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CODES PSEUDO-LINEAIRES

PSEUDO-LINEAR CODES

Claude Carlet!

Université d'Amiens, France

ABSTRACT

We introduce a new class of binary codes, called pseudo-linear, whose
weight enumerators are changed by the Mac Williams transform into the
weight enumerators of some codes, called their pseudo-dual codes.

We deduce a new proof - and an explanation - of the formal duality
between the Kerdock codes and the generalized Preparata codes of same

lengths, and between the Delsarte-Goethals codes DG (m,(m-2)/2) and the
Goethals codes T(m) .

RESUME

Nous introduisons une nouvelle classe de codes binaires : celle des codes
pseudo-linéaires. Le transformé de Mac Williams du polynbéme
énumérateur des poids d'un code pseudo-linéaire est le polynéme des poids
d'un code, son pseudo-dual. Nous en déduisons une nouvelle preuve - et
une explication - de la dualité formelle des codes deKerdock et de
Preparata généralisés de méme longueur d'une part, et des codes

DG (m,(m-2)/2) de Delsarte-Goethals et T(m) de Goethals d'autre part.
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INTRODUCTION

Let n be a positive integer. We denote by <, > the usual dot product on F?, where
F=(0, 1}.
A binary code of length n is a subset of F™. Its weight enumerator :

WX, Y) = Z X"'w(a) yHe , where w(a) denotes the Hamming weight of the word a,

aeC
satisfies the following equality :

WeX+Y, X = Y ¥ )X ® y*® (Mac Williams cf [12]) .
ban aeC

1 n-w(ata, ) «,wata,)
Its distance enumerator , Dc (X, Y) 5 C z X PRI TR satisfies :
a,aeC

2
D¢ (X+Y, X-Y) =’%[ 3 (2 D ">) > GG

beF" \aeC

C is linear if and only if for any element b of F”, the sum 2, (-1)=* s equal either
aeC

to 0, or to the cardinal of C :

the condition is necessary since the functions a — <a, b > are then linear forms on C,
and it is sufficient since, by the inverse formula of the Fourier transform, we have,

denoting by Clthelinearspace (be F'/Vae C,<a,b>=0},andby lcthe

characteristical function of C :

2 <a, b>
VbeE. Y lc@ (1) =|C|lctb) |=

n
aeF

cllct
n

2

vaeF lc@=5! ¥ 1000) (™= i@ |=(c=cty).
2 per”

We have then :
We=Dc, Wet=Dgt, We(X+Y, X-Y) 5 C|W L (X, Y) (Mac Williams identity)

and : Dc(X+Y,X-Y)4C ]DC-L X,Y).

There are examples of non linear codes C and C° such that the relation :
Dc (X+Y,X-Y) = C|D (X, Y)
is still valid (cf [9], [12] ch 15).

We will say then that the codes C and C° are formally dual.
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The most famous is the case of the Kerdock codes and the Preparata codes of same length :
Semakov and Zinov'ev proved their formal duality in 1969.
But, as Paul Camion and J.H.Van Lint notice it in [2] and [15], their proof does not

explain completely why [%[DC (X+Y, X-Y) belongs to N[X, Y] when C is a Kerdock

code (respectively a Preparata code), and, a fortiori , why it is the distance enumerator of
the Preparata code (respectively the Kerdock code) of same length.

J. M. Goethals [9] gives another example of nonlinear formally dual codes :

the Delsarte-Goethals codes DG (m, (m 2)/2) and the Goethals codes T(m) .
His result, more difficult than the previous one, is proved by the same general way.

Paul Camion [2] asks for a new analytic proof of Zinov'ev and Semakov's result, and
wonders if there exists a new kind of duality between (nonlinear) codes which would
explain the phenomenon.

W.Kantor [10] proves that the generalized Preparata codes defined in [1] are
inequivalent and concludes that the formal duality between the Kerdock codes and the
Preparata codes is "merely a coincidence”.

We introduce a new class of binary codes : a code C is called pseudo-linear
if there exists a linear binary code C ' of same length , a set of permutations 1,

on {1,..,n} (xe A),and a permutation ¢ on F" such that , for any b e 1
denoting by ba the element (b Ta(l) y ey D Ta(“) ).

1) ¢'1 (ba ) has same weight as d)'l (b)

2 Z (_1)<aa, b>= z (_1)<a'a, ] (b)>'

aeC,ae€A aeC',ae A

We prove that the weight enumerators of the codes C and ¢'1(C"L) satisfy then the
Mac williams identity .

We obtain a new analytic proof of the result of Semakov and Zinov'ev (respectively
Goethals) by proving that there exists codes which :

- have same weight enumerators as the Kerdock codes (respectively the DG (m,(m-2)/2)
codes),
- are pseudo-linear,

- admit the generalized Preparata codes of same lengths (respectively the T(m) codes)
as formally dual codes.

I PSEUDO-LINEAR CODES

DEFINITION 1

Two binary codes of same length C and C° are called formally dual if their distance
enumerators D~ and D ~o satisfy the following relation :

Dc(X+Y,X-Y)4C D oX,Y) .



Remark

n

1)if n is the length of C and C°, then|C 9= [2(:‘[ (apply the equality with X=Y=1)

2) the previous definition is symmetric : apply the equality where X and Y are
respectively replaced by X+Y and X-Y.

DEFINITION 2

A binary code C is called pseudo-linear if there exists a binary linear code C’ of same
length n and same cardinal, a set of permutations Tpon {1,..., nj(where a ranges

over a setA), and a permutation ¢pon F " suchthat,for any b = (By s er b'l )JeF ™,
denoting by ba the element (b"a (1) bra (n) ):

D¢ l(b,) has same weight as ¢~ (v)

2) Z (-1)<aa’b>= Z (_1)<a'a’¢ (b)>.

aeC ,a €A aeC',a el

¢ is then called an associated permutation , and C ' an associated linear code .

Remark
Linear codes are among pseudo-linear codes those for which A may contain only one

element since a binary code C is linear if and only if for any b e F", the sum

<a b> . .
Z -D is equal either to the cardinal of C orto 0.
aeC

THEOREM

Let C be a pseudo-linear code, ¢ an associated permutation, and C ’ an associated

linear code for C, then the weight enumerators of C and ¢'] (C "L) satisfy the

Mac Williams identity : W o (X +Y,X -Y)=|C |W ¢-1(C .l)(X, Y).

Proof:

For any o, T, is a permutation on {1, ... , n}, so the code Ca = {aa , ae C} has same
weight distribution as C, and we have :
We(X,Y) = I%I S We, (X.Y)and therefore
ae A
WX+, XV = Y T (Rt Oy O,

aeC,0€A peF



Using property 2 of ¢, we obtain :

_ 1 <a'q, ¢ (b)> 1, n-W(b) y,w(b)
We(X+Y, X-Y) = Al Cz PIQY ) Gl ¢
aeC,aeA peF

-1 -1
='_}\_[ z z (_1)<aa, b> XV ® (b))Yw (¢ &)

a'eC,o€eA pep"

1 -1

_ 1 <@gs bo> 0w (@ (be) w0 (bo)

=[A] > > D X Y
a€C,a€eA peF"

('since the mapping b — b, is a permutation on F")

-1 -1
_ 1 <d'q, ba> L n-w (0 (1), W (& (b))
=ra] Y Y D X Y
a€eC,0€cA peF"
) -1 -1
(sincew (¢ (by) =w(d (b))
= Z 2 (_1)<a' ’ b >Xn'w (¢.l(b)) Yw (¢-l(b))
aeC' pe F"
= [C] Wy'(cHY) Gince 3, 1™ is equal to:
aeC'

|C'|< C if be C'" and 0 otherwise).
DEFINITION 3

q)'] (o 'L) is called pseudo-dual to C.

Remark

if ¢ and C' L satisfy the following property :
Vbe ClL,3ae A/VbeCl, (071 +o-1bY), € o-1(C'D),

then ¢—1( C' d) is distance invariant . Its weight and distance enumerators are then
equal .

II KERDOCK AND PREPARATA CODES

From now on, we consider codes which are sets of boolean functions on a Galois field
G = GF(2™). This corresponds to the point of view on codes that we had in the previous
paragraph since if we write G = {xl, s xn} (with n = 2™), a boolean function f on G



can be identified with the element a = ( f(xl), s f(xn)) of F .

If a word a corresponds to a function f, then the word a will correspond to the function

fo T,where T is now considered a permutation on G.

Let us recall that for m even > 4, the Kerdock code K of length 2™ is the union of the

Reed-Muller code of order 1, R(1, m), with (2m'1-1) cosets of R(1, m), all constituted
of bent functions belonging to R(2, m) ( a function f of R(2, m) is bent if and only if its
associated symplectic form :

(u,v) € 02 — f(0) + f(u) + f(v) + f(u+v) is non-degenerated).
Moreover, Km is distance invariant .
In the following , the Galois field G= GF(2™) is identified with the cartesian product :

GF (2m')xF = G'xF where m'=m-1, so that R(1, m) and R(2, m) are considered as sets
of boolean functions on G'xF .
The dot product between two such functions is :

<f,g>= 3, (f(x,0) g(x,0) + f(x,1) g(x,1)).
x e G
Let j be an integer prime to m'.

The generalized Preparata code P__ . is the set of all functions g on G'xF such that (cf [1]) :
g m’J

(1) the supports of the functions on G': x — g(x,0) and x — g(x,1) have

even cardinals, and : z X = z X
x € G'/g(x,0) =1 x € G'/g(x,1) =1

j 241
(i) > x2“=( 3 x) .

x € G'/gx.0)+g(x,1) =1 € G'/g(x,1)=1

P__. . is distance invariant.
m,j

tr denotes the trace function from GF(2m') to F.

Lemma l

Let j be a positive integer prime tom’' . '

Let E ) be the set of ali functions f,, defined on G = GF(2 ™ )\xF by :
fu (x,€) =tr[(ux) 21+1+8ux] , where u ranges over G'.

Then the code C = E ] + R(1, m) has same weight distribution as K m

Proof :

fo1s the zcro function, so f0+ R(1, m) = R(1, m).

Foru =0, fu belongs to R(2, m) and its associated symplectic form (cf [12] ch 15) :

((x,8),(yn) = tr[ux(uy)zi+uy(ux)2j+euy +Tux] = u([(ux)zmy—j+(ux)2j+8]uy +1Mux)



is non-degenerated since :

1) its kernel is the linear space : )

(x,£)e GFR™)xF / ux)2™ J+ (u)+£=0 and tr(ux)=0) ‘
= (x&)e GFQM)F / @o2™ I+ (ux)?= £=0 and tr(ux)=0} (since tr (u)2™ s
x)2)=0) ,

= {(x,e)e GF(Zm')xF / (ux)+ (ux)zzj= €=0 and tr(ux)=0}

= ((x.£)e GEQ™)XE / (ux) = 0 or (ux)27"1= 1, =0 and tr(ux)=0} ;

2 4

2) 2j beeing prime to m', 221 is prime to 2m|-l, and the mapping x — x 2 is one to one.

So, the kernel is equal to :

{(x,6)e GFRM)XF / ux=0 or 1, €=0 and tr(ux)=0}= {(0,0)}.
Therefore, if u # 0, all the elements of fu+ R(1, m) are bent functions, and C has same
Lweight distribution as K.

PROPOSITION 1

For any j prime to m’, the code C j is pseudo-linear and Pm J is pseudo-dual to C =

Proof :

Let E'j be the set of all the functions f 'u definedon G = GF(2m')xF by :
f'u (x,&) = tr[(ux)2]+1] , where u ranges over G'.

Let C'j be the code equal to : E'j+ R(1, m).

J
u? 1 ran ges over all G' when u ranges over G', therefore EJ is the

set of all functions of the type : (x,£) = tr[vx2]+1] , (ve G"), and C'j is a linear code . e

Let Ty > (ae G"), be the permutationon G : (x, €) = (x + € o, €) equal to (x,0)ife =0,
and (x + o, l)ife=1.

Let us recall (cf [12], {5]) that R(1, m)—L = R(m-2, m) is the set of all boolean functions
on G'xF such that the supports of the functions on G': x — g(x,0) and x — g(x,1) have

even cardinals, and that : z X= z X .
x € G'/g(x,0)=1 x e G'/g(x,1)=1



If aboolean function g on G does not belong to R(1, m)-L ,we
have (cf[9)) :

<foTy, 8> <flot,, g>
Y oooptteEme % n° e f=0.
feC,ae G {'eC,ae G

If g belongs to R(1, m)L, then :

z (_1)<fo‘ta,g>= Z 2 (_1)<f,,o‘ra+h,g:

feC aeG ueG,aeG heR(l,m)
=[RA,m| ¥ (DT

ueG, ae G

since we know that R(1, m)e T, = R(1, m) and that R(1, m) is linear.

Lemma 2

Let {f ,u e A} be a set of elements of R(2,m), hu and ku the functions on G’ such that:
[ (x.€) = h, (x) + aku (x) (h,€ R2m), k, € R(I,m’) ), and F, the kernel of the
symplectic form ¢, associated with h, . Let T, be the permutation on G :

(x,E) > (x+EQ,E).

T hen, for any element g ofR(l,m)L, if wedenote by lg the sum 2 X,
xeG'/g(x.1)=1
we have :
Z (_1)<fu°1ayg>=|Gv| 2 (_1)<fu,g>.
ueA,o €G’ ueA /A, eF,
Proof :

Let g, (x) = g(x,0) and g, (x) = g(x,1) .
We have , denoting by t the translation on G’ of vector o :



Z (_1)<f“ora,g> — Z (_1)< hy, gog>+<hpty, g1>+<ky, g1> :

ue Aa € G ue Aa € G
Y pheBrEra@ )bk g> g 3 (<heg
ue A,a € G ueA/kgeFu
(since 9, (@ k)= 3 @@= ¥ [hg0)+ho) +hyx)+hyx+a))=
xe /g(x)=1 x€ /g1 (x)=1

<hy+ hts, gy > and since the linear form o —¢ (e, kg) is either null or balanced on G')

L

Here we have :

hu() = ((ux)z'% l) > Pu(xy) =1 (UZL 1 (xzjy +y2jx )) =tr (uy ((ux)2,~+ (ux)zm.-j))

{n 1] . .
Fu=\0,— ifu#0,and G'ifu=0.

u
Therefore :
2 ()i B> o
feCj,aeC
241
)Y )+ ¥ Wdf.
| R(1, m) | |G | z (-1) n(*eG'/s&O)*a(x.lH x€G'/g(x.1)=1

ue G/Au=0o0r1

For the same reasons :

<f'o >
> (1< T 87
f'e C'j,ae G'

2’4»1
(o
IR(1, m)[|G | > (-1)“(,‘66-/3%%@1»1 " )

ue G'/?Lgu=00r1

Let k be any element of R(1, m)'L such that :

J
S X '=1andVxe G'. k(x,1)=0.
x GK(x,0) 1



For any element A of G', different from 0, let k?\. be defined by : kl (x,€) =k (x/A€) .
We have :

i 2%1
Y x*'=A" andVxe G', k; (x,1)=0.

xe G'/k,(x,0)0=1

We can take : ¢(g) = g if Xg =0 orif g R(1, m)4, and ¢(g) = g +k;_ otherwise since
g

the relation :
Z (_1)<f°Tus g> = Z (_1)<f.°ra’ ¢(g)>
feCj,aeC f'eC'j,ae G

stands : if g € R(l,m)J' and lg#:O ,
241
lgu=1=> 2 ux=1= 2 ).

x € G'/g(x,1)=1 X € G'/kx‘(x,0)+k,'.(x,1) =1

So, condition 2 of the definition is satisfied by ¢.

¢ is a permutation : 4)'1: 0.

Condition 1 is clearly fullfilled since: (V xe G, k(x,0)=0) = (q)(gota) =¢(g)o ‘Ea).
So, all the conditions of the definition are fullfilled.

Let us prove now that ¢'1(C'j']‘) =0 (C'J-'L) is equal to the generalized Preparata code P i

Condition (i) of the definition of Pm j is equivalent to : g e R(m-2, m).

C'.L is the set of all the functions g €R(m-2, m) such that: Vue G, <f' ,g>=0,
or, equivalently :

i
Yue G', u( z (ux)2+1=0),
- x € G/g(x,0)+g(x,1) = 1
j
Vve G, tr(v 3 x**h=0,
x € G'/g(x,0)+g(x.1) =1

z x2’+1=0‘

x € G'/g(x,0)+g(x,1) =1

L

i if and only if g belongs

For any g € R(m-2, m) such that 7‘g =0, g belongsto C
to Pm,J .

Any g e R(m-2, m) such that kg # () belongs to C'j'L if and only if ¢(g) belongsto P, j
since :

10



> (2 > 24 y

x € G/o(g)(x,.0)+0(g)(x,1) = 1 x € G'/g(x,0)+g(x,1) = 1
This finishes the proof.

Notice that C'j 1 and ¢ satisfy the condition stated in the remark which follows the theorem

If g and g' are two elements of C'j-L, then we have :
0@ 1g) + 0 1(gy) T = O(9(g) +P(g)) o T =
g+go‘rx +g' +gofcx +k7L +k7& FKy

g8
and it is easy to check that thlS funcuon belongs to C'j-l-.

Since the Kerdock and the Preparata codes are both distance invariant, we deduce :
COROLLARY 1

The Kerdock codes and the generalized Preparata codes of same length are formally dual.

III DELSARTE-GOETHALS AND GOETHALS CODES

Another example of nonlinear formally dual codes (cf [8], [9]) is the case of Delsarte-
Goethals

DG(m,(m-2)/2) and Goethals T(m) codes :
m =2t +2 2 4, T(m) is the intersection of Pm t and Pm t-1 and DG(m,t) is the set of all
boolean functions on G of the type :

t j

xX,e) > 1r (z (ux)2+1 + vx3 + gux) + 1(x,€)

j=1
where u and v range over G', and 1 over R(1,m). The symplectic form associated with
any of these functions (with u # 0 or v # 0) has a rank at least equal to 2t .
Moreover, the symplectic form associated with the sum of two different functions of this
type
has a rank at least equal to 2t, and DG(m,t) has as many elements as any code having this
property (ie it is optimal, just as the Kerdock code). The distance distribution of such a
code is
fixed by this property (cf [8]).
Both codes are distance invariant.

Lemma 3
For anyuandvin G, let f be the function on G defined by :

V(xe) e G, f (x,s)—tr(u.x2 f+1 + vx2 +1) +&eh,, (x)
where h, ., is any linear form on G’ whose restriction to the kernel of the symplectic
form

S -1,
Py associated with the function f S(x.€i — 1r(nv < U4 vy 21 +1) takes the

i,y
same

11



values as f',, , itself .
Then the code D = {fuv ,uv € G} + R(I,m) has same weight distribution as
DG(m,t) .

Proof :

Notice that there exists such an h, , since we know that the restriction of a quadratic

function
to the Kernel of its associated symplectic form is affine (here, linear).

We have :

Oy ) =trfu (x 2y +y 25 +v (x 27y +y 25
=u[(u x 2 (ux) Mty x2 (vx) 2mutﬂ)y}
i x 2@ 2 ey x 27 w0 272y

and the kernel of @, ,, is the linear space :

{(xe G'/u x 2t+ (ux) 2t +v X 2t_1+ (vx) 2t+2= 0} =

{(xe G'/ u2t+2x2+(ux) 22 +v2t+2 X + (vx) 23: 0} =
{xe G/ (vx)8+(ux)4+u2t+2x2 +v2t+2 x =0} .

Therefore, the dimension of this kernel is at most 3 and the rank of Py 1s at least
equal to m'-3 = m-4.

Let y,, ,, the symplectic form associated with f |, .
We know (cf Delsarte-Goethals [8])) that , |, ‘s rank is equal to @, |, 'sone if h, ,

takes always the O value on the kernel of Py s OF equivalently (cf [5]) if the
function

fu,v is not balanced on G'. Otherwise Yy 'S rank is equal to Py,y S ONE plus 2.

Leta, b, c,2and d be the cardinals respectively of the sets : 5

{(u,v)e G'* / rank Vy,y = rank Puv= m-2}={(u,v)e G'“/ fu’vbalanced, rank Pyv=
m-2}

((u,v)e G rank y  =m-2, rank @ = m-2}=((u,v)e G/ £  not balanced, rank

Py V= m-2}
{(u,v)e G2 / rank Wu,v=m"2 , rank (pu’v=m-4}={(u,v)e G2 / f'u,vbalanced , rank

(pu,v= m-4)
v2 — — —_— '2 ..
{(u,v)e G'“ [ rank Wu,v_m’4 , rank (pu,v—m-4}—{(u,v)e G'“/ f'u’vnot balanced, rank

(pu,v=m-4 }.

According to [9], table IV, d is equal to 0.

12



We want to prove that the rank distribution of the set {y, ,,, u,v € G'} is the same as

the rank distribution of the set of the symplectic forms Puv associated with the functions

: 2h1 3
x,e)>tr (2 (ux)” +vx +eux).
j=1
Let us recall that for any symplectic form ¢ on G' of rank 2h, we have (cf [5]):
2 (_1)(p(x,y) _ 22m'-2h
x, yeG'

and that if f' is a quadratic function on G', of symplectic form ¢ :

2
(2 -1 (’0) =( Y (~1)(P(x’y)))iff'is not balanced, and 0 otherwise.
X X

e G ,yeG

So, a, b and c satisfy the following relations :

1) a+b+c+1=22m2

2) (a+b) 2"+ 2" 2" Y (2 (-1)“’”(”))=

u,veG' | x,ye G’
2t 2t 2t-l 21-1
z z (_l)lr(u[x y+y x}Jv[x  y+y x]) _
u,ve G'\ x,yeG'

t t t-1 t-1

2 2 2 2 2
|G'| {xyeG /x y+y x=0and x~ y+y x=0}‘=(G'|2|{x.yeG'/x=Oory=Oorx=y} =

IG'[(3|G'|-2)= 22‘“"(3 x 2™ 2).

t-1
+]

241 2
3) b 2m+ 22m’2 - Z z (_I)tr(ux +vX ) -
u,veG'\ x,yeG'

t t t-1 t-t
2 z (_l)tr(u[x2+l+y2+]]+v[x2 +l+y2 +1]

u,veG

x,ye G

1 t t-1 ..
2 2 2
IGH {x,ye G'/x Yoy landx® y? T =

|G,]3=23m-3.

From these equalities, we deduce :
a =ML 144) /3, and bre = @M 1M1y /3,

13



and therefore,according to [12], ch 15, th 5, the weight distribution of D is :

i = number of the elements of weight i =
0 or 22t+2 1
5 2t+1 Ht+] 22t(22t+1_1)(22t+2_1) /3
2 2[+1i ot 22t+2(22t+1_1 )(22t+1 +4)/3
2 2t+1 2(22t+2_1)(24t+1_22t +1)

which is the same as DG(m,t)'s one, according to Goethals ([9], table III).

PROPOSITION 2

The code D is pseudo-linear and T(m) is pseudo-dual to D.
Proof :

Let E' be the set of all the functions f 'u V"
Let D' be the linear code equal to : E'+ R(1, m).

Ty ( ae G') is as before the permutationon G : (x,€) - (X + € Q, €) .
Let us define ¢ :

If a function g does not belongtoR(l,m)l,then:¢)(g)=g.
If g belongs to R(1, m)J—, then :
foTy, £> < eTgth, g
Yooty DI G VR
feD aeG wuveG,aeG heR(l,m)
<fu,v°t(17g>

=[RA,m| Y 1)

uwvelG,aeG'

Let Fu,v be the kernel of Py - By Lemma 2, we have :

, fo0Ty, B> - . fov, &>
Z (_1)< ~°Tas 8 =|G , Z (_1)< v B
wveG,oeC yve G ek,
vy Shoothy) -
=|G'| Z (St o BOBP TR ¢) | since hy v is linear

uve G/AeE,,

L f‘nv! +fuvx

uve G'/?Lge E,..

14



Let k be any element of R(1, m)'L such that :
t t-1
Yo' Y x® P'=1andVxe G, k(x,1)=0.
xe G/ k(x,0)=1 xe G/ k(x,0) = 1
For any element A of G', different from 0, let k}\ be defined by : kl (x,€) =k (x/A€) .

We have :
t t-1
t 2+1 -1 2 +1
2 x2+1=}» , z x2 +1=7» and V xe G', k; (x,1)=0.
xe Gk, (x,0)=1 xe Gk, (x,0)=1

We have : f, (W) =<f . k>, and so, if we take : §(g) = g if lg =0, and

VR
o(g) =g+ kxg otherwise, then D is clearly pseudo-linear, and ¢ is an associated

permutation
with D .
-1y — Ly
Let us prove now that ¢ " (D7) = ¢ (D) is equal to T(m) .

D"L is the set of all the functions g e R(m-2, m) such that : Vu,v e G, <f 'u v:&8>= 0,
or, equivalently :

t t-1
, 2+1 2 +1
Vuve G, tx( > (ux“"+vx~ 7)=0,andso:
x € G'/g(x,0)+g(x,1) =1
t t-1
2+1 2 +1

2 x“7'=0, and 2 x° T=0.

x € G'/g(x,0)+g(x,1) =1 x € G'/g(x,0)+g(x,1) =1

For any g € R(m-2, m) such that )‘g =0, and any g ¢ R(m-2, m), g belongs to pt

if and only if g belongs to T(m).

Clearly, any g € R(m-2, m) such that kg # 0 belongs to pt if and only if ¢(g) belongs to
T(m) .

This finishes the proof .
Notice that D' L and ¢ satisfy the condition stated in the remark which follows the theorem

COROLLARY 2

T(m) and DG(m,t) are formally dual.
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CONCLUSION

We have obtained a generalization of the Mac Williams' result to some nonlinear codes .
The notion of pseudo-linearity gives an explanation of the most known formal dualities
between nonlinear codes .

In this new framework, we lose the nice symmetry which exists between a linear code and
its dual code, since the pseudo-dual code does not seem to be always pseudo-linear.
Moreover, a pseudo-linear code does not need to be distance invariant (as we see it on the
codes Cj and D met in lemmas 1 and 2), but its pseudodual code is distance invariant

under a

rather natural condition stated in the remark which follows the theorem (this condition is
satisfied in the cases studied in Propositions 1 and 2).

Nevertheless, this may lead to new distance invariant nonlinear codes (which are known
to be

good candidates for optimum properties) whose weight enumerators and dual weight
enumerators

would be both "known".
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