagYas Yo, + 49@1709617311201/52 — 4%0%390?3%2
+4$23$b01‘63yb2 + 45620%0%3 Yo, — 4%0%3%50%2 - 4$bo$bay23ybo
+420, T, Yag Yay Ybe + ATbo oy Yag Yas Yoo — 4Tbo TbyYagYasUbe + 4TagTay Ty, Us,

2
_4xduxd2xbszaybu - 4xa3xbuxbs Yoo + 4xa2xa3xbuxbz Yoo

94 = P3%asYas¥bs — P1TasYasYbs — P5TaoYasYss + PaTaoYasYbs
—P5TasYao¥bs + P1TasYaoYbs + P5Ta0Ya0Ybs
_pixaoydo Yoz — pgzaa Yas Yb, + p%l‘daydaybz
+P3% aqYasYbs — Pa%aoYas Yoo + P3TasYaoYbs
_p%xaaydo Yoo — pgzao Yao Yb, + pg}zdoyaoybz
+05@aYas Yso — P1%asYasYbo — P3TaoYasYbo
+ 3% a0 Yas Yoo — PoTasYasYbo T P1TasYasUse + PETaoYasYbo — PaTaqYasYso
Js — 2U24xa3xbgya2 - Pil’aul’@yao - pgmagmbuyag
_piﬁaaxbuyau - P§$a2$buya0 + pixaszgyau
_P%l’aal’bz Yas + p%xaambo Yas + pixauxbz Yas
—P3TagThyYay — P1TaoThyYas + PrTaoThyYa,
_p%xaaxbuyaz + pgl‘az:’;bayag + 2U24xagxbaya3
+2U65xauxb3 Yao — Qnganba Yao — 2U65xa3xbgyao
+2pgzaaxboyao + p%'rda'rboyaa + pgwaszoyaa
_pixaszuyaa - p%xazmbayag + pgzauzbg,yag
—2U65%a0Tb5Yas + 206%a0TbsYas + 2Us5Ea;s o Yas
_2U24$a3$boya3 - 2pg$a3$boya3 - 2U24xaoxb3ya2
+p%1’a01’b3 Ya, + pg@'asi’bu Yaz + pixdaxbu Yas
_pgmagmbuyaz + pz21$agmbgyag - pgxagxbzyag
+p%1’a3xbzyau + pg@'agi’bzyao - pgl’%xbsyas

2 2 2 2 2
+p1masza Yas — P1TacTbzYas — P2TaoTbzYas — P5LagTbrYas + P2Zasz Loy Yas
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We notice that:

Uir = U2z
U1z = Uz
11 = gn
qi2 = 421
Y111 = 931

10 Appendix 3: Equation 10

From the system:

uy; cosf +us =0

vicosf +vy =0
we get the equation in the variables ¢, ¢:
U1Vy — UV =0
which can be expressed in ¥ by:

p1 sin® ¢ + py cos® 1 + (psy1 cos 1) + pss) sin® 1)
+(par sin ¥ + paz) cos? 1 + sin (a1 cos ¥ + ps2) + P cos 1) = 0

The coefficients p; can be written as:

= p, = z1cos’ P+ xycos¢sing

with:

1 = Up1V212 — U12V111

Ty = U11V211 — U12V112

_ 12
= p2=1z3sin” ¢
where:
T3 = U12V221 — U11V121
= p31 = x4c08 ¢ + x5sin’ ¢ + xg cos ¢sin ¢

with:

T4 = @g32U11 — q21U12

Iy = U120211 — U11V112

Tg = U2V212 — ¢31U12

= p32 = T7 cos® ¢+ xgsin ¢ cos? ¢+ 9 cos¢sin2 o+

Z19COS P + 118N @
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with

and

where

with:

where:

with:

r7
s
L9
Z10

11

12 =

13 =

q11U11

=  gi12U11 — q12U12

—U12V1311
—U23V111 — G41U12 + g13U11

—U23V112

pa1 = z19sin? ¢ + 13 cos ¢ sin ¢

U12V111 — ¢31U11

U11V221 — U12V121 T+ F32U12 — ¢21U11

=—> Pa2 = ZT1a sin® ¢ + @15 cos qﬁsin2 ¢ + r16sin ¢

14 = {(12U12 — U11V1312
15 = ga23Ui12 — q11U11
L6 = G24U12 — U23V121
. -3 i 2 : 2
== ps1 = x178in” ¢+ r1gcosPsin® ¢ + w1gsin ¢ cos” ¢

490 8in ¢ + z91 cOS @

Z17
Z18
T19
20

Z21

—U11V1311

J12U12 — U12V1312

g23U11

g13U12 — ¢31U23 — G41U11

g24U11 — q21U23

== p5o = T sin’ ¢ + x93 cos® ¢ + Lo4 cOS G Sin ¢ + o5

Z22
Z23
L4

Z25

—U23V1311
gaui1

g5U11 — q12U23

= —q41U23

18

(48)

(50)

(51)



== pg = Tagsin’ ¢ + r97 cos ¢ sin ¢ (52)

where:

Tae = Gs5Ui2 — U23V1312

27 = G4U12 — q11U23

Using the tangent of the the half angle equation (42) yield to a six order polynomial:

i=6
D et =0 (53)
i=0
with
€g = P+ paz+ p2
er = 2ps2+2ps1 + 2pa1
es = pe— paz+ 4ps2 +4p31 — 3pa
es = 4ps2 —4pa1 + 8py
eas = —ps— paz +4ps2 —4p31 + 3pa
es = 2ps2 —2ps1 + 2pa1
€6 = Pa2 —Ps — P2

11 Appendix 4: Discretization of the ¢-curve

We will show that the discretization on ¢ is necessary only in the range [0,7]. We notice that
if [¢,] is a solution of equation (53) then [¢ + 7, + 7] is also a solution of this equation.
Then we notice that:

ui(P,¢) = wi (P +m, ¢ + )
uz (9, ¢) = uz(Y + m, ¢ + )
vi(,¢) = —vi(Y+ 7, ¢+ )
va(th, ¢) = —va(Y + 7,6 + )

and therefore the solution in ¢ obtained from equation (8) are identical. If [, 8, @], [, —0, ¢]
are solutions then [ + 7,0, ¢ + 7], [t + 7, —0, ¢ + 7] are also solutions. The rotation matrix
R is such that:

R(1,0,6) = R(¢ +7,—0,¢ + 7)
which yield to:
H ((¢4,0,9)=H (¢ +m,—0,¢6+m)

The configurations associated to (¢,6,¢), (¢ + 7, —0,¢ + 7) are therefore identical. In the
same way:

R(”I,[), _6; ¢) = R(¢ + ﬂ-;a; ¢ + 7T)
and therefore:
ﬂ ((¢7_65¢) = E (’ﬂ/) +7T,6,¢)+71’)

The configurations associated to (¢, —0,¢), (¢ + 7,0,¢ + m) are therefore identical. This
justify that the discretization is necessary only in the range [0,7].
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12 Appendix 5: Order of equation (15)

We want to determine the order of the equation:
pi(1,0,6) = pt

The left part of this equation is defined by the norm of the vector A;B; . Thus we study
each componant of this vector and calculate its higher order term only.

12.1 Study of A, B[]

We have: "
n
A1 Bi[l] = —
Billl = g5
with:
dtl = 4(zg,2p, — Loy Th,)
and:

ntl = wy sin ¢ + wo cos ¢ + w3

with ws = c*®.

wy = cos (w11 sin + wig cos ) + wiz cos P

wy = cos (w21 Sin ) + waz cos Y + wag

with wey = —wq1, Wiy = Wo3, W13 = Wy, all these terms being constant.

12.1.1 Degree of A;B;[1]

22 ( x + 1‘2 )+ $2 56222
w; = =
! (1+22)" (1+=22) (1+=z?) (1+22) (14+=22)(1+22)
22 x iL‘Q l‘222

+w23:(

R Sy ¥ ) R ) 1+ 22)(1 + 22)

which yield to:

1,22,2y N 1’222@/2
(I+22)(1+22)(1+y*)  (T+22)(1+22)(1+y?)

ntl = + ws

therefore:
ntl 2y’ 2>

@1 T )1+ + )

12.2 Study of A, B[2]

We have: o
n
A1 B2 = —
1Bil2l = 45
with:

dt2 = ppy sin ) + pps sin ¢
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where:

pp1 = HEagThaYbs — TagThyYbs — ThoTayYbs + ThoTay Yb,)

Dbp2 = 4(xaoxbsya3 - Iduxbaya2 - mboxaayaa + Ibo Iaa yaZ)

We have:
nt2 = pps sin ¢ + pp4 cos ¢ + pps
where pps, pp4 are constant.
pps = pq1 cos 0 + pgs
with:
pq1 = prysin ¢ + sin @(prs cos ¢ + pra) + pre cos ¢ + prr

where:

pr1 = psysiny + psy cos )

pr3 = pszsiny + psy cosyp

pry = pss cos’ 1) + psg cos ) sin
pre¢ = pst cos i sin ¢

pr7 = psgsiny

in which the terms ps; are constant. And:

pgs = qry sin’ ¢ + sin @(qrs cos ¢ + qry) + qre cos ¢ + qrr

with:

qri = qs1siny + ¢ss cos

qrs = qs3siny + ¢sq cos

qre = 4S5 sin” Y+ qs6

qre = qs7sin’ 1) + gsssin ¥ cos

qr7 = @S9 sin 1) + ¢s19 cos

in which the terms ¢s; are constants.

12.2.1 Degree of A;B;[2]

We have:
Yy

(1+y?)

dt2 = ppl + pp2

z
1+27)
which yield to:

pplz(1+y?) +pp2y(l + 2%)

T )+ )
Then:
22
qrr = 7(1 T $2)
23
qre = 7(1 n x2)2
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T
qrs = 1+ 22)?
2
Tq =
q73 1+ 22)
22
L= ot
qr1 1+ 27
Pg2 = - v + o v’ +
(I+2%) (1+92)? * (1+y?) (1+2%) (1+9?)
P 23 y? 2

(a2 T e (i vd) T (1 e

thus:
s 2y
2 (1+22)%(1 + 2)2
Then:
pr7 = :
(1+22)
23
pre = (1—1—:1:2)2
24
pry = (1—1—1‘2)2
22
pr3 = (1—1—732)
22
pry = 7(1 T 1‘2)
Hence:
22 y? y 22 y?
P = A2 7z T 7 ( 2 7 T
(I+22)(1+y2)?  (1+y?) (1+22)(1+y?)
zt z3 y? z
T T e R ey
and therefore:
B 23yt 4 2ty
P = (1+22)2(1 + y2)?
This yield to:
23yt + 2ty? 22 2ty?
pps = 272 272 o~ T 272 22
1+ 22)2(1+y2)2 (1+22)  (1+22)2(1 +y?)
Hence:
oo — 2lytz?
= T+ 2P+ P+ 2)
Therefore:
2 22 2iyz?
nt2 =

(I+2) "0+ T U+ 22+ 21 +27)

22



which yield to:

o zhyts?
(L4 22)*(1+y2)*(1 + 2%)
The final result is:
nit2 ztytz?

dt2 ~ (14 22)(1+ y?)(1 + 22)(pprzy? + ppaz?y + ppay + pp1z)

12.3 Study of A, B[3]

We have: /3
n
A1 B3] = —
1Bl = G
where:
dt3 = sin 6(ry sin ¢ + rosin )
with
rn = 4(_$a0xbaya3 + LagLbzYa, + TholazYas — xboxaayaz)
re = M —TayToyYbs + TagTosYb, + ThyTazYbs — TooTasVb,)
Then:
nt3 = qwy cos® 0 4 qws cos 0 + qws sin®  + qus
where:
qui = gswi sin? ¢ + gswo cos ¢ sin ¢ + gsws cos ¢ + gswa sin ¢ + gsws
with:

gsws = pswi cos P sin v

qswy = pswy cos Y

qswy = pswy cos> 1 + psws cos 1) sin 1 + pswe
qswz = psws sin

qswi = pswy cos? Y + psws cos 1 sin 1)
the terms psw; being constant. Then we have:
qws = 7wy cos’ ¢ + rws cos ¢ sin ¢ + rws cos ¢ + rwy sin ¢ + rws
with:

rwy = rswy cos> 1) + rsws cos Y sin Y + rsws
FWwy = TSWy cOS> Y + Tsws cos 1 sin ) + rswg
rws = rswr cos Y + rsws sin ¥

W4 = rSWq COS Y + rSwigsin v

PWws = rswyq COS> W + rswig cos i sin i + rswis
in which the terms rsw; are constants. Then:

qws = twy sin? ¢ + tws cos ¢ sin ¢ + tws cos ¢ + tws sin ¢
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where twy = ¢* and twy = ct®

tws = twsy sin ¥

twy = twsy sin
with twsy,twss constants. Finally:
qwa = yws sin? ¢ + yws cos? ¢ + yws cos ¢ sin ¢ + ywa cos ¢ + yws sin ¢ + yws
with
Yywi = Yywiq cos 1 sin ¥
YWy = YWa Sin? 1) + ywsys cos 1 sin i
yws = yws; cos> 1 + ywss sin’ ¥ + ywss cos 1 sin 1

Yyws = yway €os P + ywaz sin P

YWs = Yws1 cos Y + ywsz sin )

ywg = Cte
where yw;; are constants.
12.3.1 Degree of A;B;[3]
2
Yyws = z
(1+22)
2
z
ywy =
(1+22)
4
z
yws =
z
(1+ %)
3
z
Yywy =
z
(1+ 22)?
3
z
yw, =
(1+22)2
Therefore:
I 23 y? N 23 y . o Y3
(1+22)2 (14922 (1+22)2(1+y?)? " (1+22)2(1+y2)?
22 y? 22 y
T W+ T ) )
hence: s
quq = Y
(14 22)2(1 + y2)2
Then:
tw3 = ? 5
(1+22)
tw4 z
(1+22)



which yield to:

qus = (1 + y2)2

therefore:

Then:

qus

which yield to:

Then:

qu1

2 3

Y Y

xr y2

z Y

(1+y2)

T )

932y3

T T+

iL’2 yZ

Tare) 1+

xr y2

Wa =
T )P
4
TWs5 = i
(1+27)°
22
rTWws = (1 T xQ)
22
TW3 = (1 i ;L’Q)
4
TW9 = z
(1+27)°
4
rw; = ?
(1+27)°
74 yh . 24 3
(L+22)2 (14922 " (1+22)2 (14 2)
22 y 24
A U+y) | (+27)p
s 2yt
2 (14 22)2(1 + y2)2
4
z
gsw = 22
(1+22)
qsw3z = a
(1+22)
4
qswz = K 22
(1+22)
2
qswq = z
(1+22)
3
qsws = z
1+ 22)°
24 % 24 3
(1+22)? (1+y2)? + (1+22)2 (1+y2)? +
22 y 23
A (U+y) | (+27)p

25
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Therefore: 5 4 3
Yy +zy

qui = (1+ 22)2(1 + y2)?
.3 23yt + phy? 4 N 2yt 22
n =
(U222 (4?2 (L4227 T (L 22214 )2 (14 22)
2243 22 e
+ y + y

(14 22)2(1+92)2 (1+22)2 ' (1422)%(1+ 2)?

which is equivalent to:

e ety
(5 221 + °(1 + 22
rizy(1+ z?) + razz(1 + y?)
dt3 = 3 3 3
(14 22)(1+y2)(1 + 22)
which yield to:
nit3 ztytz?

@3 z(1+ 22)(1 4+ y2)(1 + 22)(ry(1 + 22) + raz(1 + y?))

12.4 Summary

We define:
U=(1+2")°(1+y")*(1+2°)°
We have:
2iytzt
AIBI[1]2 = U
8,8, 4
ABy[2) = 233!/ - V)2
U(pprz(1+ y?) + pp2y(1 + 22)y)
8, 8,6
A1 B3] = it

U(rez(1 4 y?) + ry(1 + 22))?2
But pp; = r2,pps = r1 and therefore the common denominator will be:
Uy = U(raz(1+ %) + riy(1 + 22))?
Or, if we define Uy, as:
U = (raz(1+y°) + ry(1+2%))> = U, =UUy

Let us calculate:
Us = ||[A1Bi]]* = pi =0

e have: 4,44 8,8.4 8,86 2
ry* U 2°Y°z 2°y°z UU
U, Y i 11 y, Y P1 11
UUiy UUiy UUy4 UUy4

We may write:
U = (zy® + 2%y)
hence we have:

$5y624+$6y524+1‘8y824+$8y826 _p%x5y6z4_p%x6y5z4 =0

The order of the higher terms are thus: 15, 15, 20, 22, 15, 15. Therefore the order will be 22.
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