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Chapter 1

Results

1.1 General introduction

This work is a natural continuation of the paper [1], where the classification of
homogeneous random walks (r.w.) in Z3 was obtained. Dimension 4 differs essentially
from dimension 3 in two main aspects :

1. The law of large numbers which governs the deterministic large scale behaviour of
three-dimensional random walks is not valid any more. Phenomenon of scattering
appears. This implies that together with the stationary probabilities for ergodic
induced chains one must also calculate exit boundaries for nonergodic induced
chains. The main consequence of this phenomena is that null recurrent random
walks are of positive measure the in parameter space. Recall that in Z7 almost
all random walks are either ergodic or transient.

2. Even when the law of large numbers holds the underlying dynamical systems can
bee of more complicated nature than those in dimension 3. They correspond to
and are classified by Poincare - Bendixson theory on S? [3]. The necessity of
this theory can be readily explained. The r.w. quickly quits the internal part of
Z% and spends all the time close to its boundary. We project the random walk
(see [10] for detailed exposition) onto % part of the three dimensional sphere,
S°NIR}. The intersection of S* with the boundary of JR} is homeomorphic to
S? and has a simplicial structure coinciding with one of the famous Platonian
convex polyedra - the tetrahedron. So piecewise smooth dynamical systems on
S? arise and Poincare - Bendixson theory provides their classification.

Our main results are the following :
1. Necessary and sufficient conditions are obtained for recurrence (or transience)

of the random walks in Z% for almost all (w.r.t. Lebesgue measure) values of
parameters. ’
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2. The same for ergodicity with the exception of one type of random walks which
have unstable cycle intersecting all faces of the tetrahedron.

The structure of the paper is given in the contents.
As for applications to networks our results complete classification of 4-queues networks

with identical customers (see [10]). But the idcas and methods can be also applied to
wider classes of network systems.

1.2 Definitions and results

Faces and random walks
We define . .
Ry ={z=(z',..,2") 2" € R,z* > 0,....,a" > 0}

and its open faces
A ={z=(z",...,z2"): ' >0&i€l}, IC{l,..n}

For | I |= k we call A = A(]) a k-dimensional face or simply k-face. Z7 is the subset
of points in IR} with integer coordinates, faces of Z7} are AN Z].

We consider discrete time homogeneous Markov chains or random walks (r.w.) £
with the set of states Z7 and one step transition probabilities p(x,y),z,y, € Z7.

In the sequel we make some assumptions A;,: = 0,1, ..., which are assumed always
to be satisfied.

Assumption Ag:

1. (homogeneity) for any pair z,y belonging to the same face of Z7 and any 2 € Z"

plz,z+2) =ply,y +2) (1.2.1)
More exactly, if one transition is defined then the other is also defined and they

are equal.

2. (boundedness of jumps) for any z = (z!,...,2"),y = (y',...,y™)

p(z,y) =0 if Y |2’ -y’ |>d

J=1
where d > 0 is a fixed positive constant.
From (1.2.1) it follows in fact that p(z,y) = 0 if 27 —y? > —1 at least for some .
If we speak about r.w. or just about a chain in the sequel, it means that this r.w.
satisfies the condition Ay (unless otherwise stated).

Induced chains. For any k-face A = A(¢y, ..., 1) we consider a Markov chain £, with
the set of states
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CaNZ} ={z e IR’J::JU'.1 =...:x"*:1}mzi
and transition probabilities

pa(z,y) = _p(x,y,2), =,y € CANZ}
z

where the summation is over all vectors z perpendicular to Cy.
We call ¢4 an induced chain.
Note that if £ = n then the induced chain is trivial (it has one-point state space).
Note also that any £4 is a r.w. in Z';‘d’m", where dim A(zy, ..., 1) = k.
Let us consider a pair A, A’ with A C A’ (the closure of A’). Note then that the

chain €4/ is the induced chain for the r.w. £, under the natural identification.
Ergodic faces and the second vector field.

Assumption A; : The Markov chain £ is irreducible and aperiodic.

Assumption A, : Any induced chain £, is irreducible and aperiodic.

A face A is called ergodic if the induced chain £, is ergodic. For any ergodic face A
we define the vectors :

My = E p(z,y)(y—z), z € AﬂZi

yeZ}

(it is simply the mean jump vector from an arbitrary point * € ANZ});
Va = My, if A = A(1,2,...,n),

and

Va= Y malz) P Y pla,y)(y — 2)), (1.2.2)

z€Z7NCy veZy

if A # A(1,2,...,n), where P, is the ortogonal projection onto A and mz(z),z € Z}NC4,
are stationary probabilities for the induced chain £,.
We call M, the first vector field and V, the second vector field.

Relativisation. We can take £, instead of £ and repeat all the above definitions for
2. Then the corresponding vectors can be denoted by M2, V4, for any pair A C A’.
It is easy to see that

ML = (1=P)My ,
(1.2.3)

Assumption A;: Any vector V, has exactly £ = dimA nonzero components.
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Theorem 1.2.1 If there exists an ergodic face A such that all nonzero components of
Va are positive then £ 1s transient.

Proof of this thecorem is similar to the corresponding proof in [1]. See also [10].

Ingoing, outgoing and neutral faces.

Let Ay C A and A be ergodic. There are three possibilities for the direction of Vj
with respect to A;. We say that A is an ingoing (outgoing) face for A, if all nonzero
coordinates of V;* are negative (positive). Otherwise we say that A is neutral for A;.

It is convenient now to define vectors Vj also for nonergodic faces A. We do it for
n = 4 (the case we only need).

Let A be a nonergodic face. If dimA = 2 or 3 then there exists at least one
outgoing face A, for A. For dimA = 3 it 1s trivial and such outgoing face is unique, for
dimA = 2 this follows from [1]. We put in this case

Va = Vi, (1.2.4)

for arbitrarily chosen outgoing A;. If dimA = 1 we use also (4) if an outgoing face A,
for A is unique and we put V4 = 0 otherwise.

For “relativised” vectors VA" we use (3) also for nonergodic A.

The central notion of all the following is the second vector field V(z) on RY. We put

V(0) = 0and,
Vz) = W, zeAC RY.

For any induced chain £,, we definc the second vector field VA1 (z) for z € Cy, setting

VM(z) = 0,z€Cy NAs;
VA‘(.T) = VAA’,CL‘écA]ﬂA.

Let us consider the system of differential equations

157 T'(@) = V(T(@)), t € Ry,
¥ (1.2.5)

T°(z) ==z, z € R}

where E‘—f—t is the right derivative. It is clear that for any € IR} there exists a unique
solution TY(z), t € IRy, of (1.2.5), and for any ¢,s € Ry, T (z) = THT*(z)).

So the vector field V(z), z € IR}, generates the one parameter semigroup
T : R, - R}, t€e Ry.

Similarly for any induced chain the vector field VA(z), z € C,, defines the one
parameter semigroup Tx : Cp — Cj, where T{(z) is defined by
d

7 Ta(@) = V(T'(2)), t € R (1.2.6)
+
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TY(z) =z, € Ch

Assumption A,. For any z € IR}, such that V(z) # 0, T*(z) # z for all
t e B+,t # 0.
Assumption As. For any A and any z € Cj, such that VA(z) # 0,Ti(z) # z for all
t > 0.

It is worth notice that for A of dimension 3 or 2 the assumption Aj follows from
assumption As. For one-dimensional faces A3 follows from the results of [1].

The following scaling property

k T'(z) = T*(kz) (1.2.7)
holds for all z € Ry, t € Ry, k€ IR,.

It is very convinient now to introduce the spherical coordinates : for all z € R} — {0}
define a pair (¢(z),r(z)), with

e

4
p(z) = 7=, r(z) =z | = (Q_ (=)= .
|| z || 1=1
Put for any z € R}

to(z) = inf {t € Ry : T'(z) = 0} if such ¢ exists

and to(z) = oo otherwise .

From the scaling property (1.2.7) it easily follows that to(z) = r(x)to(@(x)).

For any t € IRy let us consider the map G, : IR}, — IR}, where G\(z) =
T z), z € RY.

By scaling property, for any = € IR}, and any ¢t € R;,0 < t < {o(p(z)), the ray
emanating from the origin and passing through z, is transformed by G, into the ray
emanating from the origin and passing through T*(¢(z)). Moreover for any y € IR%,
such that o(z) = ¢(y), we have

r(Gy)) _ r(Gilz))
W )

Now we shall construct on
St={ze Rl :|z|=1)

the one-parameter semigroup 7! : Si — Si, ¢t € Ry, so that the trajectories

T{z), t € Ry} and {p(G\(z)), t € R4, t < o} coincide for any z € S. For this,
s y :

we define for any point z € S} the vector

Vs(z) = V(z) — (z,V(2))z,
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where (z,y) = o, 2%y , =z = (z',....2%), ¥y = (¥',...,y") € R*. Consider the
following system of differential equations

d
ZT4{x) = Vs(T(@)), t€ Ry,

T(z) ==z, z€ S} . (1.2.8)

It is easy to see that for any = € S} there exists the unique solution of the system
(1.2.8) Ti(z), t € Ry, and for any t,s € IR,

T5(Ts(x)) = TsH(2)

Morcover it is easy to see that the trajectories {T4(z), t € IRy} and {¢(G,(z)), t €
IRy, t < to} coincide for any x € S} .This means that therc exists an increasing
continuous function a, : [0,to(z)] — IRy, such that a,(t) T co as t — to(z), and

P(Gil2)) = T (p(2) (1.2.9)
Let us consider the trajectories {T4(z), t € IR, }. '

Critical points

A point zo € S is called a critical point of the vector field Vs(z),z € 53,

if ‘/5(1130) = 0.

Otherwise this point is said to be a regular point of the vector field Vs(z), z € S1.

Note that any face A has at most one critical point. So the vector field Vs(z), z €
54, has a finite number of critical points, each of these points being isolated.

A critical point zo € Si is said to be stable if the following two conditions are
satisfied :

a) for any € > 0 there exists § > 0, such that for any y € S}, for which
| v — zo ||< 6, the inequality || T(y) — 2o ||< € holds for all t € R ;

b) there exists § > 0 such that for any y € S}, for which || y — zo ||< 6,

Té(y) > zo as t = 00.
Theorem 1.2.2 Let there exist a stable critical point zo € S'i for which

(V(.’Eo),l‘o) >0.
Then the Markov chain £ ts transient.

In fact the theorem 1.2.2. is a reformulation of the theorem 1.2.1. To show this
note that any nonergodic k-face with & > 1 has no critical points. Note also that any
ergodic k-face A with k£ > 1 has a stable critical point if and only if the vector V has
k positive coordinates. It will be shown in the §1.3 that any 1-face A is ergodic if and
only if the point zo € A N S is a stable critical point.
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Let us now consider the case when for any ergodic face A, and in particular for
A = A(1,2,3,4), the vector Vj has at least one negative component.

Let us denote by ¢ the union of the all faces A for which V) = VA“M“). It is easy
to see that for any ¢ € R{\¢ T'(z) € IR{\¢ for all t € IRy, and moreover for any
z € € there exists ¢, € IRy such that T'(z) € R} \¢ for all t > ¢..

For the semigroup T&,t € Ry, we get from this T§(z) € S = S{\¢forany z € S
and for any t € IR}, and moreover for any z € St ¢ there exists t; € IR} such that
Ti(z) € S for all t > ¢,.

Let us consider the restriction of the semigroup T¢, t € IRy, onto S.

The set S{\A(1,2,3,4) is topologically equivalent to a 2-dimensional sphere and we
shall show that for the semigroup T, t € IR, the analog of the Poincare-Bendixson
theory holds.

We call zo € S a limit point of the trajectory {T&(z), t € IRy} if there exists an
increasing sequence {tn}nez, C IRy such that t, — oo and T§*(z) — z¢ as n — 0.
The set of all limit points of the trajectory {Té(z),t € IRy} we denote by L(z).

Theorem 1.2.3 For any x € S the set L(z) is a nonempty connected closed subset of
S and either

a) L(z) consists of a single point, which is a critical point of vector field Vs(y),
4
y€E Sy, or

b) L(z) is a periodic trajectory ; or

c) L(x) consists of a finite number of critical points and a set of trajectories, each
of which tends to one of these critical points ast — oo.

This theorem will be proved in the §1.3.
Let us note that for any periodic trajectory

v = {Ts(z),t € Ry}
the set S$\A(1,2,3,4)\v consists of two sets Si(7) and S;(7) such that :

Si()NSy)=0.

Each of the sets S,(v) and S3(y) is connected and for any z € S;(y) (: = 1,2)

Ti(z) € Si(v) for all t € R,.
A periodic trajectory v of the semigroup T¢, t € IR,, is said to be stable from the

side Sy(y) (from the side S3(v)) if for any € > 0 there exists § > 0, such that for any
y € S1(y) (for any y € Sa(7)), for which

ply,2) =inf |y -z [I< 6,

the inequality
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p(Ts(y),7) <e
holds for all t € IR,.

A periodic trajectory v is said to be stable iff it is stable from the both sides.
For any periodic trajectory v = {T§(z), t € IR, } let us consider the value

Ly =log | T*z) |,
where

t(z) = inf {t € Ry : p(T"(z)) = xz,t #0}.

Note that by the assumption A4 for any periodic trajectory v of the semigroup T, t €
B'f-,

L, #0.

Let us note that by the assumption Ao ( with the fixed coonstant d ) a random
walk in Z} is completely defined by the finite number of parameters p(z,y).Moreover
the parameter space P, is a product of 2V simplexes in finite dimensional euclidean
space. Any point 8 € Py corresponds to some r.w. in Z.

Note that all of the assumptions Aq— As are satisfied for allmost all (w.r.t. Lebesgue
measure) values of parameters. Together with Ag — As we shall some also :

Assumption Ag : The semigroup TS, t € IR, has a finite number of periodic trajec-
tories
Assumption A; : Any periodic trajectory of the semigroup 7, ¢t € IRy, is cither
stable from both sides or unstable from both sides.
Assumption Ag : Any periodic trajectory of the semigroup 7%, ¢t € IR, enters a
2-face at the time of quitting any ergodic 3-face.

We shall show in §1.4 that each of these additional assumptions is satisfied on the
set of complete Lebesgue measure in the parameter space P,.

Theorem 1.2.4 .( Transience for stable cycles. )

Let there ezist a stable periodic trajectory v of the semigroup Té,t € IRy, such that
Ly >0.

Then the r.w. £ is transient.

Let us now consider cases when the conditions of the theorem 1.2.2. and 1.2.4. are
not satisfied.

Ingoing and outgoing separatrices
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Let zo be a critical point of the vector field Vs(z),z € Si, and let there exist
sequences {z,}nez, C S and {l,}.ez, C R; such that for any n € Z,

Tp = T;n(zn-}l )n

and
sup | T&{znsr) — 2o fl— 0 28 1 — 00 .
1€10.1.]

Then the union v = UL o{THzx), { € R, } is said to be a separatrix outgoing from
the point 2.

Let 2o be a critical point of the vector field Vs(z),z € S}. Let there exist sequences
{zn}nez, C S and {t,}.cz, such that foranyn € Z;, =z, = T§(zn41) and TE(z,) —
2p as I — o0o. Then the union

7= ﬁ (Tiz.), 1 € R}

is said to be a separatrix ingoing to the point z,.

Associated graph

Let us consider all nonstable critical points of the vector field Vs(z),z € S, which
belong to a 1-face having at least two outgoing 2-faces. We denote the set of this points
by X.

It is convenient to introduce a directed graph G having the set A" as a set of vertices,
and the set of all separatrices outgoing from the points of X and ingoing to the points
of X as a set of edges. (For any z,y € X a separatrix outgoing from X and ingoing to
y is an edge from z to y in the graph G).

This directed graph G is said to be an associated graph for the r.w. £.

Assumption Ay : For any z € X, any separatrix outgoing from z enters a 2-face at
the time of quitting any 3-face.
This assumption, as well as the assumptions Ag, A7 and Ag, is satisfied on the set
of complete Lebesgue measure in the parameter space P;. This will be shown in §1.4.
Theorem 1.2.5 .( Ergodicity for weakly acyclic case.)
Let the associated graph G has no cycles and the following conditions hold
a) for any stable critical point xo of the vector field Vs(z),z € S3,

(V(zo), zo) <0 "

b) for any periodic trajectory v of the semigroup T§,t € R,
£,<0.

Then the Markov chain L is ergodic.
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Theorem 1.2.6 .( Null recurrence for unstable cycles.)

Let the associated graph G has no cycles and the following conditions hold

a) for any stable critical point zo € S
(V(zo),20) <0

b) for any stable periodic trajectory v

£,<0;

c) there ezxists an unstable periodic trajectory v for which

L£,>0.

Then the r.w. £ is null recurrent.

We shall not prove this theorem here.
Let us now consider the case when the associated graph G has a cycle.

Scattering probabilities

Let A be a nonergodic face and A, be its outgoing fase.

Let us consider the r.w. £2(¢) starting at the point € CA N Z4 and corresponding
to the induced Markov chain £,.

For the face Aj, let us consider the union of all faces A’ such that A; C A’. We
shall dcnote it by Q(A,).
The probability

ga(z, Ay) = P{J{€}(r) € Q(A1)Vr > t}} (1.2.10)

>0
may be called a probability to go to infinity from the point = along the face A;.
As it will be shown in §1.5 for any nonergodic face A having at least one outgoing
face, the following equality holds

ZQA(% At) =1 )
A

forall z € Cy ﬂZi, where the summation is over all outgoing faces A, of A.
Let A be a 1-face having outgoing faces and having also some ingoing face A,. For
any outgoing face A, and for any = € Cy let us consider the following limit

g(A1, A2) = nh_{t;) ga(z + nean, ; A2) (1.2.11)
where ep o, € AN Cy is a unit vector perpendicular to A.

Assumption A,o. For any 1-face A having ingoing and outgoing faces, for any face A,
ingoing to A, and for any face Az outgoing from A the limit (1.2.11) exists and does
not depend on z € CANZ3.
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We shall show in §1.5 that the assumption Ajq is satisfied for almost all (with respect
to Lebesgue measure) values of parameters.

Associated Markov chain
Let us consider, for any z € &', the set W, (z) of all separatrices outgoing from z,
and the set W_(z) of all separatrices ingoing to z.Put

W, = |J Wylz), Wo = | Wo(a).
TEX ek

We define an associated Markov chain 9% having the space of states W,. Let us
define one-step transition probabilities of the chain 2.
For all v € Wi \W_ we set

L, ify=9";
0, otherwise .

pa(v,7) = {
Let v € Wi NW_(z) for some z € X. Then for any v € W, \W,(z) we set

pa(7,7)=0.

To define py(~,v') for 4" € W,(z) let us consider the 1-face A, containing the point
z. Note that the ingoing separatrix v, by the assumption Ag, goes to z along some
ingoing to A 2-face A, and the outgoing separatrix v’ goes from z along some outgoing
from A 2-face A;. This means that there exists z € v such that {Té(2),t € R} C
Ar and YN Az = AN SE.

So we set

pa(7,7) = g(A1, A2) .

Let us define on the set of states of the associated Markov chain % the following
function K., vy € W, :
for all v € W \W_ we set

For v € Wi NW_ let us consider z € X, for which v € W,(z), and 2’ € X for which
v € W_(z'). It is easy to see that for any y € v

Hy) = inf {t € Ry : o(T(3)) = 2'} < oo
and there exists a limit

lim || T*)(y) |

y—=z,yEY

So we put

Ky= lim || T'O(y) | .

y—Tyey

Let vo,...,7n, ... be random states of A with o € W,.
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Proposition 1.2.7 The following limit

1 n
lim — log (EJ] K,,)= M-,
n—oon J=1

exists. Moreover let W] be the set of all states which are accessible from the state
Yo, then

M., = log M%), (1.2.12)
where AX(o) is @ mazimal eigenvalue of the matriz, with matriz elements
A7) = pa (1, YW ES Ky, 1,7 € W]
Proof : Let us consider the matrix A with matrix elements
A7) = pa(1 Y WEL Ky, 7,7 € Wy

One can casily show that for any 7o € W,

E(T] K.,) = (l(v), A™ 1), (1.2.13)
1=1
where the vectors [(yo),l; € IRW+! are defined in the following way :

P'(30) = { (K,)™% iy =10,

0 otherwise ;

and 1
I} =(K,)? forally e W, .

Let V(7o) be a subspace of IR'"*! generated by the vectors I(7), ATl(7), ..., (AT)*{(70), ...

where A7 is the transpose matrix of A. V(7o) is an eigen subspace of AT.
As it follows from Perron-Frobenious thcorem

1
- log (I{70), A™1) — A (o) as n — oo,

where A(7o) is the maximal eigenvalue of the restriction of the matrix AT on the eigen
subspace V(o).

To prove now the proposition 1.2.7 it is sufficient to note that V{+o) is the set of
all vectors {I"},ew, such that I” =0 for all v & W(yo).

Proposition 1.2.7 is proved.
Let
Mgy = max M,.

YEW,

Assumption Ay, : Mg # 0.

b
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Theorem 1.2.8 .( Nonergodicity for essential scattering.)

Let My > 0. Then the r.w. £ is nonergodic.
Theorem 1.2.9 .( Ergodicity for essential scattering.)

Let the following conditions are salisfied

a) for any stable critical point zo € S

(Va(zo),x0) <0

b) for any periodic trajectory

Ly <0;
c) Mg <0.
Then the r.w. £ is ergodic.
Let W, ..., W" be irreducible classes of essential states of the chain 2.

By the ergodic theorem for any j = 1,..., N and for any v € W’ the following limit
exists

1 n
lim ~E(log ] K+;) = Lw> , (1.2.14)
n—oo n 4
i=1
and
Lw: = Y my(y)log Ky, (1.2.15)
YEW)

where mg(7),v € W7, are stationary probabilities of the Markov chain 2.
By Iensen’s inequality for any j = 1,..., N, and for any v € W’

Ly, < M,. (1.2.16)
Let

Assumption Aj; : Ly # 0.

Theorem 1.2.10 .( Transience for essential scattering.)
Let Lo > 0.
Then the r.w. £ is transient.

Theorem 1.2.11 .( Recurrence for essential scattering.)
Let the following conditions to be satisfied :
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a) for any stable critical point zo € S}

(Vs(xo),z0) <0

b) for any stable periodic trajectory v

L,<0;

C) ﬁg < 0.

Then the Markov chain £ is recurrent.

1.3 Some results about dynamical systems

Note that in the case when all the components of the vector V4(1,2,3,4) are positive,
there exists a unique stable critical point zo € A(1,2,3,4)N S} and for any z € S}

Ti(z) - o as ¢t — .
We shall assume here that the vector Vj(;,23,4) has at least one negative component.

Proposition 1.3.1 .A I-face A is ergodic if and only if the point zo € AN S} is a
stable critical point of the vector field V(z),z € S%.

It is easy to see that the set AN S4 for any 1-face A consists of a single point
y + g

Proof : Let A be a 1-face and let zg € ANS}. Let us note that L4 is isomorphic
to a r.w. in Z3 for which all the assumptions of the paper [1] are satisfied. So the
chain g, is ergodic if and only if for any z € C, there exists t,(A) € A, such that
Ti(z) € A for any t > t;(A), and

HlP(st) S tl‘(A) S HZP(x’A)v

where H,, H, are some positive constants.

It follows easily from this remark that if the chain £, is ergodic, then the point z¢
1s a stable isolated critical point.

Let us prove now that from the stability of the point z4 it follows the ergodicity of

the face A.
Let zo be a stable critical point. By the definition of a stable critical point for any

e > 0 there exists 6(¢) > 0, such that for any = € R} ,z # 0, for which p(¢(z), A) < 8(e),
the following inequality holds

ple(T(x)),A) < €

forallt € IR;.

Let us choose € > 0 and 6(¢) > 0 such that Vgs(z) # 0 for any z € {2 € S} : 0 <||
o — z ||< €} and
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{ye R, 1y #0,p(0(y),A) < e} CQ(A)

where Q(A) is the union of all faces A* for which A C A*.
Then for any z € Q(A), such that p(p(z),A) < 6(c) we have T*(z) € Q(A) for any
te R,.

Let z € Q(A) and p(¢(z),A) < 8(¢). It is easy to see that there exist a 2-dimensional
plane I C IR* and t,,¢, € R, t; < t3, such that

T"(z), T(z) € 1.

If T%(z) € A, then T*(z) € A for any t > ¢,. Let us consider the case when T*2(z) ¢ A.
Then by assumptions A3 and Aj the straight line, containing the points T* (z) and
T*(x), intersects the straight line, containing the face A in some point y.

Let us consider

_y=T4() |
Iy =To@) |

and let us consider a sequence {t,}.cz, C IRy, where t,yy = t, + k(t, — ta_1) for each
n & Z+, n Z 1.

It easily follows from the definition of the vector field V(z),z € IR%, that all the
points

y, TH(z), T?(z),..., T™(z),...

belong to the same straight line, and
[y =T"(z) I= k""" [y = T"(2) |

foranyn € Z,,n > 1.
Since T (z) # T*(z), then k # 1. Moreover it is easy to see that in the case k > 1,
we have

p(p(T™(z)),A) £ 0asn — oo,

and the point x4 can not be stable.

So we have £k < 1. Note that t, — t, = {; + 3%:—21 as n — oo, in this case and
T™(z) — y as n — oo.

It is obvious that T*(z) = y € A, and T*(z) € A for any t > t,. Moreover it is easy to
see that

HIP(‘T’A) <t < HZP(I’A) )

where the constants H;, H; do not depend on z.
So the proposition 1.3.1. is proved.

Proof of the theorem 1.2.3.
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Let us consider at first some properties of continuity of the one-parameter semigroup
Té 1€ Ry.

It is easy to see that for any z € S T¢é(x) is a continuous function of ¢, and for
any t € IRy the mapping T¢ : 5§ — S1 has in some cases points of discontinuity.

Let us describe all the points of discontinuity of the mappings T : S} — S%,
t E m_+..

Let ¢V be the union of all 1-faces A for which we have defined V = 0, and let ¢
be the union of all 2-faces having two outgoing ergodic faces.

It is easy to see that the mapping T¢ : S} — S is continuous if and only if

e Je® = ¢.

Let t& = inf {t € Ry : T¢ € €M e}, z € 51
It is easy to see that the following proposition holds.

Proposition 1.3.2 For anyx € S} and for anyt € IRy, such thatt < t¢, the mapping
Té: ST — S} is continuous at the point .

Using the propositions 1.3.1 and 1.3.2 let us prove now the theorem 1.2.3.

Proposition 1.3.3 For any x € S} L(z) is a non-empty, closed and connected subset

of S\e?),

Proof : For any z € S{ L(z) # 0 by compactness of the set S3, L(z) is closed by
definition, and L(z) is connected by continuity of the function

Ti(z): Ry — S} .

Let us note that L(z) €S, where S is the closure of S, and L(z)N¢® = @ by the
definition of the vector field Vs(z),z € Si.

To prove now the proposition 1.3.3. it is sufficient to note that S = S.
Proposition 1.3.3 is proved.

From the proposition 1.3.2 it easily follows that if the set L(z) consists of a single
point zo, then Vs(zo) = 0. Let us also note that if the set L(z) contains a stable
isolated critical point ¢, then

L(z) = {zo} .

To consider the case when L(z) consists of more than one point, we shall use the
following proposition.

Proposition 1.3.4 For any z € S} and for any y € L(z)

Ti(y) € L(z) for allt € R, .
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Proof : For y € ¢!V L(z) this proposition is obvious. Let y € L(z)\e¢"). Then for
any t € IRy, such that ¢ < tZ, by continuity of the mapping T : ST — S% in the point
y we get Té(y) € L(z).

For t = t{ we have T¢(y) € L(z) by continuity of the function Tg(y) : S3 — S3
and by closedness of the set L(z).

To consider the case, when ¢ > (7, let us note that y € S\e® by the proposition
1.3.3, and so we have T4(y) € S\e® for any t € IR, and in particular T¢(y) € €.
Since by definition of the vector field Vs(z),z € S§3, we have

Vs(2) = 0 for all z € ¢!,

then .
Ti(y) = T$(y) € L() for any t > C .

Proposition 1.3.4 is proved.
From the propositions 1.3.3 and 1.3.4 we get

Proposition 1.3.5 For any x € S and for anyy € L(z)
L(y) € L(z) .

Proposition 1.3.6 For any z € S} and for any y € L(x) either L(y) consists of a
single point, or L(y) is a periodic trajectory.

Proof: Let z € S}, y € L(z), and L(y) do not consist of a single point. Then there ex-
ists a nonergodic 2-face or 1-face which is intersected by the trajectory {Té(y), t € IR, }
infinitely often. It is clear that if the trajectory {T&(y), t € IRy} intersects infinitely
often some nonergodic 1-face, then this trajectory contains a periodic trajectory which
is identical with L(y).

Let us consider the case when the trajectory {T&(y), t € IR} intersects infinitely
often some nonergodic 2-face A. Note first that for any z € S} and for any nonergodic
2-face A either

AN{Tia), te Ry} =1,
or the points of the intersection AN{T&(z), t € IR,} have the same order on the line
AN S and on the trajectory {Té(z),t € Ry }.

From this it easily follows that if the trajectory Té(y),t € IR, intersects infinitely often
some nonergodic 2-face A, then the intersection

{Ts(y),t € Ry} A

consists of a single point. Since the trajectory {Té(y),t € IR,} intersects the face
A infinitely often in the same point then the trajectory {T&(y),t € IR;} contains a
periodic trajectory {T%(y),t > t}, and {T&(y),t > t} = L(y).
Proposition 1.3.6. is proved.

Using the proposition 1.3.6. one can easily prove the following proposition.
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Proposition 1.3.7 Let for x € Si there exists t, € IRy such that T¢(z) € L(z).
Then cither Vs(Té (z)) = 0 and L(z) = {T&(z)}, or {T&(z),t > t,} is a periodic
trajectory, and L(z) = {T&(z),t > t,}

To complete the proof of the theorem 1.2.3 it is now sufficient to prove the following

Proposition 1.3.8 Let for t € S} the set L(x) contain a periodic trajectory. Then
L(z) is tdentical with this periodic trajectory.

Proof : Let z € §1,y € L(z) and let the trajectory v = {T&(y),t € IRy} be periodic.
It 1s easy to see that any periodic trajectory intersects some 2-face.

Let us consider first the case when the trajectory 7 intersects some ergodic 2-face
A. Tt is easy to see that in this case there exists t; € Ry, such that T (z) € ANy.
From this by the proposition 1.3.7. we get

L(z)=+«.

To prove the proposition 1.3.8. it is now sufficient to consider the case when the
trajectory v intersects a nonergodic 2-face A.
We shall use here the following

Lemma 1.3.9 Let x € S},t € Ry, and t < t;. Then for any e > 0 there ezists § > 0
such that for anyy € S, for which || z —y ||< é, the following inequality holds

sup || T3(z) - T3() i< .

T€[0,¢]

The proof of this lemma is standard.

Let YN A = {1}, where A is a nonergodic 2-face. It is easy to see that in this case
the trajectory {T&(z),t € IR, } intersects the face A infinitely often. This means that
there exists an increasing sequence {t,}nez, C IR4 such that

T e Aforalln e Z,, and

tn — 00, as n — 00, and T¢*(z) — 1 as n — 00 .

Moreover, as it had been noted in the proof of the proposition 1.3.6, the points of
intersection A{Té(z),t € IR;} have the same order on the line AN S} and on the
trajectory {Té(z),t € IR, }. So without a loss of generality we can assume that

Am{Té(:l:),t € R+} = {Té"(:l:),n € Z+} :
Let us consider t’ € R4 such that

T;-’(.’lfl) = .
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Then by the lemma 1.3.9 and by convergence Té(z) — =z, for any € > 0 there exists

n¢ € Z,, such that for any n > n,n € Z,, the following inequality holds

sup || Tt (z) — Ta(z) ||< €. (1.3.1)
7€[0,2t’]

It is easy to see that for sufficiently small ¢ > 0

tng1 — by < 2’

forany n > n,n € Z4 . (1.3.2)

Using (1.3.1.) and (1.3.2.) one can easily show that for any € > 0

p(L(z),7) <,

and consequently

L(z)=~.

Proposition 1.3.8 is proved.
The theorem 1.2.3 follows from the propositions 1.3.3-1.3.8.
So the theorem 1.2.3 is proved.

1.4 Some geometrical properties of the one-parameter
semigroup T:t € IR,, on a set of complete
Lebesgue measure in the parameter space

All the assumptions Ag — As and A, A, are obviously satisfied on a set of complete
Lebesgue measure in the parameter space P, of the r.w. £. We shall show now that
all the assumptions Ag — Ag are also satisfied on a set of complete Lebesgue measure
in the parameter space P;.

Proposition 1.4.1 On a set of complete Lebesgue measure in the parameter space
Py of the r.w. £ the semigroup T, t € IRy, has no any trajectory which is either a
separatriz outgoing from a point of the set X, or a periodic trajectory,and which enters
a I-face at the time of quitting a 3-face.

Proof :
To prove this proposition let us consider the trajectories of the semigroup T*,t € IR,.
Let a trajectory {T*(z),t € IR,} cross a 3-face A(¢,7,k),z € A(Z,7, k), and let

t, = inf {t € Ry : T'(z) € AGS, 7, k)}

z=T"(z) € As,5), and

ty= inf {t € Ry :t>t,T"(z) & A, j, )},



20 CHAPTER 1. RESULTS

Then it is easy to see that

(0 )=a(2) (141

where

Let us note now that the semigroup T¢,t € IR, has a separatrix outgoing from a
point of the set A, which enters some 1-face at the time of quitting a 3-face, if and
only if there exist 1-faces A; and A, and there exists a trajectory of the semigroup
T't € IRy, going from the face A, to the face A, and crossing two or three ergodic
3-faces. The same is true for periodic trajectories. So by (1.4.1.) we have

(?):Bl...Bm<?),2§m53, (1.4.2)

where for any s =1,...,m
B, = Af"k

for some 7,5,k € {1,2,3,4}.

From (1.4.2) we get the proposition 1.4.1.
Proposition 1.4.1 is proved.

Proposition 1.4.2 On a set of complete Lebesque measure in the parameter space Py
for any z € S either the set of limit points L(x) of the trajectory {Té(z),t € IR.}
consists of a single point, or L(z) is a periodic trajectory.

Proof : Let us first note that, for any = € S}, for which the set L(z) does not consist
of a single point, either the trajectory {T&(z),t € IR, } intersects infinitely often some
nonergodic 1-face, or for some t' € IR, the trajectory {T&(z),t > t'} does not intersect
1-faces and ergodic 2-faces but goes along ergodic 3-faces and crosses nonergodic 2-faces
infinitely often.

It is obvious that if the trajectory {Té(z),t € IR} intersects infinitely often some
nonergodic 1-face, then L(z) is a periodic trajectory.
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Let us consider the case, when for some t' € IR, the trajectory {T&(z),t > t'}
does not intersect 1-faces and ergodic 2-faces. Let A be a nonergodic 2-face which is
intersected infinitely often by the trajectory {Té(z),t > t'} :

A({Ts(2),t € Ry} = (TS () }nez,,

where t, — 00 as n — 0o, and

0<tg<ti <ta<... <, <.,

Since the trajectory {T(z),t € IR} intersects the face A always in the same
direction, the order of the points T¢*(z),n € Z4, on the trajectory is the same as the
order on the line AN S}. From this it follows that there exists & € A Sy such that

T&(z) > asn — 00.

By the proposition 1.3.6 either L(Z) consists of a single point, or L(Z) is a periodic
trajectory.

If L(Z) is a periodic trajectory then, by the proposition 1.3.8, L(z) is identical with
this periodic trajectory.

Let us consider the case when L(z) consists of a single point :

Note that z is an unstable critical point (otherwise L(z) = L(Z) would consist of
a single point.) Moreover it is easy to see that zo € &, and there exists an outgoing
(from z,) separatrix 4 which belongs to the set L(z).

Let x, € v. If L(x) is not a periodic trajectory then for x; as well as for & we have
L(zy) = {z,}, where 2, € X, and moreover it is easy to see that the separatrix vy does
not intersect any ergodic 2-face, and enters the point z, at the time of quitting some
ergodic 3-face.

From this by the proportion 1.4.1 we get the proposition 1.4.2.
Proposition 1.4.2 is proved.

Proposition 1.4.3 On a set of complete Lebesque measure in the parameter space Py
the two following statements hold :

a) the semigroup TE,t € Ry, has a finite number of periodic trajectories ;

b) each of the periodic trajectories of the semigroup Té,t € IR, is either stable from
both sides or unstable from both sides.

Proof : Let us first note that the number of periodic trajectories intersecting ergodic
2-faces is finite. Moreover using the lemma 1.3.9 it is easy to show that any periodic
trajectory intersecting an ergodic 2-face is stable from both sides.

So to prove the proposition 1.4.3 it is sufficient to consider periodic trajectories which
do not intersect ergodic 2-faces.
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Moreover by the proposition 1.4.1 it is sufficient to consider periodic trajectories which
do not intersect 1-faces also.

Let us call two periodic trajectories similar if these trajectories intersect the same
faces. It is obvious that similar periodic trajectories interscct the faces in the same
order.

Note that the semigroup T¢,t € IR, has an infinite number of periodic trajectories
if and only if it has an infinite number of similar periodic trajectories.

Let v be a periodic trajectory of the semigroup T%, ¢ € IR, , which does not intersect
any l-face and any ergodic 2-face. Then v goes along ergodic 3-faces and crosses
nonergodic 2-faces. Let A(z,7) be a nonergodic 2-face, such that

; yAG ) #£0.
It easy to see that the set ¥y A(7,7) consists of a single point. Let
70(231) = {xl} .

Let { = inf {t € Ry :¢ > 0,T4x,) € A(3,7)}

and
o = jﬁi(l']) .

Then z, = ¢(z2) = %2, and moreover by (1.4.1.) we have

llzall?
73\ _ zy

(x% ) _ B,..B, ( ¢ )

01\ ,/01Y)°

m= (1) 4 (%0)

for some p,q € {0,1}, s,1,n € {1,2,3,4}

Ty . . : . :
So the vector } ] is an eigenvector of the matrix B;...B,, with the eigenvalue
1

where for any £k =1,..m

A==l |

From this it easily follows that there exists an infinite number of periodic trajectories
similar to < if and only if the matrix

B;...Bn,

is diagonalizable and its eigenvalues are equal to each other. It easy to see that it is
possible only on a set of Lebesgue measure zero in the parameter space P;.

Let us further note that the periodic trajectory v is stable from both sides iff the
eigenvalues of the matrix By...B,, are mutually different and A =|| z; || is a maximal
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eigenvalue of the matrix By...B,,. It is unstable from both sides iff the eigenvalues of
the matrix Bj...B,, are mutually different and A =|| =2 || is a minimal eigenvalue of
the matrix Bj...B,, . From this it follows that on a sct of complete Lebesgue measure
in the parameter space Py cach of the periodic trajectories is either stable from both
sides or unstable from both sides.

Proposition 1.4.3. is proved.

Let us consider unstable periodic trajectories of the semigroup T&,t € R,. As it
had been noted any periodic trajectory intersecting an ergodic 2-face is stable, and
on the set of complete Lebesgue measure in the parameter space Py there is no any
periodic trajectory intersecting 1-face . Each of the periodic trajectories, which do
not intersects 1-faces and ergodic 2-face, goes along three or four ergodic 3-faces and
crosses by the way nonergodic 2-faces ( see fig.1.4.1 and fig.1.4.2 ).

Proposition 1.4.4 Let v be a periodic trajectory which does not intersect neither I-
faces nor ergodic 2-faces, go along three ergodic 3-faces and crosses by the way noner-
godic 2-faces. Then v s stable from both sides if

L,>0,
and v is unstable from both sides if .
L,<0.
Proof : Let a periodic trajectory 4 go along ergodic 3-faces A(z,7,1),A(z,7,k) and

A(k, 7,1) cross nonergodic 2-faces A(z,7),A(y,1) and A(j, k) ( see fig. 1.4.1)
Let us consider

T € A(zvj)ﬂ7 )

t = inf {t € Ry : T'(21) € A(3,5),t # 0}

By the definition of L., we have

zo = ez, . (1.4.3)
By (1.4.1) we have
2 o
( xz ) = fk-Aiz-Aii( x; ) (1.4.4)
It is easy to see that
i A 1 a
Aeumi=(g 1) | (14.5)

for some a,b € R,.
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)

J
From (1.4.3), (1.4.4) it follows that the vector ( :1 ) is an eigenvector of the matrix
1

Al Al, Al with the eigenvalue e£v. From (1.4.5) we get that the vector ( (1) ) is the

~ eigenvector of the matrix A, Al AJ. with the eigenvalue 1.
So as it had been noted in the proof of the proposition 1.4.3 « is stable if

efr > 1 ,
and v is unstable if

efr <1,
Proposition 1.4.4 is proved

As it follows from the proposition 1.4.4. any unstable periodic trajectory ~ with

L, > 0 either crosses some 1-face, or goes along four ergodic 3-faces and crosses
nonergodic 2-faces (see fig. 1.4.3.).
1.5 Scattering probabilities
Let A be a nonergodic face having at least one outgoing face. For any face A; outgoing
from A and for any z € CANZ1 let us consider the value ga(z, A;) which is equal to
the probability for the induced Markov chain £, to go to infinity from the point z

along the face A;. (see (1.2.10))

Proposition 1.5.1 For any nonergodic face A having at least one outgoing face and
for any z € CANZY

dogalz,A) =1, (1.5.1)
A,

where the summation is over all faces A; outgoing from A.

Proof: Let us prove this proportion for the case when A is a nonergodic 2-face. In
other cases one can prove this proportion similarly.

Let Ay,..., A, be all faces outgoing from A. Let us define on the set C the following
function f: Cy — R, :

for any face A; outgoing from A and for any z € CANA; we sct

f)=llz] ,

and for any z € Ca\(Ujz; A;) we set

f@) = T () |l —ta
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where

t, = inf {t € ][?,.4. T/t\(.’l?) € U A]}7

j=1

Tf(z) is a solution of the system (1.2.6).
It is easy to see that for any ¢ € Cy

—o00 < f(x) < 00
and for any z,y € Cy

| f(=) - f)I<d e -y

for some fixed d* > 0.
Using the results of [1] (see [1], II, 2) one can easily show that for any = € Cy NZ3
there exists k(z) € Z, such that

and

E f(EM(k())) > fla) +e (1.5.2)

for all z € Z4 NCy, where € > 0 does not depend on z, and £2(t) is a r.w. starting
from the point z and corresponding to the induced Markov chain £,.

It follows from (1.5.2) and from the lemma 1.2 of {1] that there exist « > 0,8 >
0,h > 0 and 6 > 0 such that for any t € Z, and for any * € CANZ}

P{f(&3(1)) > 6t} > 1 — Beh/(=)met (1.5.3)

From (1.5.3) and from the construction of the function f : Cx — IR,, we get for
any ¢ € CAN 24 and for any t € Z, the following inequality

PIUYr 2 t €4(r) € Q(A) } 2 1 - Flekstzni-ar (15.4)
Note now that for 2 # j
P{¥r >t : (1) € QAN QM)} < (1.5.5)

S P{Vr >t : 7)€ Q(A)\ A},

and by the ergodicity of the face A;

P{¥r 21t : &(1) € Q(A)\ A} =0 (1.5.6)
From (1.5.4),(1.5.5),(1.5.6) it follows that
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S PVt M1)€ Q(A) } 21 - Fletelmot (1.5.7)
i=1
From (1.5.7) by the definition of the values ga(z,A;),7 = 1,...n, we get (1.5.1).
Proposition 1.5.1 is proved.
Let us consider now a nonergodic 1-face A having outgoing faces Ay, ..., A, and an
ingoing 2-face Ag (1 < n < 2).
Proposition 1.5.2 On a set of complete Lebesque measure in the parameter space of

the r.w. £ for any x € CANZY and for any face A; outgoing from A the following
limit exists and does not depend on «

9(Ao, Aj) = lim ga(z + nean,, Aj)

where exa, € Mo is the vector perpendicular to A such that || ean, ||= 1,

Proof : Let Ag = A(z,7),1 <2 < j < 4. We define for any n € Z, the set
Cr, = Crijy={z=(".,a") e R} : 2’ =2’ = n}
Note that by definition
Cr, ={z +nean, |z € 020}

forany n € Z,,

Cr, = Cho»
and
CaNZi = U(CRNZY)
m=0

Let us consider for any ¢ € CyNZ} a r.w. £2(t) starting from the point z and
corresponding to the induced Markov chain £,.

For any n,m € Z, and for any z € C,’\':"‘ﬂZi, y € CRNZS let Fa(z,y | C}) be a
probability that the r.w. £2(¢) at the time of first hitting of C}! enters the point y.
By definition the sum

Z FA(l';?/ | CX:,)

vecy Nz,

is equal to the probability that the r.w. £2(t) ever hits the set C7:.
Using the construction of Lyapounov functions for r.w. in Z3 which were used in the
paper [1], and using the lemma 1.2 of [1] one can easily show that for any n,m €

Z,n #0, and for any z € CYT™ N Z3.
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Z FA(fC;y|C:\':,)=1

vecy, Nz

Moreover by the assumption of homogeneity (Ao) for any n € Z,,n > 0, and for
any z,y € C} N Z} the value

Fa(z + (n + m)eany; y + mean, | Cxy)

does not depend on m € Z,.
Let us consider the Markov chain £4,4, having the state space C}, N2} and one-
step transition probabilities

Pano(2,y) = Falz + eane; ¥ | CR,)

Note that for any n € Zy,n > 0 and for any z,y € C} NZ3

Fa(z + neang; y | CRO) = Pw\o(%y)

where pf\?\o(z, y) is the n-step transition probability of the chain £, a,.

Lemma 1.5.3 The Markov chain €5 a, has a single irreductble class of essential states.

Proof : To prove this lemma it is sufficient to show that for any z,y € CRO NZ3 there
exist z € C} NZ% and m,n € Z,, such that

Piho(2,2) # 0 and p{A, (v,2) # 0 (1.5.8)

To show (1.5.8) let us note that by irreducibility of the induced Markov chain £,
for any z,y € C} NZ3 there exist Ny, Noyny,ny € Zy and z; € CANZ4 such that
Ny > ny, Na > n, and

pf\nl)(z + Nlel\.l\oazl) # 0

and

P (y + Naeang, 21) # 0.

Let z; € Cko. Since N; > n; and N, > n,, then for any m,,m; € Z, such that
my < ny,mp < ny, and for any z € C}, NZ4

i) (z + Nieans, 2) = 0 and p{"™(y + Naeang,2) =0 . (1.5.9)

From (1.5.9) it follows in particular that & > 0. For any z € CR N Z% using (1.5.9)
we get

Ph (2,2) = Fa(z + Niean, 2 | CF,) 2
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> p(,\"’)(.r + Nieaags 21) Fa(z1, 2 | CRO) = (1.5.10)

= (@ + Niean; 21)PYh, (21 — keano; 2)
and analogously

N. n k
PR (Y, 2) 2 Py (2 + Naeangs 21)Psh, (21 — ke, 2) (1.5.11)

From (1.5.10) and (1.5.11) it easily follows that there exists z € C} N Z$ for which
(1.5.8) holds.

Lemma 1.5.3 is proved.

Remark : Let us note that one can not get aperiodicity of the chain £44, from
aperiodicity of the chains €4 and £4,. But for the Markov chain £4 4, to be aperiodic
it is sufficient that for some x € Cy ﬂZi

p,\(.'t + 6,\,/\0,1‘) # 0.

So the chain £, 4, 1s aperiodic on a set of complete Lebesgue measure in the parameter
space Py.

We shall show now that the chain £, 4, is ergodic on a set of complete Lebesgue
measure in the parameter space Py.

Lemma 1.5.4 There exist constants a > 0 and ¢ > 0 such that for zo € C} NA and
foranyr € Ry, n € Z, the following inequality holds

2 Piko (20,y) < ce™ (1.5.12)
yGCgo n Zi:”z‘o—y”)r

Proof : To prove lemma 1.5.4 we shall use two following lemmas.
Let us consider for any z,y € C} NZ%, t € Z; and for any A C C} NZ3 the
probability

FO(zy| A) = P{EAt) =y, EM(r) g A Vr=1,.,t—1)

x

Lemma 1.5.5 There ezists H > 0, such that for zo € C}, N A and for anyn,m € Z,

Z F,(\t)(a:o + nepn,; Zo + mean, | C'Ro) <H (1.5.13)
teZy

Proof : Let us first note that for any n,m € Z,

> Fi(zo + nea g @o + mean, | CF,) =
t€Z+

= Y F,{t’)(xo + neanes T + mepn, | Ch, U{z + mean})x (1.5.14)
t€Zy
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t 0
X Z Fli 2)(:to + mep Ay, To + TREAN, | Cy,) <
t2EZ+

< Z F,{')(xo + mep g, To + mean, | CRO)
teZy

Now we shall use the results of the paper [1] about r.w. in Z3.

From the construction of Lyapounov functions for r.w. in Z3 which were used in
[1], and from the lemma 1.2 of [1] one can casily get that there exist contants a > 0
and ¢ > 0 such that for any { € Z, and for any m € Z,

F\ (o + men e, To + mean, | C3) < Ce™ (1.5.15)

Irom (1.5.14) and (1.5.15) it follows (1.5.13).
Lemma 1.5.5 is proved.

Lemma 1.5.6 There exist constants ¢ > 0 and a > 0 such that for any m € Z, and
foranyt e Z,

> Fkt)(l‘g + mean;y | Chy [JAo) < Ce™! (1.5.16)
yeCA (24

Proof : Let us consider x; = g+ ep a,, and let us consider r.w. {;‘;’(t) starting at the
point z; and corresponding to the induced chain £,,. It is easy to see that

3 F 2o+ meano;y | C2 1 Ao) < (1.5.17)

< P(EN(r) ¢ Ao Vr=1,yt—1)

Since £20(t) is an ergodic r.w. in Z2%, then using a construction of Lyapounov functions
for ergodic r.w. in Z3 which was used in [1], and using the lemma 1.2 of the paper [1]
one can easily show that

P{glo(r) g Ao Vr=1,.,t—1} < Ce™ (1.5.18)

where the constants @ > 0 and ¢ > 0 do not depend on t € Z,.
From (1.5.17) and (1.5.18) we get (1.5.16)
Lemma 1.5.6 is proved.
Let us now prove the lemma 1.5.4.
Note that for any y € C} NZ4 and for any n € Z,.

PiA, (20, y) = 3 Fi (2o + neano;y | C3,) <
teZ,
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n
< Z Z F/{")(at-i-ne,\',\o;x-{-me,\,,\o | Cgo)x (1.5.19)

m=0¢,eZ,

x S0 F{(z + meano;y | C 1 Ao)

12€24

Note further that by the boundedness of jumps condition (assumption Ag) for any
m € Z4 and for any y € C} N Z}

Flgt)(x +meano;y | CR, [JAo) =0 (1.5.20)

if t < max {3 ||y —vo |l,m}, where d > 0 is a fixed constant of the assumption Ay.
From (1.5.20) using the lemma 1.5.6 we get

2 2. Fr(z +meaniy | CF, JAo) < Cemotrt (1.5.21)
¥€Ch, Uzi:”y—xolbr teZy

for any r € IR, and for any m € Z, where the constants ¢ > 0 and @ > 0 do not
depend on r € IR, and on m € Zj,.

From (1.5.19) using (1.5.21) and lemma 1.5.4 one can easily get (1.5.12).

Lemma 1.5.4 is proved.

From irreducibility and aperiodicity of the chain £4 A, on a set of complete Lebesgue
measure in the parameter space Py and from the lemma 1.5.4 it easily follows ergodicity
of the chain £4,4, on a set of complete measure in the parameter space P;.

Using ergodicity of the chain £, 4, we shall now prove the proposition 1.5.2.

It is sufficient to prove the proposition 1.5.2 for any z € C} NZj.

Let us note that for any z € C3 NZ4, for any n € Z, and for any outgoing from
A face A;.

gal(z + TlCA,AO,A]‘) = Z pf\’:l)\o(z’y)gA(y’Aj)
veCy, NZ4

From this by ergodicity of the chain £4 5, we get

gr(z +neane,Aj) = D man(¥)9a(y, A))
ey, NZ4

as n — oo, where maa,(y),y € Cy, NZ; are the stationary probabilities of the chain
£A,A0
Proposition 1.5.2 is proved.



Chapter 2

Auxiliary results

2.1 Movement along ergodic faces

Let A be an ergodic k-face (k = 1,2,3), and £2(t) be a r.w. starting at the point
z € Cy ﬂZf+ and corresponding to the induced chain £,4.
Proposition 2.1.1 .( Kolmogorov inequality.)

Let Vi(z,y),z,y € CANZL,t € Z,, be independent random vectors with the values
in IR"(v € Z}). Assume that for any z,y € CANZ% the vectors Vi(z,y),t € IRy are
identically distributed and

| Vi(z,y) | Co <0 as. (2.1.1)

where Co > 0 does not depend on z,y.
Then for any x € CANZ3 and for any § > 0 there exists ¢ = ¢(z,8) > 0 such that
foranyt € Z,

PLsup || 3 Val€d(n), E1(n + 1) = EVi(€d(n), EX(n+ 1) > 61} <

~ 10

(2.1.2)

To prove this proposition we shall need the following
Lemma 2.1.2 For any x € CA(\Z} there exist ¢; > 0 and oy > 0 such that for any

n,m € Z

| E(Va(€M(n),€M(n + 1)) — EV, (€2 (n), eMn + 1)), (
2.1.3)
Vi (€8(m), EM(m + 1)) — EVin(€8(m), €}(m +1))) | < cre=eal=

where (.,.) is a scalar product in IR”,

(z,y)=> o'y, z,y € R".

=1

31
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Proof of the lemma 2.1.2
Let z € CANZY be fixed, V, = V(M (n), 2 (n + 1)), an = EV,,n € Z,.

For any n,m € Z,,n > m, one can easily get

EVo—an,Vm—an)= Y p{"(z,2)pala’,2") x
'\z"eCa () 24
x> T (@ y) - may))ea v y") x (2.1.4)
yl'yuecl\nzi

x(EVm(:t', l'”) — am, EVn(ylv 3/") - an)

where pa(z,¥),z,y € CANZ4, are the one step transition probabilities of the induced
chain £4, and ma(y),y € CANZ3, are the stationary probabilities of £,.

From (2.1.4) by (2.1.1) it follows that

| E(Vi = @n, Vin = am) |<

<4ct Y p"V(z,2") x (2.1.5)
', y'€Cy 021
(n-m-1), ;, '
X | pa (@', y") —ma(y') |

Let us now use the results of the paper [1]. Since the chain £, satisfies all the conditions
which were used in the paper [1], then the two following propositions hold

1. for any h > 0 there exist ¢ > 0 and k' > 0 such that for any z,y € CANZ} and
forany t € Z,
pf\t)(x,y) S Ceh”z”_hllly” (2'1.6)

2. for any h > 0 there exist ¢ > 0 and a > 0, such that for any = € C, ﬂZi and
forany t € Z,

Y 1P(2,y) — aly) < cehli=li-ot (2.1.7)
UECAnZ1 '

From (2.1.5), (2.1.6) and (2.1.7) one can easily get (2.1.3).
Lemma 2.1.2 is proved.

Proof of the proposition 2.1.1
Let 2 € CANZ3 be fixed, V, = V,(é2(n),£€2(n + 1)), an = EV, and

n

Sn =Z(Vi_aj)vn€ Z,.

j=0

For given § > 0 and t € Z, let us consider the following events
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An = {|| Swir 1> 68, || So ||< 6t ]| Su i< 6t},n =0, ..., 1.

Let I, be the indicator of the event A,.
[t is easy to see that

t—1 t—1
ENS P2 Y ENSN* A2 Y EllSall®* fnm
n=0 n=0

(2.1.8)
=1 t-1
=23 > | E(Sh,V;~a;) ],
n=0 j=n+1
where
4
ISeIIP=(Se, Se) = (S
Jj=1
From (2.1.8) one can easily get
t-1
E|S)P>> E||Sa|* .-t (2.1.9)
n=0
where ¢ = ¢'(z,6) > 0.
Let us note now that
t—1
STE| S| In> 6% 2P{ max N Sa > et} (2.1.10)
n=0
From (2.1.9) and (2.1.10) we get
2 It
P{ max || Sy |I> ety < 25 et (2.1.11)
€2t?
Let us now estimate the value E || S, ||.
E |l S |*< ZE | Vi —a;|? +2Z Z | E(V; — a;, V. — a.) | (2.1.12)
J=le=j+1
From (2.1.12) using (2.1.1) and lemma 2.1.2 we get
E| S |*°<c't, (2.1.13)

where ¢’ = ¢'(z) > 0
From (2.1.11) and (2.1.13) we get (2.1.2)
Proposition 2.1.1 is proved.
From the proposition 2.1.1 by ergodicity of the chain £, it easily follows
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Proposition 2.1.3 Let the conditions of the proposition 2.1.1 be salisfied, and

V= Z 7(,\(1')[),\(.’17,?/)1’;‘/0(13, y) .
z,y€C, 021

Then for any z € CANZY and for any § > 0 there ezists ¢ = c¢(x,6) > 0 such that
for any t € Z; the following estimate holds

Ve ), n 1)) = Vr 1> 6) < (2:1.14)

~| 0

.....

Let us consider a r.w. &.(t) corresponding to the chain L starting at the point
z. We shall use the proposition 2.1.3 to study the movement of the r.w. £.(t) along
ergodic faces.

Proposition 2.1.4 There exist constants a > 0 and f > 0 and for any é§ > 0 there
exists ¢ > 0 such that for any ergodic face A and for any x € ANZS andt € Z, for
which

{T"(z),0<T <t} CA,

the following estimate holds

—ap(z,8A)

Pl &() - T'(2) > 1) < 7 + 6
where OA = A\A.

Proof : Let, for any face A, @Q(A) be a union of all faces A’ such that A C A’, and
let 0Q(A) = Q(ANQ(A).

Let us consider for any z € Z4 and for any A C Z4} the time 7.(A) of first hitting of
the set A by the r.w. £.(¢).

Lemma 2.1.5 Let A be an outgoing ergodic face for a face A'. Then there exist con-
stants o > 0 and ¢ > 0, such that for any z € ANZ}

P{&(7=(8Q(A))) € QIANQ(A)} < cem =)

Proof of the lemma 2.1.5

Let us consider, for any z € Cy'N 24 and for any A C Ca-NZ4, the LW 30
corresponding to the induced chain £, starting at the point z, and the time 72'(A) of
first hitting of the set A by the r.w. £V (¢).
Let z € ANZ3, and let 2’ € Cps be the orthogonal projection of the point x onto Cy.
It is easy to see that for any t € Z,.

P{&((0Q(A)) € QIMNQ(A), m=(8Q(A)) =t} <
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< P{rh(Ca\Q(A)) =t} .

So to prove the lemma 2.1.5 it is sufficient to show that for any z € Cay N Z3

P{rN(CA\Q(A)) < oo} < cem@?=A) (2.1.15)

where the constants ¢ > 0 and « > 0 do not depend on z.
To prove (2.1.15) let us defin on the set Cy the following function f :

(i) for any = € Cys such that
t,= inf{te Ry :Ti(z)€EA} <00,
where T}, (z) is the solution of the system (1.2.6), we set

fz) = —t4 [ TR(=) [,

(i1) for any « € Cys for which t, = oo we set f(z) = 0.

Note that for any = € Cy, for which f(z) # 0 we have

Ol z i<l f(z) [S 02| = | (2.1.16)

where the constants 6; > 0 and 8, > 0 do not depend on z, and there exists d; > 0

such that for any z,y € Cy, for which f(z) #0, f(y) # 0, we have

| f@) = fy)ISd|lz-yl (2.1.17)
Moreover it follows from the results of the paper [1] that there exists D > 0 such

that for any £ € CarNZ4 for which f(z) > D there exists k(z) € Z4 such that
supk(z) < k < o0, (2.1.18)

and

Ef(&Y (k(z))) > f(z) + € (2.1.19)
where ¢ > 0 does not depend on z.

From (2.1.16)-(2.1.19) by the lemma 1.2 of [1] it follows that for any = € CxNZ4
for which f(z) > 0.

P{3teZ,: f(EY (1)) <0} < ce~olal (2.1.20)

where the constants ¢ > 0 and a > 0 do not depend on =z.
Let us note now that

P{r} (CA\Q(A)) < 00} < P{3t € Zy : f(£2'(1)) < 0} (2.1.21)

From (2.1.20) and (2.1.21) we get (2.1.15)
Lemma is 2.1.5 is proved.
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Lemma 2.1.6 There exist constants h > 0,¢ > 0 and a > 0 such that for any ergodic
face A, for any x € Q(AYNZY and for anyt € 24

P{.(0Q(A)) > t,m.(A) >t} < cetrlzA)=ot

This lemma follows from the results of the paper [1] (sec the construction of the
Lyapounov function for r.w. in Z},Z% and Z3 and lemma 1.2 of [1]).

Lemma 2.1.7 There exist constants h > 0,¢ > 0 and a > 0 such that for any x €
Q(ANZL, r € Ry and for anyt € Z,

P{r(8Q(A)) > t, p(£-(1), A) > 1} < ceholzh)-er

This lemma follows from the lemma 2.1.6 by boundedness of jumps of the r.w. £.(t).
Let us now prove the proposition 2.1.4.

Let
A-= |J Q(ANQ(A)

ATA'CA

where the union is over all faces A’ for which A is an ingoing face, and let
Av= U QNQM).
AACR

where the union is over all faces A’ for which A is an outgoing face.

Note that A_ U A4 2 dQ(A), and by the lemma 2.1.5 for any z € ANZ3

P{&(r:(0Q(A))) € Ay} < Bemoet=M) (2.1.22)

So to prove the proposition 2.1.4 it is sufficient to show that for any § > 0 there exists
¢ > 0 such that for any = € ANZ4,t € Z4, for which {T7(x),0 < 7 < t} C A, the
following estimate holds

P{&(7:(0Q(A))) € A, || &(t) — T'(z) ||> 6t} < f (2.1.23)

To prove (2.1.23) let us note that by the proposition 2.1.3 and by the lemma 2.1.6 for
any 6 > 0 there exists ¢ > 0 such that for any z € ANZ; and t € Z, the following
estimate holds

P{3r€2Z,:0<7 < min {t,:(0QA)}, || &(r) = T"(2) ||> 6t} < f (2.1.24)
So in the case when
{z € Ry : infocree || 2= Tx) |I< 6t} C AL JQ(A) (2.1.25)

one can easily get (2.1.23) from (2.1.24).
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Let us consider the case when, for given x € ANZi,t € Z; and § > 0, (2.1.25)
does not hold.
Since {1'"(z),0 < 7 < t} C A, then for any € > 0 there exists ¢; > 0, such that

{z€ R} : infocrcuoae |l 2= THa) [[< (1 — €)1} C AL JQ(A) (2.1.26)
and for any 8, > 0, such that é; < ¢, from (2.1.24) we get

c
(1 —e)t
where ¢ = ¢(6,) > 0 does not depend on z and t. Let us note now that by the
boundedness of jumps of the r.w. &,(7) for 7 € Z, such that

P €24 :0<7 < (1= ]l &(r) — T7(2) 1> &(1 - 1) <

(2.1.27)

(1—et—-1<7<(l-¢rT,

we have

” gx(t) - 616(7') “S edt (2.1.28)

From (2.1.27) and (2.1.28) for sufficiently small € > 0 and ¢, > 6; > 0 we get (2.1.23).
Proposition 2.1.4 is proved.

Let us consider for any z € IR} and for any A C IR}
t-(A) = inf {t € R, : T'(z) € A}.

Proposition 2.1.8 There ezist constants a > 0,8 > 0 and for any 6 > 0 there exists
¢ > 0 such that for any ergodic face A for which the vector Vi has at least one negative
component and for any 2 € ANZ4 the following estimate holds

P{|| £:(7=(0Q(A))) = TN (z) [|< 6t2(0A),
| 7-(9Q)(A)) — t=(9A) |< 6t-(0A)} 2

C
> 1 — _ p.—op(z.0M)
21 =) P

To prove this proposition we shall need the following lemma.

Lemma 2.1.9 Let A be an ingoing face for a face A'. Then there ezist a > 0 and
¢ > 0 such that for any x € ANZ% and for anyr € R,

P{&(m=(9Q(A))) € QIAMNQ(A), p(A,&x(7x(0Q(A)))) > r} < ce™®”

For a 2-face A this lemma easily follows from the lemma 1.5.4. In other cases one can
easily get an analog of the lemma 1.5.4 and to prove by this the lemma 2.1.9.

Using the lemmas 2.1.9, 2.1.5 and the proposition 2.1.3, similarly to the proof of
the proposition 2.1.4, one can easily get the proposition 2.1.9.
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2.2 Escaping from nonergodic faces and scattering

Let A be a nonergodic face.

As it follows from the results of [1] any nonergodic 2-face as well as any nonergodic
3-face has at least one outgoing face. For a nonergodic 1-face there exists an example
when this nonergodic face has no any outgoing face.

Proposition 2.2.1 Let A be a nonergodic 1-face which has no any outgoing face. Then
there exist constants a >0, 3 >0, § >0, ¢ > 0 and 05 > 0 such that for anyt € Z,
and for any z € Q(A)NZL, for which

p(z,A) < ext and || Ppa(z) ||> Oat,

the following estimate holds

P{rs(0Q(A)) > t, and 3t' =1....t :
(2.2.1)
(1) € Q(ANA(L,2,3,4), and p(&:(t'),A) > 6t} > 1 — pe™*

Proof: Let A be a nonergodic 1-face, which has no any outgoing face. In this case all
the nonzero components of the vector

VAA(1,2,3,4) = VA(1,2,3,4) - PA(VA(1.2,3,4))

are negative (sce paper [1]), where P, is the orthogonal projector onto A.
From this by the lemma 1.2 of the paper [1] it follows that there exist constants oy > 0,

B1 > 0 and ¢ > 0, such that for any t € Z4 and for any = € Q(A)NZ] such that
p(z,A) < t, the following estimate holds

P{r.(0Q(A)) >t and Yt' € Z,,t < t' < 1.(0Q(A)) :
(2.2.2)
&(t) € A(1,2,3,4)} < Bre™!
Let us note now that by the boundedness of jumps of the r.w. £.(t) for any z €
Q(ANZY

r(0Q(A)) 2 5 Il Pale) | s (223)

From (2.2.2) and (2.2.3) it follows that for any t € Z, and for any =z € Q(A)NZ3,
such that p(z,A) < €;t and || Px(z) ||> dt the following estimate holds:

P{r(0Q(A)) >t , 3t' =t,...,7(8Q(A)) :
(2.2.4)
E(t) € Q(A\A(1,2,3,4)} > 1 — B~

Let us note further that from the construction of the Lyapounov function for the
r.w. in Z3} (see {1]) and from the lemma 1.2 of the paper [1] it follows that there exist
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constants a; > 0, 82 > 0, ¢; > 0 and §, > 0 such that for any ¢t € Z, and for any
a € Q(A)\Z] for which p(z,A) < €3¢, we have

P{r(0Q(A)) > t,3 = t, ..., (0 Q(A)) : p(€(t'), A) < 6t} < Bre™? (2.2.5)

From (2.2.4) and (2.2.5) we get (2.2.1).
Proposition 2.2.1 is proved.

Let us consider a nonergodic face A having at least one outgoing face.
Let Ay,..., A, be all outgoing faces of the face A. For any = € CANZ% and for any
outgoing face Aj(j = 1,...,n) let us consider a probability ga(z, A;) that the chain £,
starting at the point z goes to infinity along the face A; (see (1.2.10)).

Proposition 2.2.2 There exist constants a > 0, >0, ép >0, op > 0, €4 > 0 and
Or > 0 such that for any t € Z; and for any x € Q(A)NZ3 such that p(z,A) < ept
and p(z,0Q(A)) > Oxt, the following estimate holds

S| P{r(0Q(A)) > t,3t' = opt, ...t
i=1 (2.2.6)

€(t') € Aj, p(&a(1'), ON') > at} — galz, A') | < Be™!
Proof : Let us prove this proportion for the case when A is a nonergodic 2-face. For
other cases one can prove it analogously.
Let us consider the function f : Cx — IR, which had been constructed in the proof
of the proposition 1.5.1.
As it was shown in the proof of the proposition 1.5.1, there exist constants

a>0, >0, h>0and é > 0 such that for any t € Z, and for any z € CANZ3

P{f(EM2)) > 6t} > 1 — Behf (@)t

where £2(t) is the r.w. corresponding to the chain £, starting at the point z.
From this and from the construction of the function f it follows that there exist
constants o’ > 0, B’ >0, ' > 0 and 8’ > 0 such that for any 2 € CANZ},t € Z4

[S™)

SS PV > 1 €M(E) € QUA,) L o(EMY), 0QUA)) > B} 2 1 — Bleksehet (o,

i=1

.7)
From this by the definition of the values ga(z,A;),7 = 1,...,n, one can easily get

Sy | PV 2 £ €M(E) € Q(A),
(2.2.8)
p(ENE), BQ(A,)) > 61} — ga(z, Aj) | < frekotehi=o"

So in the case when the face A(1,2,3,4) is an outgoing face for A (in this case there
is no any .other outgoing faces for A) the proposition 2.2.2 is proved by (2.2.8).
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Let us consider now the case when A(1,2,3,4) is an ingoing or neutral facc for the
face A.

Let 0 <o < 1, t; = ot.
From the boundedness of jumps of the r.w. £2(¢) it follows that for any outgoing face

AJ‘ (] = 1,...,n)
p(EX(t1), A;) < dot + p(z,A)  ass.
From this by lemma 2.1.6 we get
P{Vt' = t,..,t: €2(t') € Q(Aj)\A;} <

(2.2.9)
< B"exp {h"p(z,A)+ h"odt — a"(1 — o)t}

where the constants o” > 0, 8” > 0, A’ > 0 don’t depend on z,t and 0.
From (2.2.8) and (2.2.9) for sufficiently small ¢ > 0 one can easily get

S P =ot,..,t: E2(t') € Aj, p(E2 (1), 0A;) > ot}
1=1

—ga(z, A;) |< B" exp {h"p(z,A) — ot}

where the constants 8 > 0, A" > 0 and " > 0 do not depend on = and ¢
Proposition 2.2.2 is proved.

2.3 Law of large numbers

We shall consider here only the case when for any ergodic face A the vector Vj has at
least one negative component.

Let x € RY,2 #£ 0,t € Z,,t # 0. The point 2’ = T!(z) is said to be a break-point
of the trajectory {T7(z),t € IR} } if

lim V(T"(2)) # V(T'(2))

Let us consider for any z € R{,z # 0, a sequence of all break-points of the
trajectory {T*(z),t € Ry} :z, =T™"(z),n=1,2,..., where 0 < t; < ...t, < ...

Let ¢ be the union of all nonergodic 2-faces having at least two outgoing faces.
Let ¢*) be the union of all nonergodic 1-faces A with V, = 0 (each of these nonergodic
1-faces either has at least two outgoing faces, or has no any outgoing face).

Proposition 2.3.1 For anye > 0,6 >0 and N € Z, there exists ¢ > 0 such that

C

PUIE®D -T@ < 5T o 21~ (2:3.)

=0 il
for any zo € Z4,20 # 0, such that p(xo, €M Ue?) > €| 2o ||, and for any t € Zy, for
which the trajectory {T7(x0),0 < 7 < t} has N break-points z,,...,xn, such that for
anyj=1,...N z; # 0 and p(z;,eMUe?) > | z; |.
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To prove this proposition we need the following lemma.

Lemma 2.3.2 For any e > 0 and § > 0 there exist 0 > 0 and ¢ > 0, such that for any
ergodic face A, for any xz € At € Z,, for which

{T"(z),0 <7<t} CA and p(x,c(l)Uczm) > et

and for any z € 7%, such that

|z —2z2|<ot,

the following estimate holds
P{| &(t) = T'(2) < 8t} 2 1 - ; (2.3.2)

Proof of the lemma 2.3.2 _
Let A be an ergodic face, z € A and t € Z, such that p(z,¢® |Je®) > et, and

{T™(z),0 < T <t} CA. (2.3.3)

Let us consider two following sets

Ay= U QNQM)

A":A'CA

where the union is over all faces A’ for which the face A is an outgoing face, and

A-= J QN\QA)

AANCA

where the union is over all faces A’, for which the face A is an ingoing face. Then we
have Ay UA_ 2 9Q(A).
Irom (2.3.3) it easily follows that

p(x, A_) > bot

where the constant é; > 0 does not depend on z and on t.
Let us consider ¢y = €;t, where 0 < ¢; < min{gg, %%}
Then by boundedness of jumps of the r.w. ¢ for any z € Z}, such that || z — z ||< 0,t,

where 0 < 0, < min{s; %1}, we have

bo

ionft p({z(r),t(l)UC(z)UA_) > t min {-;—, 5} a.s. (2.3.4)

7=0,...,t;

and

sup || &)~z ||S (o1 +@d)t  as. (2.3.5)
t

7=0,...,
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Moreover, using the proposition 2.2.2, one can easily show that there exist constants
c> 0,6, >0and 0, > 0,02 < 1, such that for any z € Z%, for which || z — z ||< o2t,
the following estimate holds

P{3r=0,..,t:&(7) € A, and p(&,(7), Ay) > it} > 1 — tﬁ (2.3.6)

1

So by (2.3.4), (2.3.5) and (2.3.6) for any z € Z%, for which || z — z ||< o3¢, with a
probability 1 — $ there exists 7 € Z, such that

0<7<at, &(r)€A,

p(€:(7),0A) > t min{%, %,5161}
and

| €&:(7) =z IS (o1 + cad)t .

From this for sufficiently small ¢; > 0 and oy > 0 using the proposition 2.1.4 one
can easily get (2.3.2).

Lemma 2.3.2 is proved.

From the lemma 2.3.2 one can easily get the proposition 2.3.1 using induction with
respect to the number of break-points.



Chapter 3

Almost deterministic random
walks

3.1 Transience for stable cycles

- Let there exist a stable periodic trajectory v of the one-parameter semigroup
TE,t € IR, such that

L,>0 (3.1.1)

Let us show that in this case the chain £ is transient.

Note that any periodic trajectory goes through some ergodic 2 or 3-faces crossing
some nonergodic 2 or 1-faces.

Let ¢y € v belongs to some nonergodic 2 or 1-face,and let

9 =inf {t € Ry : t #£0, Té(po) = o} -

Consider the sequence of all ergodic 2 or 3-faces Ao, ..., Ay which are intersected in
turn by the trajectory {T&(o),0 < t < t{}. For any ¢ = 0,..., N let ;41 be the point
where the trajectory {T&(yo),0 < t < t{®)} hits the face A; (piy1 € AiNAig1). And let
/~\,~ be the face containing the point @;,z = 0,..., N. By definition @9 = on41,AN41 =
Ao,Ans+1 = Ao. For any i = 0,..., N there are three possibilities : either A;, A;41 are
ergodic 3-faces and A,y is a nonergodic 2-face, or A; is an ergodic 3-face, Ay, is an
ergodic 2-face and Ajy; = /~\,~+1, or A; is an ergodic 2-face and /~\,-+1 is a nonergodic
1-face. By the assumption Ag the case when for some ¢ = 0,..., N A; i1s an ergodic
3-face and A4 is a nonergodic 1-face we do not consider.

Let us consider for any i = 0,..., N and for any ¢ € Q(A;) N S

t(p) = inf {t € Ry : Ts(p) € 0Q(A)},
where Q(A) is the union of all faces A’ such that A C A7,and dQ(A) = Q(A) \ Q(A).

Note that the semigroup T&,t € R4, has a finite number of periodic trajectories
(see assumption Ag). Then from the stability of the periodic trajectory v it easily
follows that for any € > 0 there exist ¢g > 0,...,ex4 > 0 and § > 0, such that

43
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ax ¢ <€, min ¢ > 6
i=0,...,N i=0,....N

and for any i = 0,..., N,p € Q(A;) 0 S}, for which || ¢ — s ||< €,
T (p) € Aigr and || T& (@) = g1 [I< €141 —
From this one can casily get

Proposition 3.1.1 For any e > 0 there exist ¢ > 0,...,exy > 0 and § > 0, such that

‘max ¢ < ¢ and
N

in ¢ > 6 y
1=0,. 0,...,.N

and for any i =0,...,N,z € R} for which || p(z) — @i ||< €,
Tt=004A) ¢ A,
Moreover the following inclusion holds:
(ze RY || TN (@) — 2 l< 5 [l 2 |} C {z € L 5 | 0l2) — wins 1< iu1)

where (z) = &, t(0Q(A)) = inf {t € Ry : T'(z) € QUAN\Q(A)}-

Let us consider € > 0 such that forany 0 <1 <3< N

{zeRL:2#0,0(z) —pill<c)N{z € Ry :2#0,]| o(2) —p; l<e} =0

Let €0 > 0,...,6, > 0,6 > 0 be the constants , satisfying the proposition 3.1.1 for this
e > 0.

Let 0 >0, o< .minNe,'.

1=0,.

For any 1 = 0,..., N let us consider the set
Yi(ero) = {z € RS 12 £ 0,p(z,A) <o |l z ]I, and || o(z) - o1 < ).

For any z € Y;(¢;,0) consider a sequence t,(z) € IR;, where

ti(z) = t:(9Q(A))

and for any n € Z

tapr(z) = to(z) + (T (2)) .
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By the proposition 3.1.1 for any z € U Yi(ei,0) and for any n € Z; t.(z) is
=0
defined.
Then for any 7 =0, ..., N we have
| T () = e > 1. (3.12)

Moreover since for any t € Ry the map T* : Ry — IR} is continuous in any point of
the set {z € IR} : p(z) € 7}, then for sufficiently small ¢, > 0,...,ex > 0 there exists
H* > 1 such that

1

| T () ||> M- . (3.1.3)
=l
N
for any z € UY]‘(ej,a).
7=0
N
Let ¢; > 0,...,ex > 0 be sufficiently small, such that for any z € | JY;(¢;,0) (3.1.3)
=0

holds.
Let us consider for any ¢ = 0,...,N and for any z € Yi(e;,0)NZ% the row. &.(1)
corresponding to the chain £ starting at the point x, and let us consider the time 7;(z)
when the r.w. ,(t) hits the set (K+1(6g+1,a)ﬂaQ(1~\,~))U{0} at the first time.

Note that if, for some z € U;-\I:O Yi(e;,0)NZYE,

P{n(z) < oo} <1
then the Markov chain £ is transient by definition. So to prove a transience of the
chain £ it is sufficient to consider the case when for any j = 0,...,/V and for any

z € Yi(ei,0)NZY

n{z) < oo as.

N
Let us consider for any z € (| JYi(ei, o) J{0}) () Z3 a sequence of stopping times
1=0
of the r.w. £.(¢) m.(z),n € Z,, where

and for any n € Z,

Tnt1(T) = Ta(x) + 11(€2(Ta(2))) -

By definition a random sequence

nz(n) = &(Tnn(z)), n € Z4

is a Markov chain.
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It is easy to see that for any z # Q the probability of ever hitting 0 are equal for
£-(t) and for nz(n). So it is sufficient to prove transience of n,(n).

To prove transience of 5;(n),n € Z4, we shall use Foster’s criterion [4] recalled
thereafter:

Proposition 3.1.2 If for a Markov chain with state space X and transition
probabilities p;;,i,j € X, there exists a positive function f defined on the state space
X and a set A C X, such that

YiexpPii fi<fi VieX\A
and infieq fi > SUPje x\4 s
then the Markov chain is transient.

We define f on the state space of 7.(n) by setting

1
z)= ———— for ||z ||> 3, and f(z) = 1 otherwise.
(@)= fo i o 121 /()

So to prove transience of 7,(n) it is sufficient to prove the following proposition.

Proposition 3.1.3 There exist D > 0 and ¢ > 0 such that for any 3 = 0,...,N and
for any x € Y;(e;,0) N2, such that || z ||> D, the following inequality holds

E [(n:(1)) < f(z) | (3.1.4)
Proof.

Let us consider for any j = 0,..., N and for any z € Yj(¢;,0)NZ] the time 7(z) =
72(0Q(A;)) when the r.w. £.(t) hits the set dQ(A;) = Q(A;)\Q(A;) at the first time.

Lemma 3.1.4 For any 6 > 0 there exist ¢ > 0 and ¢ > 0 such that for any
i =0,...,N and for any z € Y;(¢;,0)NZ3

P{l| &x(r(@) - T2 < 6 || = ],
. (3.1.5)
plecr(@) Apw) < o 6@ I} 21— g

Proof of the lemma 3.1.4

Let z € Yj(¢j,0)NZY.
Since the constants €g > 0, ...,ex > 0 have been chosen so that for any 1 = 0,..., N

{z€ Ry :2#0,]l p(2) — wi lI< 26} C QA

then there exists 6y > 0 such that
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7(z) = .(0Q(A)) > 6o || z || a.s.

Let 0 < 0 < 0. Then from the proposition 2.2.2 it easily follows that there exist
constants ¢; > 0,6, > 0 and o1 > 0,07 < 1, such that for any j =0,..., N and for any
x € Yj(ej,0)NZY, for which p(z,Aj) <oy || z ||,

P{3r=0,...0|| z ||: &:(r) € A; and

i (3.1.6)
p&e(T)s Ad) > bu |l x|} 21 = v
Note also that by boundedness of jumps for any z € Yi(e;,0)NZ%
sup || &(r)—z||<0d ||z ||, a.s. (3.1.7)

r=0,...,8|||}

where d > 0 is the fixed constant from the assumption Ay. Moreover for any z € ]Ri,
such that || z —z ||[< 0d || z ||,

where the constant b > 0 does not depend on z and z.

For sufficiently small 8 > 0 from (3.1.6), (3.1.7) and (3.1.8) using the proposition
2.1.8 one can casily get (3.1.5).

Lemma 3.1.4 is proved.

Let us consider § > 0 for which the proposition 3.1.1 holds. Then, by lemma 3.1.4

N
for any 0 < §' < § there exist ¢ > 0 and ¢ > 0, such that for any = € UY,-(G;,U) ﬂZi

3=0
the following estimate holds
PUlExln(e)) = T49a) < &' 2 1} 2 1 - 5 (3.19)
From (3.1.9) by induction with respect to k = 1,..., N one can easily get that for
N
any 6’ > 0,6’ < 8, there exist ¢ > 0 and ¢ > 0 such for any z € U)/j(fj,a)ﬂZ:_
7=0
. c
P{|| &(rn(2)) = TP () < &' | z I} > 1 - Tz (3.1.10)

Let H = H* — 6 > 1. Then from (3.1.10) and (3.1.3) we get

C

Izl

P{l &(rn(z) I>H |z} 21 - (3.1.11)

N
for any z € |JY;(e;,0) () Z%.

=0

N
From (3.1.11) it follows that for any z € | JY;(¢j,0)( )23, such that || z ||> 3,

=0
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1 c
(1))=F T <
S(n=(1)) fl&(rn(2))) £ ogH [z + Tzl
(3.1.12)
1 log’H 1
< - +
=TTz~ Tog =7 * Tog 12T
By (3.1.12) we get (3.1.4) for sufficiently large ||  ||.
Proposition 3.1.3. is proved.
From the proposition 3.1.3 transience of the chain ¢ follows.
So the theorem 1.2.4 is proved.

3.2 Ergodicity for weakly acyclic case

Let the following conditions be satisfied :

a) the associated graph G has no cycles ;
b) for any periodic trajectory v of the semigroup T,t € IR,

L£,<0;

¢) for any stable isolated critical point zo € S5}

(V(zo),z0) < 0.

As it was noted in §1.2 the condition (c) is satisfied if and only if for any ergodic
face A the vector V) has at least one negative component.

We shall show that in this case the r.w £ is ergodic.

To prove the ergodicity we shall use the following criterion [5].

Proposition 3.2.1 A Markov chain (, with the state space X and transition proba-
bilities pij, 1,5 € X, is ergodic iff there exists a positive function f defined on the state
space X, a finite set A C X, a sequence of stopping times {Tn}nez, of the chain (,,
and a constant € > 0 such that for anyn € Z,

D) Tagr = 7n > 1 as.
i) E(f(Cragn) | Crn =) < f(2) = ¢E(Tng1 = T | (5, = 7) for any z € X\ A.
We shall consider the following function f :

f(z)=|| = || for any z € IR .

To define stopping times let us consider for any z € Z4 the r.w. £:(t) corresponding
to the chain £ starting at the point z, and for any ¢ > 0,e¢ > 1, let us consider the
time 75 when the r.w. £;(t) hits the set {y € Z3 :|| y ||[< €|l = ||} at the first time.
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Proposition 3.2.2 For any ¢ > 0,¢ < 1, there exist ¢ > 0 and 8 > 0 such that for
anyz € 2%,z #0,

C
Izl

Proof.To prove this proposition we shall need the following

Plr;> 0]z} <

Lemma 3.2.3 Let A be an ergodic I-face.

Then there exist §p > 0,0, > 0 and for any € > 0 there exists ¢ > 0 such that for
any x € Z},z # 0, where

Pz, A) < éall =z,

the following estimate holds
c
A

This lemma easily follows from the lemma 2.3.2

For any ergodic i-face A let us fix the constants 5 > 0 and 65, > 0 from the lemma
3.2.2 and let us consider the sets

P{r; > 0p | 2 I} <

On={z € L2 40, plz,A) <6x || 2 I},
* 4 6/\
Oy ={z€ R, :2#0, p(z,A)<? Il z |}, and

0o =JQr, 05 =JO% ,
A A

where the union is over all ergodic 1-faces.

Let us now consider the set X’ of vertices of the associated graph G. For any z € &
let A{Y) be the 1-face containing the point .

Let us consider for any ¢ € A the set W_(z) of all separatrices outgoing from «,
the set W, (z) of all separatrices ingoing to = and

Wy=J Wy(z), W= |J Wo(a).

T€EX T€EX
Since the associated graph G has no cycles, then there exists x € & for which
Wy(z) C Wi \W_.
Let us denote the set of all these £ € A’ by Aj.

Lemma 3.2.4 Let ¢ € Xy. Then there exist 8, > 0 and 6, > 0 and for any e > 0

there exists ¢, > 0 such that for any z € Z3,2 # 0, for which || ¢(2) — z ||< &, the
following estimate holds
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P{r(z)> 0, || z |} < (3.2.1)

HLH

Proof of the lemma 3.2.4
Let € > 0 be fixed, ¢ < 1.
Since for any z € Z4{ and for any ¢’ > ¢ >0

(z) > ()  as.,

then it is sufficient to prove lemma 3.2.2 for sufficiently small € > 0.
So we shall assume ¢ > 0 to be sufficiently small.
Let us consider for any z € IR}, z # 0, the time

t, =inf {t € By : either || T'(2) ||< é |z, or T%z) € O} .

It is easy to see that there exist §; > 0 and #; > 0 such that for any face A outgoing
from A{") and for any z € A, for which

[ o(z) -z ll<$é
the inequality
<Oz
holds and the constants 8, > 0 and 6, > 0 do not depend on ¢ > 0. It is also clear

that for sufficiently small 8; > 0 there exist ¢ > 0 and N € Z, such that for any face
A outgoing from A{!) and for any z € A, for which

I w(z) =z (< by,
the trajectory {T%(z),0 <t < t.} has at most N break-points:

z1 = T"(2)y ..., 2k = T™(2),
0<k<N,

0<ty <... <t <.
Morcover for any break-point z;,7 = 1,...,k,

p(o(z), €V JE) > o

where ¢ is the union of all 1-faces A’ for which Vj» = 0, and € js the union of all
2-face having at least two outgoing faces.
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From this using the proposition 2.3.1 one can easily show that for sufficiently small
6y > 0 and for any o7 > 0,07 < 6y, there exists ¢; > 0 such that for any face A outgoing
from A(1) and for any z € A NZ3, for which

o1 <|l p(2) =z ||[< b,

the following estimate holds

€1
|21l
Let us note now that from the proposition 2.2.2 it easily follows that for any é; > 0

there exist 6, > 0,¢2 > 0,0, > 0 and 0y > 0,07 < 6; such that for any z € Z%,z # 0,
for which || ¢(2) — z ||< 6.

P{ri>0, || z|| andVt=1,...,0, || z | : &(1) € O} <

(3.2.2)

P3t=1,..0, |z &@) e UA, o <l pl&(t)) —z ||l< b} > 1= ﬁ . (3.2.3)
A
where the union is over all faces A outgoing from A,
Note also that for any t = 1,...,0, || z || by the boundedness of jumps
1€() 1< (14 62d) |} = |l (3.2.4)

From (3.2.2), (3.2.3) and (3.2.4) it follows that for any z € Z%,z # 0, for which
| ¢(2) —z ||< &2, the following estimatin holds

P{r; > 0,(1 +62d) || z || and
. (3.2.5)
YVt =1,..,0,(146d) || z || : £&(t) € Oo} < ﬂ—}”

where the constant ¢z > 0 does not depend on z.

From (3.2.5) using the lemma 3.2.3 one can easily get (3.2.1).

Lemma 3.2.4 is proved.

For any = € A} let us fix the constants 8, > 0 and é; > 0 from the lemma 3.2.4.
And let us consider the sets

O:={z€ Ry :2#0,|| p(2) —z|< &},

- 6-7"
Or={z € By 40,1 ¢() = < 2},

and

O]': UO],O;= UO;

T€Xp T€X,

Lemma 3.2.5 For any z € X\AXy there exist 6. > 0 and 6, > 0 and for any ¢ > 0
there exist c; = c;(€) > 0 such that for any z € Z4,z # 0, for which || p(2) — z ||< .,
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P{re> 0, 2|} < c: (3.2.6)

Proof of the lemmma 3.2.5.
Let us consider for any z € /Ri, z #£0,

t,= inf {t € Ry : cither || T%z) < % Iz, or T'(z) € 03| JO;}.

Note that for any ¢ € X'\ A} there exist §; > 0 and 6, > 0 such that for any face
A outgoing from A{!) and for any z € A, for which

I o(2) — = |I< &2,
the inequality
L, <0 2 ||

holds and the constants 8, > 0, 6, > 0 do not depend on € > 0.
Moreover for sufficiently small 6, > 0 and for any € > 0 there exist N € Z, and
o > 0 such that for any face Aoutgoing from A{!) and for any z € A, for which
I o(z) — z ||< &2,

the trajectory {T%(z),0 < ¢t < t,} has at most N break points :
21, "'a-zkv OSkSN3

with the property that for any 7 =1,...,k

p(e(z,), €M Je?) > 0.

Repeating now the arguments from the proof of lemma 3.2.4 and using lemmas
3.2.3 and 3.2.4 one can casily get (3.2.6).

Lemma 3.2.5 is proved.

For any =z € X'\ A} let us fix the constants 6, > 0 and 8, > 0 from the lemma 3.2.5
and let us consider the sets

O, ={z€ Ry :2#£0,|| o(2) —z ||< b},

* 51‘
0:={z€ Ry 240, plz) -2 |< ),
and

0= | 0.,0;= Y O:.

ZEX\ X, TEX\ X,

So for any z € (O, U0, U0, N)Z: the proposition 3.2.2 is proved. v To prove the
proposition 3.2.2 for any other x € Z4{ we shall need also the following lemma.
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Lemma 3.2.6 Let A be either a nonergodic I-face, which has no outgoing faces, or a
nonergodic 2-face having two oulgoing 3-faces. Then for any 6 > 0 and o > 0 there
exist 65, > 0,65 < 6,05 > 0, and cp > 0 such that

P{3teZ,:1<t<0,] 2],

£.(t) € O(A\A(1,2,3,4), (3.2.7)

CA

[EA
for any z € Z%, for which p(2,0Q(A)) > o || z ||, and p(z,A) < br || z ||

a1 €:(8) < p(&:(1),A) < &) &(1) I} 21 -

This lemma easily follows from the propositions 2.2.1 and 2.2.2.

Let us consider a nonergodic 2-face A having two outgoing 3-faces. Let AV C A
be a nonergodic 1-face, and @ € AV Z%. Then there are two possibilities : either
2 € X,or z & X and A1) has a unique outgoing face. Repeating the arguments from
the proof of the lemma 3.2.5 one can easily show that in the second case as well as in
the first case there exist constants § > 0 and 6 > 0 and for any ¢ > 0 there exists ¢ > 0
such that for any 2z € Z%, for which || ¢(z) — z ||< 4,

P{ri> 0z} < (3.2.8)

c
=l
For an ergodic 1-face A(") C A by lemma 3.2.3 we have also (3.2.8) for any z € Z,,z #
0, for which p(z, AW} < &,y || 2 |I.

From this and from the lemma 3.2.6 it easily follows that for any nonergodic 2-face

A having two outgoing faces and for any § > 0 there exist 64 > 0,64,c(€) > 0 such
that

P{Either £ < Op || z ||, or It =1,....61 || z || :
£:(t) € Q(AN\A(1,2,3,4) and (3.2.9)

Snll () 1< p(&(t), M) <611 & (D) 1} 2 1 - 5y

for any z € Z3,z # 0, for which p(z,A) < 84 || 2 ||
Let us note now that for any € > 0 and for any nonergodic 2-face A C ¢ there
exists 6 > 0 such that

t, = inf{ Either || T%(z) ||< % or T(2) € 03| JO; O3} <

kY

for any z € Z3,z # 0, for which p(z,A) < é || z ||, and for some positive constant
8 > 0.
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Moreover there exist N > 0 and o > 0 such that the trajectory {T%(z),0 < t < ¢,} has
at most N break-points:

21502k, K< N,

and for any break point z;, 7 =1,... k,

p(p(z;), € Jc?) > 0

From this, using (3.2.12), proposition 2.3.1 and repeating the arguments from the
proof of the lemma 3.2.2, we get that, for any nonergodic 2-face A C €?), there exist
éx > 0 and 84 > 0 such that

[}
=l

for any € > 0 and for any z € Z%,2 # 0, having p(z,A) < éa || z ||, where ¢ = ¢(e) > 0.
Let us fix for any nonergodic 2-face A C C® these constants §4 > 0 and 04 > 0
and consider the sets

Plr;>0n |l 2|1} <

(3.2.10)

Or={z€ R} :z2#0:p(z,A) <ép | 2]}
6
Or={z€R{:z#0:p(z,A) <A | 2]}, and (3.2.11)
05 = J0s, 03 = JO;
A A

where the union is over all 2-face A C ¢(?.

Let us now consider a nonergodic 1-face A, which has no outgoing faces. Repeating
all the arguments which were used for a nonergodic 2-face having two outgoing faces
and using the lemma 3.2.6 and the proposition 2.3.1 one can easily show that there
exist 64 > 0,0y > 0 and c¢(e) > 0 such that the estimate (3.2.10) holds for any
e>0,z € Z},z #0, such that p(z,A) < 84 || z ||, the estimate (3.2.10) holds.

Let us fix for any nonergodic 1-face A, which has no outgoing faces, these constants
6p > 0 and 85 > 0. Let us consider the sets (3.2.11) for this faces, and put

0,=J0r , 0;=1J0;
A A

where the union is over all nonergodic 1-faces which have no any outgoing face.

So for any z € (OgU...lU0O4) N Z} the proposition 3.2.2 is proved. To prove it for
any other z € Z,z # 0, it is sufficient to note that for any € > 0 there exists N € Z,
such that for any z € Zi\U‘;=0 0;,z # 0, there exists t, € IRy such that :

(i) 1. <0 =]

for some positive constant § > 0,

(i1) either || T*(z) lI< 5 | z ||, or T%(2) € Uj= O;, and
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(iii) the trajectory {T"(z),0 < t < t.} has at most N break-points.

After this, using the proposition 2.3.1, one can casily get the proposition 3.2.2

Proposition 3.2.2 is proved

Using the proposition 3.2.2 let us now prove the ergodicity of the chain £.

Let ¢ > 0,e < 1 be fixed, and let § > 0 and ¢ > 0 be the constants from the
proposition 3.2.2. For any z € Z%, we shall define the stopping time 7,(2) of the r.w.

£.(t) by setting

1
mi(z) = min {75, [0 2 ||]}, if || 2|2 7’ and

71(2) =1 otherwise

Then from the proposition 3.2.2 by boundedness of jumps condition for the r.w. £,(¢)
for any z € Z%, for which || z ||> §, we get

Ef&(n(z) IS ell 2|l +(1 + df)e.

From this it easily follows that there exist ¢ > 0 and D > % such that for any z € Z1,
for which || z ||> D, the following estimate holds

Efl&mz) s -l 2| (3.2.12)

Note now that for any z € Z4, for which || z ||> 3,

Eni(z)<0]| = | (3.2.13)
From (3.2.12) and (3.2.13) it follows that for any z € Z, for which || z ||> D,

E N &n@) <1zl - SBn() (3:214)

Let us definc the sequence of stopping-times 7,(z) of the r.w. &,(¢) by setting
T0(z) = 0 and for any n € Z17,41(2) = Ta(2) + 11(€:(7n(2))).

Then by (3.2.14) the conditions of the proposition 3.2.1 are satified and consequently
the chain £ is ergodic.

So the theorem 1.2.5 is proved.



Chapter 4

Essential scattering

4.1 Nonergodicity

Let us consider the associated graph G, the set of vertices of this graph &, and

W+ = U W+(T) ’ w_ U W_(IE)
T€X T€X
where Wi (z) (W_(z)) is the sct of all separatrices outgoing from the point z (ingoing
to the point z).
Let there exist vy € W, N W_ for which

M., >0 (4.1.1)

(see proposition 1.2.7).

Let us show that in this case the r.w. £ is nonergodic. We shall do it for the case when
the associated Markov chain % is irreducible ( in particular Wy = W_ = W ) . For
any other cases one can easily do it analogously.

By the theorem 1.2.1 it is sufficient to consider the case when for any ergodic face
A the vector V}, has at least one negative component.

So we shall always assume here that for any ergodic face A the vector V, has at
least one negative component.

Let us consider for any v € W the point z(y) € X, such that v € W_(z(v)), the
1-face A,(yl) containing the point z, and the ergodic 2-face A,(f) ingoing to the face AQ),
along which the separatrix v goes to z(7y). (This 2-face Agz) exists by the assumption
Ajg). Let us consider also for any v € W the Markov chain 21\(.,‘),/\(,2) having the state

of space

Gl 14 = (Cy\ QAN ZL
and transition probabilitics pAgl),Agz)(x,y), T,y € C/(:‘f) NZ4 (see proof of the proposi-
tion 1.5.2).

We shall prove all the theorems 1.2.8 -1.2.11 for the case when the Markov chains
£, p@ isergodic. In other cases one can prove this theorems similarly. Let 7,0 ,2(z), = €
¥ oAy v LAY

Cf\’(wz) N Z% be stationary probabilities of this chain.

57
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L.et us consider for any ¢ > 0 and for any v € W the set

Y= {2 € QAVNQAD) : = # 0, ¢(2) — 2(7) lI< ¢}

and for any z € Z\{0}, for which || ¢(z) — z(7) ||< ¢, let us consider the r.w. £,(t)
corresponding to the chain £ starting at the point 2, the first time ‘rz(@Q(Agl))) when the

r.w. &(t) hits the set Q(AV) = Q(Agl))\Q(Ag’)), and the next after 7,(9Q(A{)) — 1
time 7¢ when the r.w. &,(t) hits the set | J Y| J{0}.

Yy eW

Proposition 4.1.1 For any 6 > 0 there ezxist € > 0,c > 0 and 6, > 0,0, > 0 such that
for any v € W and for any z € Z1\{0} for which || ¢(z) — z(v) ||< €,

G) > |P{Ollzll<ti<b:|lz|l, &(75) € XS,
'eWy (x
EW (=) (1.1.2)

&N Il = 1< 8 1= 1) = gy (2 Av) I< 2y
where A s a 2-face outgoing from Ail(L),
point (Y); gy (2, Ay) is the probability that the induced chain £,) goes to infinity

S Y

along which the separatric 4" goes from the

from the point z along the face A (see §1.5). Moreover

(i) 3 S XY P =y} — gy (z Ay)Ty(y) [ 0

Y EWL(z(7)) yECi(g) nzi y'ey;,nz_‘+
.71

as || z||— 0.

where the summation ) is over all y' € Y5 N ZY for which the orthogonal projection
onto C%, is y.
A'I

One can easily get this proposition from the propositions 2.1.8, 2.2.2 and 2.3.1 and
from ergodicity of the chain [:A(,’),Aﬁf" using the same arguments as in the proof of
lemma 3.1.4.

Let us note now that for irreducible associated chain % the value M., does not
depend on v € W. By the proposition 1.2.7 it follows that there exist § > 0, N* € Z,
and M* > 0 such that for any N > N*,N € Z,, and for any v, € W

N
log{ > P, v2)--pa(n-1,78) [[ (4 — 6)} > M™N (4.1.3)
Y2yeees ‘YNEW+ﬂW- =2

Let these constants § > 0, N* € Z, and M* > 0 be fixed.

For given § > 0 let us fix the constant € > 0 from the proposition 4.1.1 and let us
define for any v € W, NW_ and for any z € Y7 NZ; the sequence of stopping-times
T.(2) of the r.w. &,(1), by setting 7o(2) = 0,70(0) = 71(0) = 0,71(2) = 7{, and for any
ne€,
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Tnt1(2) = Ta(2) + 11(€2(a(2))) -

It is easy to see that for any v € W, for any z € YN Z4 and for any N > N*, N €
Z+3

N
EN&nNizl=l > II(K,, —é)x

M. INEW =1

(4.1.4)
xP{Vk =1,..,N:{(n(z)) € Y}, and

1 €=(m(2)) 12 (K = &) || €(re-1(2)) |1}

From the proposition 4.1.1 it easily follows that for any N > N*, N € Z,, and for
any v,m1 € W

> | P{Vk=1,.,N:&(n(2)) € YS , and

Ix
Y2, YNEW

I €(m(2)) 1> (K = 6) || &l (2)) 11} - (4.1.5)

=950 (2 Ay)paa (71, 72)-- Pt (yv -1, ) | = 0

as || z[|- 00,2 € YeNZY .

I'rom (4.1.4), (4.1.5) it follows that for any NV > N~ and for any o > 0 there exists
D > 0 such that

N
Ell&nEN I = Hzl{ 3> I, —é)x

Y. INEW ;=1 (416)

gAgl)(Z, Ay )pa(m, v2)--pa(yn -1, ) — o KN}

for any ¥ € W and for any z € YN Z4, for which || z [|> D where K = max,ew K,.
From (4.1.6) by (4.1.3) we get

E N &rn(2) 2] 2 || (M - ok™) (4.17)
Let us choose N > N* and o > 0, such that
w=eMN_okVN >,

and for given NV and o let us fix D > 0 from (4.1.6).
Let us consider the following function f: Z{ — IR, :

f(z)=0,if [| z|< D, and
[ =Nzl it | zl>D.
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Then by (4.1.7) for any z € { | Y<| J{0}}[) 2} we have

yEW
E f(&(Tn(2))) 2 wf(2)- (4.1.8)
Let us note now that by the proposition 4.1.1 for any 2 € ( | J Y J{0}) () Z%
vEW
c
Plrn(z) 200 21} 21 = 57—,
=1l
and consequently
Ern(z) > 0,f(2) — b, (4.1.9)
From (4.1.8) and (4.1.9) for any z € (| Y)[)Z3 and for any k € Z we get
eW
E(tasn(2) — Ten(2)) = O Ef(E.(Ten(2))) — 0y > 01w* f(2) — cb, (4.1.10)
By (4.1.10) for any z € | Y;(")Z%, for which || z ||> D,
~veW
Etin(z) > 00 as k — o0 (4.1.11)
Let z € |J Y7 ()Z1,]l z||> D, and let 7, be the first time when the r.w. &,(t) the
~YEW
point 0. Then by definition for any k € Z,
T 2 Tkn(2) - (4.1.12)

From (4.1.11) and (4.1.12) we get that
Er, = 0o

So the chain £ is nonergodic.
Theorem 1.2.8 is proved.

4.2 Ergodicity

Let for any ergodic face A the vector V, have at least one negative component, and let
the associated graph G have a cycle. Note that in this case the semigroup T¢,t € IRy
has no periodic trajectories.

Let

Mgy = m‘?xM., <0 (4.2.1)

Let us show that in this case the r.w. £ is ergodic. We shall do it for the case when
the associated chain % is irreducible (in particular W, = W_ = W). In any other case
one can easily do it analogously.
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Let us fix constants N* € Z,,6 > 0 and M* > 0 such that forany N > N*, N €
Z,, and for any vy € W.

N
log{ Z pa(v1, 72)---pa(YN-1,7N) H K, +6)} <—-M"N. (4.2.2)

Due to (4.2.1), it is always possible to satisfy (4.2.2) since proposition 1.2.7 holds.

For given § > 0 let us fix the constants ¢ > 0,¢ < 1,0, > 0 and 0, > 0 from the
proposition 4.1.1.

We shall use here notations, introduced in §4.1.

Let us note that for any z € IR} there exists t € IRy such that

T'(z) e U v J{o} .

~eEW

Let us consider for any z € IR}

t, =inf {t € Ry : either TY(z) € U,ew Yo U{0}or || T*(2) < £ | 2 II}

. . 4
It is easy to see that for any z € IR}

t. <0 2| (4.2.3)

where the constant § > 0 does not depend on 2
Let us consider starting at the point z € Z} the r.w. ¢,(t) corresponding to the
chain £. Let us define a stopping-time 7;(z) of the r.w. &,(t) by setting 7(0) =1,

. . 1
71(2) = min {75,802 || z || 1}, if || ¢(2) — z(y) ||< € for some y € W and || z ||> i

n(z) =1, if || o(z) || eforally € W,z #0,
and
11(z) =1 otherwise.

Here 7¢{ is the stopping-time of the r.w. £.(t) which was introduced in §4.1, and 8, > 0
1s the constant from the proposition 4.1.1.

Let 7,(z),n € Z4, be the sequence of stopping-times of the r.w. £,(t), such that for
all z € Zi

70(2z) =0 and for any n € Z,

Tnt1(2) = 7a(2) + 1(€:(7a(2))) -
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Proposition 4.2.1 There ezist w > 0,w < 1, N € Z, and D > 0 such that for any
z € Z%, for which || z ||> D,

Elé(n() lI<wll 2|l - (4.2.4)

Proof.

Using the arguments from the proof of the theorem 1.2.5 one can easily show that
for any z € Z{\{0} for which || ¢(z) — z(7) ||> € for all v € W, the following estimate
holds

P{either || &(n(2)) [|[< €]l z ||, or Iy € W :
(4.2.5)
I olE(ra(z) —2(n) 1< e} 21— &

where the constant ¢ = ¢(€) > 0 does not depend on z.
Note also that due to (4.2.3) for any z € Z{\{0}, such that || ¢(z) — z(v) ||> ¢ for
all y e W,

[ €:(n(@) Iz || (1 +60d)  as. (4.2.6)

From (4.2.5) and (4.2.6) it easily follows that to prove the proposition 4.2.1 it is
sufficient to show that there exist w > 0,w < 5 + ,N € Z; and D > 0 such that for
any v € W and for any z € Z3, for which || 2 ||> D and || ¢(z) — z(v) ||< ¢, the
inequality (4.2.4) holds.

To show it let us note that from the proposition 4.1.1 it easily follows that for any
v € W, for any z € Z4\{0}, for which || ¢(z) — z(¥) ||< ¢, and for any N € Z,

E | &(n(2)) 1<) 2 |l Z H K5 =
x P{Vk=1,..,N: {(n(2)) € Yy, (4.2.7)

(Ko = 8) Il &e(mr-1(2)) NI €:(ma(2)) IS Koy + 8) || €elmen(2)) |1} + €

where the constant ¢ = ¢(¢,8, N) > 0 does not depend on z.

From (4.2.7) using the arguments from §4.1 one can easily get that for any ¢ > 0
and N > N* there exists D > 0 such that for any ¥ € W and for any z € Z$ for which
I #(2) —2(v) I< eand || 2 [|> D,

E| &(n(@) IS 2l (e + o(K +6)Y) +c (4.2.8)

where K = sup, K.
Let us choose N > N*, N € Z,,0 > 0 and w > 0 such that

eMN L oK+ 686N <w<

1+ 0d
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Then, due to (4.2.8), there exists D > 0, such that for any v € W and for any
z € Z3, for which || z ||> D and || ¢(z) — z(7) ||< ¢, the inequality (4.2.4) holds.

Proposition 4.2.1 is proved.

Using the proposition 4.2.1 one can easily prove ergodicity of the chain £ similarly
to the proof of the theorem 1.2.5 (see §3.2).

4.3 Transience

Let there exist an irreducible class W; of essential states of the associated Markov chain
A for which

Lw, >0 (4.3.1)

Let us show that in this case the r.w. ¢ is transient. We shall do it for the case
when the associated chain % is irreducible (W; = W). In any other cases one can easily
do it analogously.

We shall use here the notations introduced in §4.1.

Let us fix constants N* € Z,,6 > 0 and L* > 0 such that forany N > N* N ¢ Z,,
and for any v, € W

N
Z PQl(’Yh’72)-~-P‘21(‘7N—1»7N)10g{H(1"w, —-8)} > L*N. (4.3.2)

¥2..vn €W 1=1

Due to (4.3.1) it is always possible to satisfy (4.3.2) since for any v,y € W

Zp(;)('y,'y') — my(7') as n — oo, (4.3.3)

k=1

S|~

where mg((y),y € W, are the stationary probabilities of the chain 2.
For given 6 > 0 let us fix the contant € > 0 from the proposition 4.1.1.
For any z € ( U Y;U{Q})ﬂZi let us consider a stopping-time 7¢ which was
veW
introduced in §4.1, and let us consider a sequence of stopping-times 7,(z), where 7o =

0, n(z) =1, m(z)=7¢ if 2#0, and for any n € Z,

Tnt1(2) = Ta(2) + 1(€:(7a(2)))
To prove transience of the chain £ it is sufficient to consider the case when for any

ze (Y Yy U0} Z4 and for any n € Z

yEW

Ta(2) < 00 a.s.

Let us consider for any z € (| Y5 J{0})[)Z3 a sequence
YW

Cl(n) = €Z(TnN‘(z))an €Z,.
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To prove transience of the chain &,(t) it is sufficient to prove transience of the chain
(z(n). To prove transience of the chain (,(n) we shall use the proposition 3.1.2.
Let us consider on the state space of (;(n) the following function f :

f(z) = mﬂ if || z||> 3, and

f(2) = 1 otherwise .

Proposition 4.3.1 There exists D > 0 such that for any v € W and for any z €
YSNZ4, for which || z ||> D,

E f(¢:(1) < f(2) (4.3.4)

Proof.
From the proposition 4.1.1 it easily follows that for any ¥ € W and for any z €
YN Z% the following estimate holds

E f(¢:(1)) = E f(§:(7n+(2))) <
< Y (log(ll 2 | H (Ky, = 6))".P{Vk=1,..,N: (4.3.5)

§:(1e(2)) € Yy, and || &:(7(2)) 1> (Ko, — ) | &o(meaa(2)) I} + 15y

where the constant ¢ > 0 does not depend on z.
Note now that for sufficiently large || z ||

(log || z || T}, (K — 6))7 =

XS
_ 1 log (TTX., (K+,-8)) (4.3.6)
STog i~ doghee T
-2
+o((log || 2 |D)

From (4.3.5) and (4.36) we get

E f(&:(n+(2))) < g + olllog || 2 1)77)=

N
- Y (gl =z 2logl'I (K, —
b (4.3.7)

xP{Vk=1,..,N:{(n(2)) € Y5

i

and

I &:(me(2)) 1> (K — 8) |l €(mea(2)) 11}

Due to (4.3.2) using the same arguments as in the proof of the theorem 1.2.8 (see
§4.1) one can easily show that for any ¢ > 0 there exists D > 0, such that for any
v € W and for any z € YN Z}, for which || z |> D,



4.4. RECURRENCE 65

N
S log [[(K,, —8)P{Vk=1,..,N:{(n) €Yy,
M YNYEW 1=1 (4.3.8)

| §(7e(2) > (K = 8) || €o(mk-1(2)) I} > L*N* — o N™ log K

where K = max, I{,.
Let us choose o > 0 such that

w=L"-—0oN"log K >0.

Then from (4.3.7) and (4.3.8) for any ¥ € W and for any z € Y.*NZ], for which
| z ||> D, we get

1 w 1
PIEIED S oy~ Cog 1207+ Clog T2
From this (4.3.4) easily follows.
Proposition 4.3.1 is proved.
Due to the propositions 4.3.1 and 3.1.2 the chain (,(n) is transient, and consequently
the chain £,(t) is also transient.
Theorem 1.2.10 is proved.

)

4.4 Recurrence

Let for any ergodic face A the vector V have at least one negative component, and let
the associated graph G have a cycle.
Since in this case the semigroup T%,¢t € IR,, has no periodic trajectories, then the
conditions of the theorem 1.2.4 are not satisfied.

Let for any irreducible class of essential states W7 of the associated chain 2

£wr <0, (4.4.1)

Let us show that in this case the r.w. £ is recurrent. We shall do it for the case
when the associated chain 2 is irreducible (W = W is a unique irreducible class). In
other cases one can easily do it by analogously.

Let us choose constants N* € Z,,6 > 0 and L* > 0, such that for any N >
N*, N €Z, and for any v, € W

N
> palym)--palwn-1,7n) log [I(Ky, +6) < -L*N (442)
Y2, YINEW Jj=2
Due to (4.4.1) it is always possible to satisfy (4.4.2) since (4.3.3) holds.
For given é§ > 0 let us fix the constants € > 0,0, > 0 and 8; > 0 from the proposition
4.1.1.
Let us consider the r.w. £.(t) starting at the point 2z € Z{ corresponding to the
chain £, and let us consider the sequence of stopping-times 7,(2),n € Z, of the r.w.

€.(t), which had been introduced in §4.2.
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Proposition 4.4.1 There erist w > 0,n € Zy and D > 0, such that for any z € Z¢,
for which || z ||> D
L log || &(7n(2)) IS log || 2 || —w .

One can easily prove this proposition using the same arguments as in the proof of
the proposition 4.2.1, and using (4.4.2) instead of (4.2.2). From the proposition 4.4.1
recurrence of the chain (,(n) = £, (.n(2)),n € Z; follows, by the well known recur-
rence criteria [6]: a Markov chain with the state space Z; and transition probabilities
pij,t,J € Z4, is recurrent if there exists a nonnegative function f on Z, an a finite set
A C Z,, such that for any : € Z, \ A

Yopifi—fi<0,
1€Z,

and f; —» as j — oo.
From recurrence of the chain (,(n) recurrence of the r.w. &,(t) follows.
So the r.w. £ is recurrent. Theorem 1.2.11 is proved.



AQ)

Fig. 1.4.1. Fig. 1.4.2.
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