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NEW RESULTS IN GUIDED WAVES IN HETEROGENEOUS
ELASTIC MEDIA

NOUVEAUX RESULTATS SUR LES ONDES GUIDEES
EN MILIEU ELASTIQUE HETEROGENE

Patrick Joly (1) Ricardo Weder (2)(+)

bstract

We prove the existence of guided waves propagating with velocity strictly larger
than the S wave velocity at infinity in the case of unbounded elastic media invariant
under translation in one space direction and asymptotically homogeneous at infinity.

These waves correspond to the existence of eigenvalues embedded in the essential
spectrum of the selfadjoint elastic propagator.
Résumé
Nous démontrons l'existence d'ondes guidées se propageant A une vitesse
strictement supérieure 2 la vitesse des ondes S a l'infini dans le cas d'un milieu élastique
hétérogene infini, invariant par translation dans une direction d'espace et
asymptotiquement homogene a l'infini.

Ces ondes correspondent a l'existence de valeurs propres plongées dans le spectre
essentiel de 'opérateur auto-adjoint associé au probleme.
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Introduction

LM

In this paper we study the propagation of guided waves m an isotropic elas-
tic medium which is invariant in one space direction. Let us denote by (z,zs),z =
(z1,z9) € R?, z3 € R, the generic point in R, and by t € R, time. By U(z, z3,t) =
(Uy(z,zs,t), Us(z, z3,t),Us(z,z3,t)) the displacement field, where U;(z, z3,t) are func-
tions from R 4 into R. The equations of elastodynamics governing the propagation of

waves in such a medium are written as [A]

o, 3. 8
( ) EYD Z E tJ(U) =0, (1'1)
g=1°"1
fori=1,2,3.
0;;(U) = A(z) div Ub;; + 2u(z)€;;(U), | (1.2)
6
div (U) = Y —Ui(z, zs,1), (1.3)
— Oz;
1=1
1,0 Jd
e;;(U) = 5(5;(]{(3,133,1!) + 5 —-Uj(z,2s,1)), (1.4)
] T
i,j=1,2,3.

The invariance of the medium under translations in the direction z3 appears in
the fact that the density p(z) and the Lame coefficients A(z) and p(z) are independent

of the coordinate z3. In this paper we will furthermore assume that p and u are positive
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and constant as functions of z, and that A(z) is a bounded above and below measurable

function of z. We denote

A_ = ess infA(z) > 0, (1.5)
A+ = ess sup A(z) < oo. (1.6)

Assume that
A(2) = doo| < C(1+|2])~", (L7)

for some positive constants Ao, C, 6.

A guided wave (or guided mode) is by definition a particular solution of equa-

tions (1.1) which has the following form

U(z,zs,t) = &(z)ei(“’t—ﬂx:’), (1.8)

where w > 0,8 > 0, and the amplitude field %(z) is square integrable with respect to

x:

/ li(z)]? dz < oo. (1.9)

The wave defined by (1.8) is harmonic (we take the usual convention of allowing

for complex valued amplitudes). It propagates in the zg direction with phase velocity
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w/pB. Its energy remains localized in the transverse directions, z, because of (1.9). As
in classical situations such waves can exist only if the wave number § and the pulsation

w are related by the dispersion relation of the mode.

Following [BDJ] we formulate this problem as an eigenvalues and eigenvectors
problem for a family of selfadjoint operators in Hilbert space. Let us introduce the new

variables u) = %), ug = tig, and ug = iti3, and let us define for u = (uy,uy,ug)

Blw)= 22w+ P uy1<ig
w5 () 2(;9—I7u,+ ax,-“f)’l <i,j<2, (1.10)
1,0
61'93 = fgi = E(a—zius + ﬂu,-), (111)
1<:1<3,
egs = —fug, (1.12)
d 3
ivBlu) = 2 o —
div” (u) = axlul + 632u2 Busg, (1.13)
and
of = Ma)divP (u)8;; + 2uef(v), (1.14)
1<4,7<3



We denote by L? the standard space of square integrable C™ valued functions

on R? with scalar product

n
=3 f u;(2)7;(z) dz. (1.15)
1=1
To use the standard notation we denote by L? = L%. For m,n any positive inte-
gers we denote by Hy, , the standard Sobolev space of all square integrable C" valued

functions defined on R? all whose derivatives of order up to m are square integrable

functions with scalar product

(W V) Hppp = > (Dau,Dav)L%, (1.16)

ja|<m

where we use the standard multi-index notation for the derivatives

9% §%2
"az‘;l 62:‘2’2 ’

Qa

la| = a1 + ag. (1.17)
When n = 1 we use the notation H,, by simplicity.

Let us define the following operator A() in L}

(A(B) ——{Z ——a — Boly(w)}, (1.18)

for:=1,2, and

(A(B)u)s —,1—,{2—03, ) + Boy(u)), (1.19)



D(A(B)) ={v€ Hys : A(B)ueLl}. (1.20)

As we prove below A(f) is selfadjoint in L} and its essential spectrum is given
by (this was proven before by [BDJ] in the case when also p and p are variable but

with p(z), u(z), and A(z) constant outside of a bounded set):.

o.(A(B)) = %ﬂz,oo). - (1.21)
For definitions concerning the spectrum see [K].

It follows from an elementary calculation that there is a solution to (1.1) of the

form (1.8), (1.9) if and only if

A(B)u = wu, | (1.22)

with v € D(A(B)). Then (see [BDJ]) the problem of finding guided waves for (1.1) is
formulated as the problem of eigenvalues and eigenvectors for the selfadjoint operator
A(B) is L. |

In [BDJ] a detailed study has been carried out of the guided waves with w? <
%ﬂz. In physical terms they corresponds to guided waves whose phase speed w/g is
smaller than the speed of the S (shear waves) Vg = (%)’i’ In mathematical terms they
correspond to the study of the discrete spectrum of the operator A(3). For related

results in acoustic and electromagnetic waves see (Wi 1], [G], [We 1], [We 2], [B], and

B BJ.



The question that we address in this paper has the following physical interpre-
tation: does there exist guided waves whose phase speed is greater than Vg. From the
mathematical point of view the same question is formulated as follows: does there exist

eigenvalues of the operator A(3) which are embedded in the essential spectrum.

This is quite a subtle question. This problem was already addressed in {BDJ)
but the only results obtained in this direction concern the properties of possible ei-
genfunctions associated with such eigenvalues and also partial non existence results.
Namely if the functions p(z), u(z), and A(z) are piecewise constant 4A(8) has no eigen-

Aoot2

values in the interval (—‘E’—p—;&,oo) where poo, oo, and Ao, are the values taken by

p(z), u(z), and A(z) in the complement of a bounded set.

For related results in the absence of eigenvalues embedded in the essential spec-

trum of the acoustic propagator in perturbed stratified media see [We 2] and [We 3].

In this paper we construct guided waves that correspond to eigenvalues, w?, of
A(fB) with %ﬂ’ <wl< ’\”—;m‘iﬂz. These guided waves have phase speed bigger than

the one of shear waves but smaller than the phase speed of pressure waves at infinity,

1
namely Vp = (’\°°—:2&)7.

We first introduce some useful notations.

¥s ={veL? : divP(u) =0} . (1.23)

¥g is a closed subspace of Lg. Let us denote by ¥p = }(é the orthogonal

complement of ¥g in L3. Then



hatd

L} = }s @ Xp. (1.24)

Suppose that u € ¥p. Then

(“’U)Lg =0, o (1.25)

Vv € Xg. In particular take v = (v1,0, %a‘i—lvl), v] € H;.

Then

10

usg, E%Ivl) =0. (126)

(u,v) = (v,v1) + (
Then u; = %E%ug. Taking v = (0,v2,%3%v2) with v9 € Hy, we prove that
Ug = %3%2-11.3.

Then

0
){P = {u € L?o, Uy = 5;—2-11.3,11,3 € Hl} (127)

™| =

o
—usg,ug =

R

Suppose that u € D(A(B))NXHs. Then it follows from an elementary calculation

that

divP (A(B)u) = 0. . (1.28)

Then A(B) sends D(A(B)) N Xg into Xg. It follows from an elementary com-

putation that A(B) is symmetric. Then also A(8) sends D(A(8)) N ¥p into ¥p.
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It follows that A(8) decomposes along the decomposition (1.23) of L3.

A(B) = As(B) @ Ap(B),

(1.29)

It is mainly for this purpose that we have assumed that x and p are constant.

where Ag(8) and Ap(f) are respectively the restrictions of A(3) to X5 and ¥p.

Note that for v € D(Ag(B))

As(B)u = =(-A + f)u.

© '

(1.30)

Let us denote by Ag the Hilbert space of all functions on L; such that

2
2, 3——‘:1;; € L? with scalar product
i=1 O%

1. 38 &K 0

(u,v)j?s = (“»”)Lg + E(Z 32 b > EL:U{)LZ

=11 t=1""1

Let Ug be the following unitary operator from )73 onto Xg

uj

uy
Us (ug) - lu22 2]
B L Bzt

3

We define the operator Ag(f) as

D(As(B)) ={u€ ¥g : Aue ¥g},

-8 -
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(1.32)

(1.33)



At

-~

-

Ag(B)u = =(—A + pY)u. (1.34)

©I®

One easily checks by Fourier transform that ﬁs(ﬁ) is selfadjoint, that its spec-

trum coincides with the continuous spectrum and it is given by

o(As(B)) = oo(As(B)) = [%ﬂ’,oo)- (1.35)

By an elementary calculation using (1.30) we obtain that

As(B) = UAg(B)U™L. (1.36)

Let us denote by b p the space H; with scalar product

_ 1,0 @ |
(v,0)g, = (w0)p2 + 5 2(5—2—{% -a—x;v)m- (1.37)

Let Up be the unitary operator from b p onto ¥p given by

19
B 9z; *

2 U (1.38)

N

Upu=

he V[
3

U

It follows from an elementary calculation using (1.27) that for u € D(Ap(B))

(4p(B)u); = gcie)(-0 + 615, (1.39)
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(Ap(B)u)s = ¢*(z)(-A + ﬁz)fts,

where

o(z) = (M)%,

Denote

Ap(8) = Up' Ap(B)Up.

Using (1.88), and (1.42) we obtain that

D(Ap(B)) = {u€ dp: *(z)(-A + B*)u € Ap},

and

for u € D(Ap(B)).

Note that for u,v € D(xap(ﬂ))

(‘aP(ﬂ)“’”))?P = (- c®Au,v) 2 + (v, —c*Av) 2+

- 10 -
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(1.41)

(1.42)

(1.43)

(1.44)



-

1
+E(02Au, Av)pa2 + BE(c*u,v) 2. : (1.45)

Denote for u,v € Hy
a(B)(u,v) = (—c*Au,v) ;2 + (v, —c*Av) 2+

1
+ﬁ(czAu, Av) 2 + B(u,v) 2. (1.46)

Note that

a(B)(u,v) = a(B)(v,u). (1.47)
Moreover

2

a(B)(u,u) = /c’(z)‘%Au —fu] dz>

1 1
B_ Au — ﬂ u|2 dx = c2_ [ﬁ (Au, AU)L2+ (148)

Then a(B)(:,-) is a closed symmetric and bounded below quadratic form. By

(1.45) its associated selfadjoint operator (see [K]) is Ap(8). By (1.48).

Ap(B) > 2 8% (1.49)
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Let us denote by Ap,oo(ﬂ) the operator defined as in (1.43), (1.44) but with

¢(z) replaced by coo = (Lfﬁ)%

By a simple argument using the Fourier transform we prove that A P,oo(B) has
no eigenvalues and that its spectrum coincides with the essential spectrum and it is

given by

-

0(Apoo(B)) = 0e(Apoo(B)) = [choh’, ). (1.50)

Let us denote by ) the Hilbert space consisting of L? with scalar product given

(1, 0)y = / ¢2(z) u(z) 7(z)dz. (1.51)

Let us denote by B(f) the selfadjoint operator in X defined as follows

D(B(p)) = Ha, (1.52)

B(B)u = ¢*(z)(~A + By, . o (1.53)

for u € D(B(B))-
Let Boo(B) be the selfadjoint operator in L? defined as in (1.52), (1.53) with

coo instead of ¢(z). One easily checks by Fourier transform that Beo() is absolutely

continuous with spectrum given by
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0(Bwo(B)) = [c3B?, o). (1.54)

Since the norms of ¥, and L? are equivalent we can consider B(f) as a operator

in L? with domain Hy, and (B(8)) ! as a bounded operator from L? into Hz. Then

in L?
(BN ™~ (Buo(B) ™" = (-8 + 577 (el — )(~0 4+ 57)7H)’
(—a+84(BE)N™ (1.55)

By local Rellich compactness and (1.7) (see [Wi 2]) (¢2, — ¢*)(—A + ﬂz)_% is
a compact operator on L%. It follows (see [S]) that B(f) and B (83) have the same
essential spectrum (note that the spectrum of B() as a operator in ¥ and in L? is the

same). Then the essential spectrum of B(g) is given by

oe(B(B)) = [caoB?, ). (1.56)

Note that ¥p C X. We denote by

(BEN™ - (Blo) ™)

~ ) 1-57
N (1.57)

the restriction of (B(8))™! — (Bwo(8))~! to ¥p, where to simplify the notation we
avoid the use of identification operators. By (1.44) we have that
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(ApB)™" — (Apa(B)™ = ((BON™ - (Bu(8)!) (1.58)

i
since (B(8))™! — (Boo(B)) ™! is compact from L? into H; the right hand side of (1.58)
is compact in ¥p (note that the norms of Hy and ¥p are equivalent) and it follows that

Ap(B) and A P,0o(B) have the same essential spectrum. Then by (1.50)

0e(Ap(B)) = [c},B%, 00). (1.59)

Let us summarize the results that we have obtained about A(8). Ag(B) and
Ap(B) are selfadjoint because they are respectively unitarily equivalent to Ag(B) and

Ap(B). It follows from (1.29) that A(B) is selfadjoint. By (1.35) and (1.49)

A(B) > %ﬂ’, (1.60)

and moreover (see also (1.59)) the essential spectrum of A(8) is given by

0.(A(B)) = 0.(As(B)) U o.(Ap(B)) = %ﬂz,oo). (1.61)

Since Ag(f) has no eigenvalues any eigenvector of A(43) will have zero compo-
nent along ¥g (see (1.24)) that is to say it will actually be an eigenvector of Ap(f) in
Xp.

Suppose there is an eigenvalue w? > ¢%, 8% of A(B). Then for

someuv€EHNp , u #0

- 14 -



Ap(B)u = wlu. (1.62)

By (1.40)
Fz)(-A + Bus = wiug, ‘ (1.83)
and then
- 2
(-4 + w’(;;)—o - ;1;)) ug = (:Z - B*)us. (1.64)

If we assume that in (1.7) 6 > 1 it follows from a standard result in the absence
of eigenvalues of Schrédinger operators (see [EK]) that ug = 0, and by (1.27) u = 0.

Then in this case A(B) has no eigenvalues w? > c2 32.

What about eigenvalues with %ﬁz < w? < 2 B These eigenvalues will be
embedded in the essential spectrum of A(3). However since the associated eigenvector,

u, will belong to ¥p it will actually be an eigenvector of Ap(f):

Ap(B)u = wly, (1.65)

7 < 2 A% w? will be a discrete eigenvalue of Ap(8). This makes the

and since w
existence of guided waves with ¢* f? < w? < ¢ B? quite plausible and on spite of the

fact that they are embedded in the essential spectrum of A(3) they will be stable in

the sense that they correspond to the discrete spectrum of Ap(S).
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We now proceed to state our result on the existence of these guided waves.

Theorem 1

The operator A(B),8 > 0, is selfadjoint in L2, (1.60) is satisfied and it decom-

poses as in (1.29). If (1.7) is true its essential spectrum is given by (1.61).

The eigenvectors of A(B) have zero component along ¥g (see (1.24)) and they
are solytion of the equation (1.62) with w? the corresponding eigenvalue. If in (1.7)
Aoo+2

1
6 > 1, A(B) has no eigenvalues w?, with w? > ¢2 82, where co = (—Qp——ﬁ)f.

A(B) has an eigenvalue w? if and only if w? is an eigenvalue of B(f) in L? (see
(1.52), (1.53)).
If v(z) is an eigenvector of B(f) the corresponding eigenvector u(z) of A(B) is

given by

190
= 1.6
1 0
= 1.67
ug = v. (1.68)
Q.E.D.
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Corollary 11

Suppose that (1.7) is satisfied and that A_ < Aeo.

Then there is an increasing sequence of real numbers By, m = 1,2,3..., such
that when By < 8 < Bp+1, A(B) has at least m eigenvalues {w}(8) < wi(B)... <

w2,(8)}, counted with their multiplicities, and such that

1) Vm > 1,8 — wp(B) is locally Lipschitz continuous, 8 — w?,(B) is strictly

increasing, § — w?,(B) — ¢2.B8? is increasing, and 8 — w?, — B*c% is decreasing, where

Ay +2p, 1
cy = (2xF2E)3,

P
2) VB > Bm, EB%<wi(B)< i B2, : (1.69)
3) lim “m{) — 2 i “m{f) _ 2 | - (1.70)
B—oo P 1Bm P

4) Let Aj(z), Az(z) be two measurable real valued functions satisfying (1.5) to
(1.7.), let A;(B), i = 1,2, be the corresponding operators defined as in (1.18), (1.19)
with X;(z), and let w; ;n(B), B m»1 = 1,2, be as above. Then if A1(z) > Az(z), p.p., we

have that wy m(8) > wam(8),V B > Bim > Pam

5) The eigenvalues wm(B) are continuous on A(z) in the following sense. Let
Xi(z),7 =1,2,3,... be measurable real valued functions satisfying (1.5), (1.6) and (1.7)
with fixed constants C and 6, and with 6 > 2. Let w; ,(8),B; n be as above for the

operator A;(8) with X\;(z), i=1,2,... Thenif

lim  ess sup
1—00

AJ@—A&”zO, (1.71)
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we have that if 8 > B, then for ¢ large enough § > §; ,,,, and

lim wi (8) = wm(B), (1.72)

1—00

where the limit is uniform for 8 in compact sets of (8, 00).

Q.E.D.

We complete the proof of Theorem I in section II where we give the proof of
Corollary II.

Corollary II follows from Theorem I once the corresponding results are proven
for B(B8). To do so we follow the method of [B| and [BB] where the closely related
problem of a Schrodinger operator with a fixed potential of compact support and a
variable coupling constant is considered. Moreover further results in the continuity of
wm (B) can be obtained following [B| for instance.

.- In Section III we consider the case when A(z) is spherically symmetric.

A related result, namely the existence of embedded eigenvalues for the Dirichlet
laplacian in domains with infinite boundary has recently been considered in [Wit 1],

and (Wit 2].
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II _The Remaining Proofs

The proof of Theorem I: Since the other results have already been proved in
the introduction it only remains to prove that A(() has an eigenvalue w? if and only if
w? is an eigenvalue of B() in L? and that the corresponding eigenfunctions are related

as in (1.66), (1.67), and (1.68).

Suppose that w? is an eigenvalue of A(B) with eigenvector u = (uj,us,us).

Then by (1.40)

z)(—A + f*)ug = wlus. (2.1)
It follows that ug € Hy = D(B(f)) and that w? is an eigenvalue of B(8) with
eigenvector ug.

Suppose that w? is an eigenvalue of B() with eigenvector ug € Hy. Then (2.1)

is satisfied and it follows that ¢?(z)(—A + #%)us € Hy since w? is a constant.
Define u; and ug as in (1.27).

It follows (see (1.39), (1.40)) that u = (ujy,ue,us)eD(Ap(B)) and that

Ap(B)u = wu. (2.2)

. The proof of Corollary II: By Theorem I we only have to prove the statements

for B(B). To do so we follow the proof given in [B] and [BB] in the case of a two
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dimensional Schrodinger operator with a fixed potential of compact support, and a
variable coupling constant. To make the paper self contained and for the reader’s

convenience we briefly indicate the main points of the proof.

Note that for v € D(B(8))

2
(B(B)v,v)y = ‘221 (é%v, ;;;v)Lz + B (v,v) 2 = 2 B (v, v)y, (2.3)
where ¢c. = ('\'—’;2—“)'}‘

Then B(B) > c? #%. Moreover by (2.3) B(8)v = ¢% f*v implies that 3‘2—‘11 =0,

and then v = 0. It follows that

B(B) > 2 p?, (2.4)
and that the discrete spectrum of B(f) is contained on (¢ 8%,c%,3%) (recall that
o.(B(8)) = [c;ﬂz,oo)).

Let us denote by b(8) the quadratic form associated with B(3). Then

2
b(ﬂ)(u’v) = § (éa-z_‘.u’ Z)-a;:v) L2 + ﬂz(u’v)sz (2.5)

for u,v € D(b(8)) = H).

By the Min-Max characterization of the eigenvalues below the essential spec-

trym (see [RS] Theorem XIII.I) we can define w.(8) as
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2 — . inf ' o b ,u), 2.6
“m(f) svlll?'vm_l ‘“lél.D(B(ﬂ)),||“||)l=1,"€["1,---,vm—1]l B ) (29)

where [vy,... ,vm_l]i denotes the orthogonal complement in ¥ to the subspace gene-

rated by vy,...,vp,_1. w3 (B) is an eigenvalue of B(8) below the essential spectrum
if and only if w2,(8) < ¢Z,6%. It follows from an elementary computation that for

v € D(B(B)), |jully=1,and g >p

(8')(w, u) — b(B)(u,u)

b
(B +8)< 3

<& (8' +B). (2.7)

Then by (2.6)

win(B8') — win (B)
p -8

2 (8'+8) < < (8 + ). (2.8)

By (2.8) the function 8 — wp(B) is strictly increasing and locally Lipschitz

continuous. Then w?,(B) is differentiable p.p., and

22 8 < %wz,,(ﬂ) <282 8. (2.9)

By (2.9) 8 — w?, — ¢2 8% is increasing, and 8 — w?,(B) ~ ¢% 4% is decreasing.
Let us now study the behavior of w3,(8) when 8 — co. In order to do that we
use the following characterization of the w? (8) (see [DS] pages 1543, and 1544, and

[B] Annexe in pages 277, to 285 where a proof is given).
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w?. (8) = inf sup b(i)(—v—’—!—)—)—, (2.10)
VmeMn(D(B(A))  veVm (v,v)x
where My,(D(B(f))) is the family of all subspaces of D(B(f)) of dimension m.

We denote by Bp the ball of center zero and radius R in RZ. Given € > 0 take

R > 0 such that

Br

and let 0 < A; < A, < ... £ Ay be the first m eigenvalues of —A with Dirichlet

boundary condition on 3B,, with eigenvectors v,,v,,...,vy normalized such that

||v,'||Lz = c_‘i =12,...m.

Denote by V.2 the subspace of ¥ generated by v; ..., vy, (extended by zero to

R?\Bp) . It follows from (2.10) and an elementary calculation that

2
a o
2 _ p2 2 < » (_ i
umlf) —e=F" < v 2 oz 9z,
loll o =e.- (2.12)
+ B m e R* sup ||v]f%,.

1<i<m

Where ||v;]|oo = €sssup |vg(z)].

Denote by v;, ¢ = 1,2.,.,m the first m eigenvalues of —A in L?(B;) with
Dirichlet boundary condition on 8By, with associated eigenvectors ¥;(z),...,¥m(z).
Then by scaling ); = -El,'y;, vi(z) = ]lzw,(ﬁ) By (2.12) and Sobolev imbedding
theorem
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cz—’Ym
R2

wi(B) — ¢1B* < + Cmfe, (2.13)

for some constant Cy, independent of 3 and e. It follows from (2.13) that

o (h(8) = 26)
R

=0, (2.14)

and since ¢_ < coo, for f large enough w?,(8) < ¢2,B%. Define

Bm = inf{B > 0: w? (B) < 2, 5%}. (2.15)

Note that since B(8) > ¢% 3%, we have that w?,(8) > ¢2 82, for 8 > Bp. Since

w? (B) is a continuous function of B we must have that

Jim wh(6) = o, (2:16)
by the definition of By,. -

Let A (z),A;(z) be as in (4) of Corollary II. Let X; be L* with scalar product
as in (1.51) with ¢;(z) = (Mf,@‘-)%, and let B;(B), and b;(3) be defined respectively

as in (1.52), (1.53), and (2.5), for ¢ = 1,2.

Then for v € Hy

b1(8) (v, v) > by (B)(v,v)
(viv)y, — (vv)y, ’

(2.17)

— 29 —



and it follows from (2.10) that
wm,1(8) 2 wm,3(8), - (2.18)

VB> Bim > Boym

Finally let us prove (5). Let K be a compact set contained on (8m,o0). Then
by (1.71) and (2.10) there is a i such that for i > 19, K C (B;m,0). Take i > ¢
and suppose that w; ,,(8) > wm(B). Since 8 > By, there exists vy,...vm, with (v;,€

D(B(B)),

(v.‘,vj))( = 6,',]' s SR (2.19)

and

B(B)v; = whvie - . (2.20)

Denote by V,, the subspace generated by vi,va...;vm. It follows from (2.10)

and a simple computation that -

e 1 1
Em(8) < () + GE D) sup [l = Gl
llelly=1
< why(8) + C (163,00 — conl + [ dalles(2) = ciel + le(@) — ccal)),  (2:21)
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where we used Sobolev imbedding theorem, and the constant C is uniform for
B € K. If w; 1y (8) < wm(B) we repeat the argument above with the roles of w; ()

and wy, () exchanged and we obtain tha.tA

3 (8) = W (B)] < € (Iei0 = ool + [ dalles(a) = ci 0l + lela) — ccol) ). (2:22)

Then by (1.71)

lim w;  (8) = wm(B), | (2.23)

1— 00

uniformly for 8 € K

Q.E.D
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-II1. Spherically Symmetric Case

We consider now the case when A(z) is spherically symmetric and takes two

values
Ao, for |z >R,

Alz) = (3.1)
A-, for |z| <R,

where R, A, Ay, are positive and A_ < Ayo.

In this case the eigenvalues of B(S) are of multiplicity two and the corresponding

eigenfunctions are of the form (in polar coordinates r > 0, 0< 6 < 2).

u(r,0) = up(r)(A cos n 0+ B sin n §), (3.2)

where (A,B) € R?, n=0,1,2,..., and

(3.3)

Aco Kp(koor), for r> R,
un(r) =

Ao Jn(kor), for r <R,

where J,(kor) is Bessel’s function, and Kp(koor) is the associated modified Bessels

function that goes to zero at infinity.

Moreover

ko= (-5 ko= (G-, (3.4)

1
. . 1 - z .
where w? is the eigenvalue, coo = (:\_e%*"llﬁ)z’ and ¢ = (1\—12—“> . Since f%¢? <w? <
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Bic,, koo and kg are both real. In order that u(r,8) belongs to D(B(3)) both us(r),

and f;un(r) have to be continuous at r = R. These conditions imply that

J! (koR) Kp (koo R)
kOJn(kER) kooKn(kooR) , 9
Aw _ Jn(koR) _ koJ!(koR) (3.6)

AO B Kn(kooR) B kooK:z(kooR)

Equation (3.5) gives the dispersion relations. It can be considered as an equa-
tion in which w is the unknown and 8 a parameter. Once (3.5) has been solved (3.6)

gives Ao, as a function of Ag, or Ag as a function of A.

For each angular wave number n we denote by B, ;,7 = 1,2,3... the set of

thresholds corresponding to that wave number.
For B, ; < B <PBp;t+1 , (3.5) has exactly j solutions, w,;(8) , 1<i< 7.

The thresholds 3, ; associated to the modes of the form (3.3) can be characte-
rized as the solutions of the equation that one obtains by taking the limit of (3.5) when
w tends to Bces. As koo tends to zero we use the fact that (see (GR) page 970, formula

(12), and [MOS] page 151)

: Ku(z) _
;Eﬂ) an(:z:) = —n, (3.7)

to obtain the equation

[ i .



=_n. (3.8)
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