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1. Modelling.

In order to shape a tube, we have

a device that we suppose to be

R . . . Exterior mould x
cylindrical, vertical and infinite. =~

Figure 1 represents a horizontal cross

section of it. From the outside to the

Molten metal —

inside we have a fixed mould, then a  inductor

layer of molten metal, next the vacuum

and finally in the central part an . A
inductor where a high frequency \

alternative current is running.

Figure 1

We assume that the conductivity of the molten metal is infinite. The
surface tension on its boundary and more generally all forces in the device not
produced by the electromagnetic field are neglected.We suppose we are in a
perfectly cylindrical steady state. Moreover we assume that the Laplace forces
acting on the inside boundary of the molten metal are strong enough to keep it
away from the inductor and that the metal covers completely the wall of the
~ exterior mould.

Let Q be the (open) part of the horizontal plane which corresponds to the
vacuum and the inductor. Its boundary 02 is the interface between the vacuum
and the molten metal. Let Qf denote the complementary set of . Since we have
a perfectly cylindrical steady state, the magnetic induction field B has to be
horizontal and the running current vertical. The conductivity is infinite in the
molten metal, so the induced current is of pellicular type, (i.e. supported by
0L2), and the molten metal realises a perfect shield so that B =0 outside Q.
From the Maxwell equations we have

) divB =0 in R2,
(2 curl B =pq Jjo in R?,

where p( is the magnetic permeability of the vacuum and j, denotes the
(vertical component of the) current density.

Writing the equilibrium between the Laplace forces and the magnetic
pressure at the boundary dQ2 of the molten metal, we get the relation



_l_ 2 _
(3) o Iﬁl = constant on 0Q,

see for example [SNEYD & MOFFAT, 1982].

From equation (1), we can find a magnetic potential ¢ such that B =

. . . .
curl ¢ in R2. As ¢ is defined up to an arbitrary constant and B =0in Q°, we can
choose ¢ such that ¢ = 0 in Q°. We introduce now the functional

J@)= 5 ge B de-[rajoax,

where j = fig jo in the inductor, j = 0 outside, which represents the total

magnetic energy of the device. Since Il_3)| = Iﬂ)pl, we can write
1 =2 .
4) Jp)=5% LR2 Vo dx—fmzjmdx.

We assume that j, is given in the conductor (i.e. j is given) and that the
quantity of molten metal is fixed, which means that the area of the horizontal
section corresponding to the molten metal is fixed, or equivalently the area |€2|
of Q is equal to a fixed value 7.

In a more general context, [HENROT & PIERRE,1 1989] have studied the
inverse problem : for a given domain Q, find a current density j such that (1),
(2) and (3) hold ; see also [COULAUD and al.]. The direct problem : for a given
current density j and a given positive number y , find B and Q such that (1 )
(2), (3) and |Q2| = v has been studied by many authors, [S & M, 1982], [GAGNOUD
& SERO GUILLAUME, 1986], [HENROT and al, 1989], [DESCLOUX, 1990, 1991]. In a
more general setting, they start from equations (1), (2), (3) and remark that the
solutions satisfy some stationary properties of the energy functional J. In [D,
1990] some stability concepts are introduced and it is shown that the interior
shaping problem can have stable solutions. In fact these results give more
insight to our approach. We look for a magnetic potential which minimizes J
under the constraint |Q| =7y where we set Q ={x € R2; p(x) # 0}. Then we get
easily an existence theorem for ¢ and if ¢ and Q are smooth enough, we prove
that B = curl ¢ satisfies (1), (2), (3). The major difficulty we have to deal is the
one of the regularity. We have only partially succeeded in our attempt to get
such results. We show that ¢ is uniformly Lipschitz continuous in IR2 and that
Q is an open set. In fact, at least for y large enough, our guess is that the
boundary 02 and the function ¢ in the vacuum up to d2 are analytic.



2. Existence theorem.

Let K be a compact subset of R2 such that its complementary set K® is a
connected set, j € L(R2) be a function such that

(5) support (j) < K,
and let ¥ be a real number such that
(6) y > vy = area (K).

The Sobolev space H™(IR2) denotes the set of functions whose partial derivatives
up to the order m are in L2(R2).
For a function v in H}(R2) we set Qy = {x € R2; v(x) # 0}, ¥, (x) the function defined

by %,(0) =1ifv@)#0, %@ =0ifv@)=0,and |Qy|= Xyl = [, X,0) dx. We
define the two sets
B(y)=w € H(R?); |2,] = 1},
Ay) = (w e HHRY); |2,] < 1.
With the functional
Jw) =%

=22 .
gz YV dx—flejvdx,

we associate the two problems

(P.) {Find u € B(y) such that
0 VoeBly), Jw)<dw)

and

P) {Find u € A(y) such that

: YveA(y), Ju)<J).

From our modelling, we are concerned in the problem (P,) but, from a

mathematical point of view, the problem (P) is easier to study . Fortunately we
have the relation

Lemma 1. We assume that the situation described in (7) does not hold
(7 there exists u € H(R2) with — Au=j in RZand |X,| <+ oo;
then the problems (Py) and (P) are equivalent.



Proof. From the density of B(y) in A(y), u solution of (Py) implies u solution of
(P). Conversely let u be a solution of (P) and 7’ = |X,|. If u were not a solution of
(Pg), we should have y’ < ¥ and then

Vo € H(R?) with [X,)Sy-7 , JW)<J(u+p)
whence LR2 %Wpdx= fle Jodx,

so that we can conclude that (7) holds. [ |

Remarks. 1) When the situation (7) occurs we have, Vv € HY(R2), J(u)<J(v),
moreover u is harmonic in K¢ . With |¥,[ < + oo that induces u = 0 in K° and
therefore |Q,| < 7o . For the physical model such a j is not suitable since we
must have no contact between molten metal and the inductor.

2) When |, j dx # 0, the situation (7) cannot occur.

Theorem 2. Problem (P) admits at least one solution.

Proof. We first remark that, from the Schwarz symmetrization principle, we
have [SPERNER, 1974]

_)
Vo €AW, 10 Iagey S C T2 17D Iy

- L i i -
therefore J() 2 -5 C2 vy | j ||L2(IR2) , and vlerfi{y) J(v) > = 0. On the other hand, A(y)

is weakly closed in H(R2). Indeed if v, € A(y) —» v weakly in H1(R2), eventually

using a subsequence, we can assume U, — U a.e.in R2 . Then let F be a
compact subset of R?, since [%,, | <7, we have

Ivl s IU,J <
Jr 7z dx = lim, F \v24e? dx<y.

Therefore, taking the limit as ¢ — 0, JF X, dx <y . Since this inequality holds for

all compact F in R2, we deduce v € A(y). Then the theorem follows from the
weak lower semi-continuity of J. |

Remark. A similar existence result may be found in [PIRONNEAU, 1984].

Hereafter u denotes a solution of (P). We shall see in theorem 3 that u is
continuous, so that 2 =Q, = {x ; u(x) # 0} is an open set. Since for all ¢ supported
by Q, we have J(u) <J(u+g), so

8) -Au=j inQ;

and by the definition u =0 in QF.



3. A regularity result.

Let us introduce now the notations

1,00 . ov = 1,00 . 0v .
9 av=§(§z—z %),av=§(z+zm),y=yl+1y2,

(but dy = dy; dy, is the Lebesgue measure in R2). Let 2(R2) denote the set of

compact supported functions which are infinitely differentiable in R2. When
there is no ambiguity, we shall write

J— and |.| 1P in place of LRZ — and |.| IP(R?)
The main result of this section is

Theorem 3. Let u be a solution of (P). Then there exists a positive number A such

that

10) Vo e D(R?), 4 [@u)2@p)dx=2 [ jdu o dx+A [ 2,00 dx.
Moreover we have

a1) QU @) =~ 5= | awe- ;7 dy -z [ Xuew) y—lg dy,

and the function u is uniformly Lipschitz continuous in R2.

Proof. a) Let 6 e (CP(R2))2 be such that its derivative D8 e (L™¥(R2))4 and
_[Xu div 6 dx > 0. For § > 0, we consider Fg(x) =x + § 8(x) and ug=u o Fs. Clearly

if 8 is small enough, Fj is a C* diffeomorphism, furthermore us € H'(R2) and

[ 10 dx=[ 1,00 dF5 ) = [ 2, dy - 5 [ 2,00 divE o) dy + 0@,

so that for § > 0 small enough, use A(y). Writing EI(J(us) - J(u)) 2 0 and taking

the limit as § — 0, we obtain
12) [ (DG, -3dive ViP dx - [ jVu. 6 dx 2 0.

We consider now a function 8 such that J 2y, dive dx = 0. We still obtain that
(12) holds by using a(x) = 6(x) + £ x and then taking the limit as ¢ — 0, , but
now changing 9 in - 6), we have the equality in (12).

For an arbitrary function _é), we set 9_1) _— —21—}, J X, dive dx) %, so that

f Xy div 6_1) dx = 0. The equality in (12) for 9_1) leads



13) [{DF@, ) -5 dive Vi de- | jVu. G de=1[2,divE dx,
with
14) A== [ V.7 dx

We remark that A is non negative when using (12) with _(5) =%.

b) Equation (10) is exactly (13) rewritten with the notations (9) and
9=6, — 1 05. Using thatj 5<p(y) 31 dy =-n ¢©0) and I §(p(y) F) 2 dy =- n 99,

and setting

. 1 1
(15) alx) = —:21_75- J G au)(x—y).):,' dy —Z)'; J xu(""y);,—? dy ,

we deduce from (10) that
Vo e 2R?) , | (Qu?-a)dpdx=0.

Therefore (du)? — a is harmonic in R2,

We know that u € H{(R2), thus Qu)? e L1(R2). Since, j ou € LY(R2) n L2(R2)
andy — () ! € LP(R2) + L9(R2) for all 1 < q < 2 and 2 < p < + o0, the function

16) s =-3= [ Gawey G dy

satisfies s € L? for all 2 < p < + 0. We introduce now the Beurling transform T
given by

an Tgt) == [ gey G2 dy,

it acts from LP(R2) into LP(RR2) for all 1 < p < + =, (see for instance [ZYGMUND,
1971]). As x, € LP(R2) for all p and a =s — A T X, we have ¢ € LP(R?) for all
2<p <+ oo. Since the harmonic function (9u)? - a belongs to L1(R2) + LP(R2), we
have (Ju)2 - a = 0 in R2, therefore

(Qu2=a € IP(R2) for all 2<p <+ oo
and (11) is proven.

¢) Now we have j du € L1(R2) n LP(R2) for all 1 <p <+ o, therefore
s € COR2) N L™(R2).



Let us introduce
18) Te) =2 [ e Xule) G2 dy.

We admit for a while the result

Lemma 4. There exists a constant C such that

(19) Vx € R2,Ve >0, [Tl € C+ 1Tyl oo, -

Since lim T¢ = TX, a.e.in R2 and du =0 in QF, we have 4 7%, = s in Q¢ and

e—0

ATx, € L*(R2). We deduce from (11) that du e L*(R2) and
2
19l 02y <2 15 o9y + C A -
From (14) weget A< y1|jVu® o1 < Jjx gy foul -

and from (16) || s |, <F gl + 17 1) louly .

Therefore we have
(20) “au"L (IRz)— \/_‘ (“J nLl + “J “L°°)+ C ll Jx “L

Note that this estimate does not depend on 7.

d) To be complete, we have to prove Lemma 4. Without loss of generality
we can suppose x = 0. Let ¢(e) = T¢(0), D.={x € RZ}; Z< x| <&}, Be={x € R2; |x| <€)},

(DN Q)
ale) = "o tsn— and Co = | T4yl e, We have
©-9@ =1 |, A2, G2dy==[ .Gr2d
(p ¢2_47I De u y_47[ Deth y’
thus
(21) o) - @) <3 ate).

On the other hand we set

fil)=2,x) -1, fol)=1, folx)=0 , if x| <e,
and f1ix)=0 y fo) =0, folx) =%,x), if |x| > ¢,
so that @) =(Tf) (O, Xyu=fi+fot+fy-

We can write (&) = T (x) — Tf; () — Tfo(x) + (TF5(0) = Tfox)).



We have T fo(x) = 0 for |x| < £ (and = - €2/(4x2) for |x| > € ), some easy
computations give the (non optimal) estimate,

ITFA0) = Tfo®)| <2, for x| <% ,
therefore we have
lp(e)| < Cy+ |Tf ()] + 2, a.e. in By N QF.

From the continuity of T from LI1(R2) into weak L1(R2), see for instance
(COIFMAN & MEYER, 1978], there exists Cy such that

Yu>0, u meas{x € R?, |Tf1(0)| 2 1} <Cy |f1l,1 = C; meas (Be n Q°),
With the choice
i =]p(e) -~ Cy— 2, (when such ap is >0),

that gives  (|o(e)| — Cy ~ 2) meas (Bgp N QF) < Cy meas (B, N QF),

meas (B, Q°) meas (Dg N Q°)
< < +
whence |p(e)] £ Co+ 2+ C, moas Buy @) Co+2+C1+Cy moas Doan )’
therefore we have, (if a(e/2) = 0),
ofe)
(22) lp(e)] SC0+2+Cl+4C1m .

If a(e) < 2 ale/2) then we have |p(e)] £ Cp + 9 Cy + 2. Otherwise there exists an
integer k& such that

a(de) <271 a(@*le), for j=1,...,k-1 and a(2ke) > 271 a(2k*le).
Then we have lp(2k+1e)] < Cy+9 C1 +2 and
a(de) < 277k o(oke) < 27k for j=1,..,k.
From (21) we get
lp(e) - <p(%)| S% (o(2**ey+a(2be) + ... +a(2e)) < 9/4
so that lpe)| < Cq+9C1L+17/4,

and (19) holds with C=9 C; +17/4. [ |

10



Remark. We cannot have A =0 in (11). Indeed A = 0 would imply (Ju)? is
harmonic in K€, so that ou = 0 in K¢ whence u = 0 in K¢, which would be
inconsistent with (6).

4. Conclusions.

We have got that the solution u of our minimization problem
satisfies — Au =j in Q. If the smoothness of Q and u allows us to use the Green
formula, we deduce from (10) that 4(3u)2 = A(v, + ive)2 on dQ2, which means \71);
=+ V2 V ; (here V is the unit vector normal to 9Q). So that we get the
equilibrium condition (3). With some stonger smoothness assumptions, it
follows from the work of [H & P, 1989], see also [D, 1990], that u and 02 have

some analytic properties.

We assume now that j is fixed and satisfies [q J dx = 0 (say [qjdx > 0),
that is the total current running in the inductor does not vanish. Let u, be the
solution of (P), here y appears to emphasize the dependence on 7, it is easy to
show that ;1_)1110 J(uy) = - ; we have J(u,y) 2 - IlRZ Juydx= — JK Juydx, and
from (20),Vx, y € R2,|uy(x) — uy(y)} <c |x-y|. This implies lim min {z,(x)} =+ o0,
therefore, for y large enough, the set K is included iﬁ?‘f wfueclil means for y
large enough the molten metal has no contact with the inductor. We can also

show that uy is non negative in R2.

We have proven that u is Lipschitz continuous, that gives very poor
information on the smoothness on dQ. Note that the boundedness of du implies
by the lemma 4 that |T.(x)| is uniformly bounded by a constant. Using the
definition of T and polar coordinates, we can easily see that 0Q2 cannot have a
singularity of corner type, (except if the angle is 0, 7 or 27 , a cusp point is
allowed).

11
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