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1. Modelling. 

In order to shape a tube, we have 

a device that we suppose to be 
. A ‘ ‘ ° Exterior mould 

cylindrical, vertical and  infinite. 

Figure 1 represents a horizontal cross 
. . . Molten metal 

section of it. From the outside to the 

inside we have a fixed mould, then à — inductor 

layer of molten metal, next the vacuum 

and finally in the central part an — Vacuum 

inductor where a  high frequency 

alternative current is running. 

Figure 1 

We assume that the conductivity of the molten metal is infinite. The 

surface tension on its boundary and more generally all forces in the device not 

produced by the electromagnetic field are neglected.We suppose we are in a 

perfectly cylindrical steady state. Moreover we assume that the Laplace forces 

acting on the inside boundary of the molten metal are strong enough to keep it 

away from the inductor and that the metal covers completely the wall of the 

_ exterior mould. 

Let © be the (open) part of the horizontal plane which corresponds to the 

vacuum and the inductor. Its boundary od®2 is the interface between the vacuum 

and the molten metal. Let ° denote the complementary set of Q. Since we have 

a perfectly cylindrical steady state, the magnetic induction field B has to be 

horizontal and the running current vertical. The conductivity is infinite in the 

molten metal, so the induced current is of pellicular type, (i.e. supported by 

0d92), and the molten metal realises a perfect shield so that B =0 outside G. 

From the Maxwell equations we have 

(1) divB =0 in R2, 

(2) curl B = up jo in R2, 

where uy is the magnetic permeability of the vacuum and j, denotes the 

(vertical component of the) current density. 

Writing the equilibrium between the Laplace forces and the magnetic 

pressure at the boundary 0% of the molten metal, we get the relation



_l_ 2— (3) d |Ël = constant on 0Q, 

see for example [SNEYD & MOFFAT, 1982]. 

From equation (1), we can find a magnetic potential p such that B = 
>, . . . . 

curl p in IR2. As q is defined up to an arbitrary constant and B =0 in Q, we can 

choose @ such that © = 0 in Q. We introduce now the functional 

Jo)= 5 Jpe B*dx-fre jo de, 

where j = y Jo in the inductor, j = O outside, which represents the total 

magnetic energy of the device. Since IËI = |€?pl, we can write 

l —>2 . 
(4) J(e)=5 LR2 Vo dx—Jm2_)(pdx. 

We assume that j, is given in the conductor (i.e. j is given) and that the 

quantity of molten metal is fixed, which means that the area of the horizontal 

section corresponding to the molten metal is fixed, or equivalently the area |62| 

of Q is equal to a fixed value y. 

In a more general context, [HENROT & PIERRE,1 1989] have studied the 

inverse problem : for a given domain ©, find a current density j such that (1), 

(2) and (3) hold ; see also [COULAUD and al.]. The direct problem : for a given 

current density 7 and a given positive number y , find B and ® such that (1 ), 

(2), (3) and _ ]©2] = y has been studied by many authors, [S & M, 1982], [GAGNOUD 

& SERO GUILLAUME, 1986], [HENROT and al, 1989], [DESCLOUX, 1990, 1991]. In a 

more general setting, they start from equations (1), (2), (3) and remark that the 

solutions satisfy some stationary properties of the energy functional J. In [D, 

1990] some stability concepts are introduced and it is shown that the interior 

shaping problem can have stable solutions. In fact these results give more 

insight to our approach. We look for a magnetic potential which minimizes J 

under the constraint |90|=y where we set © = (x € R? ; (x) = 0}. Then we get 

easily an existence theorem for e and if p and ® are smooth enough, we prove 

that B = curl p satisfies (1), (2), (3). The major difficulty we have to deal is the 

one of the regularity. We have only partially succeeded in our attempt to get 

such results. We show that @ is uniformly Lipschitz continuous in R? and that 

© is an open set. In fact, at least for y large enough, our guess is that the 

boundary o® and the function @ in the vacuum up to d are analytic.



2. Existence theorem. 

Let K be a compact subset of R2 such that its complementary set K* is a 

connected set, j e L°(R?) be a function such that 

(5) support (j)cK, 

and let y be a real number such that 

(6) y > y, = area (K). 

The Sobolev space H”(IR?) denotes the set of functions whose partial derivatives 

up to the order m are in L*(IR2). 

For a function v in H*(R?) we set Qy = (x € R? ; v(x) # 0}, X,(x) the function defined 

by X,(x) =1 ifv(x)#0, X,(x)=0 ifv(«)=0 , and |yt = (Xyl = m2 Xol) dx. We 

define the two sets 

B(y)= {w € H‘(R2) ; [Xp] = }, 

A(y) = {w € H‘(R®) ; Xwl S V- 

With the functional 

J(v)=%J 
> ; 

R2 Vo ? dx — p Jvdx, 

we associate the two problems 

(P,) {Find u € B(y) such that 

° VveB(y), Ju)<Jw) 

and 

(P) {Find u € A(y) such that 

: VveA(y), J(u)<J). 

From our modelling, we are concerned in the problem (P,) but, from a 

mathematical point of view, the problem (P) is easier to study . Fortunately we 

have the relation 

Lemma 1. We assume that the situation described in (7) does not hold 

(7) there exists u € H'(R2) with — Au = j in R and |Xy|| <+œ; 
then the problems (Pp) and (P) are equivalent.



Proof. From the density of B(y) in A(y), u solution of (Pg) implies u solution of 

(P). Conversely let u be a solution of (P) and y' = |X,|. Ifu were not a solution of 

(Po), we should have y' < y and then 

Vo € H'(R2) with [Xpp$y-y" , Jlu)<Ju+e) 

whence LR2 VÏtŸ?pdx= JR2 jedx, 

so that we can conclude that (7) holds. L 

Remarks. 1) When the situation (7) occurs we have, Vu € H'(R2), J(U)<J(v), 

moreover u is harmonic in K° . With |Xyl < + œ that induces u = 0 in K° and 

therefore |92,| < Y) . For the physical model such a j is not suitable since we 

must have no contact between molten metal and the inductor. 

2) When LR2 j dx # O, the situation (7) cannot occur. 

Theorem 2. Problem (P) admits at least one solution. 

Proof. We first remark that, from the Schwarz symmetrization principle, we 

have [SPERNER, 1974] 

Vv € A(y), v "L2(IR2) <Cy42 | % |IL2(IR2) , 

therefore J(v) 2 ——ë— C2ylj] Lè(R2) * and viä(fy) J(v) > — œ. On the other hand, A(y) 

is weakly closed in H'(R?). Indeed if v, € A(y) > v weakly in H'(R2), eventually 

using a subsequence, we can assume un > v a.e. in R? . Then let F be a 

compact subset of R?, since |X,,l < 7, we have 

|ul Ls |Un| < 

Ë paet dx =}im, F Juère? de<7. 
Therefore, taking the limit as e — O, JF X, dx < y . Since this inequality holds for 

all compact F in R2, we deduce v € A(y). Then the theorem follows from the 

weak lower semi-continuity of J. N 

Remark. À similar existence result may be found in [PIRONNEAU, 1984]. 

Hereafter u denotes a solution of (P). We shall see in theorem 3 that u is 

continuous, so that Q = Q, = (x ; u(x) # 0} is an open set. Since for all p supported 

by Q, we have J(u) <J(u+q), so 

(8) — Au =j in Q ; 

and by the definition u =0 in Q.



3. À regularity result. 

Let us introduce now the notations 

O ; 
(9) aU=%('ä;—l'—L ax2) ôv 2 (äx— +l ax2) » Y=Y +LY9, 

(but dy = dy, dy, is the Lebesgue measure in R2), Let M(R?) denote the set of 

compact supported functions which are infinitely differentiable in R2. When 

there is no ambiguity, we shall write 

J— and |{[.] p in place of LR2 — and ||.| LP(R * 

The main result of this section is 

Theorem 3. Let u be a solution of (P). Then there exists a positive number À such 

that 

(10) Vo € D(r2), 4 | (Ou)? Gp) dx = 2 | j du ÿ dx + à | Xy3g d . 

Moreover we have 

a1) @u? w =-> [G âu)<x—y> dy - J uc Æ dy, 
ÿ 

and the function u is uniformly Lipschttz continuous in IR®. 

Proof. a) Let 6 € (C*°(R2))2 be such that its derivative D6 € (L°°(R2))4 and 

_|.Xu div & dx > 0. For 5 > O, we consider F5(x) = x + & 6(x) and u5 = u o F . Clearly 

if 6 is small enough, F; is a C°° diffeomorphism, furthermore us € H*(R2) and 

f *u,) dx = | Zy() dFF'6) = | Xt dy - 6 | Xy) div & o) dy + O(62), 

so that for 6 > 0 small enough, us € A(y). Writing — (J(u5) — J(u)) 2 0 and taking 

the limit as 6 > 04 we obtain 

(2) | DO (Vù,Vù) - # div @ Vu®) dx - | j Vu. À dx = 0. 

We consider now a function & such that J X u div® dx = 0. We still obtain that 

(12) holds by using Ëê(x) = 6(x) + € x and then taking the limit as € — 04 , but 
.>. > ,s 

now changing 6 in — 6, we have the equality in (12). 

. .> > > ; 
For an arbitrary function 6, we set 6, = 6 —21—y _[ u div é dx) À, so that 

Ï Xu div 8_1) dx = 0. The equality in (12) for 4Î{ leads



(13) [ D'OVù,Vu) - 5 div 6 Vù*} dx-| j Vù. & dx =1 | %, div À dx, 

with 

(14) à=-2 | jVu.? dx 

We remark that À is non negative when using (12) with _9'> =%. 

b) Equation (10) is exactly (13) rewritten with the notations (9) and 

p=0, — L 0,. Using that_[ ä<pr) G1 dy =- x g(0) and _[ ä(p(y) G2 dy =— x àg(0), 

and setting 

. 1 1 

(15) a(x) = —'21-”' _[ ( Ôu)(x-—y);_- dy —Î; J xu(x_y)5g dy, 

we deduce from (10) that 

Vo e 2(R2) , | (@u)?-a) à dx =0. 

Therefore (du)* - a is harmonic in R2, 

We know that u € H*(R2), thus (Ou)? € L!\(R2). Since, j Ou € L'(R2) N L2(R?) 

and y > (y)* € LP(IR2) + LA(IR2) for all 1 <q < 2 and 2< p < + , the function 

(16) s)=-== J Gaukey) @! dy 

satisfies s € LP for all 2 < p < + oo. We introduce now the Beurling transform T 

given by 

(a7) Teæ)=== | gen GY* dy, 

it acts from LP(IR2) into LP(R?) for all 1 < p < + œ, (see for instance [ZYGMUND, 

1971]). As X, € LP(R?) for all p anda =s - à T X,, we have a e LP(R?) for all 

2<p <+ c. Since the harmonic function (du)? — a belongs to L'(R2) + LP(R2), we 

have (0u)? -a =0 in R? , therefore 

(Ou)? =a e LP(R?) for all 2<p<+œ 

and (11) is proven. 

c) Now we have j ou € L‘(R?) n LP(R?) for all 1 < p < + c, therefore 

s € C(R?) N L°(R2),



Let us introduce 

l — _ 
1x lel2£ Xyey) GVZ dy. (18) Tg(x) = 

We admit for a while the result 

Lemma 4. There exists a constant C such that 

(19) Vx e R, Ve>0, |T;(x)| < C + I TXul; oorgg) - 

Since lin3 Te = TX, a.e. in R? and du = 0 in N°, we have À TX, = s in N° and 
e> 

Àà TX , € L°(R?). We deduce from (11) that du € L‘°(R?) and 

2 
oul, 2 2 15 Ipoepge) + C À- 

From (14)we get A< y* |j Vu.2 1 < ljx zx VOul, — 

1 [ , 
and from (16) [s 17e S 55 (I e + N3 Uz1) Voul,e - 

Therefore we have 

1 . . . 
(20) (oul<(r2) € Tx (PAN E A PA OR PR PE 

Note that this estimate does not depend on y. 

d) To be complete, we have to prove Lemma 4. Without loss of generality 

we can suppose x = 0. Let (e) = T,(0), D,={x € R? ; Ec |x| < e}, Be = (x € R2 ; |x| < e}, 

(DeNQ°) ME Teas DO — and Co=ITXul; *c We have 

£ 1 — _ 1 __ pe)-09)=75 Ip, C0 ) OV2 dy =Æ Ipynne V? dy, 
thus 

(@1) |p(e) - (| <Ÿ ale). 

On the other hand we set 

Flx)=Xy(x)-1, fol«e)=1 , fal«)=0 , if|x|<e, 

and f,(x) = 0 » Folx)=0 , Ffolx)=Xyl«), if|x|>e, 

so that ple)=(Tf9)(0), X =A+f2+f- 

We can write _ g(e)=Tx,(x) - Tf,(x) - Tfy(x) + (Tf2(0) - Tf2(x)). 

9



We have Tfo(x) = O for |x| < e (and = — e2/(4x2) for |x| > € ), some easy 

computations give the (non optimal) estimate, 

ITF(0) - Tf2(0)} < 2, for |e| < 5 , 

therefore we have | 

|p(e)| < Co + ITf1(x)| + 2, a.e. in Beg N . 

From the continuity of 7 from L!(R2) into weak L!(R?), see for instance 

(COIFMAN & MEYER, 1978], there exists C, such that 

Vu>0, u meas{x € R2, |Tf,(x)| = u} < C1 I "L1 = C, meas (Bg N M°). 

With the choice 

u = |p(e)] — Cy - 2, (when sucha u is > 0), 

that gives (|p(e)| - C, - 2) meas (B,2 N O°) < C, meas (B; N Q°), 

meas(B,N°) meas(D,N8°) 
< —E < Meask'eOi I whence |p(e)| < Co+2+C1 meas (Bgr) < Co+2+C,+C; meas (Dn 

therefore we have, (if œ(e/2) # 0), 

a(e) 
(22) |p(e)] SC0+2+C1+4C1M . 

If a(e) < 2 a(e/2) then we have |p(e)| < Cp + 9 C, + 2. Otherwise there exists an 

integer æ such that 

a(de) < 27! a(d*!e), for j=1,...,k-1 and a(2%e)>27! a(2**e), 

Then we have jp(2kH16)| < Cp+9 C1 +2 and 

a(de) < 2374 a(2he) < 2 J7k for j=1,.,k. 

From (21) we get 

|ple) — <p(%)l S% (o(2#H1e}HalaFe) + … +al2e)) < 9/4 

so that |p(e)| < Ca + 9 C1 +17/4,, 

and (19) holds with C = 9 C, +17/4. N 

10



Remark. We cannot have À = 0 in (11). Indeed À = 0 would imply (0u)? is 

harmonic in K°, so that dOu = 0 in K© whence u = 0 in K°, which would be 

inconsistent with (6). 

4. Conclusions. 

We have got that the solution 4 of our minimization problem 

satisfies - Au =j in Q. If the smoothness of Q and u allows us to use the Green 

formula, we deduce from (10) that 4(0u)2 = A(v, + iv9)2 on 0Q, which means \Ïù 

= + Và Ÿ ; (here Ÿ is the unit vector normal to dM). So that we get the 

equilibrium condition (3). With some stonger smoothness assumptions, it 

follows from the work of [H & P, 1989], see also [D, 1990], that u and 0Q have 

some analytic properties. 

We assume now that j is fixed and satisfies [a j dx # 0 (say Ja.jdx > 0), 
that is the total current running in the inductor does not vanish. Let u, be the 

solution of (P), here y appears to emphasize the dependence on y, it is easy to 

show that $1_)rg> J(u,)=-0 ; we have J(u,) > - LR2 ju,dx= — JK ju,dx, and 

from (20),Vx, y € R?,|uy(x) — u,(y)} < c |x-y|. This implies lim min (uy(x)} =+œ, 

therefore, for y large enough, the set K is included irï?î° WËÎä1 means for y 

large enough the molten metal has no contact with the inductor. We can also 

show that u, is non negative in IR2, 

We have proven that u is Lipschitz continuous, that gives very poor 

information on the smoothness on d©. Note that the boundedness of ou implies 

by the lemma 4 that |Te(x)| is uniformly bounded by a constant. Using the 

definition of T, and polar coordinates, we can easily see that 0 cannot have a 

singularity of corner type, (except if the angle is O, x or 2x , à cusp point is 

allowed). 

11



5. References. 

COIFMAN R., MEYER Y. 1978. Au-delà des opérateurs pseudodifférentiels. 

Astéristique, 57, 76-115. 

COULAUD O., HENROT A., PIERRE M., ROCHE J.R.,1990. Numerical simulation 

of electromagnetic shaping. Preprint. 

DESCLOUX J., 1990. On the two dimensional magnetic shaping problem without 

surface tension. Report 07.90, EPFL, Dept. Math., Lausanne. 

DESCLOUX J., 1991. Stability of the solutions of the bidimensional magnetic 

shaping problem in absence of surface tension. Preprint. 

GAGNOUD A., SERO GUILLAUME O., 1986. Le creuset froid de lévitation : 

modélisation électromagnétique et application. E.D.F Bull. Etudes et 

Rech., B, 1, 41-51. 

HENROT A., BRANCHER J.P., PIERRE M, 1989. Existence of equilibria in 

electromagnetic casting. Proc. Int. Symp. Num. Mech. Eng. 5, vol. 1, 

Gruber, Périaux, Shaw editions. Computational Mechanics 

Publications. Springer-Verlag, 221-230. 

HENROT A., PIERRE M,, 1989. Un problème inverse en formage des métaux 

liquides. M2AN, 23, 155-177. 

PIRONNEAU O., 1984. Optimal design for elliptic systems. Springer-Verlag, 

New-York. 

SNEYD A., MOFFAT H., 1982. Fluid dynamical aspects of the levitation melting 

process. J. Fluid Mech, 117, 45-70. 

SPERNER E., 1974. Symmetrisierung für Fonktionnen mehrerer Variablen, 

Man. Math., 11, 159-170. 

ZYGMUND ÀA., 1971. Intégrales singulières. Lectures notes in Math, 204, 

Springer-Verlag. 

12



PI 

PI 

PI 

PI 

PI 

PI 

PI 

PI 

PI 

PI 

548 

549 

550 

551 

552 

553 

554 

555 

956 

557 

LISTE DES DERNIERES PUBLICATIONS INTERNES IRISA 

LES PREDICATS COLLECTIFS : UN MOYEN D'EXPRESSION DU 

CONTROLE DU PARALLELISME "OU" EN PROLOG 

René QUINIOU, Laurent TRILLING 
Septembre 1990, 34 Pages. 

NORMALISATION SOUS HYPOTHESE D'ABSENCE DE LIEN 
APPLICATION AU CAS NOMINAL 

François DAUDE 

Septembre 1990, 42 Pages. 

MULTISCALE SIGNAL PROCESSING : FROM QMF TO WAVELETS 
Albert BENVENISTE 
Septembre 1990, 28 Pages. 

ON THE TRANSITION GRAPHS OF AUTOMATA AND GRAMMARS 
Didier CAUCAL, Roland MONFORT 
Septembre 1990, 46 Pages. 

ERREURS DE CALCUL DES ORDINATEURS 
Jocelyne ERHEL 
Septembre 1990, 58 Pages. 

SEQUENTIAL FUNCTIONS 
Boubakar GAMATIE, Octobre 1990, 16 Pages. 

ANALYSE DE LA FORME D'UN COEFFICIENT D'ASSOCIATION 
ENTRE VARIABLES QUALITATIVES 
Mohamed OUALI ALLAH 
Octobre 1990, 26 Pages. 

APPROXIMATION BY NONLINEAR WAVELET NETWORKS 
Qinghua ZHANG, Albert BENVENISTE 

Octobre 1990, 16 Pages. 

CONCEPTION ET INTEGRATION D'UN CORRELATEUR SYSTOLIQUE 
Catherine DEZAN, Eric GAUTRIN, Patrice QUINTON 
Novembre 1990, 16 Pages. 

VARIATIONAL APPROACH OF A MAGNETIC SHAPING PROBLEM 
Michel CROUZEIX 
Novembre 1990, 14 Pages. 

13



ISSN 0249 - 6398


