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ABSTRACT

In this paper, we develope a general procedure to stabilize the usual Newton method in such a

way that algorithms obtained always converge to the unique solution of the problem.

In general, although the modified Newton’s algorithm is convergent, no improvement of the
order of speed of convergence can be expected (compered to usual iterative algorithm with geometric
rate of convergence}; in fact we give an example where, independently of the chosen starting point, the

convergence is geometric of order 1/3.

In spite of these negative results, two fields of successful application are shown: the case where
the operator T € cl ﬂHQ’oo and the case where T is polyhedric. In the first case, quadratic

convergence is proved; in the second one convergence in a finite number of steps is obtained.

Finally, numerical results are shown for an example issued from the field of differential games.

RESUME

On présente ici un procéde general pour la stabilisation de 1’algorithme de Newton, la
modification a eté faite de telle facon que Palgorithme obtenu converge de n’importe quel point, a

’'unique solution du probléme originel.

Généralement, malgré que l’algorithme de Newton modifié soit toujours convergent, aucune
amélioration de la vitesse de convergence peut étre espéré (par comparaison avec les algorithmes usuels
dont la convergence est géométrique); pour démontrer céla nous présentons un contre-example ol la

convergence est gtométrique d’ordre 1/3 indépéndantement du point initial choisi.

Malgre ces résultats décourageants, deux domaines d’application réussis sont présentés: le cas
. , 2,00 . . -
ou l’operateur T € ClﬂH """ et le cas ou T est polyédrique. Pour le prémier cas la convergence est

quadratique et dans le deuxiéme on a convergence dans un nombre fini d’itérations.

Finalement, on présente des résultats numériques pour un probléme issue du domaine de jeux

différentiels.
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1. INTRODUCTION

Frequently, optimal control problems and differential games problems originate variational
inequalities (see [7] and [13]). Also, problems issued from other fields are reduced to these type of
inequalities. In order to obtain numerical solutions, it is necessary to discretize the original problem
(the continuous solution is contained in an infinite dimensional space); in that way, the final problem,
which must be solved computationally, is reduced to find the fixed point of a contractive operator.
When the actualization rate of the original problem is small (see [8]), the numerical resolution {{ound
by relaxation type iterative algorithms, see [1]) may lead to slowly convergent procedures. In [8], (9],
[10], we have introduced acceleration procedures to improve the speed of convergence of the usual
algorithm of Picard type; it essentially consists in the combination of Picard’s and Newton’s methods.
In this paper, we extend the procedures presented there, in order to make them applicable to general
nonlinear contractive operators ( where they no longer are the consecuence of the discretization of differ-

ential games or optimal control problems).

The set of results obtained is the following. In a first place we have developed a general
pracedure to stabilize the usual Newton method in such a way that algorithms obtained always
converge to the unique solution of the discrete problem (in particular, this technique enables us to
transform Howard’s methods, which are not convergent in the case of general differential games
problems, and to make them applicable to others problems outside the original fields of application).
In general, although the modified Newton’s algorithm is convergent, no improvement of the order of
speed of convergence can be expected; in fact we give an example where independently of the chosen
starting point, the convergence is geometric of order 1/3.

In spite of these negative results, two fields of successful application are shown: the case where the
operator T € c! ﬂHQ’Oo and the case where T is polyhedric. In the first case, quadratic convergence in

proved; in the second one convergence in a finite number of steps is obtained.

Finally, numerical results are shown for an example issued from the field of differential games.

2. PROBLEM DESCRIPTION
2.1 Elements of the Problem.
Let T be an operator defined in ™, such that

T € C°N H"®(RD) (1)



We assume that operator T is contractive, i.e. there exist p, 0< p <1 such that T verifies
ITx — Txl < (1-p)bx — %} V¥ x, % € R". (2)

The algorithms proposed in this paper, are aimed to compute in a fast way the solution of the

following problem:

Problem P:

[ FindX €R", such that Tx =%X. | (3)

2.2 Existence and Uniqueness of Solution.
Proposition 2.1: There ezisls an unique solution for (3).

Proof:The proof is trivial ( see, for example [15] )

2.3 Iterative Computation of the Fixed Point.
The Fixed Point Theorem gives us the following algorithm for the computation of x:
~ A0 algorithm:

Step 1:  set x°€R", and v=0.

Step 2: compute xu+1=: TxY

v+1

Step 3: if x¥ =x then, stop; else, set v=v +1 and go to Step 2.

For the convergence of algorithm A0 the following result holds (see [1]):

Theorem 2.1: A0 algorithm produces either a finite sequence x¥ whose last element is the ezact

14

solution X of the problem, or generates an infinite sequence z” converging to X. Also, the following

bound for the approzimation error is valid:

Ix¥ —xl<(1-p)Ix°-x1 (4)



3. AN ABSTRACT ALGORITHM AND ITS CONVERGENCE
3.0 Preliminary Discusion.

Although algorithm AO converges from any arbitrary initial point Xg > the corresponding speed of
convergence is very slow when factor p tends to zero. To accelerate this procedure, Newton’s type
methods should be used. But in general, these methods are not convergent from everywhere and in
consequence, it is necessary to design a technic to stabilize them and to achieve globally
convergence, (see for instance the appendix, where a particular case of Newton’s methods, Howard’s
method; originally introduced to solve optimal control problems, may be not convergent when it is

applied to solve differential games problems).

To stabilize the method we use a merit function which measures the distance from the current
point x to the solution X. The special algorithm presented here generates a sequence of points x” such
that the associated sequence V(x”) is a monotonically decreasing sequence converging to zero. This
procedure is obviously related to Lyapunov’s methodology to stabilize dynamical systems. (see for illus-
trative remarks about this fact, the clever introduction of the book of Polak [16])

3.1 Lyapunov’s Function. Equivalent Problem.
We define, in a natural way, the following Lyapunov’s function

V(x)=1Tx-x I? (5)
The function V satisfies the following properties:

V(x)=0 & x=Tx (6)

V(x) > pllx—x I (7)

where X is the solution of the problem. From (5), (6) obviously holds, also as

Ix—Tx| = |x—=Tx + Tx— %} > Ix—x] — ITx-Tx| >

> Ix—xl — (1—-p) Ix—%I = p Ix—xI



then
V(x)=Ix-Tx[1*> p? Ix—x|?

We are now in conditions to introduce the auxiliary

Problem P’:

mnd % € R", such that V(%) = min{ V(x) : x € R"}J (8)

It is obvious, by (6) and (7) that problems P and P’ are equivalent in the sense that both of them have

the same solution X.

3.2 Abstract Algorithm.

We define here a general algorithm and we prove the convergence in terms of the descent of
Lyapunov’s function.
Let M be a map such that:

M: R" —  P(RT)

We shall suppose that M is a decreasing transformation of V in following sense:

V(y) <y V(x) Vye€Mx (9)
where 0 <y < 1.

Algorithm Aa
Step 1:  set xX°€R", and v=0.

+1 v

Step 2: choose xTle Mx

Step 3: if x¥ —x/tl , then stop; else set v=v+1 and go to Step 2.

The convergence of algorithm Aa is assured by condition (9), as it is established in the following

Theorem 3.1: If V(y)<vV(x) V y € Mx with y<1, then the abstract algorithm Aa gives the solution

X in a finite number of steps or generales a sequence converging to X.

Proof: For any initial point xq if algorithm Aa finishes in a finite number of steps, we have:
VED) = V) < v V()
and that implies

V(xv) =0



so, by (6)

<l

If sequence x” is infinite, we have
V(xY) < 7Y V(%)
80
V(x¥)y = 0
that implies, by (7) that | x¥ —x | — 0, because

Ix¥-xz{? < ;1§V(x”)

3.3 Necessity of Condition V(M(x)) < v V(x).

In algorithm Aa, condition

V(y))<yV(x) Vy € M)
cannot be replaced by

V(y)<V(x)

without losing the property of convergence.

In effect, let us consider the following function T: ® — R

2

~- (33 4 x if x> 1
T(x)= 0 , if -1<x<1
(153%)% 4+ x if x < -1

Then, | T’ | < 1 and problem P has the unique solution X =0.
If we define the map

M((x) =0 if x € [-1,1]

M(x) = x — (1-T°(0)) Y(T(x) = x)  ifx ¢ [1,]]

we obtain

e if x¥ > 1 then

2

M(x¥) =x” + (1= T'(x* ) (T(x¥) —x* ) = -5

oif x¥ < —1 then

—5—

)< -1

(19)



v
= (1T () (T = x) =L >
In all cases, the following property can be proved without difficulty
V(M(x"))<V(x");

however, if |xo| > 1, algorithm Aa generates a sequence {x"”},2; such that, although sequence 1x¥1is
decreasing, it is not convergent to zero (in fact, Ix* =1+ (Ix0 - 1) 2°Y). That sequence has twa

cluster points, 1 and —1, while sequence V(x”) converges monotonically to 1.

3.4 Practical Algorithms.

We have presented above the general algorithm Aa that converges from everywhere. Now we shall
define two practical implementation of it, algorithms Al and A2, trying that these algorithms apply,
whenever possible or convenient, Newton’s method to solve the non linear equation Tx — x =0.

This situation is detected testing the descent of Lyapunov’s function V. When Newton’s method does
not produce a decrement of V, Newton’s direction and direction Tx —x (given by algorithm A0Q) are
associated, until the new computed point x¥*1 satisfies condition V(xy+1) <yV(xY).

In Al algorithm, this condition is defined in Step 3, and it involves the computation of T(T(x)).
Algorithm A2 avoids the computation of T(T(x)), using an adaptative estimation of factor 7.

3.4.1 Preliminaries for the application of Newton’s method.
Definition of the set of "differentials” ©(x).

As operator T is Lipschitz continuous, it is only almost everywhere differentiable. In order to define in
a correct way algorithms Al and A2 (introduced in the following section), it is necessary at every point
of R" to define generalized linear operators (in fact, we use here a restricted version of Clarke’s
subdifferential or peridifferential of T at x, for details and a discusion about this maters see [3], [12])
such that they coincide with T’(x) at points where T is continuously differentiable. With this aim, we

introduce the following concepts:

Definition 1
O(x)={T(x)} if T is differentiable in x

6(x)=9 if T is not differentiable in x



Definition 2

o(x)=) U{6(y) /1y—x1<¢} (11)
e>0 Y

By (1) and (2) we have that T is differentiable almost everywhere and that in any point where T is
differentiable it is satisfied that

Tl < 1-p,
in consequence it is easy to prove (see [12]) the following properties:
O(x)=T(x) ifT is continuously differentiable at x
O(x)#£0 Vv x

VT€EO(x),ITE<1—p (12)



3.4.2 Algorithm Al. Definition and properties.

Algorithm Al

Step 0:
Give a sequence Ap ,mp / Ay = 1,7, =0, Ap = 0,7p — 1asp — oo
set v =0 ,xY= X
Step 1:
If T(xY) = x¥; then, stop
else, Y
o V(T(x
set p=11 ﬂl/ = —if&)—)}v
choose an arbitrary T’€ ©(x")
and set VY= (I-T")! (T(x¥) — x¥),
wY/ = T(x") - x¥
Step 2:
set
VV)p_ Ap VV + np wl/’
P =Y 4 P
Step 3:
If V(yy’p) < Lizﬂ—" V(x¥); then xu+1=yy’p, v=v+1 go tostep 1
else p=p+1 and go to step 2
Remark:

We denote M(x) the set of points given by algorithm Al. As O(x) is not single-valued, in

general, also the set of points generated by algorithm Al is not a singleton.

Theorem 3.2: The loop 2-3-2 always finishes in a finite number of steps, defining for each point x¥ a



new point M(x¥) = XYY The operator M verifies property (9) -and then xY converges ta X.

Proof: To prove that test of step 3 is satisfied, making possible the generation of a new element xV'H,

it must be verified that: V v, 3 p /
v, 14/
V(y"Py < 1By v (13)

due to :
yu;P =Y + ’\p v + ')p wY
we have

N V,P_ 14
gim_y T =T(x")
As T is contractive we know that
V(TxY)=|T(Tx") = Tx’ |2 <(1-p)2 I TxY =x¥ |2 = (1 - p)? V(x¥)

By definition
V(TxY) =8, V(x")
we have

Bu<(1—-p)2<1

SO

H v, 7 1 + 3
Jim V(y"P) =V(T(¥)) = B V(x¥) < B V()
in consequence V¥ x”, 3 p such that (13) is verified.

So, we have proved that the test of step 3 is satisfied, generating a new element xWH. We shall see
now that this sequence converges to %, solution of our problem.

As test of step 3 is verified, we know
Vit < LBy y(xv) <y v(x)

with ,
1 1-
= +(2 P)” 1

14

and by theorem 3.1, sequence x” — X when v — 4oc0.



3.4:3. Algorithm A2. Definition and properties.

Algorithm A2

Step 0:
Give a sequence Ap , np / Ay = 1,9, =0, A\p — 0, np — 1 when p — o0
set v =0 ,x"=x0,a=aoe[0, 1), p=1
Step 1:
If T(xY) = x" ;then, stop
else,
choose an arbitrary T' € 6(xY), p=1, oy =ay
and set
vW= (I—T’)'1 (T(xV) - xy)
wV/= T(x¥) — x¥
Step 2:
set
nyP_ )‘p v+ 7p wV
yV’P — xV + VV’P
Step 3:
set
abtl =4, ifp < p
a;+l =@, ifp>9p
Step 4:

If V( )’V’p)< a;+l V(x¥);then, = yy,p’ pY=p,
y=v+1 go to step 1
else, p=p+1,
if p>p; then,
p=p+1, au+1=.£-+—;5ﬂ
and go to step 2
else,  go to step 2

—10—



Theorem 3.3: The loop. 2-3-4-2 always finishes in a finite number of steps, defining for cach point x¥ o
new point M(x¥) = U+, The operator M verifies property (9), (with y= 1~ -L;-'n-g-) and then xV

converges to X.

Proof: We shall prove that loop 2-3-4-2 always finishes in a finite number of steps generating a new

v+1

element x° 7 . With this aim, we define:

€(0)=a, with0<a<1

((p)=2Ep=1)

E(p)=l—1—;p9, Vp21

- then
By algorithm A2, we have
ap<&(p), Vp21
by definition of y"’p and properties of operator T, we have:
[P - 1) | (1= 2 (1~ 9p) + 3 2p (2= ) + (1= mp) " I = 4plx* |
where

dp=(1-p)(1=np)+32p(2-p) +(1-np)
then

$p—0,28 p— 0

we know also that V 1, i € R"

V(z)—V(i)=|T(|)—s|2'-|T(i)—! =
=(|T(.)-s|-§|'r(;)-;|) (17(a) -s1-]T(0) -1]) <
5(2—;»)(1:|+li|)|T(:)—T(§)—s4-;|5
<(2-p)*(1s1 41301511

in consequence, as

V(T(x")) <(1-p)*V(x")

‘we have

-11—



v(y"'?) 2 V&P = v(T(x"))
*7(;17—)—5(1»—/’) + V() <

(2= (Iy"" | +] ()

_ 2 y’b-rT 14
<(1-pl+ T Iy ()] <
(2—p)(2-p+¢
<(1-pY+ (pz p)%

then, there exist ny / Vp2> ny

(2—p)(2-p+4¢
(1-p)*+ ) (p2 d p)¢p55(p)

hence, the test of step 3 is verified V p2ny, and as a consequence loop 2-3-4-2 finishes in not more

than ng steps, i.e. p¥'< ng.

It is obvious that af <1 — 1- & so
P 2“0

VP = v cap v < (1 L Vo)

l—a
gflo

Theorem 3.3 holds because hypothesis of theorem 3.1 is verified with y=1 —

3.4.4 Necessity of the use of direction Tx — x.
Algorithms Al and A2 are based in the common use of directions b, and b,.
by =Tx—x
by=(I-T") 1 (Tx-x)
This combination ensures the global convergence of algorithms through the descent of Lyapunov’s
function V. Although in the case where T is differentiable, Newton’s direction b, is always a descent

direction and the search could be restricted to that line, we shall show that in the case where T is not

differentiable we cannot use only Newton’s direction b,, because it may be not a descent direction.

—12—



«

Newton’s methods proposed in this paper are based in choosing a matrix T°€ ©(x); if T is not
differentiable, ©(x) has more than a unique element. If we choose T'€ ©(x) it may occur that the new
direction is not a descent direction for function V, as it is shown in the counterexample given below. In
order to avoid this phenomenon and to get a stable and globally covergent algorithm. Algorithms A
and A2 take a suitable combination of Newton’s direction and direction b,, that always brings a

descent direction.

Counterexample where w is not a descent direction

Let T:R2 — R? be such that

Mx+p ifx,; >0

Tx=
Mx+p ifx; <0
where
0.9 0 0.9 0
M= M=
-0.9 0 0.9 0

0.1
0.9

By definition of T, we have that in the set {x€®?/x,=0} (common boundary of the individual
domains where T is defined as an affine function ) operator T is well defined and it is continuous.

It is clear that at x=0, ©(x)={M,M}. When we apply algorithms A1 or A2, if the element chosen
by them is M, we can see that direction by = (I — M )™} (Tx — x) generates a half-line contained in the

set where T is an affine function with kernel M, in effect:

10 0
by =(1— M) T(0) = (I-M)! o1 !
2T - p= 69! | o
-9
so, for the derivative of V in the direction by, we have
%:(Vv,b,):. —p(M-1)(M=1)"p=—b(M—1)(M~1I)b, (14)

—13—



In this case
—0.8 0.9

_ (M—I)’i(M—I)z
~0.9 1

in consequence
%:(Vv,b2)= —pP(M=I)(M=1)'p=—b,’(M—1)(M—1I)b,=08>0
2

and Newton’s direction b, is not a descent direction.

a
4. SPECIAL CASES
4.1 Quadratic Convergence.
When operator T is smoother than in the general case; i.e, strictly
T e ¢l u>™® (15)

we have that algorithms Al and A2 converge globally from any starting point with quadratic rate of

convergence, i.e.

IXV+1""_( |5K|x"—i Hz
The proof of this property is standard and we include it here only by sake of comp]etenesé.
Theorem 4.1: If (15) holds; then, there ezist K > 0, ¥(xg) such that

!xu+l—il < KxV-x|? VVZD(xO)

Proof: We shall prove that there exists an index ¥ such that for v>7, both algorithms Al and A2
produce as successive points the pairs given by Newton’s rules, i.e.
o 4 (1Y) Y LTV ) - x¥)

in effect, if we define

—14—



Q()=x+(1-T(x))L(T(x) —x)

we have :
[Q(x)—x] <KIx—x1i? (16)
because
T(x) =X + T'(X).(x = X) + ¢(x)
with
| 6(x)]<KIx—x I?

Also

T(x)=T(X)+ W(x)
with

|Wix)f<Klx-xI
In consequence, we obtain
T(x)=% + T(x).(x =% )+ ¥(x)

where

J¥(x) J<Kix~x I?
then, finally we have
Q(x)=x+(I-—-T’(x))'l.(Tx—x):x-{-(l—T’(x))'l((i —x+T’(x).(x—Y)+¢(x))=
=x+ (I-T(x))! ((T’(x) ~1).(x—%) +t/)(x))=5'c +(1=T(x)) ¥(x)
which implies (16).
In consequence
IT@Q(x") - T(x) <0 - » Q") - x| < (1-p) Kx¥ - x 2 (17)

we take now into account the following relation

—15—



I T(Q(x*)) = Q(x*) [ <] T(Q(x*)) = T (x) [ +] T(x)- Q(x") |

By (16)
ITE) - =]x- Q") | <klx” - |I?, (18)

and by (17)
IT(Q¥ ) -Tx < (2-p)Klz - x" |2,

in consequence, by virtue of (7)

V(QUY M =] T(Q(¥) - TE)|*<(2—-p)* K* Iz —xV |*

- 22l V]2

when the following condition holds:

(2_p)2 K2 I)—( _ xV|2

1
<aft (19)

v+1

As x> X, and ay ' is uniformly bounded from below, 3 ¥ / V v > ¥ (19) is verified and in

consequence, ¥V v > T the test of step 3 of algorithm Al and the first test of step 4 of algorithm A2

are satisfied and we have the following equality

xH= Q@)
Then by (18), we obtain
Ixu+1__)_( ISKIXV“)_( K

and so a quadratic rate of convergence holds.

—16—



4.2 Convergence in a Finite Number of Steps.

In many problems, for example those originated in discretization of differential games or of equations
or non linear inequalities, operator T results locally affine, i.e. continuous and affine is its restriction to
some determined sets. In this case we call T a polyhedrical operator; strictly, we define T as
polyhedrical if there exist a finite set (with cardinality x) of indices ”q” and for each q there is a
vector aq € R", a nxn matrix Mq and a set g C R" such that the following properties hold:

X n
USq=*# (20)
q=1

qu-{-aq:Mqax'f'aqux /xE Sqnsq9 (21)

So, it follows that T is a well defined and continuous operator such that:
Tx = Mgx + aq V x€ Sq

Properties:
8(x) ¢ {Mq/q€ Q(x)}
Q(x) = {a/Tx=Mqx+aq}

Proof: The proof is trivial and we shall omit it.
Theorem 4.2: If T is polyhedrical, algorithms Al and A2 converge in a finite number of steps.
Proof: Let X be / TX =X , we define :

Q={q/Tx=Mg X +aq }

We call q (v) the index such that the element T}, € ©(x") chosen by algorithms Al and A2 in step 1

satisfies:

T;,:M.(u)
and let be

o0
aeN{lUJawm)
n=1 k>n

Then, there exists a subsequence (denoted by v’), such that:

ano/VU’Zno, T;I’= Mq

—17—



since
a(v)eQ(x¥)
we have :
Uy __ M. ¥ A
T(x )—qu +aq

and when v — o0, we obtain

) Tx=qu+a'__~I
8o 4 € Q, and that implies;

X = (I——Mq)"aq

let 7 be an index such that g (#) = §; then in algorithms Al and A2 with p=1, we have:
v,

'y _—,x7+(1—Mq)"(Tx7—x7)
1711_ v - -1 - v __ - -1
y T =x"+(I Mq) (a.(-]+(M(-l I)x" =(I M(‘;) 34

and then

<
—

in consequence V/( yv'l )=0 and in step P +1, algorithm finishes.
Remark: In the case T polyhedric condition (9) can be replaced by the simple condition
V(y) < V(x)

The property of convergence remains valid.
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5. NEGATIVE COUNTEREXAMPLE
5.1 Example with at most a Geometric Rate of Convergence of Order 1/3.
o Definition of operator T:

Let be %<’y < v <1, such that

oy o (=)
%(.1—7) S 27 1_7_*_1(7_?) (22)

We define function T in the interval

=(r __1-v
Ib"( T 1-y+4(v—-7) I
in the following way:
_d o l-y P S .
For 8y ==, B3= vy p—— and f=8,8;=— l._‘7_*_4(‘7___‘.7),wetake.

1237x+7:1 if B,<x<1
T(x) =
Y8, if f<x<f,

For a general point x>0, we define q(x)=[-l]%7§‘—] and

1437
3

x+1786% g, 8% <x< g
MY AR it 497 <x < 8,89

If x<0 we define T(x)=—T(-x). Function T has then the shape shown in Figure 1.

e Effect of algorithm Al on function T:

We shall show that for the special above defined function T, algorithm A1l never get a superlinear rate

of convergence but merely a geometric convergence of rate 1/3.

In fact, in a first place we shall proof that algorithm Al leaves logp 2-3-4-2 always with p=1

—19—



» 16 x¥ € 8,89, 7], then:

vy _ 4 vy _ Y
v 30— )(T(x )-x )
and
vl_ v, Wy 4 143y v y—1a_ vY_ _149
y  =x"4v ' =x +3(1_7)( T X +73 B’ —x )._ 3ﬁ

By definition
Ix < Tx < ox

(l=7)x <x-Tx < (1-%)x Vx20

Then
(1-9)7x* <Ix=TxP? < (1-%)*x* (23)

In the same way it can be proved that (23) is valid for x< 0
[} ] )1 - y1 o
vy") =y -1y P < 0=y = a-)2 8™
Vi) 2 (1= IP 2 1-7)% 8387
v,
Then y ' satisfies the test

V") g hvie) < R v

because
2 2 v
viy"Y < L1—sy2 g% < 1=7) (1-7) 29 o V(X7)
by virtue of (22).
Moreover,
q v
v =52 —T—l x” | (24)

+I6x” € (891, ,8%), then T" =0,



vi= T(x") — x¥

and
yu’l = T(Xu)
and then obviously it is verified

Vi) < B v

Moreover, .
Iyu,ll > ’7‘ x"ﬂ > _%__I xul (25)
+1 Vi

In consecuence, it is always verified that XTl=y

The operator M of the abstract algorithm Aa (that comprises algorithms Al and A2) verifies, by
virtue of (24) and (25):

| MG [ 2§ (26)

and in cansecuence the convergence rate is never superlinear independently of the chosen starting

point xg.

6. A COMPUTATIONAL EXAMPLE

We deal here with a discrete version of a differential games problem, where to find the value function u it

is necessary to solve the fixed point problem:

u = Tu
where
Tu = min max (yA%%u + ba'd) 27)
with
0<y<l

a€ A, card( A) = m,
€Y, card(¥) = my

a,o . -
A7’ nxn matrix verifying;

a.,a?-o

Ai,J

—2]1—



J
ba,o’ € stn
It can be easily proved that:
T = v A%

where &, & are the parameters which realize the min-max in (27)

a0

In the examples solved data Aa,o" b have been generated ramdomly. In the following tables are

shown the numerical results and the computational times.

Example 1: n= 20, m, = §, my = 5, v = 0.999999999

iterations v

1 0.1314 10%°
2 0.7248 104
3 0.1987

4 0.2255 1072
5 0.7632 1071°

Computational time: 11’ (PC IBM/AT)

Example 2:, n= 10, m; = §, my = 5, 7 = 0.999999999

iterations \Y%
1 0.6727 108
2 0.5173 103
3 0.1512

4 0,2631 1072
5 0.1363 10°%
6 0.1110 10718

Computational time: 3" ( PC IBM/AT)
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CONCLUSIONS

The principal results obtained in this paper are the following:

e For a general nonlinear fixed point problem the obtained algorithms are of Newton’s type and they

¢onverge from every starting point.
o In the case where the operator T € cl N H2'°° quadratic convergence is proved,
¢ In the case where T is polyhedric convergence in a finite number of steps is abtained.

e Examples are given, showing that it is not posible to define a convergent algorithm of pure Newton’s

type, and that it is not posible in general to obtain an algorithm with superlinear convergence.
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APPENDIX
The methods here proposed enable us to modify the Howard’s method (originally created ta solve optimal
control problems), in order to make it applicable to differential games problems, because for these
problems it is in general not convergent.
To show this limitation of Howard’s method, we consider an example where the value function of the
game is given by the solution of the following fixed point problem.

x=Tx

where

Tx=miny ety (Paox+eap)
beingx € R, A={0,1},B={0,1}
By, =3/6,¢,, =—6/5 ifab =11
B, =0,c,,=—6/5 ifab =00
ﬁab = 3/6,c,, = 6/5 if ab = 01
ﬂab = 3/5,cab =0 ifab=10

It is obvious that | Tx — Tx | < 3/6| x — x |, and so T is a contractive operator.

Then, the problem is to find a splution of
X =min_ max x
a€EA beB (¢8b( ))

with
¢00(x) =0

b01() = § (x+2)
100 = é,0) = § (x-2)

If we try to apply a naive version of Howard’s method , we would obtain:

—24—
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forxy > 2, X1=X0+(1—T’(x0))(Tx0—-x0)=—-3
forxy < —2, x, =xp+ (1 - T(xg))(Txyg — %) =3

Then, this procedure would generate a non-convergent sequence.
Algorithms Al and A2 avoid this phenomenon; in fact the point givén by Newton's method (Howard’s

methods in this case) for |x] >2 is not chosen because the test:
viy”") < o”! V(xY)

is not verified, and algorithms Al and A2 choose others suitable points and finish in a finite number of
steps because T is polyhedrical ( see theorem 5.2).
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