N

N

Fourth order schemes for wave equation Maxwell’s
equations and linearized elastodynamic equations

Jukka Tuomela

» To cite this version:

Jukka Tuomela. Fourth order schemes for wave equation Maxwell’s equations and linearized elasto-
dynamic equations. RR-1337, INRIA. 1990. inria-00075222

HAL 1d: inria-00075222
https://inria.hal.science/inria-00075222
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00075222
https://hal.archives-ouvertes.fr

Rapports de Recherche
UNITE DE RECHERCHE N° 1337

Programme 7
Calcul Scientifique,
Logiciels Numériques et Ingénierie Assistée
par Ordinateur

FOURTH ORDER SCHEMES FOR
WAVE EQUATION MAXWELL'S
EQUATIONS AND LINEARIZED
ELASTODYNAMIC EQUATIONS

Jukka TUOMELA

Novembre 1990

- BIN3963511 - | R

37 *

5 e T T TR Y o T e ey FIG A KA S i s < ]






Fourth Order Schemes for Wave Equation,

Maxwell’s Equations and
Linearized Elastodynamique Equations

Schémas d’ordre quatre pour ’équation des ondes,

les équations dc Maxwell et
les ¢quations d’elastodynamique linéaire

Jukka Tuomela

Helsinki University of Technology
02150 Espoo
Finland

INRIA, Rocquencourt,
BP 105

78153 Le Chesnay Cedex
France

October, 1990




Abstract

We analyse the effect of numerical dispersion for the wave equation, Maxwell’s equi-
tions and linearized clastodynamic equations. We then construct some fourth order
finite difference and finite element schemes for these equations using the modificid
equation approach and show that these arc more efficient than ordinary second or-
der schemes. Finally we present some results of the direct simulation of the two
dimensional wave equation.

Resumé

Nous analysons la dispersion des schémas numnériques pour ’équation des ondes, lcs
équations de Maxwell et les équations d’elastodynamique linéaire et construisons des
schémas de différences finies et d’éléments finis d’ordre quatre en espacc et en temps
pour ces mémes équations. On montre que les schémas d’ordre quatre, bien que plus
compliqués, sont plus efficaces que les schéinas d’ordre deux. Ensuitc on présente
quelques résultats numériques pour ’équation des ondes en dimension decux.




1 Introduction

In the direct simulation of the wave propagation phenomena using finitc elements or
finite differences the major difficulty is the numerical dispersion, that is the signal
propagates with the wrong speed and to the wrong direction [TR], [JO|, [BCL].
The error in the dircction of propagation is due to the fact that we replace the
isotropic continuous problem by a discrete anisotropic problem (or if the original
problem is anisotropic, the anisotropy of the discrete problem is different). Because
with hyperbolic equations there is no damping of the error the quality of the solution
reduces rather quickly as the time increases. Consequently constructing suitable high
order schemes becomes interesting or even necessary (especially for three dimensional
problems), the solutions being usually not too singular.

We will first consider the two dimensional wave equation and analyse the dispersion
properties of some usual finite element and finite difference schemes. A disappointing
fact is that if one wants an explicit scheme with P2 elements (or any other ordinary
PN elements) this reduces the order of the method to two even in space variablcs.
Next we give necessary and sufficient conditions which guarantee that the artificial
numerical anisotropy is small. With the aid of these low anisotropy schemes, it is
then possible to construct methods which are of fourth order both in space and
in time using the modified equation approach (see [CJ], [CO], [SB]). We suppose
that the signal speed is locally constant, but the generalization to smoothly varying
speed may be possible. Anyway the attractive feature of these schemes is their easy
implementation and their rapidity. We compare the different schemes and show that
the fourth order schemes are superior to the second order ones.

Extending the above ideas we construct a fourth order finite differcnce scheme for
three dimensional wave equation. With finite elements we have then the fundamental
geometrical problem of filling the space with tetrahedra. Now to have a fourth order
scheme using the same construction as before these tilings have to be quite symmetric,
and it seems that it is impossible to have 'enough’ symmetry. Curiously, it appcars
still to be an open problem to classify or describe all the different tilings with (more or
less) regular tetrahedra, [GO], [GS]. Anyway we calculatc the dispersion relation for
the most regular tiling and show that it is not symmetric enough to give a fourth order
scheme. These considerations suggest that except P1 clements in two dimensions, the
standard finite elements are not really suitable for the wave propagation calculations.

Then we pass to the Maxwell’s equations and linearized elastodynamic equations.
We construct a family of fourth order methods for both of these equations. The
qualitative behavior of the solutions being essentially the same as with the simple
wave equation we have exactly the same reasons to use fourth order methods as before.
There are, however, some additional features: the new equations being vector valued
the discretisation changes not only the magnitude of this vector but its direction
as well (polarization error), very much in the same way as not only the speed but




also the direction of propagation changes. For our methods this polarization error is
small.

Elastodynamic equations are still more complicated: there are two kinds of waves,
pressure wave and shear wave, and their speed is different. However, using our
method the pressure wave behaves exactly like a solution to the three dimensional
wave equation so it is enough to consider shear waves. Now the speed of the shear
wave appears as a double eigenvalue of some operator and a nice feature of our scheme
is that the discretiscd operator also has a double eigenvalue (and not two eigenvalucs
close to each other). It is seen that the error grows quite quickly as a function of the
ratio speed of the pressure wave / speed of the shear wave. This seems to be difficult
to avoid with any scheme.

Finally we present some numerical simulations in two dimensions for the wave equa-
tion. Using the known analytical solution we then compare the accuracy of different
methods and the time needed to compute the solution. The results show that it pays

to use fourth order methods even if the solution is not sufficiently smooth for thc
error to be O(h*).

2 Two Dimensional Wave Equation

2.1 Numerical Dispersion

Let us start by considering the ordinary two dimensional wave equation
Ut — C’ZA‘U. =0 (21)

Here ¢ is the speed of the propagation, which for the simplicity of the notation we
take to be one. The equation (2.1) has then the plane wave solutions

u = eilkr—wi) (22)

with the dispersion rclation

w? = |k|? (2.3)

where w is the angular frequency (or simply frequency), k is the wave vector, |k| the
wave number and r is the vector (z y) (or (z y 2) in three dimensional space).
The wave vector points to the direction of the propagation or in other words it is
perpendicular to the wavefront. If we discretise (2.1) with finite differences using the
usual five point scheme in space and three point scheme in time we get the following
difference equation

n+1 n n—1
ullh —2ul+u 1
) ) ] — noo_ — L — . —un. = 2.«
5t2 Y (4ufly —ulpyy —wigy —uijpr ~UL-) =0 (24)
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Here 6t is the time step and h is the mesh parameter. There are plane wave solutions
provided that the following dispersion relation is satisfied.

6it2. sin®(wét/2) = :—Z(Sin2(k1h/2) + sin?(ky h/2)) (2.5)

In order to have a rcal w we impose the following stability condition
a’(sin?(a; /2) + sin*(az/2)) < 1

where we denote k;h by a; and §t/h by a. Let us note that if ¢ # 1 then all our
results remain valid if one replaces 8t by c 6t and consequently then o = ¢ ét/h. This
leads to

a<1/V2~011

Then using the Taylor’s series we get

2 ki + k3 2
w? = k(1 + (6% - W—?h?)m /12 4+ O(R* + 6t*))

Remebering that the phase speed is defined by v, = ﬁyk we notice that the nu-

merical phase speed is bigger along the diagonals (k; = k) than along the mesh
(ky = 0 or k2 = 0). In the original equation the speed is obviously independent of
the direction; the numerical scheme has introduced anisotropy into thc system. In
fact more important concept in the wave propagation is the group speed defined by
vy = Vw, where the gradient is taken with respect to k. This is because the encrgy
in the system propagates (approximately) with the group speed, [BCL], [TR]. Note
that for the continuous problem (2.1) the phase speed and the group speed is the
same thing (take the gradient of (2.3)); on the other hand for the discrete problem
their lenght and direction can be (and usually are) different. The error in the group
speed is typically greater than in the phase speed. We illustrate this in the casc of
one space dimension. Suppose that there is no error in the time discretisation, so
that the dispersion rclation of any second order scheme has the following form.

w? = k2(1 — 2ak?R? + O(AY))
Then simple calculations show that
v, =wf/k = 1-—ak?h? + O(h?)
vy = dw/dk = 1—3ak?h? + O(Rh*)

So the error in the group speed is about three times as big as in the phase speed
(note that this does not depend on the dimension of the space). Similarly for the
fourth order schemes we get the factor five for the errors. However the order of the
error is evidently the same.




2.2 Mass Lumping

Let us then turn to the finite elements. We will only consider different triangular
clements, so the grid is composed entirely of triangles. Denoting by M the mass
matrix and by R the stiffuess matrix, we can conveniently write the time discretisation
as follows.

un+l — un + un—l

M 502 + R(Ou™ + (1 —20)u™ +6u™"') =0

Here 8 € [0,1/2] is a free parameter and u™ is a vector whose components give the
values of the degrees of freedom at time ¢t = nét. If 8 € [1/4,1/2] then the above
scheme is stable for any 6t. However the scheme is then implicit, so we must solve a
lincar system at every time step. This takes a lot of time and it is not really nccessary:
the stability condition for the hyperbolic equations is always reasonable (this is duc
to the fact that the signal speed is finite). So we would like to take § = 0; but this
does not still in gencral yield an explicit method because usually the mass matrix is
not diagonal. Consequently we want to replace the mass matrix by a diagonal matrix
(mass-lumping) without reducing the order of accuracy .

There are two ways of doing this (for details, see [ZI] and [DL1]). First we can use
a suitable numerical integration method to evaluate the mass matrix. On the other
hand to preserve the accuracy the quadrature must satisfy some conditions. Consider

the general elliptic problem
-V - (CVu) = f

Then the quadrature has to be accurate enough to evaluate exactly the stiffness
matrix, when the tensor C in the above equation is constant. In our case this sim-
ply means that when the speed of propagation is constant, the stiffuess matrix is
evaluated exactly. Note that taking the quadrature points to be the lagrangian in-
terpolation points diagonalizes the mass matrix of any PN element, but it satisfics
the above accuracy rule only for P1 elements (the quadrature evaluates exactly the
first degree polynomials). We remark that the same effect is obtained if one takes
the sum of every row of the mass matrix and puts these sums on the diagonal and
zeros everywhere else. Denoting by { ¢; }¥, the family of basis functions and by d;
the diagonal element in the j’th row after mass-lumping we can write

N
dj:Z/‘Pi‘sz/‘Pj
i=1

One can express this by saying that d; represents the 'mass’ of ¢;.

The second possibility is simply to use different basis functions for mass matrix than
for the stiffness matrix. This is of course more or less arbitrary but at least in some
cases it can be made to work. Obviously we want that the new basis functions are



Figure 2.1: The underlying triangulation and its Voronoi diagram

as simple as possible, for instance piecewise constants. So we associate to the trian-
gulation its Voronoi diagram, see figure 2.1, and define the basis function assosiated
to any point to be one inside its Voronoi polygon and zero outside. If we choose
equilateral triangles, then the support of the new basis function will be a regular
hexagon surrounding the corresponding point. In case of PN elements we associate
to the original mesh a finer mesh (PN iso P1) whose vertices are the lagrangian in-
terpolation points of the original mesh and then construct the Voronoi diagram with
respect to this new mesh. With this strategy the diagonal element of every point is
the same (as long as the original triangulation is regular), which is rather natural.
Notice that if we use this trick with the (conforming) P1 element, we get identical
results as obtained above by the numerical integration method.

2.3 P1 element

Let us then consider ordinary conforming P1 element. First note that if we choose
the triangulation as in figure 2.2 and use mass lumping we get exactly the same
dispersion relation as in (2.5). To proceed we need some notations. Let us first define
the mesh vector h. With finite elements the orientation of the grid is independent
of the coordinate system and we must be able to represent different orientations in
some way. So we take one edge of the grid and associate to it the vector & and then
express all other vectors needed with aid of h. Then define h = |7z| Finally let A be




Figure 2.2: The rectangular triangulation.

a rotation by 60 degrees, that is

- (s )

As noted before the problem with the method (2.4) is that it is anisotropic. We try to
improve the situation by taking a mesh which is more symmetric: we tile the planc
with equilateral triangles. We use the mass lumping and try to find the resulting
dispersion relation. Because the degrees of freedom and the lagrangian interpolation
points coincide, we can interprete the resulting scheme as a certain finite difference
scheme and use the same analysis by plane waves as above.

We use the same three point time discretisation as before. Then after some straight-
forward but rather long calculations (these are most conveniently done using barycen-
tric coordinates, see [RT]), we get the following difference scheme.

6

n+1 n n—1
ug ' — 2ug + ug 2 n_z ny 5
61,2 + 3}[2 (6u0 2 ul ) = 0 (..,0)

The points u; are the six neighbors of the node uy. For later purposes we define the

difference operator L.
6

Lu= -i—(ﬁu—Zuz) (2.7)

1=1
Substituting the plane wave (2.2) into (2.6) we find the following dispersion relation.

gz- sin? (w6t /2) = 3—22—(sin2(k -h/2) + sin®(k - AR/2) + sin®(k - A%5/2))

6



Denote the right hand side multiplied by /% in the above equation by f. Then we
can write the stability condition as

alfp <4 (2.8)

Obviously f; depends only on k and the angle between k and h so without the loss of
gencrality we can choose h = (b 0). Then using the elementary differential calculus
we maximize f; with respect to k. This gives

k) =
k{g;ggh() 6

Substituting this into (2.8) we finally get

a< \/g ~ (.82 (2.9)

Using the Taylor’s scrics as usual we find
w? = [k|2(1 + (46t — 3R2)|k|* /48 + O(h* + 6t*)) (2.10)
Now the second order term is isotropic so we have a fourth order schemec if we choosc
o =6t/h =/3/2~0.87

Comparing to (2.9) we notice that this unfortunately does not satisfy the stability
condition.

2.4 Non Conforming P1 Element

Next let us consider the non conforming P1 element. It has the curious property
that the mass matrix is exactly diagonal (this is not true in three dimensions), so
we don’t have to worry about mass lumping. There is however another difficulty:
the points in different edges are not equivalent, see figure 2.3. More precisely we say
that points a and b are equivalent if there exists a translation of the space which
maps a to b and the neighbors of a to the neighbors of b. Consequently one has to
solve a three dimensional eigenvalue problem to get the dispersion relation and the
stability condition. Moreover we get not only the the solution which approximates
the dispersion relation (2.3), but also two other solutions, which correspond to (highly
oscillating) parasitic waves. In general if we have n incquivalent points we have only
one 'good’ solution and n — 1 parasitic solutions.

Let us again choose the same triangulation with equilateral triangles as before. We
change the meaning of h slightly: to be able to easily compare different methods, /.
will be here half of the length of the edge (and a similar change for 2). Then for all
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Figure 2.3: Three points in the 'unit rectangle’ are inequivalent.

schemes considered we can say that the same h means: the shortest distance between
the Lagrangian interpolation points (or about the same number of the degrees of
freedom in the given area).

Proceeding as before we get the following dispersion relation (or eigenvalue problem)

4
5z sin?(wét/2)z = %Bncz (2.11)
where B, is given by
2 _ —cos(k- A%h) —cos(k - Ah)
Bnc=2| —cos(k- A%h) 2 —cos(k - h)
—cos(k-Ah)  —cos(k-h) 2

When k£ = 0, we see that

4 -2 -2
Bl.=|-2 4 -2
-2 -2 4

The matrix BJ_ has the eigenvalues 6, 6 and 0. So we get immediately the lower
bound for the biggest eigenvalue Ay of Byn./h? (remember that we really take the

maximum over all values of k).
6
Ap 2 5

On the other hand the classical Gersgorin’s theorem (see [HJ]) gives the upper bound

9
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So denoting by a® the stability limit we have the following inequalitics.

2
067~2/3<a*< \/; ~ (.82

The eigenvalue g, which approximates |k|2 can again be found using Taylor’s serics,
which leads to the following dispersion relation.

w? = k2 (1 + (82 — RDK|P/12 + O(R* + 6t))

Again we note that the second order term is isotropic and the ’optimal’ time step
8t = h is unstable.

It can be verified that the cigenvector corresponding to Ag tendsto(1 1 1)ash —
0, which is natural and desirable. On the other hand the cigenspace corresponding to
other eigenvalues tends to the subspace spauned by (1 —1 0)and (1 0 -1).
So the sum of the components is always zero. This can be interpreted by saying that
the parasitic waves tend weakly to zero as h — 0.

2.5 P2 Element

Next we treat the P2 element. We recall that the grid is the same as before and h
is half of the length of the edge. Here we have four inequivalent points: the vertex
and the points on the three edges (see figure 2.4). The problem with P2 clements is
that we cannot as easily diagonalize the mass matrix as before: if we usc a numerical
quadrature which satisfies the rule formulated above (the quadrature points are in
the middle of the edges, see [DL1] ), we get a diagonal matrix, but in addition the
diagonal elements corresponding to the vertex points become zero (the basis function
corresponding to these points has 'zero mass’, that is its integral vanishes). Note
that this does not depend on the geometrical properties of the mesh. Of course these
zcros are inacceptable because we have to divide by the diagonal. To overcome this
difficulty we then use the second method of mass lumping mentioned above.

Otherwise we proceed in the same way as in the precceding case. The dispersion
relation is then of the same form as (2.11), where B, is replaced by

3(1 - fL/16) —cos(k-h) —cos(k-A%h) —cos(k- Ah)
B — 16 —cos(k - f_z)_ 3 ~cos(k - Ah) —cos(k - A%h)
P2 =9 | —cos(k-A%h) — cos(k - Ah) 3 —cos(k - h)
—cos(k - Ah) —cos(k-A%h)  —cos(k-h) 3

Here fr is the same as in the P1 case except we have to replace A by 2h. Taking
k = 0 we find
3 -1 -1 -1
6f{-1 3 -1 -1
9({-1 -1 3 -1
-1 -1 -1 3

0 _
Bp, =




Figure 2.4: The four points in the ’unit rectangle’ are inequivalent.

Three of the eigenvalues of B%, are equal to 64/9 and the fourth is zero. Again this
and the Gersgorin’s theorem gives us the following bounds for the biggest eigenvalue

/\b of Bpg/hz.

64 32
<\ < ==
grt S S 35
Consequently we get the following stability condition, denoting by a® the stability
limit as before.
3
0.61 ~ \/j <a’< % =0.75 (2.12)

Next expanding the small eigenvalue of Bp,; we find
w? = [k[2(1 4 (1662 — 9h?)|k|? /192 + O(h* + 6t*))

The optimal time step is then seen to be 6t = 3h/4, which is exactly at the upper
bound of the stability limit. In practise this limit cannot quite be attained. The
eigenvectors behave as in the non conforming case; the eigenvector corresponding to
the desired solution tendsto (1 1 1 1) and if a vector belongs to the eigenspace
of the rest, then the sum of its components tends to zero.

We remark that the accuracy is of the second order even in space variables although
we are using P2 elements; mass lumping has not preserved the accuracy. This be-
ing the case we could also diagonalize the mass matrix by 'quadrature points are
interpolation points’ method. To analyse this situation we simply multiply Bp; by a
diagonal matrix whose diagonal elements are (1/2 3/2 3/2 3/2). Note that the

10

-




+ — {d2
* — Pl
o ++ Plnc
X « P2

Figure 2.5: Comparison of the second order schemes

resulting matrix is not symmetric anymore. Doing the same calculations as above we
find the following stability bounds and Taylor’s expansion.

05=1/2<0a*< \/—gzom

w? = [k|*(1 + (46t — 9R?)|k|* /48 + O(h* + 6t%))

The error coefficient in space discretisation is here four times bigger than in the
previous case, so we can conclude that the first way to diagonalize the mass matrix
is better. Also the stability condition is less strict in that case.

To get an idea of the accuarcy of the above basic schemes let us plot the phase
speed for some parameter values. We note in passing that to minimise the work
one would obviosly like to choose o as big as possible and fortunately this is not
incompatible with accuracy requirements: looking at the dispersion relations for the
different methods it is seen that typically the accuracy improves as a grows; the error
terms associated to space and time discretisations are of different sign.

In figure 2.5 we have then the phase speed as a function of the direction of the wave
vector (|k| = 1 here and in all the pictures that follow: it is just a matter of scaling).
For every scheme we have chosen a = 0.7 for simplicity. The phase speed should be

11




onc because we chosc ¢ = 1 in (2.1). We rccall that the wavelength is 27/ |k| and
number of points per wavelength N = 2x/h|k| (N is not necessarily an integer). In
figure 2.5 we have taken N = 6. We also note that according to the famous theorcm
of Shannon to represent signal correctly we must at least have N > 2. Because it is
the maximum of the error which is important we sec that the P2 elements are the
most accurate.

3 Direction of Propagation

As we remarked above the error in the absolute value of group speed is about five
times bigger than in phase speed for the fourth order scheme so it is not necessary to
make separate plots for the group speed. However, there is also the direction of the
propagation that has to be taken into considcration. We recall that for the original
solution the group speed and the wave vector are parallel, so a natural way to mesure

the error is then to calculate
3 o ( k-Vw )
= arccos | ————
k] [Vw|

Let us first note that 8 does not depend on the time discretisation; in fact for the
method (2.6) (and similarly for other schemes) we have

k-Vw k-VfL

ERZEREZA (3.1)

Next, it is straightforward to verify that if the scheme is of the order m then
k-Vw

k[ Vw|

B = V2R™ 4+ O(h™H1/?)

— 1 — thm + O(h2m+1)

where b is some positive constant. So £ is then normally of the samc order as the
order of the scheme. However, in some cases the order of § can be higher than the
order of the method. To state the conditions under which this is possible let us
introduce some notation. First we write any dispersion relation generically as

54? sin®(wét/2) = g/h?

In view of (3.1) it is then enough to consider g. To avoid repetitions we state the
conditions directly in three dimensions. Now there are some conditions which any

12



rcasonable g has to satisfy: for any consistent scheme we have

(C1)  ¢(0,0,0) =0
(C2) 0g/0k; =

(C3)  9%g/okl=2
(C4)  9%y/Ok;0k; =0

In (C2) - (C4) the partial derivatives are evaluated at the origin and the index ¢
ranges from one to two or three, according to the dimension of the space. In (C4)
obviously ¢ # j. In (C3) the constant is 2, because the signal speed is one, otherwisc
we would have 2c?. Then we have a condition which is not indispensable, but which
is extremely natural in the context of wave propagation phenomena, namely

(05) g(kh k2, k3) = g(lkll ’ lk2| ) 'k3')

That is ¢ is an even function of any of its arguments. It is easily scen that (C3)
implies (C2) and (C4), and more generally it implies that any partial derivative
which contains an odd order derivative is automatically zero at the origin. Now if we
have an irregular finite element mesh, then evidently (C5) is not verified, but thesc
kind of meshes are not really interesting because they just introduce parasitic waves
into the solution without improving accuracy. Now we can formulate the following

Proposition 1 Suppose that g satisfies conditions (C1) - (C5); then 3 = O(h') if
and only if for any choice of indices i, j and l (7 #1)
By —3 Oty
okt ok3 0k}

(3.2)

where the derivatives are evaluated at the origin.

The interpretation of the above condition is that the second order crror term docs
not depend on the direction of the wave vector k. The proof is of course a tedious
verification, where we first suppose that (3.2) is not satisfied. Then it is rather easy
to find such k, that 8 = O(h?) in that direction. Next supposing (3.2) to be true, we
calculate that
k-Vg
%1 1Vg]

which gives the desired result. Now for the later purposes we formulate a similar, but
slightly more general result. Consider a vector valued function v whose components
satisfy the following conditions (we write the conditions for v;, others verify similar
conditions which are obtained by permutation of indices).

=1+ O(R®)

(D1) wi(k, k2, k3) = vi(ky, k2], |Rs])

13




(D2) 7)l(kl’k27l‘:3) = _vl(_kl)k27k3)
(D3) v, Jok; =1
8301 . 03'01

ok} 30kl dk?

(D4)

Evidently in (D4) ¢ # 1 and the derivatives are evaluated at the origin. We then
have the following result.

Proposition 2 Suppose that v satisfies (D1) - (D3); then v satisfies (D) if and

only if
k-v

=1+0 hs)
ETTol (

The proof is similar as in the previous case. The connection between the two propo-
sitions is that essentially dg/0k; is like v;, but the proposition 2 is needed in another
context later.

Next we give a sufficient condition for the property (3.2) in the two dimcensional case.

Proposition 3 Suppose that in addition to conditions (C1) - (C5) g 1is invariant by
rotation of some angle # nw/2; then it satisfies (3.2).

The proof is a straightforward verification. Note that f; is invariant by rotation of
7 /3. Finally let us mention the following simple result.

Proposition 4 In three dimensions g satisfies (9.2) if and only if it satisfies the two
dimenstonal conditions fork = (ky ko 0),k=(k;y 0 kz)andk=(0 ko ky).

Next we show the errors in the direction of the group speed for the usual five-point
difference scheme and for the P1 elements with equilateral triangles. In figure 3.1
(where we have taken N = 5) the superiority of the P1 scheme is clear. The other
values of N give similar results.

4 Compensation

4.1 Modified Equation Approach

The trouble with the above ’optimal’ time steps (apart from the fact that they tend
to give unstable schemes) is that they are not flexible; of course we would like to
have a fourth order scheme for any sufficiently small time step. However, there is a
fundamental difficulty with the time discretisation: if we use a centered fourth order
approximation for the second time derivative, then the scheme is unconditionally
unstable. On the other hand the centered approximation is necessary if we want to

14
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Figure 3.1: Error in the direction of propagation; N =5

avoid introducing artificial dissipativity. There is however a way out. Consider the
usual three point scheme.

un+l — u" + un—l 6t2
52 = Uy + ﬁumt + O(6t4)

Now using the equation (2.1) this becomes

uttl — 9yn 4 -1
612

&t 4
—T—Uu"*'—l;A u+0(5t)

So instead of the original equation (2.1) we might solve the following modified equa-
tion (see [CJ], [CO], [SB])

8t
u“—-Au——A u=20 (41)
12
Now if the discretisation of the laplacian is of the fourth order and the bilaplacian of
the second order (note the factor §22/12), then the scheme is of the fourth order both
in space and time. It is interesting to note that the equation (4.1) does not yield
a well posed problem because of the non positivity of the last term. However, it is
still possible to construct stable numerical schemes (intuitively this is rather natural:
because 6t is 'small’, multiplying by it 'cancels’ one derivative, so that numerically
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§t2A*? behaves like a second order differential operator). But then by the same
argument one could also compensate the error made when discretising the laplacian,
provided that the sccond order error term is isotropic. So let us again consider the
P1 clements with equilateral triangles. Then using the operator defined in (2.7) we
have

LY N Gy O(h*)

—Lu=-Au—- —A"u

h? 16
Proving this is just the same calculation that lead to (2.10). But for the idea to be
uscful we have to approximate the bilaplacian in some way. However, this is simple
because )
-}-FL?'u = A%u + O(h?)
and as noted above the second degree accuracy is enough. This leads us to the
equation

3h% — 46t
Uy — Au + TAQU =0

We remark that for small é¢ the coeflicient of the last term is positive and conscquently
we have a well posed problem in an appropriate Sobolev space (although this is not
really important in practise, as noted above). The numerical scheme is then simply

uttl — 2yn 4y} 1 (L n g 3h2 — 4642
u —————————————

e t oz 4812

L2u"> =0 (4.2)
So all that is needed is one extra matrix vector multiplication at ecach time step.
Obviously the numerical scheme is stable for small enough é¢. The exact stability
condition is also easy to calculate. Let us first write the dispersion relation for (4.2).

Using the same f as in (2.8) we get

4, 1 oOh? — 12612 ,
— 2) = — >z
52 Sin (wét/2) 2 <fL + T fi (4.3)

The stability condition is then

9 — 12a2
2 et '] <
o (fL RSV, L) s4

Next we note that the left hand side attains its maximum at the same value of k as
fr (fr is always positive and the coefficient of the f? is positive for the values of a
which interest us). We recall that the maximum value of f; was 6. Then making the
substitutions we get the following inequality

12a* = 33a%+16 >0
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Solving the above incquality yields

o</ B2V Lo
24

Note that this is not really much stricter than (2.9). In fact the compensation can
somctimes even improve stability as we will sce later. This is consistent with the
obscrvation above that the added term is not really a fourth order operator: if it
were, the stability condition would be much stricter (in general onc would have
§t = O(h?)).

Of course exactly the same idea can be applied to P2 and the non conforming I’1
clements. Proceeding as in P1 case we have instead of (4.3) the following cigenvalue
problems.

(—572'8111 (w&t/2):1: = .ﬁ (B,,,c + —WBnc T
4 1 9h? — 1661*
I7E] sin?(wét/2)z = ¥ (sz + —IW—B%Q) x

As before we calculate only the lower and upper bounds of the stability conditions,
which gives

2-v289 9 — 33
18 = "= V6

[27-3
0.55 ~ ——32—‘/—3_‘?3 a%hy < 3/4=0.75

We could also have used the other P2 mass lumping which was mentioned in the
previous section. However, it turned out to be much less accurate than the 'normal’
P2 method, so we will not consider it.

0.54 ~ ~ (.74

4.2 Comparing the Accuracy of Different Methods

We will next present some curves of the dispersion relations of the different schemecs
to be able to compare their accuracy. First in figure 4.1 (respectively 4.2 and 4.3)
the phase speed is shown as a function of 2/N (N is the number of points per
wavelength) and the different curves correspond to different values of a for P1 (resp.
P2 and non conforming P1) elements. In each of the figures the direction of k wus
chosen as ¢ = 20. We see that accuracy increases monotonically with respect to a (a
goes from zero to the stability limit) which is nice because it saves computing time.
Consequently in each case it is best to choose a exactly at the stability limit.
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Figure 4.2: The phase speed for P2 elements
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Figure 4.3: The phase speed for non conforming P1 elements

In figure 4.4 we then compare the different elements, where for each method o was
chosen to be 0.7 and ¢ = 20 as before. Obviously if N < 4 P1 elements are the most
accurate. Let us note that we have not calculated the exact stability limit for P2 and
non conforming P1 clements and instead we have used the ’reasonable’ value 0.7 for
both of them. The conclusions would not have been changed if we had chosen for
instance 0.75 for them.

Next let us plot the equivalent of figure 2.5 f01 different methods choosing again the
same a = 0.7 and the same mesh parameter in each case. In figure 4.5 we take N =5
and in figure 4.6 N = 10. From the above figures we see that the non conforming
P1 scheme is clearly the worst of the above fourth order methods. The P1 and
P2 schemes give about the same precision, P1 being slightly better. However, this
comparison does not take into account the effect of the parasitic waves, so in practice
we can expect that P1 scheme is quite a lot better than P2 scheme.

Finally from computational point of view P2 elements are more expensive, because
the stiffness matrix is fuller than in P1 case. This, combined with the above results,
shows that it does not pay to use P2 elements with the hyperbolic equations. Intu-
itively this is perhaps not so surprising: first the use of mass lumping is 'unnatural’
with P2 elements or in other words the basis functions are not well adapted to mass
lumping. Also the fact that all points are not equivalent means ’physically’ that
the continuous homogeneous material has been replaced by discrete inhomogeneous
material; this creates the parasitic waves.
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Figure 4.4: Comparison of different methods; ¢ = 20 and a = 0.7

4.3 Comparing the Work

Of course fourth order schemes are more complicated and expensive than second
order schemes, so to be able to compare them one should consider also the amount
of work which has to be done. We will simply assume that the amount of work
is proportional to the number of function evaluations, so that in general we have
W ~ f(n)/ét, where n is the number of points and f gives the work done at each time
step. Evidently n ~ 1/h?%; of course the exact constant of proportionality depends
on the geometrical properties of the mesh, but for our purposes this is not essential.
Ignoring the book-keeping the work is essentially one matrix vector multiplication for
second order schemes and two for fourth order schemes. The matrices being sparse f
is a linear function and the constant of proportionality can be taken as the number
of non zero elements of one row of the matrix. With these conventions we get for the

scheme (2.4) and (4.2)

5
W: ~ &
14
W, ~ —— 4.4
4 6t h? (4.4)

where the subscript 2 refers to second order scheme and 4 to fourth order scheme.
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Figure 4.5: Comparison of different methods; N =5 and a = 0.7

Now using the best possible a for both methods we see that the work is about the

same if /s
14
hy = | ——— hy ~ 1.36Ah
! (5 - 0.79\/5) 2 2

In figures 4.7, 4.8 and 4.9 we have plotted the phase speeds of these methods using
the above scaling with N = 3, N = 6 and N = 10 respectively. The superiority of
the fourth order scheme is quite clear and in addition we see that if a very accurate
solution is required the advantage of the fourth order scheme is even greater.

Of course this approach does not take into account the storage requirements: some-
times it is more important to keep the size of the problem reasonable than to minimise
the CPU time. However, recalling that compensation does not need any extra stor-
age, the above crude analysis can be regarded as satisfactory.

Finally we remark that the compensation has no effect on the direction of the group
speed, as can easily be verified.

21




1. 0000

0. 9393@

free
‘lnl“““il[""
st Uy

i Uy,
) 1 PrproTYees
M““**Mwmumm»ww"*“&Pw.ﬂ&gﬁ”ﬁ”“
SN

P

‘.‘l‘l .nu ‘.

.‘W

a— ‘.' .
o' ..o '..
- '.‘ .. '.
B v "\
I LR I 1 | 1 j i { |
0.0 30. 9 60. 0 90. 2

+ — P1
* +« Plne
0o & P2

Figure 4.6: Comparison of different methods; N = 10 and « = 0.7

"W‘ '0”
’f
+
+
+
*+
* RS
’lﬁ .\‘
+ ‘s
+
+
e ‘.
— ‘0
+ +
-— + +
+ +
+ +
- +
+ ‘*
0.892 __| R
+
+
=1 +
+
+ +
1 +
o’ "
- o’ A
‘0“ *
i x‘“-
@. 88
I T [ T 1 ] T T T 7T
2.9 30.0 60. 9 9. 0

* +
11
.,U'-ﬁ
—~ &

Figure 4.7: Comparison of second and fourth order methods with scaling; N = 3.

22



1. 000

0. 9385

0. 990

2. 885

Q. 980

0. 975

Figure 4.8: Comparison of second and fourth order methods with scaling; N = 6.

1. 200

0. 990

otk Lo 14
4‘. .’f
+ +
- + +
+ +
+ +
+ 4
+ +
- + +
+ +
+ +
+ +
. + +
+ +
+ +
+
+
+
+
- + .
+ +
+ “+
g -
- "-o’ %’
Lort¥ "’4“.
v ] 0 1T I ! 1
0.0 30.0 60. 0 90. 9

*x +

11

g
el °C)

Figure 4.9: Comparison of second and fourth order methods with scaling; N = 10.

23




5 Three Dimensional Case

5.1 A Finite Difference Scheme

We have seen in the two dimensional case that it was essential for the compensation to
work that the second order terms of the error are isotropic. The natural solution was
to use equilateral triangles. In three dimensions there is no such easy solution (the
spacc cannot be filled with regular tetrahedra). Using the finite differences one can
Lowever construct the following rather simple scheme to approximate the laplacian.

1
Tau = 6(24u(m,y,z) — 2u(z + h,y,z) — 2u(z — h,y, 2)

—2u(z,y + h,2) — 2u(z,y — h,z) — 2u(=z,y,z + h) — 2u(z,y,2 — k)
—u(z + h,y+ h,2) —u(z — h,y— h,z) —u(z — h,y + h,z)
—u(z + h,y— h,z) —u(z + h,y,z+ h) —u(z — h,y,z — 1) (5.1)
—u(z — hyy,z+ h) —u(z + h,y,z — h) —u(z,y+ h,z2+ 1)
—u(z,y — h,z — h) —u(z,y — h,z+ h) —u(z,y + h,z — 1))

With the usual time discretisation we then have the method

un+l — " + un—l 1 n

The corresponding dispersion relation is

4
5 sin®(wét/2) = 3%(2 sin®(a,/2) + 2sin®(a,/2) + 2sin%(as/2) +

sin?((a; + a3)/2) + sin?((a; — @2)/2) + sin®*((a; + a3)/2) + (5.2)
sin®((a; — a3)/2) + sin®((a3z + a2)/2) + sin®((az — a3)/2))
The Taylor’s series gives us
w? = k21 + (6% = hD)|k[* /12 + O(R* + 6t))

So the optimal time step would be ét = h. Let us denote by fa the right hand side
of (5.2) multiplied by k2. Again with a little differential calculus one finds that the
gradient of fa vanishes when the following equations are satisfied

sina;(1 + cosaz + cosaz) = 0
sinaz(l + cosa; + cosaz) = 0
sinaz(l 4+ cosa; +cosa;) = 0

Then considering the different possibilities we see that

=16/3
max fala) /
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Combining this with the stability condition
2
a’fa <4

gives us the limit

a < V/3/2~0.87

As usual the optimal time step is unstable. We apply again the idea of compensation;
the method and the corresponding dispersion relation then become

n$1 _ 2u” n—1 1 h2 _ 5t2
@ (TA“" * —féh—z‘Tf\“") =0

4 1 h? — 6t2
m51n2(w5t/2) = ﬁ (fA + W—f&) (5.3)

Then one obtains the stability condition (as before only the small values of « interest
us so the coefficient before the f2 term is always positive)

o’ (fA + 12 i fi) <4 (5.4)

12

Substituting the maximum value of fo we have the inequality
160 — 52a% +27 >0

Solving this we finally get

13 — V61

— ~ 0.8 .
a < 3 0 (

Here also we notice that the above condition is not much stricter than without com-
pensation.

Finally we note that instead of the operator Ta we could have considcred a slightly
more general operator which uses also the values u(z+h,yxh, z+h). Then demanding
that the second order error term be isotropic we get the following family of operators
depending on one arbitrary parameter.

_ 1 -

Tau = -é(du(.r,y,z) —a(u(z + h,y,z) + u(z — h,y,2) +
u(z,y + h,2)+u(z,y — h,2) +u(z,y,z + h) + u(x,y,z — h))
~b(u(z + by + h,2) +u(z —h,y—h,z) +u(z — h,y + h, 2) +
w(z + h,y—h,z)+ulc +hyy,z+h)+ulz —h,y,2— ") +
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wz—hy,z+h)+u(x+ hy,z—h)+ulz,y+ h,z+ 1) +
+u(a,y — h,z—h)+u(z,y—h,z+ h) + u(z,y + h,z — h))
—e(u(x + hyy+ h,z+ h)+u(z —h,y—h,z—h)+
w(z—h,y+h,z+h)+u(e+h,y—h,z—h)+
u(z+h,y—h,z+h)+u(z—h,y+h,z—-h)+

u(z — h,y — h,z+ h) +u(z + h,y + h,z — h)))

where the coefficients are given by

d 24 + 488
a = 24 24¢
b = 1-12¢

Taking ¢ = 0 gives To. Now one might think that by choosing a good value of ¢,
onc could improve accuracy and/or stability. However, this is not possible. First,
calculating the dispersion relation

4 2 ~
— sin“(wét/2) = h?
o sin?(wbt/2) = fa/
we sce that fA(W, m,0) = 16/3 for any ¢ so the stability condition cannot Le improved.
As regards the accuracy, we first calculate the fourth order error term, which gives

(=4 +5a® + a* + 2(a® + a?) — 14a?a? — 2(a? + a})
+12(a?a) + aja?) + 90éa®ai(1 — a? — a2))/360

Here we have used a3 = 1 — a? — a. Now it is straightforward to verify that when
¢ = 0 the maximum error is attained at (a;,az,a3) = (0,0,1). Then referring to the
above expression we see that the error in this direction does not depend on ¢. This
shows that the accuracy cannot be improved. Consequently taking ¢ = 0 is the best
choice because it reduces the amount of work without having any undesirable effects
on stability or accuracy.

5.2 Tiling the Space and P1 Elements

We remarked above that the three dimensional space cannot be tiled with regular
tetrahedra. However, in figure 5.1 there is an interesting tiling with ’almost regular’
tetrahedra (for more details and other tilings by tetrahedra, see [GO] and [GS]). In
particular all vertices are equivalent so there are no parasitic waves. Now there is
an infinite family of different tilings, because the ratio a/e (in the notation of figure
5.1) can be chosen arbitrarily. The most natural choice seems to be choosing the
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Figure 5.1: Tiling of the space by congruent tetrahedra

ratio such that 3a = b, which implies that all the four faces are congruent isosceles

triangles. Let us denote the shorter edge by h (the longer edge is then 211/v/3). Then
define the following vectors.

hi = h(V8/3 0 1/3)

hy = h(V2/3 V6/3 -1/3)
hy = h(-v2/3 V6/3 1/3)
~hy = h(0 0 1)

After the usual finite element calculations using P1 elements we find that the method
can be interpreted as the following difference scheme

un+l _ 2un + un—l 1 . n
1T + 5 Tau” =0 (5.6)

where the operator T is defined by

4

Tau = % (Su(r) - Z u(r £ hi))

=1
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Note in particular that all the four directions I; are equivalent, which would not have
been the case with other choices of the parameter a/e. This leads to the following
dispersion rclation.
4 3 «
.2 _ s 201 1.
5z Sin (wét/2) = 7z Zsm (k- hi/2) (5.7)

i=1
Expanding the above cquation gives
w? = [k2(1 + (96t% — g(k)h?)|k|? /108 + O(h* + 6t%))
wliere ¢ 1s given by
g(k) = (6k] + 6k3 + Tk3 + 12k7k3 + 6k k3 + 6k3 k3 + 4V2ki ke + 12V2k k3 ks )/ |k[*

Now it is straight forward to calculate that 3 < g < 7, so part of the crror can be
compensated by the following scheme.

uttl —oym ! 1 (: . 5Sh2—96t_, .,

The final dispersion relation is then of the form
w? = k2 (1 + §(k)R2|k|* /108 + O(h* + 6t*))

where || < 2, so that the maximum error in the space discretisation is reduced by a
factor of 7/2. Let us remark that it is easy to sce that we cannot compensate the error
totally with any value of a/e. In particular if we denote the right hand side of (5.7)
by fp1, then 0* fp;/9%k10k3 # 0 (at the origin) for all a # 0, which clearly implics
that compensation is impossible (see proposition 1 and conditions (C1)-(C5)).

As regards the stability condition, it is particularly easy to calculate: it is sufficient
to note that when ¥ = (0 0 3w /h), the right hand side of (5.7) is 12/h? which
evidently is the global maximum. So the stability condition for (5.6) is

a < 1/V3~0.58
The stability inequality for the scheme (5.8) is then

5 — 9a’?
108

a? (12 + 144) <4

Solving this finally gives



5.3 Comparing the Different Schemes

Next we will compare the above methods like in two dimensional case. We represent
the wave vector in spherical coordinates in the following way (scaling |k| to be one
as usual)

ky = cospcosb
k2 = sinpcosé
k3 = siné

In figure 5.2 we see the phase speed as a function of 2/N for the method (5.3) with
different values of a. As usual, the accuracy inproves when a grows. In figure 5.3
there is a corresponding picture for the scheme (5.8). The directions chosen are
typical: other valucs of ¢ and 6 give similar results. Finally in figurc 5.4 we have
plotted the two metliods with their best value of a (that is, at the stability limit).

Next, doing a similar crude operation count as in (4.4) and then using the corre-
sponding scaling, there is in figure 5.5 the phase speed as a function of @ for the two
mcthods for different values of parameters. Similarly, in figure 5.6 we have comparcd
the ordinary second order scheme ((2.4) in three dimensions) to the fourth order
scheme, scaling the work to be the same. The superiority of the scheme (5.3) is guite
obvious in both cases.

5.4 Direction of Propagation

Looking at the crror in the direction of the group speced we see that the situation is
exactly like in the two dimensional case: proposition 1 tells us that with or without
compensation we have 8 = O(h*) for the method (5.3). In figure 5.7 and 5.8 we show
B with different values of the parameters. It is seen that § is very smull already for
quite small values of N.
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6 Maxwell’s Equations

6.1 Background

Next we generalise the above ideas to the Maxwell’s equations. Considering a domain
in space free of sources we can write the equations in the following form.

E.~VxB = 0

H+VxD = 0
V-D = 0 (6.1)
V-B = 0

For the physical interpretation of different unknowns we refer to [LL] and [KO].
We just remark that each of the above functions are vector valued and that last two
equations are really consequences of the first two. This leaves us with six independent
scalar equations with twelve unknowns so we need the so called constitutive relations
which determine the dependence of F and H of D and B. We will consider only
isotropic media and so the constitutive equations are simply

D = ¢F
B = uH (6.2)




The coefficients € and p are called permittivity and permeability. For simplicity of
notation we take these constants to be one so our fundamental equations become

D,—-VxB = 0
B,+VXxD = 0 (6.3)

With this choice the speed of light is one; with physical parameters it would be
¢ = 1/, /eji. These equations admit the plane wave solutions of the form

B = Buci(k~r—wt)
D = Dyeitkr—et (6.4)

where By and Dy are constant vectors. Substituting the above plane waves into (6.3)

we find

wDo = —kx Bo
wBy, = k x D, (65)

This is really an eigenvalue problem which is seen more clearly when one associates
to the operator kx a 3 x 3 matrix as follows.

0 —k3 Kk
K=kx = k;; 0 —k‘l (G.G)
—-ky k& 0

Note that K is antisymmetric and so its eigenvalues are purely imaginary and by a
simple calculation they are seen to be 0 and ¢ |k|. Ignoring the eigenvalue zero we
then get the following dispersion relation

w? = [k|*
As regards the eigenvectors we obtain immediately that

k-By = 0

k-Dy = 0 (6.7)
So when B and D are of the form (6.4) they are orthogonal to the direction of
propagation (and to each other). This is also true in more gencral situations where

k might not be orthogonal to E or H, see [KO]. The above conditions also clearly
imply that B and D as given in (6.4) satisfy the last two equations of (6.1).
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6.2 Basic Second Order Scheme

We start with some notations and define the following difference operators. Here 3
is a function from R! to IR? and %; refers obviously to its i’th component.

Vei = d);(.’lt + h’y’z’t) ; “’bi(‘t —h,y, zat)

Exactly in the samc way we define the diffcrence operators in y and z directions.
Then to approximate VX we use

_ 0 -V: Vy Py Vyl/)s - Vi
Tx'l/) = Vz 0 '—Vx Z/)Z = Vz"/’l - 11/)3
—Vy Vz 0 '(//'3 Vz 1/’2 - Vyd’l

We thus have the following numerical method for solving (6.3).

Dn+l _ Dn—l 1

25t pxBY =0
prtl _ pn-—l 1 -
g -5 @ L lfpr =
26t + h xD 0

Now to analyze the scheme we use the plane waves as before. First notc that
Vxei(k‘r—wt) — isin(kl h)ei(k~r—wt)

So instead of the operator K in (6.6) we have

0 —sinaz  sinas
K= sin as 0 —sina,
—sina; sina; 0

where as before we have denoted k;h by a; . Our eigenvalue problem then becomes

sin(wét) _ 1.
5 D = kD
sin(wét) 1
—e Do = phbo

Solving this is as easy as solving (6.5), so using the notationsina = (sina; sina; sinay)
we get the dispersion relation

% sin?(w6t) = hizgsin af? (6.5)




Denoting the (non zcro) cigenvalues of K by i, we see that the right hand side of
(6.8) is just ¥2/h%. In addition, instead of the original orthogonality rclations (6.7)
we have

sina-By = 0

sina-Dyg = 0
From (6.8) we get the stability condition
o?lsinal® <1
The components of b being independent this gives
o <1/V3~0.58

We can improve the stability using the following idea. To ’simulate’ a small timestep
and keep the discretisation centered we could calculate D (resp. B) at instants n 6t
(resp. (n + 1/2)8t). This approach gives the method

D+ _Dr 1.
e o Bn+1/2 = 0
bt R
Bn+1/2 _ Bn—l/2 1 -
~-T.D" =
7 + 5L 0

Making the same plane wave analysis as above we notice that everything remains
the same, except that one replaces 6t by §t/2 everywhere. So the stability condition
becomes

a <2/V3~115

This seems to be a good argument for preferring this kind of time discretisation, so to
avoid unnecessary repetition we consider from now on only the case where the fields
B and D are given at different time levels. Finally, using the Taylor’s expansion to
calculate the asymptotic behavior of the new dispersion relation we obtain

k4 k4 k4
W = [K2(1 + (k%687 — 4;12—11'-1;%2)/12 +O(Rt + 6t1))
We conclude that the scheme is of the second order and that it is clearly anisotropic.

6.3 Fourth Order Scheme

To get a fourth order scheme in time we have exactly the same difficulty as with the
wave equation: to avoid dissipation the time discretisation has to be centered, and
to have a stable scheme it has to be of second order. To circumvent this problem we

36




usc the same modificd equation approach as before. To this end, let us write down
the truncation error in time discretisation.

n+t _ n , 6‘t2
D = D ~ 9DtV 4 _ﬁa.}Dn+1/2 + 0(6tY)
- atDn+l/2 _ %(VX):’BWHH + 0(514)
Bn+1/2 — pn—1/2 6§12
7 = 0,B™ + 9—40?13" + O(6t*)
6t

= O,B" + ﬁ(V><)~'*1)" + O(6t*)

Now if we add the second order error term to the equations (6.3), discretise it suitably
and use a fourth order scheme for Vx then we get a fourth order scheme. Morc
generally if we use a sccond order discretisation for Vx and the error is of the same
form as above, then it can also be compensated exactly in the same way. To analysc
this possibility we introduce the following rather complicated difference operator (we
omit the time argument of ).

S = (e +2h,y,2) + 8h(a + by 2) — 8i(z — hyy,2)
+i(e = 2h,y,2)) + o (hi(z + 2k, 2) = 69i(a + b,y 2)
+66i(z = hyy,2) = i@ — 2h,3,2)) + -(Vilw + by + b, 2)
—pi(z —h,y—h,z) +Yi(z + h,y — h,z) —i(z — h,y + h, z)

+1f/)l($ +h,y, 2+ h) - 'd)i(l' —h,y,z— h) (69)
+1/),(.’L‘ + h,y,z - h) - d)z(l - h,y’z + h))

In particular, choosing ¢ = 0 gives the usual fourth order difference operator. Of
course the y and z directions are handled similarly. Then to approximate Vx we
naturally define

0 -5 S 1 Syths = 57
Ty=| 5 0 =5; Yo | = | St — Sis
-5, S; 0 ¥3 Sz2 — Sy
We have then the following result.

Proposition 1

%Tcz/) =V x ¢ - ch®*(Vx)*¥ + O(h?) (6.10)
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This is proved by first using Taylor’s expansion in (6.9), which gives

%Sﬁl/),‘ = 0. ¢ + CIL20,A1/H + O(h")

This implies that
1
ETcz/) =V x 9+ ch?AV x ¥ + O(h*)

Now using the identity VX V x V x ¢ = —AV x ¢ we get (6.10).

Finally we have to discretise V x V x Vx in some way; however this is rather easy:
we simply iterate the operator T, to obtain

1,3 3 2

ST = (V)% + O(W)
This is only of the second order (if ¢ # 0), but this does no harm becausc second order
accuracy is sufficient, exactly for the same rcasons as in the case of wave equation.

Before considering the full fourth order scheme, we first establish the stability prop-
erties of the following second order scheme.

Dn+1 — pn 1 nt1/2
Bnrtl/2 _ pn—-1/2 1
= +2I.D" = 0 (6.11)

Using the plane wave analysis as before we first note that

Scei(k~r—wt) _ tsinag i(k-r—wt)
> - -

(4 — cosa; + 6¢c(cosay + cosaz + cosaz — 3))e

Let us denote the expression multiplying the exponential in the right hand side of tle
above equation by i{;. (and similarly for i{y. and i{;¢). This gives us the operator

0 _é.:c fyc

Ke= €zc 0 —€zc
—gyc €zc 0
and the corresponding eigenvalue problem

2sin(wét/2) 1
—&———-Do = —'EKCBQ
2sin(wét/2) 1
TBO = EK:CDO

Then proceeding as when deriving (6.8) we get

4 1
57 51n2(w5t/‘2) = -h—2(§3¢ + f:c + §Zc)
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We then define f, to be the right hand side of the above equation multiplied by A2,
which gives

3 3
fela) = % ; sin® a;(4 — cosa; + 6c(—3 + ; cos a;))?

We remark that using the notation €. = (€zc €ye €:c) we have fo = |£c|2 Then
choosing ¢ = 0 gives the following stability condition.

2 3
a’fy = % ; sin? a;(4 — cosa;)? < 4
A little differential calculus then shows that the maximum value of the left hand
side is attained when cosa; = 1 — \/6/2, so that the maximum of thc fy is My =
(84 V6)/4 =~ 5.65 (in what follows we shall denote the maximum value of f. by M,).

The stability condition then becomes

o< 2 ~ost

3 +8V6
The stability condition is rather reasonable, but maybe it could be improved by
choosing another value of c. A little thought suggests that ¢ = 2/9 might be a good
candidate. The stability condition then becomes
2 3
a2f2/9 = sin? a;(cos a; + 4 Z cosa;)? < 4

81 I#i

Searching for the maximum of f. is rather complicated, but numerically it can easily
be calculated. In fact in figure 6.1 we have plotted M, as a function of ¢ and it clearly
indicates that the minimum is somewhere ncar the value ¢ = 2/9.

The numerical values of the point where M,/ is attained suggest that at the maxi-
mum a; = 0 and a3 = 0. After this we easily calculate that the gradient vanishes at
cosa; =2 — 3/\/5, az; = 0 and a3 = 0 (of course any other permutation of variables
would do as well, and one could take 7 instead of zero). Consequently the maximum
of the fy/9 is Mysg = (164/2 — 13)/12 =~ 0.80. This leads to the stability condition

43

a< ——r ~ 223
162 - 13

‘We then consider the fourth order scheme which can be written as follows.

n+1 _ n
D lgt D _ %(TcBn-Hﬂ _ ﬂchBn-H/Q) =0
n4+1/2 _ pn—1/2
4 (XD - ATID") =0 (6.12)
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Figure 6.1: M, as a function of ¢

where B. = (8t% — 24¢h?)/24h? = (a® — 24c)/24. Because of the special form of the
correction terms (one just iterates T, ), the stability analysis is rather straightforward
and proceeding as before we find the following eigenvalue problem.

2sin(wét/2 1
L(;’t_ﬁpo = -3 (Ke+B.K2)Bo
@n(;v_tét/i)Bo = —(Ke+ BKE) Do

Remembering that the (non zero) eigenvalues of X, are +i|£ |, then cvidently the
eigenvalues of K, + B.K2 are +i |&| (1 — ﬂc|§cl2). Then using f. gives the dispersion
relation

4 ., _ fe N
-(S—z—z-sm (wét/2) = ﬁ(l Befe)? (6.13)

Now maximising the right hand side is not so straightforward as before because .
1s positive for reasonable values of parameters. However, numerically we see that it
is sufficient to consider the maximum value of f.. This means that for each ¢ the
stability condition is given by

o’ M (14 cM, ~a’M.[24)? -4 <0 (6.14)

This is a third degree polynomial with respect to a® and so the above inequality can
be solved exactly. However the expression is so complicated that we do not attempt
to write it down. Instead we have plotted in figure 6.2 the left hand side of (6.14)
for some values of ¢ and curiously it happens that the stability limit does not change
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Figure 6.2: Right hand side of the stability inequality as a function of a with ¢ =0
(broken line with large dashes), ¢ = 0.1 (broken line with small dashes) and ¢ = 0.207
(unbroken line).

monotonically with respect to c¢. Also for the small values of ¢ (including zero) the
stability improves considerably compared to the corresponding second order scheme.
Of course we would like to choose such a value of ¢ that minimises the crror. To this
end we calculate the Taylor’s expansion of (6.13) which gives

w = [k|(1 + g(a, ¢, a1,az,a3)h [k|* + O(h® + 6t°)) (6.15)

Now g¢ is homogeneous of degree zero with respect to a = (a; a; a3) so we can
choose a3 = /1~ a? - ag and then plot ¢ for some values of a and ¢. For small
values of ¢ the result looks like in figure 6.3 where we have taken ¢ = 0 and a = 1.
Evidently the maximum error (the minimum value of g) occurs at a; = a; = 0 and
then we have

at + 64

9(a,0,0,0,1) = ~ {920

(6.16)

On the other hand when ¢ ~ 0.2 the global minimum of ¢ is at a; = a; = a3 = 1/V/3
and the situation is like in the figure 6.4 (with @ = 2.13 and ¢ = 0.207). The minimum
value is then

a' +64/9 + 5760c? — 240a’c — 160c
1920

g(a,c,l/\/g,l/\/g,l/\/g)=

Now it turns out that if one fixes ¢ and then tries to minimise the absolute value of
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Figure 6.3: ¢ as a function of a; and az; c=0 and o = 1.

Figure 6.4: ¢ as a function of a; and az; ¢ = 0.207 and o = 2.13.
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the above expression with respect to «, then a at the minimum does not satisfy the
stability condition. So the values used in figurc 6.4 for « and ¢ are merely numerically
found values which should not be too far from the optimum. With ¢ = 0.207 the
optimum is @ = 2.1682 and the stability limit 2.1357. In any case we have

l9(a,0,0,0,1)| > 0.033 > |¢(2.13,0.207,1/V3,1/v3,1/V3)| ~ 0.0078

Next let us plot the phase speed as a function of 2/N as before. First in figure
6.5 with ¢ = ¢ = 6 = 0 (direction of the maximum crror) we see that the error
docs not depend much on « as expected from (6.16). It is seen that some kind of
optimal choice would be a >~ 1.5. Then in figure 6.6 the parameters arc ¢ = 0.207
and ¢ = 6 = 45 (again direction of the maximum error). When ¢ = 0 the error
increcases with incrcasing a while it decreascs when ¢ = 0.207. It is scen that the
error grows very fast when N < 5, so one has to use more points per wavclenght than
when solving the ordinary wave equation. In figure 6.7 (¢ = 8 = 45) we have then
compared the different values of ¢, using a = 1.5 for ¢ = 0.

Then in figures 6.8 and 6.9 we have compared the accuracy of the scheme with ¢ =0
and ¢ = 0.207 taking first N = 5 and then N = 10. Obviously ¢ = 0.207 is the better
value. However, taking ¢ # 0 increases the amount of work. Now doing the same
simple operation count as in (4.4) and scaling accordingly the work to be the same,
we get the figures 6.10 and 6.11. The error with N = 5 is about the same in both
cases, but when N = 10 the value ¢ = 0.207 is again clearly better.

Next, passing to the direction of the group speed as usual we note that the scheme
satisfies the conditions of proposition 1, so 3 = O(h*) as before. In figure 6.12 wc
have taken N = 5 and we see that the maximum error is about the same for ¢ = 0
and ¢ = 0.207. However, when N = 10 the error with ¢ = 0.207 is considerably
smaller, figure 6.13.

6.4 Polarization

Then how about the eigenvectors? We recall that for the continuous problem we had
the orthogonality relations (6.7), which are numerically replaced by

£c : BO = 0

€c "Dy = 0
The plane spanned by By and Dy is called the plane of polarization and for the

continuous problem it is orthogonal to k. Therefore a natural way to measure the
error of polarization is to calculate

_ £k
VT aneeos (Iécl |k|>
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Figure 6.5: Phase speed: c=¢p =6 =0.

Here we note that £. satisfies the conditions (D1) - (D4), so with proposition 2 we
conclude that v = O(h*). This is true for any value of c, although £. is only of sccond
order if ¢ # 0.

In figure 6.14 we show v for some values of ¢ and taking ¢ = 40 (other values of ¢
give similar results). The value'c = 0.207 is clearly the best. In addition, comparing
to 6.12 and 6.13 we see that typically v < 3.

Finally let us say a few words about the last two equations of (6.1). We remarked

that they are consequences of the first two. Numerically the situation is perhaps less
clear. However, consider the following discrete divergence operator.

1
Ve = 7 (521/’1 + Sy + 551/’3)

Because the difference operators S¢ commute we have

Ve Tep =0

Then taking this discrete divergence of the equations (6.11) or (6.12) we sec that
numerical divergence is conserved.

44




a=10

a =213/6
a=2-213/6
a=3-213/6
a=4-213/6
a=25-2.13/6
a=213

X O % +4

1111111

Figure 6.6: Phase speed: ¢ = 0 = 45, ¢ = 0.207.
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Figure 6.7: Phase speed: + & ¢=0and a =1.5; * < ¢=0.207 and a = 2.13.
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Figure 6.11: Phase speed with scaling, N = 10.

47




8.0

X LLLEL

kS ‘f-fsf{’:‘{{l :{j Rigath
LA

7 I

+ & ¢c=0p=0

0 & ¢=0p =225

- o =0 =45

* o ¢=020T7¢=0
X & c¢=0.207 p =225
= & ¢=0.207 p =45

Figure 6.12: Error in the direction of propagation, N =5

= ¢c=0p=0
o = c=0¢p =225
— & ¢c=0p =45
* = ¢c=0207p=0
X & ¢c¢=0.207 p=225
= o ¢c=0207 p =45

—_— 000
— -F \"X«*‘“‘

362
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7 Linearized Elastodynamic Equations

7.1 Background

The linearized elastodynamic equations can be written in various different ways, but
for our purposes the most suitable form is the following.

uy — (A +20)Au—(A+p)VxVxu=0 (7.1)

The parameters A and p are called the coefficients of Lamé and they are always
positive (x here has nothing to do with the permeability of (6.2)...). Scarching for
the plane waves of the form u = ug exp(i(k - 7 — wt)) as usual we get the following
eigenvalue problem

wlug = (A + 2p) k% ug + (X + p)K2ug

The matrix K is here also given by (6.6). We have then two non zero solutions:
a simple eigenvalue w? = (A + 2u)|k|* and the double eigenvalue w? = plk|*. The
cigenvector corresponding to the first eigenvalue is parallel to k, while the other
two are orthogonal to it. The eigenvector parallel to k gives the solution called the
pressure wave and its speed of propagation is v/X + 2u and the other two solutions
are the shear waves which travel with speed |/J1.

7.2 Construction of the Fourth Order Scheme

For the numerical solution of (7.1) we discretise the laplacian and V x Vx separately.
For the latter we obviously use the operator T;.. For the laplacian we usc the operator
Ta defined in (5.1). So we obtain a second order scheme as follows.

utl — 2yn 4yl + A4 2u

’\+/" 2..n
572 3 Tu™ =0

h?t ~¢

Substituting a plane wave in the above equation gives the following eigenvalue prob-
lem

Tau™ —

4sin?(wét/2 A+ 2u A+
1 (S(t2 / )uo — ( = / )fAuo + ( hzﬂ)’cfuo
We change the meaning of « slightly and define it to be ét\/(A + 24.)/h. Denote
(A + 1)/(A+ 2u) by b. Then the eigenvalue problem can be written as
4 sin?(wét/2ug = o faug + bja’ K ug

Now when we want to construct a fourth order scheme we have exactly the same
difficulty as before: we cannot directly use the fourth order discretisation of the time
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derivative. So we write down the truncation crror of the time discretisation in the
usual way.

11-”+l _ 2”11 + “n-—l

32
= Ofu + %O:u + O(ﬁt") = afu +

ot?
ot* 2 A2 4 A
T"_((/\ +20)° A% — (A 4+ p)(A + 3pu)(Vx) u) + O(6t")
Here we have used the identity (Vx)? = —~A(Vx)2. The Taylor’s expansion shows
that
Lt Au— A%y o)
—Tau = —Au-— —A%u
2 At ‘T 12
1
-]—,;Tfu = VYxVxu- ‘20112(V><)4u + O(h")
12

So the fourth order scheme can be written in the following way.

wtl — 9y 4 ! A+ 2p n At Ho2 on

572 t g Tav' - Tew +
(A + 24 n (Atp) n
_T?,h—"‘—)-(h'z - (A + 2;1)6t2)TZu - '(—EhT(Q‘lC"lz - (A + 3//)6t2)T:u = 0

Then using a, by and by = (A+3p)/(A+2u), the above scheme can morce convenicntly
be written as

u™t — 2y +u"! 4 a? (TAu" — by Tczu" +
1—a?
12

Tiu™ — —1112(240 —ba®)THu™) =0

Substituting the plane wave as usual, the corresponding eigenvalue problem is then
found to be

4sin (w6t /2)uo = o ((fA + 115(1 — a?)f2)I + by (K2 - 11—2(240 - w))cg)) v

Now there are two cigenvalues to approximate. However, the eigenvaluc correspond-
g to the pressure wave depends only on the operator Th, so it behaves exactly like
the ordinary wave cquation. This has already been analysed above so it is sufficient
here to consider only the shear waves. In addition it is the shcar waves that arc
difficult to approximate. This 1s because the wavelength of the pressure wave is at
least /2 times bigger than the wavelength of the shear wave and consequently if
there are sufficiently points to approximate well the shear wave the approximation of
the pressure wave is even better. Note that also the above discrete problem has an
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Figure 7.1: § as function of a; and a,

exact double eigenvalue, which is not the case with all schemes: one could have two
distinct eigenvalues which converge to the same limit as h tends to zero.

For the shear waves we get the following dispersion relation.

1

4sin®(wét/2) = a? (fA + ﬁ(1 —a®)f: —b(fe + 11—2(240 - bga'z)f3)> (7.2)

We have then the stubility condition

1

(1= at) % — by (e + os(2e bza'z)f3)> <4 (13

0S012<f5+1—

It is clear that a cannot be bigger than 0.80, because f. = 0 at the point where fa
attains its maximum value.

7.3 Optimising the Parameter ¢

Now c being a free parameter, how should we choose it? Let us make a Taylor’s
expansion of the relation (7.2) which can be written as

w :\//_llkl(l +g(a)ca/\’f‘aalaa%a:})h“lkr’ + O(h6 + 6t6))

The expression for § is too long to be written down, but proceeding as with equation
(6.15), we can plot it for some values of ¢, a, A and p (like figures 6.3 and 6.4).
We note that § is homogeneous of degree zero with respect to A and u so only
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Figure 7.2: Optimal c as a function of A/pu

the proportion A/u really matters. In figure 7.1 we show a typical situation with
a = 0.80 and A/u = 3. We see that the maximum error is attained at origin, that is
at a; = a; = 0. Now §(a,c, A, p,0,0,1) is a quadratic polynomial with respect to c,
so one easily calculates that the minimum is at

(202 +3)A% + (8a® + 9)Ap + (60 + 6)pu?
- 8422 4 252\ u + 1682

Cop

In figure 7.2 we have plotted c,, as a function of A/y taking a = 0.80 and in
particular it is seen that 0.05 < ¢,p < 0.06. In figure 7.3 there is §(0.80,¢,3,1,0,0,1)
as a function of c.

As regards the stability we first note that

6 + 121 — (3) + 9p)a?

4
T+ 14z >0

24c,op — bra® =

for all values of A and u and for & < 0.80 so the coefficient of the f2 term in (7.3) is
positive and consequently we can conclude that the second inequality of (7.3) depends
only on fa. How about the first? This is more complicated but the numerical search
confirms that it is also satisfied, when ¢ = ¢,, and a < 0.80.

Next in figures 7.4, 7.5 and 7.6 we have plotted §(a, cop, A, 1£,0,0,1) as a function of
a for A/p = 0, 3 and 20, respectively. We see that except for the small values of A/pu
the minimum is at & = 0.80 and even then the difference is only about 0.001. More
interesting is that the error grows rather dramatically when A/p grows. This can
be seen also in pictures 7.7 and 7.8 (here also we use ¢,,), where the phase speed is
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Figure 7.3: §(0.80,¢,3,1,0,0,1)
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Figure 7.4: ¢ as a function of a, A/u = 0.

plotted as a function of 2/N as usual. This can be interpreted as follows. If we keep
A fixed and let p tend to zero, the speed of the numerical shear waves do not tend
to zero (the right hand side of (7.2) will not become zero by puttmg g = 0). This
means that the relative error grows without limit 4s g — 0.

Next we present the phase speed curves with different values of NV and it is seen that
when A/u = 20, then one needs at least N = 15 to obtain even satisfactory results.

Finally calculating the direction of the group speed is here more complicated than
before because we have two different operators instead of one. In this case the
direction is different for the compensated and uncompensated method. However, one
easily verifies that in both cases the conditions of proposition 1 are satisfied so that
the order remains the same. In the figures 7.15, 7.16, 7.17 and 7.18 there are then /3
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Figure 7.5: g as a function of a, A/u = 3.

0.486%

0.4841

0.482

Figure 7.6: § as a function of &, A/u = 20.
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a=0

a =0.80/6
a=2-0.80/6
a=3-0.80/6
a=4-0.80/6
a=25-0.80/6
a = (.80

as a function of 8 with different parameter values. The effect of A/u is as important

as in the case of the phase speed.

As regards the polarization, it is seen that the eigenvectors for elastodynamic equa-
tions are exactly the same as for Maxwell's equations, because A and Ta are diagonal
opecrators, so they do not change the direction of the eigenvectors.
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8 Numerical Simulations

8.1 Test Problem

We have used the following test problem.

{ uy — Au = 6(z) ® f(1)

u(z,0) = u,(x,0) =0 (8.1)

where § is Dirac’s measure. We can calculate the analytical solution with the aid
of the fundamental solution, if f is sufficiently smooth (for instance continuous).
We recall that the fundamental solution for the wave operator is the solution of the
following problem

tt — Au = 6(.’1:) ® 5(t)
and it is given by (for more details see [DL2])

1 1

gr——— iflrl<t
E(rl,t)={ “TyJe2—
0 if |[r| > ¢

Now the solution of (8.1) can be found using convolution.

¢
Wl ) =B+ f = [ E(rl,0)f(e - o)ds (52)

0
Note that E is integrable when r 3# 0. It is possible to integrate (8.2) analytically
in some cases but because the expressions usually are quite complicated and any-
way they evidently are different for different f, we preferred to use the numerical
integration (the Simpson’s method). Supposing f to be coutinuously differentiable

it is convenient to integrate (8.2) by parts (this facilitates the numerical integration)
which gives for ¢t > |r|

u(lrl,8) = —/ Ins = \/s? ~ Ir)f'(¢ - s)ds
+ 5;(1n|r|f(t—|r|)—ln(t— 2 — |r|*)£(0))

For t < |r| u is of course zero.
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Figure 8.1: Domain for finite difference method

8.2 Results

Now when deriving the fourth order schemes we have not taken into account the right
hand side. If this were done then instead of the modified equation (4.1), we would
have the following 'modified equation with modified right hand side’.

6t? 5t?
Uy — ADu — —I-EAZU =f+ l—z(fu + Af)

Shortly we will sée that this omission is of some importance.

In figure 8.2 it is shown the domain and the triangulation for the P1 elements and in
figure 8.1 the same for the finite difference method (2.4). In the following cases we
consider the solutions only before they reach the boundary, so the boundary condi-
tions do not have any effect on results (for the same reason it does not matter that
the two domains are not exactly equal). However, all the usual boundary conditions
(Dirichlet, Neumann, absorbing etc) could be imposed and in figure 8.3 we show a
typical situation with absorbing boundary conditions.
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h 5t 1o crror N
028 02 00 3.64-107! 7
014 01 00 6.40-1072 14
028 02 24 1.18-107! 7

0.14 0.1 2.4 7.34-1073 14

Table 1: Accuracy of the compensated method

Let us first consider the following right hand side.

sin'(7t/b) 0<t<b
f(t)={ (rt/h) 0<t<

0 otherwise

Note that f € C*(IR) which implies that u € C*(IR? x IR) when ¢ > b. The number
b is here a kind of nominal wavelength or pulse width and we recall that f 'contains’
infinitely many and arbitrarily large frequencies (Fourier transform of a compactly
supported function cannot have a compact support). Thus the paramecter N below
is interpreted as the number of points per pulse width: N = b/h.

Then using the mecthod (4.2) we show the results for this f in the table 1, first
taking the initial time ¢g to be t; = 0 and then t; = 2.4. The latter avoids the
problem of ’modificd right hand side’ mentioned above. The final time ¢t was taken
in Loth cases to be t = 8. The discrete Lo, norm was used to calculate the error.
At ¢ = 8, the Lo, norm of the exact solution is about 12, so the relative error is
about one order of magnitude smaller than the absolute error. It is scen that when
to = 2.4 the scheme is ’truly’ a fourth order method since 0.118/7.34 - 1073 ~ 16.1,
while when ty = 0 we get only 0.364/0.064 ~ 5.7. So it could be a good idea to
modify also the right hand side, at least when it is smooth. However, in practise the
source terms might be known only pointwise or be otherwise irregular which could
make the implementation difficult. Next we will compare the compensated method
to the ordinary finite difference scheme (2.4) (which is equivalent to I’1 elements
with rectangular grid and mass lumping), taking f to be less regular. We chose an
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scheme h 6 t €rror CPru N

fd2 0.25 0.17 0.63 3.8 8
P12 0.28 0.2 0.45 29 7
P14 0.28 0.2 0.17 4.7 7
fd2 0.125 0.085 0.18 34.5 16

Table 2: Comparison of second order and fourth order methods.

ordinary cubic spline, that is

3t2/b? — 213 /1° 0<t<b
f@)=4¢ 1-3(t—b)?%/2 +2(t -5/ b<t<2b
0 otherwise

The pulse width is now 2b and consequently N = 2b/h. The results can be seen in
table 2 (with ¢t = 0 and ¢ = 8). The norm of the error is the same as before; herce
also the relative error were about one tenth of the absolute error. CPU gives the time
in seconds needed to compute the solution without the overhead. The computations
were done on Apollo dn 10000 work station. It is seen that to obtain the same
accuracy with the scheme (2.4) (denoted by {d2) one has to use 34.5/4.7 ~ 7.3 times
more CPU time than with the scheme (4.2) (denoted by P1 4, P1 2 is the scheme
(2.6)).

The results indicate that it is preferable to use fourth order schemes even when the
solution is not smooth enough. In other words fourth order schemes are superior
to second order schemes even when the error does not behave like O(ht). In the
example above the crror was seen to be O(h?) also for the fourth order scheme. This
can be interpreted in the following way. Normally the singularities of the solution
are concentrated in small parts of the domain. These singularities then reduce the
global convergence rate, but since the solution is smooth in most parts of the domain
it still helps to use a fourth order scheme.
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9 Conclusion

Finally we compare our approach to some other methods which have been proposed,
namecly [HO] and [CJ]. Holberg constructs some special difference operators for
approximating the sccond derivative (to solve the wave equation). These operators
arc long, that 1s they require quite many function evaluations. On the other hand,
because they are long, there are a lot of free parameters, which can then be chosen so
that the numerical dispersion is very small. Of course this applies only to the spacc
discretisation because of the stability problem discussed above and so he must usc
the usual three point scheme in time. This means that the time step has to be very
small, typically 6t = O(h?), otherwise the crror in time discretisation destroys tlic
good properties of the space discretisation.

Cohen and Joly in [CJ] construct schemes which are of the fourth order even for the
non homogeneous domains. However, the variation of the local wave speed has to Le
smooth. Their methods being more general than (but not including) the ones devcl-
oped above they typically would require more computer time and/or storage spacc.
The accuracy should be similar in situations were both approaches are applicable,
but we have not made any comparisons.

Acknowledgements. Many of the calculations above would have been very tedious
or (almost) impossible if done by hand. Therefore we have used all along the program
Mathematica for doing symbolic computation (it does also numerical computations
and graphics). Mathematica was developed by Wolfram and his collaborators and
it is described in [WO]. In particular, the phrascs like 'it is straightforward to...’
used in this report mean that you can easily do it with Mathematica (if you know
how to use it), but otherwise it might take quite a lot of time. I would like to thank
professor Branko Grinbaum for pointing me out the references [GO] and [GS] and
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