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A STABLE ALGORITHM FOR THE K-EPSILON MODEL
FOR COMPRESSIBLE FLOWS

Bijan MOHAMMADI

INRIA-Menusin
Domaine de Voluceau, 78153 Le Chesnay Cedex, France

ABSTRACT

In this work, we report on the performance and difficulties of a k,e¢ modcl intro-
duced in a Navier-Stokes Finite Volume solver to compute turbulent high speced
flows. The equations on turbulent quantilies are solved by using a characteristic
method for the transport terms and by using a finite element method for the dif-
fusion terms. Furthermore, a new formulation of the k,e model which increases
stability 1s introduced.

KEYWORDS : Turbulence, Navier-Stokes equations, Characteristic method, k-¢
model, Finite Elements.

UN ALGORITHME STABLE POUR LE MODELE K-EPSILON
POUR LES FLUIDES COMPRESSIBLES.

RESUME :

On s'intéresse auz performances ainsi qu’auz difficultés rencontrées lors de Uimplé-
mentation d’un modéle k,e dans un solveur volume fini Navier-Stokes pour cal-
culer des écoulements hypersoniques turbulents. Les équations sur les quantités
turbulentes sont résolues par la méthode des caractéristiqgues pour les termes de
transport et par une méthode d’éléments finis pour les termes de diffusion. De
plus, on propose une nouvelle formulation du modéle k,e qus stabilise le calcul de
facon considérable.

MOTS-CLES : Turbulence, équations de Navier-Stokes, méthode des caract(ri-
stiques, modele k-¢, éléments finis.



I INTRODUCTION

Flows around aircrafts are turbulent, at least in boundary layers and in wakes.
This phenomenon has a very great impact on aerodynamic coefficients of industrial
interest such as pressure, skin friction and heat transfer coefficients.

Direct simulation of the Navier-Stokes equations and subgrid modeling of the small
scales of turbulence in large eddy simulations are useful to improve understanding
of turbulence phenomena. However, because of the computer capabilities available
(in terms of memory and speed), these methods can not be used nowadays to
compute complex configurations. For this reason, statistical turbulence models
must be used. We consider here the k, € model developed by Launder and Spalding
[LS1]). This is a two equations model, more complex than algebraic models and
leads to more numerical problems, also it seems to contain more of the important
stress-relaxation properties of the Reynolds stress models (see Coakley [CO1}).

This k, € model was obtained by a generalized of the incompressible model by using
Favre averages which preserves the conservative form of the transport equations.
Many modifications have been proposed by different authors to take into account
more efficiently different compressible effects ; this has led to the introduction
of various supplementary terms (see Vandromme [VA1]). Another way to obtain
more accurate results in a given flow configuration is to modify the coefficients
(cu,c1,¢2) in the k,e equations. The present study is not aimed at a detailed
prediction of the flowfield but only at reasonable estimates or trends. We would
like however to emphasize numerical problems posed by the implementation of a
k,e model in an existing Navier-Stokes solver and to show how it can be done
without destroying the stability properties of the solver.

In section II, the Navier-Stokes equations with the &,& model is presented. WWe
also study the turbulence model from the point of view of the numerical analyst
and present some results on the positivity and boundedness of k£ and €. We then
use of these results to propose a new (y,#) model which is more stable than the
clasical k,€ one and which also preserves positivity. A robust numerical method
is presented in section III and several numerical examples are given in Section IV.



II.1. THE NAVIER-STOKES EQUATIONS

Let p,u, E,p, T, e be the density, velocity, total energy, pressure, temperature and
internal energy of the fluid. The Navier-Stokes equations are

%4v. (pu) =0 (I1.1.1)
ot
Opu
¥ +V.-(pu®u)=V.r (11.1.2)
BapE +V.-(pEu) =V -(ru)+V -¢ (I1.1.3)
with .
=(7—1)PC,E=6+-2-‘U2,6=CUT (1114)
7= —pl + u{(Vu+ VuT) - %(V ‘u)l},q=KVe, K = #I_Z; (I1.1.5)
| 7= G,/C,

The molecular vistocity u, given by the Sutherland law, is a function of tempera-
ture :

T L 5T + IIOTQQ
ﬂauth = ﬂoo(_) IIOT
oo —T-“"

where T, and po, are the temperature and the viscosity at infinity.

We denote by < a > the set averaging. This is performed through a large number
of records or experiments (for steady solution, this will be the Reynolds average
a). On the other hand, we denote by @ the mass averaging @ =< pa > / < p >,
and by a’ the fluctuations a’ = a — @ of any variabla a. For conveniency, we define
p =< p>. From (I1.1.1)-(II.1.2), we obtain

op oy

6t+v (p) =0 (11.1.6)
apu / /
wTE + V. (pi®d)=V-<7>-V.<pu'®@u > (I1.1.7)

We neglect viscosity fluctuations and we approximate < 7 > by
2 .
<1 >=—pl +p{(Vi+ VaT) - 5(V @)1}

We notice that < p>=(y—1)pe = (y - 1)gC,T. From (I1.1.3), we get

apE

T +V-(pE3) = -V- < pE'Y' > +V-<Tu>4V. <¢> (11.1.8)
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Notice that
. 1,_, 1,2
E=e+§(u) + E(u’) (11.1.9)

Neglecting third order correlation, we have
< pEYW >=<pe'u' >+ < p QU > @

Considering the term < 7u > in (II.1.8), we notice that

-~

<pu>=(y-1)péa+(y—1) < pe'v' >

and we assume the approximation
Ty _ 2 = ~ .py 2 gy~
< p{(Vu+Vu') — §(V ~u)lhu >=p{(Vi+ V') — §(V -u)1}a

The correlation between velocity and temperature fluctuations < pe’u’ > is mod-
elled by

< pe'v’ >= K\Vé, K, = u,};y?,Pr, =0.9 (11.1.9)
4

As for < 7 >, we neglect thermal conductivity fluctuations and we make the
approximation
<¢>=KVe

Thus, we obtain the same equation (II.1.1)-(I1.1.3) for the average quantities p, ué
instead of the instantaneous values p, u,e. But the constitutive relations in (II.1.4),
are replaced by

p=(y—-Dpe+ %ﬁk,E=é+ %(ﬁ)2+k,é‘= C,T (I1.1.10)

and in (II.1.5), 4 and K are replaced by the total viscosity piorar and the total
conductivity K;,q; given by

Biotal = B+ pit, Kiotal = K + K (11.1.11)
p¢ and K being defined by (I1.2.2) and (II.1.9).

Remark :

In all our test cases, k& values appeared to be small compared to the internal energy
€. For this reason, we keep the constitutive relations (II.1.4) instead of (I1.1.10).
This assumption diminishes the coupling between the averaged flow quantities and
the turbulent ones.



IL.2. THE K-EPSILON MODEL
A) At High Reynolds number
The Reynolds stress tensor R is given by

2
R= _§pu + we{(Vu+ VuT) = (V- 0)1) (I1.2.1)

with the turbulent viscosity

2
e = cupl—cg—,c” = 0.09 (11.2.2)

It is shown by [CH1] that (I1I.2.1)-(I1.2.2) is quite general in 2D through somewhat
restrictive in 3D. As Vandromme [VA1], we consider the following equation for k
where only second order terms have been retained :

6pk

B + V(puk) = Prod+ Dif f + Diss + Comp

where Prod represent the production, Diff the diffusion, Diss the dissipation and
Comp the main effects of the compressibility on the turbulent kinetic energy :

Prod = R : Vii = Ry (,;9 -
Diff = ——-( puu; pulu? + b;iu'p’ — puS;iul)
Bu! ' _ 6p 3u
Diss = uS,Ja and Comp = — J 6 -+ p 5= BIJ

where S is the deformation tensor. S = Vu + Vat — %V -4
We model the unknown correlations in the previous equation as {ollows :
The turbulent diffusion is supposed to have the same structure as the viscous one

for high Reynolds number flow, so if we denote by o the turbulent Prandt-Schmidt
number of k£, we can write :

Diff=vV. ( Vlc)
The pressure dilatation effect can be modelled following Grasso [GRA1] :

Comp = (%")u,(a-R-a)v-ﬁ



This model is obtained under hypothesis that the flow is statically steady. Hence,
the model can only be used for such a flow. Furthermore, the explicit dependence
on the mean velocity # in this model make it clearly no galilean invariant. In
addition, new terms can be introduced to take into account the variation of the
density (see [VA1], [JO1]) for multi component fluids with or without combustion.
All of these terms introduce new constants which must be numerically tuned. For
these reasons, we will not take into account the compressible effects Comp in the
numerical application. Finally, we define the turbulent dissipation by :

pe =uS :Vu'
Hence, the k equation can be rewritten as :

apL

— + V(pk) - V( w) R:va-ﬁe+°:7"(a1w)v-a

For the transport equation on ¢ we make the hypothesis that there is analogy
between the k& and the £ equations in high Reynolds number situations.

Hence, the differences are on rates and on time scales ; we consider the following
€ equation :

Bpe
ot

B) Near Wall Region

The previous model has been established under the hypothesis that the Reynolds
number is high ; so we cannot consider regions close to a solid wall where the
Reynolds number decreases.

+ V(pie) — V(— m) = -—(cleR Vi — ¢ pe + cseckpu,(uRu)V )

The most widely used approach when dealing with the near wall regions difficulties
is to avoid solving the NS equations (including the turbulence model) right up to
the wall. Instead, the edge of the computational domain is placed a small distance
8 away from the wall in the high Reynolds number region (fully developed turbulent
region). Empirical laws are then used to define boundary conditions at the edge
of the domain (the subscript w and é would mean at the wall and at the artificial
wall boundary).

The friction velocity u, =

AIET|

is evaluated from u, = v if y* < 10 and from

Uy = Uc/(;lc-log(y+)+ﬂ) where x = 41,8 =55ifyt > 10. U, = “‘ ;fzgdu is the

van Driest compressibility transformation. Once u, is computed, the boundary
conditions on tlie computational domain on & and ¢ are :

u? p Pw
k L= e = 11.2.B.1
= n& ( )
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If we denote N = (p+ p¢)(Vu+ Vu! — 2V 1) the viscous part of the stress tensor,
7 a unit vector tangential to I and 7 the unit ouvward normal to I, the boundary
conditions on the NS variables are :

a-n=0
FoN.ii=—pu?
oT T
W-N n+(n+n,)% = —pulr(@-7) + Tru,

where T is the friction temperature defined by :
U, Ty = (k+ £)VT -n

The temperature profile is taken to be similar to the velocity one, therefore T is
evaluated (see [BR1]) as T, = I}',ﬂr;f,;'ﬁ if yt <16 and T, = I%;E;_fﬂ‘—c if y* > 16.
For a cold wall we take Pr = .71,k = .41 and ¢ = 2. (see Cheng and Ng [CIH1]).
In appendix B we check a few necessary conditions for the suitability of the NS

equations with such a slip boundary conditions.

In the previous set of wall laws, the friction velocity is defined only from the mean
flow, it seems to be interesting to reduce this close connection by introducing a
more fundamental velocity scale : vk, dedicated to describing turbulent quanti-
ties. Indeed, if the computational domain boundary is placed at a distance é, to
the wall, in the fully turbulent region where we assume to have equilibrium be-
tween production and dissipation of the turbulent kinetic energy (y is the normal
direction) :

ou
—pu’v’—u = pe

dy

. 1.1 . L -
now, we introduce u¥ = ¢k and ul! = 7= I:)Ig‘?y 75 two friction velocities such

that —pu/v' = ;’)wulﬁz and %% = ul /x6. The boundary condition on ¢ is then
— (Pwr 3 k2 1
e = (B3l /o)

This approach improves the prediction of the turbulent quantities in the regions
where the friction to the wall decreases but where the turbulence has still high
level.



II.3. NUMERICAL BEHAVIOUR OF K AND EPSILON

Now, in order to simplify the wriling, the average quantilies p,u, € will be denoted
without bar or tilde.

We consider the non conservative form of the k — £ model which contains the main
source of instabilities :

2
g’: +u. Vi -v (n+ £yvE) = c,,"—p - -ﬁ-kv u—¢ (113.1)
O 1 21 g2

¢1 = 0.1296, ¢, = 1.92,c“ =0.09,05 = 1,0, = 1.3

where F = {|Vu+ VuT |2 - %(V-u)2 < 0 and = V.u. The k and ¢ equations show
that the compression and expansion produce the same effects in both of them ;
indeed, compression (== E =2kD < 0) tends to increase turbulence, while expansion
does the reverse, this is in agreement with the experimental results of Wu et al
(WU1]. In [Ahl], we can find several additional terms for the ¢ equation to take
into account other compressibility eflects, but it is not clear that the model is
better with these new terms.

Positivity of k and ¢

For physical reasons, it is important that the k — ¢ model guaranties the positivity
of k£ and ¢ if they are positive initially. For this purpose, we suppose that the
system has a smooth solution for given positive data and we introduce a new
variable 8 = -f (the turbulent time scale) as in Cardot [Cal], the § equation can
be obtained from the & and ¢ one, as follows (we denote by % the convective
derivative) :

dd 90 1dk &k de _ 2 ;
3 3t+ -Vl = i i ad*+b0+c+ Diff

where a = (¢; — ¢,)F,b = %(% —1)D and ¢ = ¢z — 1; Diff is the contribution of
the viscous terms of the k£ and ¢ equations :

2
Diff = (c“ + —ﬁ)ovwo +( ;—“)(02Ak + %—IVH?)
4

+ c—“—c—“)-—v Vk+ 2 cu k9

—Vove
4



So the compressibility has an inverse eflect on 8 compared to k and ¢.
Now, through the @ equation, one can prove

Theorem: k and ¢ stay positive if they are positive initially and if oz = o,.
proof: Because ¢, > ¢; and ¢ < 1, § will stay positive and bounded when there
are no diffusion terms ; indeed if F and D are taken constant on the characteristics
curves. The dynamical part of the @ equation:

9 _are? +bDf + ¢ (T)
dt
with L(O)
=40
1s a Riccati equation, after integration in time we have :
{Gze*
o(t) = ———"I\z—f (I1.3.4)

where s = ((bD)? +4acF)12‘t <0,K = (0g—02)/(60—02) and 8, 3 roots of the RIS
of (T'). Hence, if 6 is initially positive, it stays positive and bounded (see [Cal] for
the proof for incompressible fluids). On the other hand, 6 cannot become negative
in the presence of the viscous terms Diff. Call t the first time there exists = such
that 8(z,t) = 0 ; because we have positive boundary and initial conditions for 0,
x is strictly inside 2x]0,T[ and so at this point we must have V0 = 0 (it is a
minimum).

Hence %’;— = ¢y — 1 > 0 so @ increases again.

Furthermore, introducing € in the k£ and ¢ equations, we have

‘Z’: +u-Vk— lv ((u + c“”“’)w) = ¢ kOF — %kv u— g

de 1 c,, pké

6t+u Ve—-—V (g + — )Ves)—cleOF—-z—ciEV-u—cz5

3c, )

Denote by (z,,t,,) the point at which k (resp.€) is mininum. Suppose this min-
imum is 0. When positive Dirichlet boundary condition are added to these equa-
tions, z,; cannot be on the boundary. So at (zm,t,) we will have k = 0 and
Vk = 0 (resp. € = 0 and Ve = 0). But, we have shown that 8 is always positive
at (zm,tm) so we have

Ok O¢
Tl 0 resp. 5 = 0



Thus k (resp. €) becomes stationary and never negative.
Such an argument proves that the coupled system (k — €), and not each equation
individually, has a positive solution.

Stability of the k, e system
Another major difficulty, if we have to use the (k — €) model, is that there is the

possibility of an exponential blow up for ¥ and . Indeed, if s — oo in (IL.3.4),
6 — 0, a constant and the k and € equations are then

dk 2 1
3 =FOF - 3D -
de 2 1
@ = -3P-g)

Therefore, if F is sufliciently large, both of k and € grow exponentially.

As shown, 8§ = § has a good numerical behaviour (bounded and positive), the
idea is then to find another combination ¢ of & and ¢, that is dynamically stable
(%‘f > 0). Because of the similar behaviour of £ and €, we look at the dynamical
part of their equations and try to find ¢ = k%¢? with « and 8 real.

The ¢ equation comes from those of k and € as for § (without viscous terms):

d‘P_ a A €
Ft—_k € (aFk+bD+ck) (¢)
where a = acy + fBe1,b = —a —¢;8/c, and ¢ = —a — fes.

o will decrease (%“e < 0) if a,b and ¢ are negative ; furthermore, f: < ¢y implies
that 8 > 0 and a > 0,6 > 0 imply ac, + Bc; = 0. One possibility is then
a = —c1/c, and 8 =1 and we have

dy c1.,¥
e (e — )2 <
dt (e c“)ﬂ_o

Notice that there is no mean flow terms in this equation and that the coupling
between # and ¢ is weaker than in the original k¥ — € model. But viscous terms
must still be added.

Of course other choices of ¢ are possible by studying the coupled system (7', ¢).
In [CA2] one gives a few tools for the implementation of such a model.

10



Remark

We can make a similar analysis for the low Reynolds number versions of the k,e
model; in these models, the constants (c,,c1,c2) are multiplied by positive func-
tions (fy, f1,f2) which depend on Ry, = pk?/uec and R, = pVky/u two local
Reynolds numbers [Pal]. Hence, in ¢, we have now a = ac,fy + Beif1,b =
—a—c1f1B/c,y and ¢ = —a — Bfaca. Because 0 < f, < 1,8 must be negative and
if we take o = fyc;/c, we have

d c
Z = (c2fa- ahye

dt cy 0

So for ¢ to decrease, we must have f; < %:% ; but this is only partially true
because 1 > f, and 0 < f, > 1. This is not really surprising because k, € and u
have very stiff profils in the near wall regions. On the other hand, the low Reynolds
number # equation is :

%g..;.Diff: —aF0° +bD0 + focy — 1.

Hence, this version of the @ equation is more stable than the high Reynolds number
version (a = fiey — fucy < €1 —cy).

A new ¢,8 turbulence model

As it shown, the introduction of the ¢, ¢ variables avoids the main difficulties of
the k, e model. So it is interesting to find two diffusion constants for ¢ and 0 and
to solve then completly the ¢, 8 equations. On the other hand, theoretical results
are available for the ¢,0 model. In [LE1] we give some results on the existence
and regularity of the solutions of this model for incompressible flows.

Cardot has presented an incompressible k — @ version of the k,& model which is
numerically more stable. The constants in the § equation are obtained from the
k — € one for the dynamical part and the viscous constant oy = 0.1 is numerically
tuned for the Poiseuille flow. If we follow the same approach the @ equation would
b 2 ¢

= e SV (L kOVO) = —(cy — ¢, )FO? + =
p 0y

di 3(6“ —1)D0+Cz—1.
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III. THE COMPUTATIONAL METHOD

In order:to solve the partial differential equations on p,u e, k,e we first make a .
splitting. '

With k, e known at time step ", we evaluate the turbulent viscosity and thermal
conductivity by (II.2.2) and (II.1.9) then we solve the Navier-Stokes equations
(I1.1.1)-(11.1.3) on [t",t"*!] with viscosity and conductivity given by (II.14). This
gives p"t1 untl e+l We then solve the equations (I.3.1), (I1.3.2) in order to
get k"*1 g1 and we iterate on n.

The Navier-Stokes solver was developed by Rostand and Stoufllet [RO1]. It is
derived from an implicit algorithm for solving Euler equations on unstructured
“triangular grids and is based on a finite-volume approximation of the equations in
conservation form, using control volumes defined by the medians of the triangle
surrounding each node and Osher’s flux formula for the conveclive part and a
centred scheme for the diffusive one (see appendix A).

1) Computation of k£ and ¢

Because of the splitting mentioned, to solve k, e equations , we assume that p,u, T
are given and constant during the time step [t”,¢"*!]. To compute k and €, we
then make another splitting between the transport terms and the diffusion terms
in equations (II.15), (I1.16).

a) The transport step
Without the diffusion terms, (II.15), (II.16) are

0k T2 2 k?

5—+‘U VL—-Sk———IVU'*'VU | —€—§(k+c“?V-u)V-u (1111)
2

%+u VE—S,,-_clkIVu+VuT|2—62ik-—&(——+kV wV-u (I11.2)

These equations are solved using a method of characteristics ([BE1], [Pil]), we
retain the idea of Benqué et al to integrate the source terms on the characteristics
because for a fixed time step the source terms have large variations on the travel
path ]z, X"(z)[. Furthermore, the method preserves the positivity of k£ and ¢ if
they are positive initially.

So we consider the characteristic issued from =

-;;X"(r) =u(r,X"(1), X"("*) =z, re[t*, "] (111.3)

12



and decompose the source term in the following way

2
Sk =St —S; kSt = c,,l—cs—F, Sy = % (111.4)
where F = 1|Vu+ Vu'|2 - 2(V - u4)? < 0. The position (right or lelt hand side) of
the other term %lcV - u depends on the sign of V - u. Then, S,': and S are both
positive. Both of them are treated explicitly, the values for k and € being those at
the beginning of the time step, &™,e™. After integration along the characteristic,
we find at t"*! the value of k (resp. ¢), which we denote by k™t#% (resp. e"*3

such that
tn+1

1+ /' ” Sy (X" (r))dr)k ¥ (x)

= k"o X"(t") + (/‘ SH(X™(r))dr) (I111.5)

‘n-f-l
(L+ / ST (X" (r))dr)e"t ¥ (x)
‘R
‘n+1
=" X™(t") + (/ SF(X"(r))dr) (I11.5.bis)
‘R

This treatment of the source terms (explicit for the positive part and semi-implicit
for the negative part) tempers the exponential growth of k¥ and € when F is large
and the decay of the same quantities when F is small.
Furthermore, if we completly semi-implicit S; and S., we obtain two stability
conditions for the time step At = t"*! — ¢", Indeed, for k£ and ¢ to stay positive
we must have At such that

t"+1

- _ SEyxn
[, 0= 3> -1

and
t"+1 S+

/ﬂ (S7 = 22)(X()dr > —1

Hence, one reduces the time step when the production is more important than
the dissipation. Notice that the characteristics are only computed one for each
node and that we integrate four different quantities (SF, Sz, S¥,S7) along these
characteristics using trapezoidal method.

This approach garanties the positivity of k¥ and e, but despite the time step re-
striction mentioned before, it does not prevent the possibility of a blow up for &
and ¢. To improve the robustness and stability of the method, we introduce ¢ and

13



. . _a
¢ as presented in II. Thus, knowing k" and €", we evaluate ™ = k" < €™ and
" = %‘7 Now, using the integration along the characteristics as above, we have :

‘n+1

(a+ [ 7 r)dneri(e) = phoxn ()

‘R

(1+ [ Sy (X™(7))dr)o"tE ()

= "o X"(1") + / Sy (X"(7))dr)

"l

Finally,

B _ B —B__
kHE = (gntapont BT gpd entd = gnt it e
Hence, because we know that ¢ and ¢ stay bounded and positive, the algorithm
will be robust.
Furthermore, in the incompressible case, the previous scheme is second order ac-
curate for 4 ; indeed, consider the following initial value problem :

dé

i S(0), 6(0) =06, (E1)
Then
_ (At)? ' 2
0(At) = 09 + AtS(60) + -2—5(00)5 (00) + 0(AL?)
If
S(80) = R(00) = L(60)8
then
o(t) = 0o + AtR(00) 0o + At(S(60) + 00L(60))
1+ AtL(6y) 1+ AtL(6y)
= 0y + AtS(60) + At3(L3(80)80 — (S(80) + 60L(60))L(80)) + 0(AL?)
Hence, to have second order accuracy, we must have L(f;) = —%S’(Go) . but
Sg = —abf? + ¢ and L(fy) = —aby. In the compressible situation, the scheme stays

second order accurate for @ is we have only dilatation (V- u > 0).

b} The diffusion step

To obtain k™+},e"+1 we solve

Ok _ He
5=V (k+ - Vk) (111.6)

14



Je e

5 =V (e + o Ve) (I11.7)
on [t",1"*!] starting from the value obtained at the end of the transport resolution
k"t3 entd. The viscosities in (IIL6), (IIL7), p + (pe/ox) and u + (pe/oc) are
evaluated explicitly. Diffusion is then solved implicitly using a standard finite
element method with a P1 continuous discretization of k and £ onthe triangles.
However, in order to preserve positivity, it is necessary to use mass-lumping (see
Zienkiewics [ZI1]). Positivity of the overall algorithm is then obtained (strictly
provided there is not obtuse angle in the mesh) with no condition on the time
step. For easy vectorisation, the linear system obtained with this finite element
method is solved using Jacobi’s method.

2) Boundary conditions on k and ¢

The equations (I11.3.1), (I1.3.2) are supplemented with the following boundary con-
ditions.

At infinity, values for k¥ and ¢ are prescribed
k=kew, €=¢€x (I111.8)
On wall boundaries, the natural boundary conditions are of course
k=0, e=¢,, u=0 (111.9)

But usually, wall laws are used, this makes possible to have less grid points near
the wall. For the time being, we use one of the two set of wall laws mentionned
in (I1.2.B) at the boundary of the computational domain (§-wall) which is at a
distance é from the solid wall.

Numerical treatment of the boundary conditions

- For the resolution of the transport equations, we have to prescribe the value
of k and € at the boundary when u-n < 0 (n being the outward normal to the
computational domain). Therefore no boundary conditions are needed at the wall
nor at outflow boundaries for this transport phase.

- For the diffusion equations, we take the Neumann condition at infinity and the
Dirichlet one at the wall.

- We take into account the boundary conditions on the NS quantities through
the viscous part of the boundary integrals which appear in the finite volume
Galerkin formulation of the NS equations. Indeed, if n is the outward normal
and N = (u+ p)(V-u+ V-u* — 2V - ul) the viscous part of the stress tensor,
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using divergence formula, the viscous contributions on the boundaries are, for the
momentum equation :

/V-(N)d:c:/N-nda:/ N . ndo
N r FwUle

We suppose that N vanishes at infinity and that the tangential variation of the
velocity is negligible compared to the normal one (i.e. n- N -n << r-N-n); now
using the definition of the friction velocity (—pu? = 7- N - n) we have :

/ (r-N - -n)rdo =/ —puido
Ty r

w

The same reasons imply that for the energy equation, using divergence formula,
we have :

/V-(N-u+q)d:c=/(u-N-n+q-n)da=/ (u-N-n+gq-n)do

= / ((—pu - 1)ul + u, T, )do

Cu
where T is the friction temperature defined by :

urly = (" + 'Ct)VT ‘n
T, is evaluated thanks to (I1.2.B).
- Because of the linearized implicit scheme we use in the NS solver, the previous
friction boundary conditions come into the matrix of the system. Indeed, we have
—pu? = II = —p(@ - F)?/ut? where ut is a given function of 6t = pbu,/u (see
I1.2.B) ; we then take semi-implicit the upper part of the right hand side of II

I1 = ~(p" ™ )/t

and we linearize this expression with respect to conservative variables.
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VI. DISCUSSION OF THE RESULTS

Several results are presented for three test cases. To show the impact of the
¢ — 6 model on the stability of the method, we are particularly interested in the
convergence history of k and ¢.

Grid turbulence

For this test case, an analytical solution of the k,e equations is available. Indeed,
one consider a constant velocity field 4 = 1,v = 0 which convect an homogenous
turbulence & = kg,e = €¢9. The viscous and the production effects are negligible
and the system is reduced to (z being the convective direction) :

2

ky=—€6g= —%

k(O) = ko,&'(O) =€y

Now introducing ¢ = k/e, we have the following solutions
0:00+(C2—1)1:

k= ko(— )&=t

00 + (Cz - 1).’1:
&o <2
o ey P

Hence, one can check the quality of the integration of the source terms along the
characteristics curvs. The following figures show that the integration in 4,0 is
more precise than the simple k,¢ approach. It seems that it is because the k¢
model converges slower than the mixed model.
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Behaviour of 6, k and ¢ versus the distance from the origine.

1.82 4
- Pd -"‘
‘O
B /,..‘
- //"“
J
1.55 | /;."
— .“
i
1.27 — /.4'"
2
- lf'
""
7] h"‘.
T K7
— 4
1.00 T T T I T r ] 1 T LN
8.1 o. 4 8.8 2.3

— 1 kepsilon
...... i phiteta
———— t theoric
0. 2120
T2
4 %
R
1 N
\\
9. 0284 __] Ay
. \\
\\
7] .
- \\
A N
8. 058 _] ™
N <,
-d y"“
“(
L
-l "(b
"«;,~
("":’
8. eas2 LA B N v
21 2. 4 2.6 B.38



Free Shear Flow

The objective of this test case is to check the behaviour of the model and of the
code in high Reynolds number situations. This almost incompressible test case
consist of a parallel flow with (u = 1,v =0) if y > 0 and (u = 2,v = 0) elsewhere.
The computation is made at Re = 10%. The absence of any solid boundary avoid
the necessity of a low Reynolds modelling. We want a linear expansion for the
width of the mixing layer zone. The initial and inflow profils of the turbulent
quantities are given by the assumption that the flow is fully turbulent. This mean
that the origine of the flow is placed before the computational domaine. So we
take into account the velocity discontinuity through a few grid points and a pic is
given for k£ and ¢ at the same location. These profils are taken as inlet boundary
conditions during the computation. For both symmetry and outlet boundary,
Neumann boundary condition is applied for £ and €. Furthermore, a Dirichlet
boundary condition is applied on the pressure at the outlet boundary. The mesh
has 600 nodes and 1200 triangles.
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Contours for the mach number M = %‘I (top fig.), the turbulent kinetic energy

and the rate of the eddy viscosity to the laminar one R = ftxzt computed with

the k,¢ model. A linear expansion is predicted for the widthuSF the mixing layer
zone.,
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The same contours computed with the mixed model.
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Behaviour of k (top) and %t-:ff on the y = 0 axis computed using the k,£ and the
mixed model.
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Similarity curves (u versus y/b with b the half width of the mixing layer) computed
by k,€ (top) and the mixed model.
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prtli_ge

Convergence history of k (top), € and the total energy E; based on maz(®+—F7=)
, max(‘“.:;;"-) and [, p(-“—z'z,&z— + k) computed by the k,e (top curves) and the

mixed model.

@. 5608

0. 3815

e. 2022

2. 0223

Lm-l K a+l-t nl

]

-

—

0. 6543

0. 4796

[ _maal 'P‘n"*l‘npsﬂnl ]

T 2. 2649 _|
T | LR [T T 77
1.0 333.7 666. 3 98s8. 2
0. 8502
[ CicrvocErtdl |
1.3
1.2
1.2
1.2 ll1l|t|lr|r|ll
1.0 333.7 666. 3 993. 9

24

fa



Adiabatic Flate Plate

In the adiabatic case %?:' = 0, the normal variation of the density close to the wall
vanishes (g% = 0) this reduces (I1.2.B) to its incompressible version. The initial
and inlet levels of k and ¢ are taken from k = au?, with a = 0.00land € = cup’i‘—z.
The mesh has 1500 nodes and 2842 triangles; the first node is placed at y = 3.1073
and the boundary of the computational domain at § = 5.10~%away from the wall;
the plate has a lenght of 0.25. The computation is done foor Re = 4.107 and

M = 5. We make the assumption that the transition from laminar to turbulent is
done between z = 0.08 and z = 1.1.

The friction coefficient (¢; = g5 %) is compared to its laminar and turbulent

theoretical expressions ¢y, = = 0.664}26;1/21’1‘,”, and ¢, 0 = 0.0368Re;1/6f,urb
where fiam = 0.950 and fi,rp = 0.449 are compressible correction factors [COU1].
One can see that the c; is overpredicted by both of the models. The mixed
approach improves slightly the results.
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+ -
Profils of ™ = J& (top curves) and k* = -ul‘? at z = 0.2 computed with the two

approach. The u* profil is compared to ut = (1/.41)log(y*) +5.5.
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Profils of e+ = & (top curves) and R = &t These profils are compared to
et = ;c—qu,- and R = pury/u.
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Conclusion

A two equations k,z turbulence model has been introduced to a Navier-Stokes
solver using characteristics and finite element method.

Furthermore, a new algorithm is proposed for the treatment of the convective part
of the turbulent equations. In this algorithm the transport part of the equations
are integrated with the source terms along the characteristics curves after a change
of variables.

This new algorithm is interesting from the point of view of numerical analysis
because it has high stability. Furthermore, such an approach proves that the
coupled system (k — €), and not each equation individually, can be stable.

At this time, we are unable to consider flows including separation because of the
use of wall laws. To avoid this difficulty, following Patel [PA2] we are going to
introduce a two-layer approach ; the ,0 model for the high Reynolds number
situations and a k,L low Reynolds model or an algebraic Baldwin-Lomax eddy
viscosity model including Goldberg modification for the near wall regions.
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APPENDIX A - The Navier-Stokes Solver

We give now a sumary description of the Navier-Stokes solver, more details could
be found in [PI2] and [RO1]. The conservative NSE are

%VZK+V-(F(W)—-N(W))=O (NS)
where W = (p, pu, pv, pE) is the vector of conservative variables, F' the convective
operator and N the diffusive one. Let Q; = U;T; a discretization by triangles of
the computational domain Q and let Q5 = U;C; its partition in cells building for a
node s; by taking the medians, not originating from s; of the triangle surrounding
it. Thus, we could associate to each w; € Vj a continuous P! function on our
triangulation, a wj, piecewise constant function on cells by

e — L/
whlCi = ICil Je, o

conversely, knowing w), piecewise constant, wy is obtained as wp(S;) = w;|Ci. If
we suppose that F' vary linearly on each triangle, the classical weak formulation
of NS involving V4 : Find W), € (V3)? such that V¢, € Vi

A a—(;)[:—h% - /Q(F— NYWp)V(ér) +/zm(F_ N)-ngy =0 (P)

is equivalent to its Petrov-Galerkin weak formualtion obtained by taking in the
convective part of P for ¢p the characteristic function of C;. llence, after an
explicite time integration we have for all nodes s; :

n+1l _ n
W_A?ﬂ’) +/(; | Fg(W™).-n=R.H.S.

ICil(

for R.H.S. = _fﬂr. N(W™)V(¢n) + [,q N(W") - ngp we use a centred scheme.

Fa(W}) = F(W3q on 8C; N 0Q and elsewhere F; is a piecewise constant approxi-
mation of F (W) verifying

[ Fen=YeWlo,wie) [
oC; iAi 8CiNC;

writing B the jacobian of F, we take for ¢ the Osher proposition ¢osher =
%(F(u) + F(v)— fvu | B(w)|dw), where the integral is evaluated a?long a'path piece-
wise parallel to characteristics. Spatial second order accuracy is obtained by the
use of a MUSCL like extension using upwinded gradients.
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Such an explicit scheme gives slow convergence to a steady state because we are
limited by a CI'L of order 1. In order to avoid this restrictive condition, we use a
linearly implicit scheme

M(W™SW™t =b ()
where oW+l = WnHl — Wn b = — [, .(F4 — N)(W") - n is the physical flux
through OC and M = #41 + LEZR (wn),

The boundary conditions are taken into account in the matrix and in the right
hand side of I as described in [ST1], [ST2], [RO1].
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APPENDIX B - Some necessary conditions for the well posedness of the NS with
wall laws

In this paragraph, the viscosity and the thermal conductivity are taken as constant.

Let us check that the NS equations with the boundary conditions (B.1) at the
solid wall 9Q,, are somehow well posed. A similar analysis is available in [ROI]
for the NS equations with slip boundary conditions.

u-n=20
n-N-r=-pul
T
u-N-r+n?——=—pu3+TTuT
dn

where n is the outward normal, 7 the tangential vector to the wall in the flow
direction and N = g=(Vu+ VuT — 2(V - u)I) is the viscous tensor.

First, such a set of boundary conditions guaranties the decrease of the energy and
entropy if pu -1 < %‘f ; indeed using the divergence formula on (I[.1.3) :

o2 o [ Brneem [ @ N@ s

Away from the wall, we take N(u) =0,%L = 0 and (E + p)(u - n) = constant on

00, SO
dfoFE
Ul [ ) twts
dt o0,
Notice that on an adiabatic wall ( = 0), the decay of energy is always guaran-
teed. But if we are interested in an 1sothermlc wall, only T < 0 (i.e. cold wall)

guarantees the decay of energy. The entropy ps = plog(&T—) equalion is obtained
from the NS equation :

6ps

1
a7 + V- (pus) = —-T(nAT+ F)

with F = u(%(qu + Vul|? — %(V -u)? < 0. Now, using Green and divergence
formulas, for the entropy we have :

dfn ps _ / Es |VT|2) k 0T
Ny, T 8n

because ps(u - n) = constant, N =0, and VI = 0 on 0Qx
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