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Topological Segmentation of Discrete Surfaces
Abstract

We propose in this paper a new approach to segment a discrete 3D object into a stricture of
characteristic topological prinutives with attached qualitative features. This structure can he seen
itself as a qualitative description of the object, because

e it is intrinsic to the 3D object, which means it is stahle to rigid transforinations (rotations
and translations).

o it is locally defined, and therefore stable to partial occlusions and local modifications of the
object structure.

e it is robust to noise and small deformations, as confirmed by our experimental results.

Our approach concentrates on topological properties of discrete surfaces. These surfaces mayv
correspond to the external surface of the objects extracted by a 3D edge detector, or to the skeleton
surface obtained hy a new thinning algorithm. Our labeling algorithm is based on very local
computations, allowing massively parallel computations and real time computations.

We present a realistic experiment to characterize and locaté spatially a complex 3D medical
object using the proposed segmentation of its skeleton.

Segmentation Topologique des Surfaces Discretes
Résumé :

Nous proposons ici une nouvelle approche de segmentation d’objets discrets 3D dans une struc-
ture de primitives topologiques caracteéristiques. Cette structure peut etre considérée conune une
description de l'objet, puisque

e elle est intrinseque a I'objet 3D, ce qui signifie qu’elle est stable par rapport aux transforma-
tions rigides (rotations et translations).

o elle est définie localement donc stable par rapport aux occlusions partielles et aux petites
modifications de la structure de l'objet.

o elle est robuste au bruit et aux petites déformations, comme le prouvent nos résultats expér-
iment aux.

Notre approche se fonde sur les propriétés topologiques des surfaces discréetes. Ces surfaces peu-
vent étre la surface extérieure d'objets 3D extraite par un détecteur de contours 3D, ou le squelette
obtenu par un algorithme d’amincissement. Notre algorithine de caractérisation topologique ne
nécessite que des opérations tres locales, ce qui perinet une implémentation paralléle et donc des
résultats en temps réel.

Nous présentons enfin un exemple réel de caractérisation et de localisation d'un ohjet médical
3D complexe en utilisant notre segmentation de son squelette.
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1 Introduction

Three-dimensional (3-D) images may come from several fields, the most popular one heing
the medical field, where images are produced by X-ray Computed Tomography (CT), Mag-
netic Resonance [maging (MRI), Positon Emitting Tomography (PET), and more recently
by Ultrasound Echography.

Automating the interpretation of these images is an awkward but important task for
many applications where extremely accurate quantitative results are required or,and a large
volume of data must be processed. A large class of interpretation tasks involves a matching
stage, an accurate geometric registration between two 3D 1mages. or between a 3D 1magye
and a 3D geometric and semantic model [ABC*90i.

Prior to matching, a preliminary segrnentation stage is necessary to reduce the original im-
age into a more compact highly structured representation useful for interpretation [ABB™89 .
We propose in this paper a new segmentation process which transforms a discrete 3D object
into a structure of characteristic topological primitives with attached qualitative features.

This structure can be seen itself as a gqualitative description of the object. because

¢ it is intrinsic to the 3D object, which means it is stable to rigid transformations (rota-

tions and translations).

e it is locally defined, and therefore stable to partial occlusions and local modifications

of the object structure.
o 1t is robust to noise and small deformations, as confirmed by our experimental results.

The idea of characterizing 3D shapes with qualitative primitives was introduced by ;San89.
who studied differential singularities of 3D object surfaces. Our approach 1s complementary
and original because we concentrate on different topological properties of discrete surfaces
instead of geometrical properties. Finally, the core of our approach is based on very local

computations, allowing massively parallel computations and real time computations.

This paper is organized as follows : first we recall previous work done on digital topology.

Second, we describe our approach which is twofolds, a) local labelling of object points using
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a classification tree with two local measures. and b) global extraction of simple surfaces
(or surfaces patches), using neighborhood properties. Third, we propose a new thinning
algorithm using our classification. Fourth, we present a new distance transformation algo-
rithm, which can compute distance on simple surfaces. Fifth, we describe two applications
of this work, one using our thinning algorithmn and the other using our classification for the
segmentation and the spatial localization of the skeleton of a complex 3D medical object.
We conclude this paper by a study of the advantages of this approach and some short and

medium term future research topics.

2 Basic definitions

We present some basic definitions of 3D digital topology (see 'Ros80, KR89, NAS8S, TYYFR2').
A 3D digital image ¥ is a subset of Z*. We consider only cubic lattices so that. for each
point r = (¢, . k). two types of neighbor may be defined: ’

6-neighbors : Nj(e)={y =" g K)ji-i|+~17-j +]k-F'=1}

26-neighbors : Ny (x)={y =" K)max (i =7 [, [j—-3 1. 1k=-K]) =1}

We note Vg(r) = Ng(z) i {x}. Noglz) = Nyy(z) 2 {z}.

Two subsets X' 2 ¥ and ¥ < T are said to be 6-adjacent (26-adjacent) if there exist
re XNandy €Y, rand y being 6-neighbors (26-neighbors).

A 6-path (26-path) is a sequence pg.p1,...p;,...pn of points such that p, 1s 6-adjacent
(26-adjacent) to p;~,, for 1 <! < n. An object X < ¥ is 6-connected (26-connected) if a
6-path (26-path) lying in X can be found between each pair of points of X.

A 6 (26)-connected component of X i1s a set ¥ < X which i1s 6-connected {26-connected)
and which is maximal for this property.

As in the 2D-case opposite types of connectedness should be used for X and X, the
complement of X.

Hence any further definition has to be viewed as a double definition: a “6-definition” and
a “26-definition”.

The notion of hole is not simple to define (see [PR71, Mor80]). For example a torus has
one hole.

The genus of X, G(X) is the number of X’s connected components plus the number of
its cavities minus the number of its holes.

We have the following relations [Mor80}:

Gas(X) = Go(X) =1, Gg() = Gas(X) =1



In [PR71] a method for obtaining the genus of a 3D-object by local pattern matching in
the 6-connectedness case is given. In {Mor80] the method for the 26-connectedness case is
proposed.

A point r = X is call simple if its removal does not change the topology of the image.

[n :Mor81! a characterization of simple points is proposed. A point r is simple if :

NCX N-zﬁ(.c)} = NCX 11 Ny(X)] (1)
NCIX 0 Nggle)) o {e}) = NCOX 7 Nigle); (2)
NH[X ™ 1\/~>G(.r)j = NH[X 1 Nglr) (3)
NH[(X 7 Nygle)) i {e}] = NHIX 7t Njgle)] (4)

where N('(4) stands for the number of connected components of A and NVH(A) denotes

the number of holes in A. NH(A) may be computed with the genus.

3 Connected components numbers

In the continuous space R3, we propose a simple way to characterize the points of an object
A with local topological properties, which is to examine an arbitrary small neighborhﬁod
V(r)of r £ X and to count the number of connected components in V(z) and in V(z) {r}.

Four connected components numbers may be used:
o C'=NCIXrV(z)
o ("= NCIXnV(z))) {z}]
o T = NCIX V()
o T = NC{(X rV(z))u{z}]

For example, if z belongs to a simple surface X, there exists V(z) such that (' =1, ("" =
1, C =2, C" =1. In a complex surface X, the curves which are the intersection of several
simple surfaces may be characterized by C =1, C~ =1, C >3, (" = 1. A simple closed
curve X is such that there exists V(z)and C' =1, ¢- =2, C =1, C =1.

4 A new topological classification

We propose to use such connected components numbers to get some information about the

local characteristics of points in a 3D digital image.
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In the following we assume that 26-connectedness is used for X, while 6-connectedness

is used for X. I[nstead of considering arbitrary small neighborhoods V(x) we use a fixed

ueighborhood Nyg(.z). For that reason, if we want to get the digital equivalents of the four

numbers, we have to consider in the definition of the numbers the components adjacent to

r rather that the components being in the neighborhood. Hence, we can define the discrete

connected components numbers:

e (' = number of 26-components of X i Nyg{r) 26-adjacent to »

e (" = number of 26-components of { X7 Nag()i  {r} 26-adjacent to «

e (' = number of 6-components of [,\—'ﬂ Nyg(r)| B-adjacent to &

e C = number of 6-components of [X " Nyg(x)] 1.1 {x} 6-adjacent to =

Note that we use 26-adjacency for X and 6-adjacency between .X and X.
We see that, if r belongs to X:

o

. (" 1s always equal to 1 since all points of X ' Nyg(r) are 26-connected to r

. (" is equal to the number of components of [X 1 Nyg(z)l* {r} for the same reason:

" = NCIX ™ Nagle)) {2} = NCLX N Nig(a)]

—

(' 1s always equal to 1 since all 6-components involved in that number are linked by

€.

It follows that only two numbers are significant: '~ and C'. We now give a classification

of points belouging to X according to the values of ¢~ and C:

Type A - interior point: C = 0

Type B

Type C

isolated point: C' =1, C" =0

edge point: C =1, C~ =1

Type D - curve point: C =1, €~ =2

Type E - curves junction: C' =1, C* > 2

Type F - surface point: C =2, C* =1

Type G - surface - curve junction: C =2, C~

Y]
N’

Type H - surfaces junction: C' > 2, ¢~ =1



Type I - surfaces - curve junction: ¢’ .- 2, ("

38

L. Our classification algorithm has the features : 1t assigns a class to every point of an

object X, whereas the classification was limited to a few types of points in previous

work ‘MR80|.

(R

It should be pointed out that we propose a classification for every point of a object X,

instead of a characterisation of only a few types of points as it was done in previous
work | MR30].

3. For tvpe A points. (" 1s always equal to 1. Like in the 2D case. interior points may

appear at the intersection of several surfaces (see figure 1).

X
X
X

s X X X

Figure 1: The horizontal trace of two intersecting vertical planes: the central point is an

interior point.

4. Edge points may be of two types: simple points and non simple points. In fact it is

clear that only edge points may be simple. The following property stands:

a point = € X is simple iff:



r 1s an edge point (5)
.ZVH[.'\' i 1N'26(,B)! = NH[.»’ I ;Viﬁ(;l‘)] (6)
NH{(X O N;o(2)) 0 {e}] = NH[X i Ny(z)) (7)

[n effect. conditions (6) and (7) are identical to conditions (3) and (4) of the original

definition of simple points [Mor81].

Moreover, we have already seen that NC'(X+1.Vy(2)) = C' = 1, therefore condition (1)

for simple points is equivalent to (' = 1.

Let b represent the number of connected components in X 1 Nj4(z) not adjacent to
r. We have NCIN 1 Nyg{a) = b+ Cand NC(X 7 Nyg{z)y 2 {2} =b+C =b+ L.

Hence the condition (2) for simple points is equivalent to ' = 1. C

5. Simple surfaces may intersect without creating junction points. See for example figure 2
where two planes intersect : all points are classified as surface points. Connected
components numbers are less powerful to describe junctions in discrete spaces than in
continuous spaces. Nevertheless we present in section 5 a method to overcome this
difficulty.

The same problem still exists for junctions of curves. If we consider figure 2 as an
intersection between several curves, we notice that all points are classified as curve
points. We can overcome this difficulty by counting the neighbors of each curve points,

if the number of neighbors is greater than 2, there is a junction between curves.

5 Topological segmentation into simple surfaces

As discussed above the connected components numbers do not allow, in a complex figure.
to separate simple surfaces from each other (see figure 2) : if we delete all junction points
of an image the remaining connected components are not necessarily simple surfaces.

Some work was done to characterize simple surfaces [MR80, Kim84, KF81]. Let us
consider the definition of a simple surface proposed in [MR80] because a simple surface is
considered here as a set of voxels rather than a set of faces like in [KF81]. We first compare
this definition with our classification, then we show that this definition is not appropriate,

finally we propose an algorithm for the complete extraction of simple surfaces.



Figure 2: The horizontal trace of two intersecting vertical planes: all points are surface

points.

A point x < X is a simple surface point, according to :MRS80!, if the following conditions

are all satisfied :

1. X1t Vyg(x) has exactly one component adjacent to r (in the X sense).

2. X 1" Nji(z) has exactly two components adjacent to z (in the X sense); call these

components B, and (.

3. for every y = X adjacent to & (in the X sense), y is adjacent (in the X sense) to some

point in B, and to some point in ;.

If we use 26-connectedness for X, we can see that condition 1 is equivalent to '" = 1,
condition 2 is equivalent to (' = 2, hence these two conditions characterize what we call
surface points. Let us consider now figure 2 : all points except the four central one’s will be
simple surface points. So this characterization succeeds in segmenting the complex surface
into simple ones.

However we did not retain this definition because it is not always appropriate. In figure 3
one can see a set of points which should normally be interpreted as a simple surface: the

central point of the ith plane is not a simple surface point according to the above definition.

To overcome this difficulty, we propose to use an approach based on an equivalence

relation.



| L= 2
o
|
e | P~ 1
I
|
y RERTRTEIRY I !
R
|
|
.......... ‘ e
T R
o~
|
|
I 1+ 2
T
|

Figure 3: The point at the center of the window of the i/th plane is not a simple surface
point: the point at the upper right corner of the window in the (i + 1)th plane does not

satisfy condition 3.
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Let = be a surface point. We call B, and (', the two connected components of X .1 Nye(z)
6-adjacent to r. We say that two surface points £ and y are in relation if there is a 26-path

Lo &y ... &y, ...on withwg = rand e, =ysuchasfor:=[0...n -1

« B, B, %0and (., 0

Lot

sorif B, (', , #0and C, B, =0

[t is easy to check that this relation is reflexive, symetric and transitive. i.e. it is an
equivalence relation.

We call simple surface any equivalence class of this equivalence relation. Let » belong to
a stinple surface S - X. If r has a 26-neighbor which does not belong to S and which is not

an edge point, we say that z is a junction point of 5.

We have now a topological segmentation of a 3D object into simple surfaces and surface

junctions.

6 A new thinning algorithm

Several algorithms have been proposed for thinning 3D objects (see [Mor81, LVG80, TF82,
TF81. HPJ84. GB90|. Two kinds of operations are considered : one kind reduces objects
to surfaces and curves, the other one transforms them solely into curves. One basic idea
is to remove in parallel simple points which satisfy some “geometrical” properties. Like in
the 2D case, we have to use a cycle of several iterations in order to prevent some objects
from vanishing (e.g. a two points thickness object). In the 3D case we can use a cycle of 6
iterations corresponding to the Up, Bottom, North, South, West, East directions.

We present now a new thinning algorithm whose the geometrical properties are based on

connected components numbers.

Algorithm Do the following operations successively from the Up. Bottom, ... East sides

of X until there is no changes:

1. detect all surface points and all curve points. Label them as end points.

2. delete all edge points from a given side of X, provided they are simple and are not

labeled.

It should be pointed out that once a point i1s labeled, it remains labeled in further

iterations. If it was not the case a simple surface will be shrunk by its edge. In fact one
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can see that the edge points of a simple surface will be deleted at the first cycle. All other
points will be labeled at the first iteration so that no other points will be removed. Similarly
a simple curve will have its end points removed. Other points will remain. [t follows
that the thinning algorithm preserves surfaces and curves except the very edge points and
extremities. An example 1s shown in figure 4: a sharp corner generates a surface in the
thinning process. Less sharp corners do not generate a surface. Hence this algorithm ts well
suited for describing objects which is composed of elongated parts. Other conditions may

be used for end points in order to detect less sharp corners. This will not be discussed here.

North

T

Figure 4: The horizontal trace of a “corner”. All other planes are 1dentical to this one. The

point P is detected at the 5th iteration as surface point and generates a branch encircled.

We have to mention that the proposed algorithm needs two steps at each iteration. All
points must be treated by the first step before beginning the second one. In fact it is easy to

modify the algorithm in order to have independent steps. This can be done by using other

12



labels. It allows to have an algorithm which can be implemented on a sequential computer

more efficiently: each iteration can be done with a single scanning of the 1mage.

7 Distance Transformation on simple surfaces

Distance transformation is a very important computation for many applications. [t can be
very useful for extracting dimensional characteristics of an object, or for estimating distance
between several objects.

In previous work (see {Bor84]| for example), distance transformations are proposed for bi-
nary pictures, consisting of feature and nonfeature elements. These transformations compute
for each element an approximation of the distance to the nearest feature element.

We propose a new type of distance transformation for ternary pictures, consisting of fea-
ture elements, nonfeature elements and background elements. This new algorithm computes
for each nonfeature element an approximation of the distance to the nearest feature element

using a path consisting of nonfeatures elements.

7.1 Classical algorithm

We present algorithms computing a 3-D distance transformation algorithins whose can be
easily extended to higher dimensions.

A classical algorithm consists of the successive application of two stages (forward and
backward). Each stage consists in applying a specific mask (see figure 5) on a two-valued

image : zero for feature elements and infinity otherwise (for nonfeature elements).

Forward Backward
+dg +dd +d3 +d3 +d1 +d2 +dq +d3 +d3
+d3 +d) +d2 +d)} 0 0 +dy +d3d +dl +d2
+d3 +d3 +d3 +dq +dY +d3 +d3 ~d3 +d3

Figure 5: 3-D masks for the three-dimensional distance transformations

The forward mask is moved over the image from the left to the right, from the top to the
bottom and from the front to the back. For each voxel, the sum of each 14-neighbors with
the corresponding mask value is computed, and the new value of the voxel is the minimum of
these sums. The backward mask is moved in the opposite way, and new values are computed

identically.
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Some values of d1, d2. and d3 :

o Using dl = 1 and d2 = d3 = >0 we obtain the 6-neighbor distance or city block

distance.

o Using dl = d2 = d3 = 1 we obtain the 26-neighbor distance or chesshoard distance.

7.2 Distance on simple surfaces

Computing distances on simple surfaces will be helpful for understanding their geometry. It
makes it easy to erode a surface or to compute its skeleton.

We compute the distance on the surface from the its border. Using our topological
classification, we know that the border of a simple surface consists of edge and junctinn
points. These special points will be feature elements, simple surface points will be nonfeature
elements (the background remains unchanged).

We transform an image into a ternary image which is three-valued : zero for feature
elements, infinity for nonfeature elements and a negative number for bakground elements.

Our algorithm consists of two stages which will be iterated until stabibility. We use the
same masks as the ones used by the classical algorithm (see figure 5).

The forward mask is moved over the image from the left to the right, from the top to
the bottom and from the front to the back. For each nonfeature voxel, the sum of each
nonfeature or feature 14-neighbors with the corresponding mask value is computed. and the
new value of the voxel is the minimum of these sums. The backward mask is moved in the
opposite way, and new values are computed identically.

The speed of convergence depends on the shape of the simple surface.

8 Experimental Results

We considered two X-Ray scanner 3-D images of a vertebra scanned in two different positions
(see figures 6 et 7). These images come from the Rennes Hospital in France, and are a
courtesy of Pr. J.L. Coatrieux. They contain about 256x256x50 voxels (each voxel is 0.5 =
0.5 « Imm?3) whose intensity is coded with 256 discrete values.

In effect, both vertebras can be registered by the application of a geometric transforma-
tion which is the combination of a translation, rotation and three different scalings along
three orthogonal principal axes. This transformation was computed by matching globally
the sets of data points : the rotation angle is 30 degrees along an axis which is tilted of 11

degrees with respect to the vertical axis and scaling is close to 0.9 in two directions.
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8.1 Thinning edge detection results

We applied a 3-D edge detector due to Monga, Deriche and Canny [MDMC90]| to the original
data to extract the external surface trace of the vertebras. A result is shown in figure 8,
where the detected edge points are thresholded local maximum of the gradient magnitude
in the direction of the gradient. We applied the described thinning algorithm to the result
to obtain a simple surface, By doing this, we suppressed more than 20% of the number of

edge points, still preserving the topology of surfaces. We show in figure 9 the result.

8.2 Distance on simple surfaces

We applied our distance transformation on simple surface to a 3-D cylinder in which we
removed a point. We used the chamfer distance for the computation, it takes 28 seconds of

CPU time on a DEC 5000. We show 1n figure 10 the result.

8.3 Topological classification and segmentation results

We applied the thinning algorithm to the entire 3-D object, producing a skeleton shown
in figure 11. These skeletons each contain about 14,000 points, a figure which must be
compared to the 170,000 original data points in each 3-D-image. These skeletons, despite
their instability to noise, are good examples for our algorithm because of the complexity of
the surfaces they are made of.

Then, we applied our classification and simple surface extraction algorithm to label each
skeleton point. This computation takes 40 seconds of CPU time on a DEC 5000. We show
in figures 12 and 13 the main topological structures extracted for the two vertebras.

We extracted from these structures the junction points of both vertebras, then we applied
the geometric transformation found between them (see figures 14 and 15). It is easy to check
in figure 16 the accurate superposition of the extracted structures between the two vertebras.
This shows the astonishing stability of the segmentation : a single quasi-rigid transformation
can superimpose most of the structures within a tolerance of + 1 voxel.

Instead of junctions, one can use extracted simple surfaces. In order to obtain a robust
segmentation of our surfaces, we perform an erosion of order 2 of the simple surfaces from
their border toward their interior. We use for that computation a thresholding of the result
of our distance transformation on simple surfaces. We apply our characterisation and simple
surface extraction algorifhm to the result of erosion. We show the results in figures 17
and 18.

After this step of erosion, we apply a conditional dilatation of order 2 of the remaining

simple surfaces with respect to the original skeleton. This is an opening of simple surfaces.
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We extract the simple surfaces of this result and we label them. The result of the step of
labelling 1s shown in figures 19 and 20.

[t is easy to check that we succeed in segmenting our complex surfaces to several simple
surfaces which are stable (for more than 30% of them) from one ohject to the other. This

will be used with profit in a forthcoming 3-D matching algorithm.

9 Conclusion

We have proposed a new approach to segment a discrete 3-D object into different classes of
points which represent structures. The basic 1dea of this segmentation is the use of two local
measures based on very local computations which allow massively parallel implementation.
We obtain therefore a very fast segmentation of 3-D objects.

The proposed classification gives a very efficient set of structures, junctions or simple
surfaces, which will allow more efficient registration of complex 3-D objects.

We applied our method to the segmentation into simple surfaces of the 3-D skeleton of
a complex 3-D object, and the result appears to be remarkably accurate and stable with
respect to quasi-rigid transformation, despite the relative instability of the skeleton itself.

QOur method applies to the segmentation of 3-D edges, provided that the edge detector
preserves the topology of junctions, which is not the case for known 3-D edges detector.

Our futur work includes a new 3-D edge detector, and the application of our segmenation
method on 3-D edges, as well as its use to demonstrate robust matching of quasi rigid complex

3-D objects.
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Figure 6: A few slices of the vertebra scanned in the first position and a 3-D representation

(with rescaling in the third dimension) of this vertebra

Figure 7: A few slices of the vertebra scanned in the second position and a 3-D representation

(with rescaling in the third dimension) of this vertebra
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Figure 9: The edges points suppressed by the step of thinning in a few slices of the vertebra
in both positions




Figure 10: 3-D distance transformation on a cylinder. On the left (front view) the removed
point is in front of the cylinder. On the right we show the slice with the removed point (at

the top of the circle)
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Figure 11: A few slices of the skeleton of the vertebra in both positions
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Figure 12: Upper view of the skeleton of the vertebra in both positions. Surface points are

dark grey, junction points are light grey and edge points are medium grey
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Figure 13: 3-D representations of the skeleton of the vertebra in both positions (with rescal-
ing in the third dimension). Surface points are dark grey, jonction points are light grey and

edge points are medium grey

Figure 14: Projections on the XY-plane of the junction points of the skeleton of both images

of the vertebra, and of the first vertebra after the computed transformation
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Figure 15: Projections on the YZ-plane of the junction points of the skeleton of both i mlages

of the vertebra, and of the first vertebra after the computed transformation
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Figure 16: The result of the intersection of the dilated set of jonction points of the second
vertebra's skeleton with the jonction points after transformation of the first vertebra skeleton
in XY-plane and YZ-plane. All displayed points can be matched by the same quasi-rigid

transformation with an accuracy of = 1 voxel
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Figure 17: Upper view of the skeleton of the vertebra in both positions after an erosion of

order 2

Figure 18: Front view of the skeleton of the vertebra in both positions after an erosion of

order 2 (without rescaling in the third dimension)
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Figure 19: Upper view of the skeleton of the vertebra in both positions after the labelling

of simple surfaces remaining after an opening of order 2

Figure 20: Front view of the skeleton of the vertebra in both positions after the labelling
of simple surfaces remaining after an opening of order 2 {without rescaling in the third

dimension)
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