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APPROXIMATION OF THE SURFACE IMPEDANCE FOR A
STRATIFIED MEDIUM

APPROXIMATION DE L'IMPEDANCE DE SURFACE
D'UN MILIEU STRATIFIE

Patrick Joly and Jean E. Roberts
INRIA B.P. 105, 78153 Le Chesnay, France

Abstract:

We consider the problem of calculating the pressure in a fluid domain overlying a
stratified elastic medium. The idea is that for such calculations it suffices to know the
transmission operator or surface impedance on the boundary between the fluid and elastic mediums
instead of the parameters(density and Lamé coefficients) of the elastic medium. We define a class
of approximate impedance operators in which one could try to identify the best approximate to the
true impedance of the elastic medium in the sense that the corresponding pressure is the closest in
terms of least squares to that associated with the real medium. Here we treat the direct problem
associated with this inverse problem, not the inverse problem itself. We study the stability of the
associated initial boundary value problem and its numerical resolution. Two numerical schemes are
described, and a stability result is demonstrated. Numerical results are given. For the particular
case of one single acoustic layer the approximate impedance corresponds to an absorbing boundary
condition, so we obtain as special cases discretizations of absorbing boundary conditions of
arbitrary orders.

Résumé:

Nous considérons le probleme du calcul de la pression dans un milieu fluide surplombant
un milieu élastique stratifié. L'idée est, que pour un tel calcul, il suffit de connaitre I'opérateur de
transmission ou l'opérateur impédance de surface entre les milieux élastique et fluide. Ceci évite
I'identification des parametres (densité et coefficients de Lamé) du milieu élastique. Nous
définissons une classe d'opérateurs impédance approchés dans laquelle nous cherchons 4 identifier
la meilleure approximation de l'impédance réelle du milieu élastique au sens ou la pression
correspondante est la plus proche de la pression exacte, au sens des moindres carrés dans une
region d'observation. Nous traitons ici le problcme direct associé a ce probléme inverse. Nous
étudions la stabilité du probleme aux limites associé et en particulier sa résolution numérique.
Deux schémas numériques sont décrits et un résultat de stabilité est démontré. Nous montrons
quelques resultats de simulation. Pour le cas particulier d'une seule couche acoustique,
I'impédance approchée correspond a une condition au bord absorbante. Notre travail s'applique
donc 4 la discrétisation de conditions absorbantes d'ordre arbitraire.

Mots clés:
Opérateur impédance, interface acoustique-€élastique, stabilité de schémas aux différences
finies, identification, conditions aux limites, propagation d'ondes.

Key Words: . '
Impedance operator, acoustic-elastic interface, stability of finite difference schemes,
identification, boundary conditions, wave propagation.



1 - Introduction

In certain physical problems one is interested in solving the wave equation in some part
of the ocean with the objective of identifying a foreign body. However one must first identify
the parameters characterizing the earth underneath the ocean floor, i.e. the density and the
Lame coefficients. The idea that motivates this study is that it might be interesting to try to find
instead of these usual parameters, the impedance of the ocean floor, that is the operator Z
which associates to the time derivative of the fluid pressure at the ocean floor its outward
normal derivative. However as one should suspect, Z is rarely if ever a differential operator.
Thus we are led to define a class of approximate impedance operators which are differential
operators and which lead to well posed problems when used to define an initial boundary value
problem. It is in this class of operators that one would like to identify the example for which
the solution to the associated initial boundary value problem best approximates an observed
solution. Here we shall not treat in any detail this identification or inverse problem but shall be
concerned with the direct problem. We define a class of approximate impedances and study the
corrresponding initial boundary value problem, its well posedness and numerical resolution.

In the remainder of section 1 we give a mathematical description of the physical problem.
In section 2 we define the impedance operator and in section 3 we give a class of approximate
impedance operators. Section 4 is concerned with the stability of the continuous direct problem
associated with an approximate impedance operator, and section 5 with its numerical
approximation. Two numerical schemes are described and a numerical stability result is
demonstrated. Numerical results are presented in section 6. A conclusion and a brief sketch of
the inverse problem make up section 7.

Consider a fluid medium Qg overlying a stratified elastic medium Qg with interface T".
Q¢ will be identified with the half plane {(x,2)e R?;z>0) and Qg with the horizontal strip
{(x,2)e R?; -2 <z < 0}. I is then the x-axis and the boundary ' = {(x,2)e R2; z=-8} isa
free boundary.

r
2 F
QF
r
0 » X
QS

N

Behavior in € is governed by the acoustic wave equation :
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2
(1.1) pFa—E—KFAp=f, in Q
dt
where p denotes the fluid pressure, pg the density, XF the Lame parameter, and f a source term
with compact support in Q. The parameters pg and A are taken to be constant and the source

term f depends on x, z, and t. In Q¢ the controling equation is the equation of linear

elastodynamics :
2

(1.2)  p -a—‘z‘ -AGWu=0,  inQg
at

The operator A(A,1) is just the divergence of the stress tensor o(u) :
(1.3) A\ = div o(u)
where the stress tensor © is given by :
du, . du, du, du,
M) 2ed g b
du, Odu Z)

(1.4 o(u) =
i

du, du,
T b+ 2n) 3

with u the displacement, p the density, and A and {1 the Lame coefficients. The parameters p,A
and [ are assumed to be functions of z alone ; ) is stratified. The transmission conditions on
I" are the continuity of the normal component of displacement ; which leads to :

(1.5) =P 3 onI’

and the continuity of the stress timesn :
(1.6) c(u)n = -pn onl
where n is a unit vector normal to I'.
The boundary condition on the free boundary I'; is :

(1.7) p=0 on I'L.
Thus the transmission problem to be solved in Q = Q. U Qg is
2
pF—a—E-lFAp =f in Qg
ot
oy
P - AQAwWu=0 inQgq
ot
op 3%
(18) -a—n=p—2.n onI
ot
- o(u)n = pn onl
p=0 onlg

initial conditions =0  on QU Qg

2 - The impedance operator Z

The impedance operator Z associates to the time derivative of the fluid pressure on I, the
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" negative of its outward normal derivative there, so that once Z is known, the pressure in Qp
can be determined without further regard to the underlying elastic medium Q. To define Z, let
@(x,t) be a function defined on I' and denote by u®(x,z,t) the solution u of the following
problem defined on €2q

32
p S5 -div(ow) =0  in Qg
ot
2.1 - aogt;)n = gn onT
zero initial conditions on Qg
Then put :
20
Z(@) (x,0)=p J uz .n(x,0,t),
ot

so that Z is the composite operator :

© 3%u®
¢ —» > -p——-n
\ .
y4

Now the solution p of (1.8) in € coincides with the solution of the following initial boundary
value problem in Qp:

32

TP Ap=f in Q

2

ot

dp Gap)~

a_n+27 =0 on[
(2.2)

p=0 onlg

zero initial conditons inQ.

Using the Fourier ransform in the tangendal variable x and the time variable t,

o(x.) = @(k,0),
k representing the wave number in the direction x and  the pulsation, we define the complex
impedance g(\k,a)) of the stratified medium € so that :
Zo(k,0) = Z(k,)k,0)
as follows :
Let u(k,z,00) be the solution u of the following system of ordinary differential equations :



2.
-pw u-divow)=0 forz>0

(2.3)

——

-imo(wn=n az=0,

or more explicitly

d do,| . [.du, 4 ~ 2 2
> (p(z) % )-ﬂ((l—gz—f+d—z uuz))+ A+2Wk~pw ]ﬁx=0 forz>0
d aﬁz ) dﬁx d.~ 2 LN
-d—z((k+2u) E—)- ﬂ((u—d?-kazlux))-*- (Lk™-pw Ju,=0 forz>0
(2.4 A
du,  ~
5 +iku, =0 atz=0
_ du, . .~
-iw (7L+2u)?12—+1k?\ux =] az=0

where u, and u, are the x and z components of u. Then the complex impedance Z(k,0) is
given by

(2.5) Z(k,0) = - p?u,(k,0,0).

If we introduce the function K(x,t) whose Fourier transform is Z(k,),

K(x,1) =3 Z(k,0),

the impedance operator is none other than the convolution operator

(Zo)(x.1) = JO _L K(x-E,t-1)0(E.1) d§ dr

with kernel K(x,t).

Examples

In the simple case for which the stratified medium Qg is in fact homogeneous we can
calculate directly the impedance operator Z or more precisely the complex impedance Z(k,w) of
Qg. Even though in the model in which we are interested € is an elastic medium we think it
instructive to consider an example where € is another acoustic medium.

£2; a homogeneous acoustic medium

The parameters characterising Qp are pp and A and the pressure is denoted by p while
the parameters characterizing Qg are pg and Ag and the pressure is p.. We assume Qg and Q.
are homogeneous, i.e. pg,ApPg and Ag are constant, and we denote the velocities in Qf and
Qg by cg and cg respectively, c2g = Ag/pg and ¢2g = Ag/ps.



pressure p
velocity cp

QF ’ .
Lamé coefficient A F

pressure pg
Qg velocity cg

Lamé coefficient A S

In this case the transmission conditions on I” are

(2.6) P = DPg onl
an L1 aT onT,

and the impedance operator Z is given by
Agdp
28)  Z(@)xD=- x_s — (x,0,0),
F

where py is the solution in Qg of

a2
_P25_ -(,gAps—O in Q¢
ot
d
(2.9) % = onl

zero initial conditions in QS.

The complex impedance Z(k,m) is then given by
N ks 9ps
Z(k,(.l)) =-— (k,O,(l))
A 0z

with pg the solution of the ordinary differential equation

2
2~ 2

2 +-—2~ 1-—2—- Ps= z>0
aZ Cs o)
(2.10)
ip (k,0,0) = 1 2= 0.

Solving (2.10) we obtain

P(k,z,0) = Ss<k,o,<o) e °’
and

2.1D Z(k W) = — —
7L u)



£ a homogencous elastic medium

We retain the notation of section 1 and assume that pg,A,p,A and | are constant. Let v
. . . . . p
and v denote the velocities of the p waves and s waves respectively in Q,

v2, = (A+20)/p vig = Wp.

pressure pg

density p
velocity ¢
Qp Lamé coefficient A
r >
displacement u
Qg density p

velocity of p waves v,
velocity of s waves v

Lamé coefficients A,

With € homogeneous, on dividing by p, the system of ordinary differential equations
(2.4) becomes

/\

2au
+1k(v vz)—g— (kv-w)ux—O z>0,

/\

au ou, 2 A
2 sz) u"~(l(2v:sz-(.t))uz=0 z>0,

\Y Liik (v —_
paz P oz
2 a/u\x oo
Vs(az u2)=0 2=0,
. 2a/u\x . 2 2)’\
- pi® vp¥+1k(vp-2vs u,l =1 z=0.

The solution is thus of the form
U, = Alk,w) (k) e PP+ Blk,w) y e
U= Ak yye "+ Bow) ke,

z

with :

w kv 2 w kv 2
(2.12) y(k,0) =— 1- (—S) and y (k,0) = — 1- (-—P)

and the constants A(k,w) and B(k,) are calculated using the equations on z=0 :

2, .22 2
-2k 2K
Akw) =L 2EY) g )= EYsYe
Awp Awp



with
2 2., 24
2.13) Ak =-|(@ -2v kD) + ak Vi yy,|-

Hence we have

~ k,
u,(k,0,0) = M ,
pAk,w)
and (2.5) becomes
3
~ o vy (k,w
Q14 Zkw =2k
Ak,o) -

Some properties of the operator Z
We state here without proof some of the properties of the operator Z which we shall try to
preserve when we define a class of approximate impedance operators.
(1) Z commutes with the translation in space and translation in time operators :
Z(Q(x+L,t+1)) = (Z@)(x+L,t+71).
In other words Z is a convolution operator.

(2) Z commutes with the symmetry operator in the variable x :
Z(p(-x,1)) = (Zo)(-x,1).

(3) Zis positive :

T oo
JJM Zp)(x,)p(x,t)dxdt 2 0

for all T > 0. This condition assures us that the initial boundary value problem (2.2) is well
posed. This property may be expressed in terms of the complex impedance Z as follows :
Re(Z(k,w)) 20 for all (k,0) € R,

(4) Ziscausal:

o(x,t)=0forallt<T =  (Ze)(x,T)=0.
In terms of Z this property is that the function & — Z(k,®) may be extended analytically to the
complex half plane Imw > 0.

(5 Zisreal:

ox,t) e R forall (x,t) = (Z@)x,t) € R for all (x,t).
The translation of this property into terms of Zis:

Z(-k,0) = Z(k,-0) = Z(k,0).

We shall see in the next section that we can easily preserve all of the above properties for
the class of approximate impedances that we shall define with the exception of (3), positivity.
This property shall be replaced by the weaker property that the initial boundary value problem

(2.2) corresponding to an approximate impedance operator be well posed.
7



3 - A class of approximate impedance operators

We denote by . the class of impedance operators Z corresponding to a stratified medium
Qg and by S the class of the associated impedances Z. Given that the ultimate objective is to
solve an identification problem in a class X, of approximate impedance operators, this class 2,
should be constructed in such a way as to satisfy the following criteria :

1) Each element of 3, should be determined by a "small" number of parameters.

2) The class X, should be large enough to "well approximate" all elements of X.

3) Each element of ¥, should lead to a well posed initial boundary value problem.

4) The solution of the initial boundary value problem corresponding to an element of ¥
should be "simple".

Evidently criteria 1) and 2) are at odds. From a practical point of view the reduction of the
number of parameters is necessary in order to have a plausible numerical approach to the
identification problem. Thus we have favored 1) over 2). Criterion 3), which obviously can
not be violated, also goes against criterion 2) in that it restricts the set Ea. We shall see that it is
indeed this criterion that limits us in our attempt to satisfy 2). Finally criterion 4) is equally
necessary for the feasibility of our program in that the use of an optimization algorithm
requires a succession of resolutions of the direct problem.

In fact it is criterion 4) that has guided us in our choice of ¥_. In general the difficulty in
working directly with an operator Z in ¥ comes from the nonlocal nature in space and in time
of these operators, which makes their numerical treatment prohibitif. However it is well
known that certain convolution operators are easily calculated by solving a system of
differential equations. Such is the case when the kernel of convolution is a sum of exponential
functions or equivalently when its fourier transform, here the complex impedance Z(k,), is a
rational function of (k,w), whence the idea to choose X, as a subclass of the operators whose
complex impedance is a rational function.

This idea has already been exploited by Engquist and Majda [2] and [3] for constructing
absdrbing boundary conditions. In fact, the problem of absorbing boundary conditions
appears as a special case of the problem treated here in which the medium Qg is identical in
nature to the medium €. The impedance complex given by (2.11) is :

Zcw) =1 4 1(95) ,
()
¢ = ¢g = cg. In this case a method that has proven quite effective is to use the Pade
approximations of the function V1-x% around x =0. These approximations are given by

N 2
(.1) 1xr=1-Y ‘a"’;
' p=1 ocpx +1

where for the approximations of odd order, 2N+1, the coefficients are given by

8



B =N+ o 2NH

3.2)
_ 2 Ppm

Up=-COS IN+1°

and for the approximations of even order, 2N, the coefficients are given by
. 1

ap=% sin’ %, p=1,...,.N-1; AIN= 5

(3.3)

—_cos? P& 5= 1: ous
o, =-CoS" 57 p=1,..,N-1; ay=0.

It is natural to demand that the class X, contain all operators Z whose corresponding
impedance complex Z is of the form (3.1), and we have chosen to take Za to be contained in

the class of operators whose complex impedance is of the following form
2

L i apkz-bpo) +c i+,

(3.4) Zk,0) = -
p=1 2_ .
ok Bp(n +yp1(o+8p

a|l—

with real coefficients c,ap,bp,cp,dp,ap, p,yp,ﬁp, p=1,...N.

Several comments on the form (3.4) are in order. By demanding that the coefficients be
real we respect the reality, property (5), of the true impedance. By construction we have
respected property (1), invariance under translation, and property (4), causality. The spatial
symmetry, property (2), is guaranteed by the fact that the rational function Z(k,m) is an even
function of k. We have required that the "integer part” of the rational function be constant. This
is practically required in order to obtain a well posed problem. We shall see in the next section
what other requirements must be imposed on the coefficients to obtain a well posed problem.
Finally the choice of the form (3.4), with Z(k,w) given as a sum of simple elements, is
justified by the expression of Z(¢) in the physical variables (x,t) which makes the numerical
resolution of the problem quite simple as we shall see in section 5.

We shall define X to be the class of operators Z such that :

(3.5) Z(k,) is of the form (3.4)
(3.6) the associated inital boundary value problem (2.2) is well posed.
We denote by )A:,a the class of corresponding complex impedances.

4 - The direct problem

Given an 8N+1 tuple m e R3N+1,
m = (c,(ap,bp,cp,dp,ap,Bp,yp,Sp), p=1,...,N),
we denote by Z | the complex impedance of the form (3.4) corresponding to m and by X, the
impedance operator. The direct problem associated to m is the problem (2.2) for Z=Z_ :



9P pp=t in Q;
ot
dp .p)
+Z151=0 onl
@.1) dn ot
p:o Oan

For simplicity we have assumed cp = KF = pg = 1. The first question that arises in the study of

such a problem is whether the problem is well posed. Does there exist a unique solution

depending continuously on f. The answer of course depends on m and will give us an explicit

criterion for determining which parameters m € R8N*! correspond to an element of 2,
Givenanm e RN+ Z_(k,0) is a rational function of (k,w) and may be written in the

form

Q(ik,iw)

(4.2) Z,. (ko) = ,
R(ik,i)

N 2 2
with  QGk,iw) = [T (o kB 0 +y,jw+d)
p=1

N

N 2 H
2 apk -byw +ciHdy) o) (aqk -B +qu)+8q)
p=1 q#p

N 2
- 2 .
R(ik,iw) =¢ I—Il(apk -cho +yp1(o+8p).
p=
The polynomials Q and R have real coefficients and are of degree less than or equal to 2N, and

we may write

R (ik,io) Z.. fk.0) 0 = QGik.in)o.

Applying the inverse Fourier transform we obtain
R dJd 9 Q d d
ax " o) “m® = Qlag - )@
which leads to the following boundary condition

d d\dp d d\dp _
R(&,m)an Q( ) =0 onT.

Indeed we impose that R and Q are of order 2N by assuming Bp # 0 and a, # 0, p=1,...,N.

We also assume that

(04 [0
—L 29 if pxq.

B, By
Since the stability of the problem depends only on the terms of highest degree we introduce the
homogeneous polynomials R(ik,iw) and Q(ik,iw) consisting of the terms of R(ik,iw) and
Q(ik,iw) respectively of maximal degree :

10



N

_ N 2 N 2 2
Q(ik,iw) = H(apkz-Bpw )+, (upl<2-bp<o )g(ach-qu )

p=1 p=1 q#p

~ N 2 2
Rakiw)=c [Tk B 0),

p=1
and con51der the condition
d 0 Bp 0 d\dp
Risz ar)an * Qax ?)at—o onT
and the problem
2
2P pp=t inQ=((x,2):2<0)
ot
~({d Jd\dp 0 d\dp _
@y Bl gmednealx=0 oT
P=%%=0 inQ art=0,

where for simplicity we have replaced the domain Qp by the half space Q.

The stability of the system (4.3) may be studied by the method of normal modes ; see
[4], 5], and [6] for a detailed development of this theory. A normal mode is a solution of the
equations

(4.4) af Ap=0 inQ
ot

4.5) R(aax aa—ap Q(Ba— g—)%—_o on T
of the form
_ c(h+ik)x +{E+iR)z + (M+io) - ehx+2y+m ci(kx+lz+mt)

with amplitude ehx+Ey+mt frequency w, and velocity vector v = (v_,v,) = (-k/o,-A/w). Since p
satisfies (4.4) we have the dispersion relation

M+iw)? - (h+ik)2 - (L+i1)2 =0,
and since for t fixed, p should remain bounded in Q we impose h=0 and & > 0. Thus we have
(4.6) +in =% (T]+i(0)2+k2 .
As p is also a solution of (4.5) we also have
4.7 Rk n+iw)(2+ir) + Qikn+iw)(M+iw) = 0.
Combining (4.6) with (4.7) we obtain the so called characteristic equation of problem (4.3) :
4.8)  Fkn,o) =V k+n+o)? Riikn+o)+n+we) Ok n+o) = 0.
It is in terms of the zeros of this equation that we can describe the well posedness of problem
(4.3).

Problem (4.3) and hence (4.1) is strongly well posed if there is no solution of (4.8)
withn = 0. It is weakly well posed if there is no solution with 1| > 0. It is strongly ill posed if
there exists a solution with 11 > 0. For a strongly well posed problem the energy in Q at any
time T > O can be bounded in the L,-norm of the source term f. For a weakly well posed

11



problem the energy can be bounded in terms of a higher order Sobolev norm of f, the order
needed depending on the multiplicity of the root with 1 = 0. One says in this case that
derivatives are lost. Finally, for an ill posed problem the energy in Q grows in time at a
completely uncontroled rate. For precise statements of these estimates we refer the reader to [5]
or [6].

Before translating these conditions into terms of the parameters m we make a heuristic
comment on the numerical approximation of problem (4.1), or (4.3). Denote by Zsa the set of
operators Z for which Z is of the form (3.4) and for which the problem (4.3) is strongly well
posed and by Zwa the set of operators Z for which Z is of the form (3.4) and for which the
problem (4.3) is weakly well posed. The set Zsa of operators having the zeros of its
characteristic equation (4.8) in the open set 1 < 0 is open. Zwa is the boundary between Y3 a
and the set of operators giving rise to an ill posed problem. This indicates that the numerical
approximation of a weakly well posed problem is more delicate than that of a strongly well
posed problem. A "good" approximation of a strongly well posed problem should be stable,
where as a weakly well posed problem may be approached by a numerical problem that is
stable or by a numerical problem that is unstable.

To describe the subset of R¥N*! of parameters which correspond to an operator giving
rise to a strongly or weakly well posed problem we use a characterization of well posedness
developed in [8]. Since R and Qare homogeneous of the same degree, (4.7) implies that

o IR
) N+H® )
4k = - 7V (M+iw).
R 1
(n+im )
Defining
(4.9) r(0) = 9(6’1) , 0elC,
R(6,1)
we may write
2+ik=-@ik,with9 = lk .
6 N+iw

We may now characterize the strong or weak well posedness of (4.1) and (4.3) in terms of the
poles and zeros of r(8)/6.

Problem (4.3) and hence (4.1) is strongly well posed if the zeros and poles of r(6)/0 are
real, simple and alternate along the real axis and r(8) > 0, for 8 e [-1,1]. It is weakly well
posed if the zeros and poles of r(6)/0 are real, simple and alternate along the real axis and r(0)
> 0. (cf. [8], theorems 1 and 2).

Decomposing r(8)/6 into partial fractions we obtain

1(6) 1 1 1
—=y.0+y,—+ 2 Y [—+
9 I — "(e-ep e+ep)

with

12



b
\lfp='_1' (a_p_ p) for all p with &t ,# 0

0, = for all p with o, # 0.
P
In order that the poles of r(6)/0 be reul and simple it is necessary and sufficient that Bp
and o have the same sign. There will be exactly one zero between a pair of consecutive poles
if and only if the coefficients y, p=0,...,N are of the same sign and v, is of the opposite
sign. Since the coefficient of 1/8 determines the sign of r(0), the conditions for having a
weakly well posed problem are
Br/ap> 0 forall p with o, #* 0 p=1,...,N
\yp>0 forallpwithap¢0 p=1,....N
(4.10)
y,>0
v, <0.
To have further that r(8) > O for -1 £ 06 < 1 we need in addition to the conditions (4.10) that no
pole of r(0) lies in [-1,1] and that (1) > 0 :

(4.11) BP/(IP > 1 for all p with ap¢0 ; p=1,..,.N
N a-b

@.12) (1) =%(1 i Zﬁ)> 0.
p=1 ap'Bp

Remark 4.1

Suppose that m is such that (4.10) and (4.11) hold but instead of (4.12) we have
1 N oa-b
413 r)=cf1- 3 F2)=0.

p=1 0B,

Then problem (4.1), (4.3) is only weakly well posed. However, the solution (k,n,w) of the
characteristic equation (4.8) with =0 also has k=0. It is said to be a "generalized eigenvalue
of the first type". In certain cases it has been shown that one can obtain interior energy
estimates for such problems resembling those obtained for strongly well posed problems, cf.
[7]. We shall see in our numerical examples of paragraph 6 that such a problem exhibits the
behavior of a strongly well posed problen.

We consider the approximation of the true impedance operators Z calculated in paragraph
2,(2.11) and (2.14), by elements Z_ in X5 _and IV .

The Pade approximations of (2.11) are given by (3.1) with (3.2) and (3.3) :
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c 2
p=t o 12
apk @
c=¢ ol
=cg—
Ay
(4.14)
2 .2pr 2
= 5071 sin SN cs p=1,...,N
=-cos” sEE_c3 =1
ap—-co IN+I S p=1,...,
ﬁp=-1 p=1,...,N,
and :
~ 1 P
1) p
Znkw) =2 { 1 El —
ok -p o
c=c¢ ol
=Ccg—
Ay
(4.15)

=L gn2flm N _ 12
ap—N sin (‘Z‘N)Cs p=1,...,N-1, aN= ZNCI

”’—)cﬁ p=1,...N-1, ay=0

=-1 p=1,...,N.

We can verify immediately that Z,y and Z,y,, belong to XV, but it is also obvious that
condition (4.11) can not be satisfied for large N if ¢g > ¢, and Z,y and Z,y,, will not be in

%5,

We consider the approximations of lowest order

~ Ag
(4.16) Z(k,w) =
AgCs
1 2,2
~ Ag 5 Csk
(4.17) Z(k,0) = 15—
FCs ®
1 2.2
~ Ag 5Csk
4.18)  Zykw)= 1-— ,

and the corresponding functions ry(8)

r,8) = [Ag/(Agcg)]
(4.19)  1,(0) = [Ag/(Apcg)l(1-1/2 ¢26?)

13(8) = [Ag/(Apcg)I[1-(1/2 c209)/(1-1/4 c26%)].
Since the constants Ag A and cg are always positive r,(6) is always positive and Z, € X5_but
1,(1) is negative once cg > V2 and 1;(1) is negative once cg > (V2 )/3.

The function r(6) corresponding to the true impedance Z(k,w) given by (2.11) is :
14



A 2
4200  1®)=—>V 1-c® ,

Cshg
whose graph is a semi-ellipse with axes of lengths Ag/(Agcg) and 1/cg. It is clear that if cg>>1
we can not approximate r(8) well for large values of 8 by functions r (6) which remain
positive in the interval [-1,1]. We can find approximations r,(8) better that r,(6) which are
positive in [-1,1], for example :

As
(4.21) r(0) =— (1-(1-£)8),
but they will not be more than first order at 6=0 and will not be good approximations for 8=1
or -1, cf.Figure 1. This is why we are interested in the class Zwa as well as the class 35,

ri(8)
0.5

-1 r(0)

0.0 AY) n

Figure 1. The functions r(8), r,(6), r,(6), r3(8), and r,(6).

A general expression for the Pade approximations of (2.14) is not so readily obtained.
We give the expressions for the approximations of lowest order

A 1
Zy(k,w) = —
p
~ 1], ak®
(4.22) Zyko)=—|1-—
v, 2
()]
~ 1 2
Z5(k,0) =—]1-
Vo 2,
o - ok

and the corresponding functions ry(6)

15



Vp
1 2
(4.23) r,(8) =—(1-af )
Vp
92
r3(0) = - 1],
P
1-a8
where
=|L+4-2_4y
2 vp §
1 V4 4 V3 2 2 4V
o= 3 ?P+4vs-2;i(vp+vs) -4vs(7§-l).

We observe that Z,e 35, for all p . Z, isin ¥ ifa>0and Z,e 35 if O <a < 1.
However Z, gives a strongly ill posed problem if a < 0. We may write

2
(4.24) %: f(v) = % - 4y (1-v),

v
P
with v = v /v, = VII/A+2t . For all A and 4, 0 S v S VI7Z.

-1/2

0 172 22

Figure 2. The function f(v).

We see that we have a strongly well posed problem if 0 < v< 1/2 and 1/2 - l/v2p <
4v2(1-v) which is the case for instance if 0 < v < 1/2 and v, < V2 . The problem is weakly
well posed if 0 < v < 1/2, but if 1/2 < v < ¥2/2 we have an ill posed problem. For v in [1/2,
¥2/2 ] the function r(6) corresponding to (2.14) is concave upward at 8=0 and thus can not
be approximated to order greater than 1 at 8 = 0 even by a function r(8) corresponding to a
complex impedance Z(k,w) € 3¥_. This is an example of where condition 3) of paragraph 3

16



restricts us in our attempt to satisfy condition 2), and this represents a certain limitation to the
proposed procedure.

Figure 3. The functions £() for v =1 and v=0, 1/4, 1/2, and ¥2/2.

S - Numerical resolution of the direct problem

The form (3.4) for the complex impedance Z was chosen to facilitate the resolution of
the direct problem (4.1). Indeed

N N 2_ 2 . -1 \
p=l ocpkz-Bp(o HYjo+d /

is equivalent to the system

( aa")(k @ =2 {3 k- Z(p,,(km)
(5.2) P

2 2
[apkz-B SO +YierS (o () = [apkz-bpco +cpim+dp13(k,m),

where we have introduced the auxillary variables (pp(x,t) having Fourier transform fpp(k,m).
Applying the inverse Fourier transform to (5.2) we obtain
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p=1
(58.3) ) ) , ,
0°¢ 9°¢ ¢ ap P dp
B P_o Py E+8 ¢,=b -ap = +Cy5-+dp
P at2 P axz P ot prp Pat2 Pax Pot
Thus problem (4.1) is equivalent to
2
(—9—p—-Ap=f in Qg
2
ot
p=0 onTg
p=%—P=0 inQpatt=0
(5.4) t ‘s
op_ 1|dp Pl
33*3(?2«17 =0 onl
a2<pp a(pp 99, 5 b, ap azp ap d r
- +Y + (p =b,——-a +C + P on
Pal Tad PO PPA T ot
a .
(pp=—:—;‘l=0, p=1,...,N, onl"att=0,

and it is for this problem that we shall construct a numerical scheme.

The scheme that we have used is a finite difference scheme on a regular grid of squares
of side length h. The unknowns are the values p";, of p at the points (ih,jh) in Q UT at instant
nAt and the values @" oi of ppat (ih,Jh) on the boundary T, z=Jh, at instant nAt, p=1,...,N.

The scheme for the equation in € is the standard five point scheme for the Laplacian

and the explicit centered difference scheme for the second time derivative :

n+l

n n-
Pij '2pij+pij plj+l+pl)1+pl+l_]+pl 1j° 4p1] f

ij
A? h2

For the equation on I' we first considered a centered explicit scheme. The first and

(3.5)

second time derivatives are approximated by standard centered differences and the second
derivative in X is apprommated by the standard centered difference :

(56) 5t (hJhnay ~ ( el ’)
(5.7) -a—‘i (ih,Jh,nAt) ~ —( A T u{}‘)
at
2
68 22 qnanadn - L0 20+l
ox h

where u is either p or @p The normal derivative at I is approximated with a centered difference

introducing fictitions values p™;;_,
n n

ap . 1
(5.9) a—pz- (ih,Jh,nAt) ~ ﬁﬂ’i,]ﬂ - PiJ-1 )

18



and these fictitions values are then eliminated by supposing that (5.5) holds on T, for j=J.

Thus we obtain N+1 equations with which we can calculate explicitly p**1.; and (p““pi,
p=1,....N, knowing all of the values, pn”. and Q“pi., of p and ¢, on I'and of p in Q at the
preceeding time nAt.

We note that this scheme is identical to the one we would obtain using P, finite elements
with mass lumping.

With this scheme we have obtained good numerical results for the case Z_e Zsa, Le.
when the problem is strongly well posed ; see section 6. However in most of the cases for
which the problem is only weakly well posed the scheme became unstable, the exception being
those corresponding to the case of a generalized eigenvalue of the first kind, of Remark 4.1.

In order to calculate with impedance operators Z_ in £V _ we have devised a second
numerical scheme. We keep the scheme (3.5) to calculate the interior values p™*! ip j<J. In
order to conserve the second order precision of the scheme we have kept a centered scheme,
but this time it is centered at (ih,(J-1)h). For the first equation on I" in (5.4), with only first
order time derivatives, the approximation is centered in time at instant n+1/2. Thus the time
derivative is approximated by the average between (ih,Jh) and (ih,(J-1)h) of the centered

difference at instant n+1/2 :
n

(5.10) %—‘t‘ (ih,(J-1/2)h,(n+1/2)At) ~ Ai[(u?"1 - ui),

where u™, is either (p";;+p";.1)/2 or (p"pi, and the normal derivative is approximated by the
average between instants n+1 and n of the centered difference at (ih,(J-1/2)h) :

op ,. 1{1[ n+l _n+l I{n n
(5.11) Tﬁ (ih,d-1/2)h,(n+1/2)At) ~ 5(}; (Pu - PiJ-1 ) + B‘(Pu' PiJ-1 ))
For the second equation on I in (5.4) with second order time derivatives, the approximation is
centered in time at instant n. Thus the first and second time derivatives are approximated as in

the previous scheme (5.6)-(5.8) except here we take the average of the centered difference at
(ih,Jh) and the centered difference at (ih,(J-1)h) :

(5.12) %—l:—(ih,(J-l/2)h,nAt) ~ (ilA—z U?”-u?")
2

6513 28 Gho-12)hnan ~ ——I—(u?”-zu?w?'l),
a2 A’

where u", is either (p",+p";;,)/2 or @ ., and for the second derivative in x we take the

pi’
average of the centered difference at (ih,Jh) and at (ih,(J-1)h) and then we average this average
calculated at instant n+1 and that calculated at instant n-1 :

aZU 1 { n+1 n+l n+l) 1 ( n-1 n-1 n-]))

. 1
(514) —2(1h,(J-1/2)h,nAt) ~ 'i' h—z' Uiyg - 2ui + uig + — Uis - 2Ui + u;

ox h?

The use of instant n+1 in (5.11) and (5.14) makes this scheme implicit on I". However,
in the calculations we have done, this scheme has remained stable even for weakly well posed
problems corresponding to an impedance operator in Zwa, cf. Section 6.

In fact we have the following theorem which we shall prove for the simplest case in
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which we can encounter a weakly well posed problem ; i.e. when Z is of the following form :

2
a 1 ak
Zkw =7 [1-55].
w
and the boundary conditiop from (5.4)) on I' is of the form
_ 1(. ?_9)
dz ¢c\ot ot
(5.15)
2 2
99 _ 9
at o’
or equivalently
2 2 2
op,.9p _90p_
(5.16) atz +c prers -aaxz—O.

(We have weak stability if ¢ and a are positive, strong stability if in addition a < 1).

Theorem 5.1.
Suppose we have the following problem :
2
2—5— -Ap=f forz<0
at
2 2 2
9p,.9p 9P _ -
5.17) atz +<,ataz-aax2—0 forz=0
p:%:—:o fOl‘Z<0 andt=0

with a and c positive real constants. Then for 1/4 < 8 < 1/2, the numerical scheme
n+1 n

1 n a1} 1 .
(5.18) th?jzzA—Z(‘Pij -2pjj+Pij );3 (p;}+1+p?.j-l+p?+l,j'*'p?-l.j ’4P?j)= fij j=-o0n.s-1
t

1 n+1 n n-1 ¢
19 Zti(pi_-lﬂ -2p;,.172 +Pi.-1/2) 7N

Pio -Pi,-1 _Pio “Pi.-1
h h

n+l n+1 n-1 n-l)

n+l

2 2 2 n-1
-2 (erPi.-1/2+(1 ‘ze)DxP?-1/2+9DxP;I.-1/2) =0

(5200 py=py=0  j=-o0o.nl,
where

n n
(5.21)  pijap=12 (P?J*Pi,j-l)
and

2 2
(5.22) Dmﬂ=ﬁﬁu;2d}pﬁuﬁh,
is weakly stable in the sense that lip™ Il = (30_ _5=,_ _(p")*h?}'”2 may be bounded in terms
of a constant dependent on n and on f and its derivatives up through second order.

We point out that for 6=1/2 the numerical scheme given by (5.18)-(5.19) is equivalent to
that described by (5.5),(5.10)-(5.14) for the boundary condition (5.15) or (5.16).
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Proof :

Define &, to be the discrete analogue of the operator &L given by
2

_9p . . O Op

L =—+c55;73
ot ox

for the above difference scheme :

1 1 -1 -1
5.23 By on __1_( o ont el )+_C_ Pij i1 Pij -Pijm
(5.23) h px)) = A[2 Pi.j-1/24Pi,j-12 pl.)-l/2 2At h h

2 n+l 2 2 n-1
- a(erP?.j-I/Z'*'(l'ze)Dxp?.j-1/2'*'er??.;’-1/2)
Now if p“ij is the solution of (5.18)-(5.20) then Vni.j Ry given by

v;tj_I,z:.I?h(p?j) A j=-00,..,0;i=-00,..,00;n=2,. 0
0 0 1cAt , 0.0 2 A 2.0
(5.24) vijare=fijae- 55 i) - 007D, .1

1 1 1 cAt .1 .1 2 an 2,1
Vi.j-l/2= fi,j-l/2+ E_ﬁ— (fij-fi,j-l) - aAt erfi.j-llz

may also be defined as the solution of the Dirichlet problem

Owijap= BaEl)  i=-eo,,eij=-eo, o lin=2,. 00

"?.-1/2=0 i=-00, .00 n=2,. 00
0 0 1cAt 0.0 2 ...20

1 1 1 cAt 1 1 2 a2l
Vijz=fijinty g Eipfij) - 280 8D 5

and we have the estimate
—n L0 —1 —~ . n
(5.26) I vy, I < const Cll vl + v I+ T T f NSV

for some constant V" depending on the derivatives of f up through second order, in the norm

172
0 o 2
G2 Ighi= { DN I L

j:-oo 1=-00

Then p"ij is the solution of
Tupi) =Vijap J=-mn0iiz=-e0,,00n=23.
(5.28) pi=0 j=-00,..,0i=-00,..00
pij=0 j=-500 5 i= meo,.. 00
The idea of the proof, now following the development in [1] for the continuous paraxial
approximation of the wave equation, is to estimate llp™Il in terms of llv®, Il. This could not be

done if &, were replaced by an operator &, corresponding to the explicit scheme (5.6)-(5.9)

in the definition of v“ij.
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To bound Il p ™, Il, we multiply (5.28) by

n+1

le l/Tplj 1/2)/(2At),
sum on i and multiply by h to obtain

n+l 2 n n-1 2
_h_z Pi ;- 1/2'131] 12| | Pij-uzPij-172
24t £ At At

pn+l 1:)n-l pn+1 pn-l
ij Pij | |Pij-rPij1
+°‘; 24t 241

) pf‘fl _p!‘i‘
-ah Dxpp'-IZ i,j-1/27Pi,j-1/2
Z Ll 24t

n+l n-1

2[ n+l n-1 | Pi,j-1/2Pij-172
- abh ZDX(le r 2PIJ 1/2+ij 1/2)————IJ LU
1

2At
pn+1 pn 1
/7 1/2
_hZijllz mL ZA[” :

We shall need some notation :

\. —n ,
PE={PTJI‘='°" ---- = Ph={9?.j-1/2}‘=‘°° ----- =
j=-00010 j=-0,..,0
n [ n
phj= \pl_]}1=-°o ..... -]
( n m) - nm n n _n 1z
Phpdne/=h Z Pifl;e Pni ={PnpPh;

j=-00

(5.29)
172

(erar))<n i (pﬁj,q:;) iopi = {(prp})

j:-oo

o n n qm qm
m PiPi-1.; itHi-1,8
d(PEj’th)=h 2 Uhl L, — hl

i:-oo

d(ppap))=h 20: d(prar).

j::-oo
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Now we sum over j, j = -02,0 and multiply by h. Standard calculations lead to
—n+l —n —n —n-1 n+l n-1

2
Ph 'Ph PwPu Pho “Pho
2At =220 -l A[ Il *°'——2A[ |
~n+l —_n —n+l _n —n —n-1 _n _—n-1
+ 2 ¢ gi{Pn_FPn Pn FPui} PutPn  PntPh
2At 2 ’ 2 2 ’ 2
f _n+l —n —n+l —-n —n —n-1 —n_n-1
aAt Pn Pn Pn “Phi} PhPh PhnPn
5 (6-1/4) ) d AT A d At T At

—n+l —n-1
—n Pn Pn
=\ 2At )

Define the energy form :

—n+l —n _n+l+—n _n+l+—n —n+l —_n  —n+l _n
s  E"ef R '+ aal |2 AR PV (S TR L
We have
~n+1 —n-1
1 lEn+1/2 n-l/2) IPho Ph0| vy Pn Pn
24t 241 Voo T oA ]
Summing over n, n=1,...,N and multiplying by 2At we obtain
N+1/2 Pnglpgol X n EMI Bn-l
+ ho - - h “Ph
E +2c Zl—z—A-——l At = +2Z V]l,Tt— At.
If 6 > 1/4, we have
Pn Ph 1,2 N Il+llv N
Phn -Pn N+1/2 h nl Pn -Pn
£h Fhil < <2 ,
1Pl sE™ ez ) [Ny
Then applying a discrete Gronwall lemma we obtain
—N+1 =N
(5.31) ”M“<22llvhllm
n=]
and
~N+1 N+l -n
(5.32) Ip, I <2NAt 2 vy Il At.
n=1

Thus we have bounded llp Nyil in terms of N N _ Il v* Il At, where lp ™1l = 3.3,
(p™, 5.1 2?0%)!/2. Tn order to obtain a bound for llp Il = T3, lp{Zh?)172 it suffices to bound
IID_p", Il where by D, p“h we mean.

(533) Dpp= \p”p”‘ i = oo 0
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Towards this end we return to (5.28) and multiply by the following discrete analogue of
(dp/ov)+c(dp/oz) :

pn+1 p n-1 pn+1 pn+1 P p p p
1,j-1/7 1_]1/2 ij njl_*_lze ij l_]l+9 1) 111
TSR] G (1-20) =4 h

After summing on i and j and multiplying by h2 we obtain :

n-1
Pro L2ph ho*Pho

n+1/2 ..n-1/2
I—C'E g )+ ©-1/4) 2 !
At

2At

n+l

+ ac d(epzal’“ (1-20) pro+ 6P no» Opno + (1-20) ppo+ 9Pho)

5“” 5“ 1 pn+l pn+1 p p p pn 1
n h “Ph ij 1,j-1 ij Pi,j-1 ij i,j-1
= Vh » ——2At clo h + (1 29) h +6 h

where the energy E"*172 is given by :
"2 -n+l _n
~n+ -
B = |l Ph -Pn +
At

n+1 n 2
pr 4D
o| 280 _On) )", (6-1/4) > D pI*'.D pMi

2

—~n+l_n _n+l _n
Ph "Pn Pn Pn
2 72 At T At

_n+l+_n _n+l+_n
+ ad||{Pn Pn P TPull L (g-1/4) ant®d

Thus for 6 > 1/4 we have :

| 2By o PR zph|| + (8-1/4)c*1DpN Dt
S EN+1/2
—n+1 -n-1
< EV? &+ 22 e ——p" Pn +4lc(D,p}‘,”+2D,p;‘+D,p§“ At

VE, (6- 1/4)c(D,ph 2D pi+D pi )))

—n+l — n+l n
22 alkivy ) | P ph o Dn Dy
2 At 2

N

n=1

- —n+1
N (v, o
+ 2461742 (—V%"—— Vo-1/a c1Dp™ D p I AL

n=1
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Again using a discrete Gronwall lemma we obtain
172
—N+1 _N

Pn “Pn
(5.35) I ot

+(8-1/4) > 1 Dpp D ph 11

N+1 N
szh+ +D1ph “2
¢ 2

N
< 20+V0-1/4) Y 17, 1AL
n=1

Now (5.31) together with (5.35) imply thatfor 1/4 <6 <1/2:
N
IDph < 3+V0-1/4) Y IV, 1,
n=1

and the theorem follows.

6 - Numerical results

In the numerical experiments presented here we compare the results obtained in Qp using
an approximate impedance operator Z, with those obtained by solving the transmission
problem in Q; U Qg. We look at two cases. In both g is a homogeneous acoustic medium,
In the first, the velocity Cg in Qg is 1/2 so that Zg € X5, for all N and the initial boundary
value problem in Qg is strongly well posed. (The velocity in Qg is Ce=1). In the second, C4=5
so that for N 22, Z is in 2¥_but not in X5, and the initial boundary value problem is only
weakly well posed.

To obtain the reference solution, the so called exact solution, in Qp U Qg we place the
lower boundary as well as the lateral boundaries of the domain of calculation sufficiently far
away from the source that they don't affect the numerical solution. (The upper boundary is the
free boundary I'g). Then the simulation in Q¢ using an impedance operator Z_ is carried out by
bringing the lower boundary up to I,

The source is a point source, the product of a Gaussian g(t) in time and a Dirac h(x,z) in
space :

f(x,z,t) = h(x,z)g(t)

© - exp(-10(1-t9D)  0<t< g
gV =10 2g<t

4
_ /10 (1-r/rg) r<rg
h(x,2) = \0 rg<r

r = ((x-x5)? + (z-zg)H)2
This source is centered at a point (x4-zg) € 2 at a distance 0.3 from I" and has a radius
r;=0.08. It is active between instants t=0 and t=2t5=0.2.
The grid is a regular grid with Ax=Az=0.01 which corresponds to roughly 10 points per
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wave length effectively represented. The time step Atis At= ¢ h/2 where ¢ is the larger of the
two velocities ¢g and cg.

Figures 4-7 correspond to the case ¢ = 1/2. The surface shown represents the pressure
p(x,z,t) in Q at instant t=0.75. In addition to the exact solution we show the solutions
obtained in Qg with the impedance operators Z,, Z, and Z; given by (4.16), (4.17) and
(4.18). The explicit numerical scheme (5.6)-(5.9) was used for the calculations on I'. There is
no problem of stability. All three impedance operators yield solutions which are excellant
approximations to the exact solution.

Figures 8-14 correspond to the case ¢=5. Again the pressure p(x,z,t) in Q at t=0.75 is
shown. The exact solution is given in Figure 8 and that obtained with the impedance operator
Ze Zsa, (4.16), is shown in Figure 9. We see that stability considerations aside, the
approximation of the true impedance is more difficult here than in the preceeding case. Besides
the exact solution, there are two solutions obtained with the impedance operator Z, given by
(4.17), one shown in Figure 10 with the explicit numerical scheme on T, (5.6)-(5.9), and the
other Figure 11 with the implicit scheme on I, (5.10)-(5.13). In Figure 10 we see typical
indications of instability, and the energy curve exploded for this simulation.

In Figure 11 the solution, while more reasonable than that of Figure 10, is not entirely
precise. There is a larger reflection for larger angles of incidence than is correct and this
reflection does propagate into the domain 2. The energy shown in Figure /3 increases
linearly in time. These are both characteristics of weak stability. Whether this provides a better
approximation of the measured solution than the solution obtained with an impedance operator
in 35, is likely to depend on the zone of observation or measure, cf. Section 7.

Figure 12 is obtained with an operator Z_ corresponding to r,(6) given by (4.21) for
£=0. In this case r (1) = 1 and while Z_ is not in Zsa there are no indications of instability ; the
energy, Figure 14, decreases (cf.Remark 4.1).
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Fig. 12 Solution at t = 0.75
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7 - Conclusion : perspectives for the inverse problem

Problem (5.4) defines a mapping F associating to Ze Zsa the solution p of (5.4). For a
subset © of Qp, which we shall call the domain of observation, we denote by F , the
mapping F followed by restriction to O : F (Z) = plg . The question which arises is can we
determine Z from an observation of the solution p in O ; can we invert F . More precisely,
suppose that by an experiment we have observed the exact solution py (x,z,t) corresponding to
the true impedance operator Ze X in the set O during the time interval [0,T]. Can we find the
approximate impedance operator Z e XN, such that Fg (Z) best approximates, in the sense of
least squares for example, the observation p , where by ENa we denote the subclass of L%,
consisting of those impedance operators whose complex impedance is of the form (3.4) for
some N' < N. To find such a ¥, it suffices to solve the following minimization problem. Find
Z* e Zwa such that :

HZ*) < J(Z) forall Ze 3N
(7.1)

172
T 2
J(Z) = ('[0 I Fo(Z) - p@)" Lz(O)dt)

Problem (7.1) is a problem of optimal control which we call the inverse problem . The
function J is called the criterion or cost function . Problem (5.4) is called the direct problem
or equation of state .

To solve (7.1) we need a minimization algorithm. All algorithms for the minimization of
differentiable functions are iterative methods which make use of the gradient of J. To calculate
J we solve a system of equations called the adjoint equation . This system is of the same type
as is the state equation (5.4) and all the well posedness properties given in section 4 apply as
well to the adjoint equation and we use the same numerical scheme to solve it.

Thus we have defined a space of approximate impedance operators which satisfies for
the most part the desired properties (1)-(4) of section 3. Each element of ZNa is determined by
a small number of parameters, at least for N small. Each element of ENa leads to a well posed
direct problem as well as a to a well posed adjoint equation. We have defined a numerical
scheme to solve the direct problem that is stable and simple to solve and which should work
equally well for the adjoint equation.
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For the inverse problem we can of course envisage several variations on the model

problem (7.1) such as repeating the experiment with different source terms, or introducing a

weight in the norm used to define the optimization criterion J. However we insist on pointing

out the difficulty of the preposed inverse problem. The function F being very non linear, the

fonctional we have to minimize is anything but quadratic. Consequently the problem of

existence and especially uniqueness of the solution of the inverse problem is entirely open.

Furthermore, the functional J being non convex we can expect the existence of local minima

which renders even more arduous the task of the optimization algorithm.
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