N

N

Global behaviour of polynomial differential systems in
the positive orthant

Jean-Luc Gouzé

» To cite this version:

Jean-Luc Gouzé. Global behaviour of polynomial differential systems in the positive orthant. [Re-
search Report] RR-1345, INRIA. 1990, pp.11. inria-00075214

HAL 1d: inria-00075214
https://inria.hal.science/inria-00075214
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00075214
https://hal.archives-ouvertes.fr

Rapports de Recherche

N° 1345

Programme 5
Automatique, Productique,
Traitement du Signal et des Données

GLOBAL BEHAVIOUR OF
POLYNOMIAL DIFFERENTIAL
SYSTEMS IN THE POSITIVE
ORTHANT

Jean-Luc GOUZE

Décembre 1990

ALV






Global behaviour of polynomial differential systems
in the positive orthant

Jean-Luc Gouzé
INRIA
BP 109
Sophia-Antipolis, 06561 Valbonne Cedex
France

Abstract. We study polynomial n-dimensional differential systems de-
fined in the positive orthant. By using tools from positivity and functions
that decrease along the trajectories, we give sufficient conditions for a reg-
ular global behaviour: that is, all the trajectories either converge towards
the equilibria or are unbounded. We also give results on global stability or
unstability in some cases.

Comportement global des systémes différentiels
polynomiaux dans l'orthant positif

Résumé. Nous étudions les systemes différentiels polynomiaux dans l'or-
thant positif, en dimension n. En utilisant des résultats liés a la positivité
ct en construisant des fonctions qui décroissent le long des trajectoires, nous
donnons des conditions suffisantes pour un comportement “régulier”: toutes
les trajectoires vont vers l’ensemble des équilibres ou ne sont pas bornées.
Cela exclut les solutions périodiques, récurrence, chaos .... Nous donnons
aussi des résultats de stabilité (ou d’instabilité) globaux dans des cas parti-
culiers.
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1 Introduction

Consider a polynomial n-dimensional differential system. We can write it:
q
ji:Zaijvj(xla-“axn) (121,...,11) (1)
Jj=1

where the a;; are real and the v;(z1,...,2Z») mononomials of the form
xf‘ ...zBn; g is the number of distinct monomials in the whole system. 1f this
system is defined for z € R", it is well known it can have a very complicated
behaviour. In some particular cases, it is possible to study such systems,
but global results are rather rare (cf. [5,6]).

We are going here to study this system for positive z only, i.e. the system
is defined in an open subset of the open positive n-dimensional orthant. Of
course, we could study the system in any of the open orthants: the impor-
tant fact is that we are interested by the behaviour of the system as long
as T keeps the same sign. Such situations, for example, arisc in chemical or
biological modelling (where the variables are positive)((3]).

The tools used here are mainly results from positivity and theory of
positive matrices ([1]) and auxiliary functions that decrease along the tra-
jectories and Lasalle’s theorem ([8]. If some decomposition (depending on
the a;; and the 3;) is possible, then one of the main results is that all the
trajectories either converge towards some attractor set S containing the set
of equilibria, or that they cannot remain in any compact set of the positive
orthant; they have therefore limit points either at infinity or on the faces
of the orthant. If, moreover; the set § is actually the set of equilibria, we
deduce that the system cannot have a complex behaviour (such as periodic
solutions, recurrent trajectories, chaos, ...) in any compact set of the inte-
rior of the positive orthant. In some cases, we can make the description more
precise and obtain results on global stability or unstability. In a number of
particular cases, this approach is related to the works in chemical kinetics

of Horn and Jackson ([7]) and Feinberg ([2]).

Notations: For z in R™, we writez > 0ifz; >0(¢: = 1,...,n)and 2 >
0ifz; >0(i=1,...,n). The closed positive orthant is R? = {z € R";z >
0}. We will frequently use the open positive orthant P" = {z € R*;z > 0}.
Let us denote by *u the transpose of u, by e® the vector !(e®!,...,e*"), and
similarly for In2. The Kronecker product between two vectors z ® y is the



vector with components (z;y;). If z is a vector, we denote by z~! the vector
of components (1/z;). 1 is the vector {(1...1) and diag (z) the diagonal
matrix with diagonal z.

If VC R"isopen, h: V — R" is C', and z¢ € V, for the differential
system & = h(x) (& is the derivative with respect to time t), we denote by
x(t,x0) or sometimes by z(t) the (maximally defined) solution in V with
initial value z¢ for t = 0.

2 The system

We will first write the system into a more compact form; we will suppose
that z is positive (the system is defined in P™). We remark that the powers
B; in the monomials can be negative: the system is always C* in P".

It is easy to see we can write (1) into the form :

&=z ® AeBlnz) (2)

where A is a n X p matrix and B a px n matrix. The elements of B are noth-
ing but the powers 0; or §; — 1 of z; in the monomials; p is the number of
distinct monomials in the system after factorisation of z; in the ith equation.

We first transform the equation by the change of variables (well defined
because z > 0):
y=Ilnz

so that:
§ = AePY (3)

We now study the equilibria of this system; let s = rank A. The equi-
libria are such that:
y=0« ePY e kera

and therefore belong to the intersection, in a p-space, of ker A (a vector
space of dimension (p — $)) and of a manifold of dimension r = rank B (r <
(max(n,p))) and situated in the positive orthant P?. We don’t want here
to investigate deeply the problem, but we can make some simple remarks:

o If ker AN P? = @, then there is no equilibrium.

o Because ker '4 is of dimension (n — s), then the system (3) has (n —s)
linear first integrals *qy = const.



¢ In general, the equilibria of (3) are not isolated. But, for a given initial
condition, the trajectory will stay on the first integrals, that is on an
affine invariant manifold Ry of dimension (p—(n—-s)); we will study the
equilibria on such a manifold (depending of the initial condition), that
is the equilibria that can actually be attained. We hegin by reducing
the system; without restriction, we can suppose that:

= (%)

where A; is a surjective (s X p) matrix and A2 a ((n — s) X p) matrix.
There exists a ((n — s) x s) matrix L such that:

Ay = LA,
and we can decompose y into y; € R® and y; € R(*~9) with:
Yo = AeBV = LAeBY = Ly,
and by integrating:

v2(t) = La(t) + ¢

where ¢ is a constant (n — 8) dimensional vector depending on the
initial conditions y;(0) and y;(0). We have then:

_ ) _ Y1 _
B’l—B(y2)—B(Lyl+c)~Bly1+Bzc

where By is a p X s matrix, By a p X (n — s) matrix. The equilibria on
the invariant manifold Ry (given by y; = Ly; + ¢) reduce to:

A, eBintBac _ g

or
A]D()eBly1 =0

where Dy is a positive diagonal matrix depending on the initial condi-
tions (y1(0), ¥2(0)). The equilibria on Ry therefore belong to the inter-
section, in a p-space, of ker Ay (a vector space of dimension (p—s)) and
of a manifold of dimension rank B; < s and situated in the positive
orthant P?.



e If By is of full rank s and if ker A} NP? # @, then we can expect “gener-
ically” ( by an argument of transversality) that the set of equilibria
on Ry is of dimension zero, because it is the intersection of a manifold
of dimension s and of a vector space of dimension p — s. The set of
equilibria is then a discrete, maybe empty, set of points: we deduce
that the equilibria on Ry are “generically” isolated. If By is not of full
rank, the equilibria (if they exist) will not be robust with respect to
pertubations in Bj.

o We can illustrate what happens by taking the important case where
ker A; is one-dimensional (and consequently ker A1 Dg). We therefore
suppose that ker A, Dy is generated by a positive vector k. Then:

eB'¥ = Ak & Byy; = (InA)1 + Ink

where A is positive. This last equation has a solution if and only if
im Bj intersects the affine line of vector 1 and going through the point
Ink. If B, is of full rank, im B, is an hyperplane, and there will be one
single equilibrium if and only if 1 & im B;. If B; is not of full rank,
there can exist an equilibrium, but it will not be robust with respect
to perturbations in By (this kind of equilibrium is thus physically or
biologically not plausible).

If ker ANP? = ), we have already remarked that there is no equilibrium.
We now show that, in such a case, all positive orbits have an unbounded
closure (cf ([3])) and that, moreover, every solution leaves every compact and
never comes back. Indeed, if ker ANP? = @, then (see [10]) im *ANR% # {0},
and we can choose r =! Ag in this intersection. Let V(y) = ‘qy, then

V(_) = tgAeBv = t7eBY where 7 is a nonnegative and non-zero vector. So
this last expression never cancels, and Lasalle’s theorem ([8]) gives us the
first result. Take now any compact C . If a solution has a limit point z in
C, then V(2) = 0; but it is impossible. Therefore every solution definitely
leaves C.

It means that, given an initial condition (and if ker A N PP = @), the
orbit cannot remain in any compact; in particular, there is no complicated
behaviour (like periodic or recurrent solutions, chaos...) inside any compact;
for the original system (2), it means that, given a positive initial condition,
the orbit has infinity or points of the face of the orthant as limit points, or
leaves the orthant: that is, the positive orbit leaves any compact set of the



interior of the positive orthant.

These results heavily depends on the number n and p of variables and
distinct monomials; suppose that n > p and that s = p: then A is injective
and the condition ker A N P? = § is trivially verified. This means that, in
a polynomial system, if there is more variables than (distinct) monomials,
then, “generically” (for almost any choice of the matrix A), all the trajecto-
ries of (3) are unbounded, whatever the precise form of the monomials (the
matrix B) could be . Therefore the most interesting case is n < p.

3 The decomposition

We want to find, to study the above system, auxiliary functions of the
variables that decreases along the trajectories ([8]); it is a kind of weak
version of Lyapounov functions. To construct these functions, we shall use
tools from theory of positive matrices (cf. [1]), also related to probabilistic
problems ([9]). We shall use the following lemmas, demonstrated in ([4]):

Lemma 1 Let M a square off-diagonal non-negative singular matriz such
that:
Mk=0 'M1=0

where k is a positive vector and let ¢(p) = ‘(lnp — Ink)Mp. Then:

Vp>0 #(p)<0

Lemma 2 Suppose that the (non-oriented) graph of M is connected; then
(forp>0)
Hp)=0sp=2rk (A>0)

Let us recall that the non-oriented graph of a square n-matrix M is the
graph with n vertices having an edge between vertices ¢ and j if m;; or mj;
is non-zero. We can remark that *M1 = 0 implies by the Perron-Frobenius
theorem that it exists £ > 0 such that Mk = 0. In fact, in our case, M + ]
is a stochastic matrix without transitory states (see ([1])).

If the graph is not connected, we can consider the set of n points as
the union of two or more independant subsets with connected graphs, and
study each set independently. From the above lemma we deduce that (see

([4])):



Lemma 3 If the graph of M is made of | disconnected classes, associated
with matrices M; (j = 1,...,1), then (for p > 0):

l

$(p)=0ep=3 Ak
7=1

where k; is a positive vector in ker M; having the property that the compo-
nents not corresponding to the vertices of the graph of M; are zero, the other
components being equal to those of k, and the A; are real nonnegative.

We can now construct, under good hypotheses, an auxiliary function
decreasing along the trajectory; we consider the system (3), and use the
same notations than in the above lemmas:

Lemma 4 Suppose that, for given A and B, there ezists a square (p X p)
off-diagonal nonnegative singular matriz M and two vectors k > 0 and w,
such that *M1 =0, Mk =0, Ink = Bw , and a symmetric square (n X n)
matriz P such that:

PA='BM

Then, if
V(y) =5 (- w)Ply - w)

the function V(y) decreases along the trajectories of system (8) W(g)(t)) <
0).

Moreover, the derivative vanishes if and only if:

l
eBY = N Ajk;
i=1

Proof: Indeed, V(y(t)) = Yy - w)PAeBY = ‘y — w)BMeBY. Let

By = Inp with p > 0. Then V(y(t)) = *(Inp - Ink)Mp and we can apply
the preceeding lemmas.

Of course, we have not yet determined completely & and w; we will
choose them in the following, in order to have the set where the derivative
vanishes as small as possible. For the time being, we want to make some
remarks on this decomposition:
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¢ The decomposition PA = *BM, where we must find M and P (sym-
metric), and ‘M1 = 0, Mk = 0, reduces to find the kernel of a linear
system with np + 2p equations and p® 4+ n(n + 1)/2 indeterminates
(therefore more indeterminates than equations if n and p are large
enough, and because we can suppose p > n, see the end of section
2); but we must also impose the sign of the off-diagonal elements of
M. The problem is hence to determine if a vector subspace intersects
some positive orthant. This problem is easy to solve numerically by
linear programming methods.

e If (A, B) admits a decomposition (P, M) , then (AD, B) admits a de-
composition (P, M D) for all positive diagonal matrix D. Moreover,
(xA, B) admits a decomposition (aP, M) for all real a. In particu-
lar, (— A, B) admits a decomposition, that means that the differential
system in reverse time will have the same properties.

Before the study of the behaviour of the system, with the help of these
lemmas, is is interesting to see what happens for a change of variables in
system (3). We show that the preceeding decomposition is invariant: take
2z = Uy, U being a regular square matrix. Then :

5= UAeBUT
and a decomposition with P*, M* will verify:
P'UA= '‘U''BM* & ('UP'U)A= 'BM*

and ( *UP*U) is a symmetric matrix associated with the same quadratic
form as P*. If therefore the system (3) admits a decomposition with P and
M, then the transformed system will also admit a decomposition with the
same quadratic form and the same matrix M.

4 Global behaviour

We will now try to describe the behaviour of the two systems; if, given A
and B, we can find an off-diagonal nonnegative and singular matrix M and
two vectors k > 0 and w, such that {M1 =0, Mk =0and Ink = Bw, and a
symmetric matrix P, with PA = *BM, we will summarize these hypotheses
by saying the system (A, B) admits a “PM-decomposition”.

In the following, we will use Lasalle’s theorem ([8]) to obtain the con-
vergence of bounded trajectories towards an invariant set; we try to impose



that this set is as small as possible, the minimal set being the set of equilibria.

We first make two remarks: first, we can suppose that ker A N P? is
non-empty (if not, all the trajectories are unbounded, cf. section 2) so there
exists k > 0 with Ak = 0; secondly, if the system has at least one equilibria
y*, we can choose (in lemma 4) Ink = By* (w = y*) and Ak = 0; but if
the system does not have equilibria, then we are forced to choose &’ and w’
such that In k" = Bw', k' being not in the positive kernel of A; consequently

PAK' = B'MK' = 0 and the set where V(y(t)) = 0 will be non-empty, al-
though the set of equilibria is empty.

We can now state a general theorem, that we shall make more precise in
the following:

Theorem 4.1 If A and B admit a PM-decomposition, the trajectories of
(3) are unbounded or converge towards the mazimal invariant set included
in the set of y such that:

i
eB” = E /\jkj
ij=1

To prove this, it is enough to apply Lasalle’s theorem together with the
lemma.

Corollary 1 If A and B admit a PM-decomposition with ker PNAP? = {0}
(in particular if P is bijective), then the trajectories of (8) are unbounded
or converge towards the (non empty) set of equilibria.

Indeed, because of the preceeding theorem, the bounded trajectories con-
verge towards the points y such that MeP¥ = 0 = PAePY = 0, and with the
hypothesis of the corollary, it implies that AeBY = 0, so y is an equilibrium.

If the hypothesis of the corollary are fulfilled, the differential system
has a rather simple behaviour: a trajectory either goes towards the set of
equilibria or is unbounded (it can happen that there is no equilibrium on
the linear first integrals of the solution, in such a case the trajectorie is
unbounded). For the original system (1), it means that a trajectory either
converges towards the set of equilibria, or has limit points at infinity or on
the faces of the orthant. Intuitively, the trajectory converges to equilibrium
or “leaves” the interior of the orthant.



If now we can only verify the hypothesis of the theorem, then the trajec-
tories are unbounded or converge towards some attractor set S: if this set
is still not too big, it can still be simple to study the behaviour inside.

We use now the eigenvalues of P to make the description more precise;
to simplify the discussion, we keep the supplementary hypothesis of the
corollary; we remark also that the trajectories are constrained to stay on
the affine space y(0) +im A:

Theorem 4.2 Let us suppose A and B admit a PM-decomposition with
ker PN AP? = 0. If w is an isolated equilibrium on y(0) + im A, then:

o if P restricted to im A has only positive eigenvalues, the trajectory
starting from y(0) is bounded; moreover, the equilibrium is (locally)
asymptotically stable.

o tf P restricted to im A has a negative eigenvalue, the equiltbrium is
locally unstable.

Indeed, we can take eP¥ = k € ker A, and y(t) — w stays in im A. If P
restricted to im A has only positive eigenvalues, the function V(y) is actually
a Lyapunov function.

If P restricted to im A has a negative eigenvalue, take y'(0) in a neigh-
bourhood U of w on y(0) + im A such that V(3'(0)) < 0 and V(y) < O for
y €U (itis possible because w is an isolated equilibrium and because the

set where V(y) = 0 is actually the set of equilibria). Then y (t) leaves U,
and the equlhbrlum is unstable.

We can give a more detailed description in the important case where
p = n + 1 and ker A is one-dimensional positive. We know (see section 2)
that if 1 € im B, and if B is of full rank p — 1 = n, then there is one single
equilibrium.

Corollary 2 If A and B admit a PM-decomposition with ker PNAP? = {0}
(with p = n 4+ 1), and if ker A is one-dimensional (positive) and 1 ¢ im B,
then:

o If P is positive definite, the single equilibrium is globally asymptotically
stable in the whole space.



o If P has a negative eigenvalue, the equilibrium is unstable and there
exists unbounded trajectories.

The results are global because of the unicity of the equilibrium.

5 Examples

Let us give the matrix (p X n) B, and consider the family of polynoinial
differential systems of the form:

y=Q'BMeBY

where Q is a symmetric bijective matrix and M an off-diagonal nonnegative
and singular matrix such that tM1 = 0 and Mk = 0, k being any positive
vector such that there exists w with Ink = Bw. Then this system admits a
PM-decomposition with P = Q! bijective, and we deduce that, for all the
systems of the family, the trajectories are unbounded or converge towards
the (non empty) set of equilibria. The behaviour is given by the signs of the
eigenvalues of Q.

In fact, we can still extend this family by remarking that, because ‘M1 =
0, it changes nothing if we add to each line of the matrix !B a multiple of
the vector 1. The new family is now:

i= QtBMe(B+DJ)y

where D is any diagonal matrix and J is the (n X p) matrix with all the
elements equal to one. o

6 Conclusion

The PM-decomposition enables us to construct auxiliary decreasing func-
tions and study some aspects of the behaviour of polynomial differential
systems in the positive orthant. Of course, this decomposition must be stud-
ied more deeply: an interesting question is :*How big is the set of (A4, B)
admitting a decomposition in the set of the couples (A, B) of fixed dimen-
sions and such that ker ANP? # 0 7",
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