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Abstract

When hyperbolic problems are discretized it is natural to use regular grids. The bound-
aries usually do not respect this regularity; however, it is tempting to deform the
boundary in such a way that the regular gird can be used everywhere. Introducing
a simple mode] problem we study the effect of this deformation on the reflection and
transmission coefficients.

Résumé

Dans la résolution des problemes hyperboliques par différences ou éléments finis, il
est naturel d’'utiliser un maillage régulier. Or, cette régularité est difficile a obtenir
si les frontiéres ne sont pas régulieres. Pour avoir des schémas simples on pourrait
cependant déformer la frontiere de telle fagon que le maillage reste régulier partout.
Nous introduisons un probléme simple pour étudier 'effet de cette déformation sur les
coeflicients de réflexion et transmission.




1 Introduction

When discretizing hyperbolic equations one usually uses finite difference methods or
finite clements with regular mesh to minimize the effect of dispersion. However, it is
usually impossible to fit this regular grid into the domain under consideration, so there
arc two possibilities: either to choose to be sloppy and deform the domain such that
regular mesh can be used everywhere or use irregular mesh near the boundary. The
latter case leads to isoparametric elements if finite elements are used or to some ad hoc
adjustments in casc of finite differences. We will not treat this situation. Instead we
will take up the former possibility and try to analyse what is the effect of the sloppy
discretization on the numerical solution.

These kind of questions arise notably in scattering problems, see [WI]. Take a simply
connected compact domain K (obstacle) and solve the Helmholtz (or wave or Maxwell)
equation in IR™\ K with appropriate boundary conditions (n = 2 or 3 in applications).
Of course it would be difficult to do explicit calculations with this model so we choose
a simple model problem where analytical solutions are available. The simplest case is
evidently the reflection of the plane wave from the straight line. Then we ’simulate’
the sloppy discretization by not aligning the mesh and the line; this gives a kind of
staircase boundary. In the same way we can treat the transmission problem (in fact the
pure reflection problem is a limiting case of the more general reflection transmission
problem).

We calculate the reflection and transmission ceofficients for ¢}, elements, P, elements
(with equilateral triangles) and for the five points scheme. In all cases it is found that
the staircase introduces errors of first order although all the schemes are of second
order. This seems to indicate that the sloppy discretization should be avoided in
practical calculations.

2 Review of Continuous Case

Consider the following problem: solve the wave equation
U“—Au: 0 (21)

in the domain {(z,,z2)]|z2 > f(z,)} where f is some periodic function with period
6. At the boundary we put u = 0 (for instance). Then consider the incident wave
u; = exp(t(k1z1 — k22 — wt)) where |k| = w. We want to determine the scattered wave
u,. To this end we first note that the periodicity of f imposes a ’pseudoperiodicity’ of
u,, that is

us(z1 + 6, 72,8) = e0u, (2,25, 1). - (2.2)




Guided by this observation we can then look for the u, in the following form

us(21, T2, t) = Z R, ¢! (enz1#bnz2-ut)

n==-00

where a, = k; + 27n/é and b, = \/|k|* = a2. Evidently when |n| — oo sooner or

later |k|> — a2 becomes negative; in that case we define b, = iy/a2 — |k|>. The above
sum is sometimes called Rayleigh series and the terms Floquet modes (for a 'physical’
treatment of the scattering by periodic structures see for instance [KOJ). So all in all
we have a finite number of propagating modes and an infinite number of evanescent
modes. Then taking a be the angle between the incident wave and z,-axis, we have
the following simple result

Proposition 2.1 The n’th mode is propagating if

_(1+s;na)5 <n< ¢! fs/\ina)5

where A is the wavelength.

Proof Putting 27/§ = p the condition is
(kv +pn)? < Jkf* = kT + 7.

Solving this and recalling that k, = |k|sin a and A = 27/ |k| gives the result.

|
The coefficients R, are determined by using the same kind of expansion for u;(z,, f(z))
and matching the corresponding coefficients. However, let us note that in general the
expansion does not converge in the grooves, that is when r; < max f. Anyway, if one
is interested only in the solution far away from the boundary, the analysis based on the
expansion is valid: we can ignore the evanescent modes and take into account only the
propagating modes. As we have seen there are only a finite number of them so there
are no problems of convergence.
Note that the time dependence was not really essential, so that we could have made
our analysis directly in terms of the Helmholtz equation

wu+ Au=0.

This remains true in the discrete case, and consequently from now on we consider only
the Helmholtz equation.

The transmission problem can be treated similarly: we just have different expan-
sions ’above’ and ’below’ and then match the coefficients at the interface. Adopt-
ing the notation @y = {(z1,z2)|z2 > f(z1)}, Q2 = {(21,22)|22 < f(z1)} and
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I' = {(x1,22) | 22 = f(z:1) }, the Helmholtz equation can be written as

(2.3)

pwiu+ V- (uVu)=0 inQ
pawu+ V- (£aVu) =0  in Q,.

Instead of p; and p; it is often more convenient to use the paramecters ¢; = (/p/pi
(wave speed) and z; = /fip; ((characteristic) impedance). We will suppose that p;
and y; are constant, but obviously this need not be the case in general.

Then recall that taking ©; to be the upper half plane there is only one reflected and
onc transmitted wave, so that we look for solutions of the form

u(a:) _ CXp(kl.’IIl — ]C2$2) + Rexp(klxl + kgl'g) o} 2 0
| Texp(bizy + &222) 2 <0

where £ is the wave vector of the transmitted wave. The continuity considerations at

the interface give (sce [KO])

L= kb
clkl =

k ;
& = —-y\/cf — c&sina.
2

The minus sign appears because the transmitted signal goes ’down’. We see that when
¢1 < ¢y sin « there is no propagating mode in the lower half plane.

and consequently

Then clementary calculations show that the reflection and transmission coeflicients are

given by
€121 €0s @ — zg¢/c2 — Zsin’ o
R —
ci1zycos a + 29/ — c2sin’a

2¢12; cos a

T = (2.4)

121 cos a + zg1/ct — c2sin’ o

where o is the incident angle. Note that putting 2z, = 0 one gets the Neumann boundary
condition and letting 2, tend to infinity yields the Dirichlet condition.

3 Reflection

We consider the following model problems (see figures 3.1 and 3.2): in the first we
discretize the problem with @); elements and in the second with P, elements using
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equilateral triangles. In the first case the period is then § = v/2h and in the second
§ = V/3h.

In both cases there are only two (essentially inequivalent) boundary conditions so we
expect that two reflecting modes are sufficient. Let us introduce the following notations:
denotc the incident wave vector by k& = ( ki —k, ) (where it is implicitly assumed

that k; and k, are positive); then k = ( ki, Kk, ) stands for the wave vector of the
principal reflected mode and k = ( by ks ) is the wave vector of the parasitic mode.

Note that k; might be a complex number in which case its imaginary part must be
positive. The reflection coefficient of the principal mode will be denoted by R and that
of the parasitic mode by R, so that we look for the solution of the form

u(z) = exp(ik - z) + Rexp(ik - z) + Rexp(ik - z). (3.1)

After these preliminaries we then take up the Q) case.

3.1 @, Element

Then recalling the familiar @}, scheme and ’rotating it by 45 degrees’ we get the fol-
lowing difference equation.

8um,n ~ Unti,n — Um—-1,n — Unn4l — Umpn—1 — um+l/2,'n+l/2
272
TUm41/2,n-1/2 T Ym-1/2,n+1f2 — Um-1/2,n-1/2 = 3wh Um,n
where up, , = u(mh\/i nh\/-) and m+n is an integer and m and n are either integers

or intcgers divided by two. Then substituting the principal mode exp(ik - z) and the
parasitic mode exp(zk z) we get the following dispersion relations

8 — 2cos(\/§k1h) - 2cos(\/§k2h) —4 cos(klh/\/i) COS(th/\/—é) = 3w?h?
8 — 2 cos(V2k1h) — 2 cos(V2kyh) — 4 cos(kih/v/2) cos(kah/V/2) = 3w?h?. (3.2)

Let us note that only the following values are admissible for different parameters:

0< kih/V2<m
0< koh/V2 <
—r<kh/V2<T
0 < kb/V2<n

because higher values cannot be represented by the computational grid. The condition
for the k, is different than for others because a priori the parasitic wave could as well
propagate to the left as to the right. In the present case we sec that the only possible
value for kl is kl =k — \/-7r/h Using this we get the following equation for k2

cos?(kyh/V/2) — cos(kih/V'2) cos(koh/V2) = cos®(k2h/V'2) + cos(kih//2) cos(kah/V/2)
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This has the solutions

cos(k1h/v/2) + cos(kzh/\/2)

- COS(kgh/\/i) (3.3)

cos(koh/V/2) = {

The second solution is unacceptable because it gives a wave which is equal to the
minus incident wave at the grid points (implying that the total field is zero...). As
regards the first solution we note that when h tends to zero, it tends to two so that the
corresponding k; must be imaginary. When this is the case we will use the notation
1}2 = 1k where k > 0.

Then we have to take care of the boundary conditions. Using (3.1) and homogeneous
Dirichlet conditions at (0,0) and (k/v/2, k/V/2) give

1+4R+R =0 (3.4)
e-.’k,h/ﬁ+ Reikgh/ﬂ_ Reu},h/\/ﬁ
Solving this we obtain
Proposition 3.1 The reflection coefficient R is given by

e—ik2h/V2 + eikah/V2

R=- eihh/VZ | gikah/V2

When h — 0 we have the asymptotic formula

V2kyhi N k2h?
3-v3  (3-3)

In addition there exists hg such that for all 0 < h < ho, |R| = 1.

R~-1+ + O(h®).

Proof To prove the asymptotic formula we note that when k; = i« the reflection
coefficient becomes

e—ikgh/\/i + e—nh/ﬁ

R =~ e“‘?h/\/5 + e""‘h/\/i

(3.5)
whose absolute value is evidently exactly one. Then solving
cosh(kh/V2) = cos(kih/V'2) + cos(kah/V2)

gives

e"V2 = 9 _ /3 1 ah? 4 O(hY).

Then substituting this into (3.5) leads to the result. Note that the constant a does not
have any effect.
|



We remark that when k, is not purely imaginary the absolute value of R is not one.

Then let us take the Neumann conditions. Recall that when using the finite element
method the Neumann condition is built into the variational formulation. When inter-
preting this back in terms of finite differences we get

8uo,0 — Augy — 2“1/2,1/2 - 2“-1/2,1/:.» = 3w2h2u0,0
24111/2,1/2 - 4111/2,3/2 - 414‘—1/2,1/2 —4ug,
—4U3/2,‘/2 - 4’(.1.1,‘ - 27.1()'0 - 2u‘,0 = 9w2h2ux/2,1/2. (36)
Then we have the following result.
Proposition 3.2 The reflection coefficient R is given by
wwle—ikzh/\/f + w"wze"—”"/‘ﬁ

wwze.‘kgh/\/ﬁ + w-wleikgh/ﬁ

R =

(3.7)

where * denotes the complex conjugate and w, w, and w, are given by
w = sin(kih/V2) = sin®(koh/V2) + isin(kah/V2) (2cos(k2h/V2) + cos(kih/V2))
w, = sin?(kh/V2) + eVHah _ cos(k h/V/2) (e“-"h/‘/i + cos(kh/V2) + cos(klh/\/i))
wy = cos(kih/V2) (26“;2"/\/5 4 emtehVE 3 cos(kah/V2) - cos(k,h/\/i)) +

2 — 3sin2(kyh/V/2) — V2R,
When h — 0 we have the asymptotic formula

R~1—ikh/V2+O0(h?)

and as before there exists hg such that for all0 < h < hq, |R| = 1.

Proof First we note that as before |R| = 1 when k; is imaginary. Then putting (3.1)
into (3.6) gives

a+aR+cR=0
c4c—ik2h/\/§ + cseibh/ﬁR _ ceei’-czh/\/ﬁiz =0

where ¢;’s are some constants that should be calculated. To this end we take the
difference of the two sides of the first equation of (3.6) and then substitute exp(ik - z)
into it , which yields

8 — 4¢Pk 4cos(klh/\/§)e‘k2"/‘/5 - 3R =
8 — 8cos®(ksh/V2) + 4 — 8isin(k;h/V/2) cos(kh/V/2) -
4 cos(kih/V/2) cos(koh/V/2) — 4i cos(kyh/v/2) sin(k:h/V2) — 12+
4 cosz(klh/\/Q—) +4 COSZ(kgh/\/i) +4 cos(klh/\/2_) COS(k'zh/\/é) = —4w

7




where (3.2) was used to get rid of w. Evidently for the incident wave we just have to
change the sign of the imaginary part of w, so that ignoring the factor —4 this shows
that ¢; = w* and ¢; = w. Doing the same calculations with exp(ik - =) gives

8 — 4e’VPRh _ ¢ cos(lztlh/\/i)e“-‘zh/ﬁ - 3uwih? =
8 — 4"Vt 4 4 cos(kyh/V2)eRMVE — 124
4 cos*(k1h/V'2) + 4 cos?(kah/V'2) + 4 cos(kih/V/2) cos(koh/V2) = —dw.

Using the second equation of (3.6) we verify that ¢4, = w, ¢s = w* and ¢ = wo, so that
the equation to be solved becomes

w'+wR+wBR = 0
wek2h/V2 + wh ek VIp wge"';"‘/‘ﬁf% = 0.

This gives the formula for R and then simple Taylor’s expansion takes care of the rest.
|

3.2 Equilateral P, Element

Consider the situation in figure 3.2. We proceed as in the @, case: first we recall
the dispersion relation in the interior of the domain and then take into account the
different boundary conditions. The equilateral P, elements correspond to the following
difference scheme

6
12upmn — 2Zu1 = 3w2h2um’n
=1

where u,; are the six neighbors of u,, . = u(\/?;mh,nh) and the rules for m and n are
as before. Substituting the plane wave the dispersion relation is found to be

16 — 8 cos’(kyh/2) — 8 cos(V3ky h/2) cos(kyh/2) = 3w?h. (3.8)

Similar considerations as in the Q, case show that k; = k; — 27r/\/3_h, which leads to
the following equation for k,

cos?(kyh[2) — cos(v/3kyh/2) cos(kzh/2) = cos®(kah/2) + cos(v/3kih/2) cos(kah/2)
with the solution

5 cos(v/3k1h/2) + cos(kyh /2
cos(k2h/2) = { —CE)S(kgh/z)) ( ) '

Note that this is of the same form as (3.3), so that the same remarks apply: the second
solution is not interesting and k; is imaginary when k is small.

8



Then homogencous Dirichlet conditions at (0,0) and (v/3h/2, h/2) lead to
1+R+R = 0
emikah/2 | poikah/2 _ poikah/z _
Solving this we obtain
Proposition 3.3 The reflection coefficient R is given by
e—ikah/2 4 eil-cgh/2

eik2h/2 4 eikzh/2

R=-

When h — 0 the asymptotic formula is
kah1 k2h?

+ +
3-v3  2(3-+3)?
and there ezists ho such that for all 0 < h < ho, |R| = 1.
Proof As in the @, case we find that

e = 2 — V3 + O(h).

Substituting this into the expression for R gives the result.

R~-1+ O(r?)

B
Then the variational formulation gives us in case of the Neumann boundary conditions

the following equations.
4ugo — 2Uo,l — U202 T U_yp2072 = wzhzuo‘o
8uijz,172 — 212,32 — 2oy — 2uyy — oo — Ure = 2wrhPuiyny,
This then leads to
Proposition 3.4 The reflection coefficient is given by

wiw, e—ik2h/2 ikah/2

wwqeikzh/2 - yy*ap, eikah/?

+ w“wge

R=—

where w, wy; and w, are now

w = 3isin(kyh/2)(2cos(ksh/2) + cos(VBkih/2)) +

cos(kzh) — cos(V/3kyh/2) cos(kzh/2)

wy = —2cos(kah) + 3eikeh cos(V3k1h/2) (Zi(ﬂ,"';"'/2 +4 COS(th/Z))

w2 = 4cos(kzh) — geikeh 4 cos(V3kih/2) (66“;2"/2 + 3e~kah/2 4 8COS(k2h/2)).
When h — 0 we have the asymptotic formula

R ~1—-1ikh/2 4+ O(R?)

and there exists hg such that for all 0 < h < ho, |R] = 1.

9




Proof We proceed exactly as in the @), case. For instance let us calculate cs using
the second equation of (3.2)

24 — 6e*2* — 12 cos(V3k1h/2)e*?H? — 6L2R? =
24 — 12 cos?(koh[2) + 6 — 12isin(k2h/2) cos(k2h/2)—
12 cos(v/3k1 h/2) cos(kah/2) — 12i cos(v/3k h/2) sin(kqh/2)
—32 + 16 cos?(koh/2) + 16 cos(vV/3k h/2) cos(k:h[2) = 2w".

Note that the error term in P, case is obtained from the Q, case by dividing by /2
and this is also the ratio of the depths of the grooves.

3.3 Some Pictures

Let us illustrate the results we have obtained. First we take up the Dirichlet boundary
condition; we plot the error of the reflection coefficient as a function of h and k, (note
that because the absolute value of the correct reflection coefficient is one there is no
difference between relative error and absolute error). Without the loss of generality we
put w =1 and k; = sina where 0 < a < 90 and a is the incidence angle. The error in
the absolute value is mostly zero; only when h =~ 2.1 it becomes non zero. In figures
3.3 and 3.4 one sees that the error grows linearly almost all the time and that it grows
rather quickly. Consequently the linear term gives a good approximation of the error
for the most values of h. Curiously the error is biggest at the normal incidence. We
have plotted the P, case. The @), case would give almost identical pictures except that
the error is about /2 times bigger. Finally note that when hk is big the variation looks
random’.
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4 Reflection and Transmission

4.1 Some Preliminaries

When treating the transmission problem we will meet a simple singular perturbation
problem whose solution we first develop. Consider the following linear system

A(e)z = b(e)

where A € C™*" and z, b € C" and as usual € is a small (real) parameter which is
supposed to tend to zero. If A(0) were invertible this would be trivial, but in our case
(see below!) it happens that A(0) is singular with rank n — 1. However, 5(0) belongs
to the image of A(0) so we can hope to find a finite solution when € — 0. We look
for the solution in the form of the series and for definiteness we consider only the first
three terms, so that the problem can be written as

(Ao + A + A262)($0 + 116 + $2€2) = by + b1 + b2€2. (4.1)

Denote by R(Ao) the range of Ag and by N(Ao) its null space. By hypothesis the rank
of Ag is n — 1 so that N(Ay) is spanned by one vector; take any such vector and call it
vn. Also the orthogonal complement of R(Ag) (denoted by R(Ag)!) is one dimensional
and we call its base vector vg. From linear algebra we know that

z € R(A)Y < z¢e N(A")

where A* is the transpose of A (or adjoint in the complex case). This gives us a simple
way to calculate vg. Now expanding (4.1) and putting the coefficients of the different
powers of € to zero we get

Aozo = bo
Aoz + A1z = b
Aozz + Arzy + Az

I
o~
(¥

By hypothesis by € R(Ao) so that the first equation has an infinite number of solutions
To = Yo + AoUn, Where 1o is some fixed solution and Ag is arbitrary. Then to have the
solution to the next equation we must require that

by — A1zo € R(Ao)

In other words b, — A,z is orthogonal to vg which then gives immediately

/\0 — (bl - Alyo,'vn)
(AlvNa 'UR) '

12



Of course we must suppose that (Ajvn,vr) # 0 which in fact turns out to be the casc
in the problem that interests us. Having calculated Mg we then solve

Aozy = b — A120

which gives z; = y; + A;vy. Then to ensure that the third equation has a solution we
now demand that
b2 - Alml - AQ.’EO € R(Ao)
which then leads to
A = (bz — A — Az2q, UR)'
(A1vn, vR)
Of course this process can be continued indefinitely.
More generally, suppose that the rank of Ag is n — k, but still b € R(Ao). Then both
N‘(Ao) and R(Ao)* are k dimensional, so that we look for the solution in the form

k
Zo = Yo + D_ AoV
=1
where yq is as before some fixed solution and the vectors v}y form a base of N(A4,).
Similarly we can find the base vectors vk in R(A4o)*. Then simple calculations yicld
the following ’variational equation’.

. )‘:)(Alvjvavi;z) = (b — Alyo,v}ig) Vj=1,...,k

=1

To have a solution we must require that the matrix M = { (A,v}, v}) }i,; is non singular
and of course it would be convenient to have (A vly,v}) = 0 when ¢ # j. Naturally
in general we may get neither the solution nor the orthogonality: this depends on the
specific propertics of Ag and A;. To calculate further terms we see that at every step
in the algorithm one has to solve a system of the form My = d, where M is always
the same but d changes. Since we will not need this general case we will not pursue it
further.

4.2 (@1 Element

Let us then take up the equation (2.3). When discretizing it with @, elements we get
in the interior of ; the same dispersion relation as in (3.2) except that the left hand
side has to be multiplicd by ¢?. Then analogously to the reflection case one looks for
the solution in the following form.

u(z) = { exp(ik - z) + Rexp(ik - z) + Rexp(ik-z) in @y (4.2)

T exp(i€ - z) + T exp(i€ - z) in Q,

13




where evidently ¢ = (&1, —€2) is the wave vector of the principal tri nsmittcd mode
and ¢ is the wave vector of the parasitic mode. To get a solution with the same
pseudoperiodicity properties as in the reflection case one must require that & = k; and
£, = ki — V27 /h. There are four free parameters because there are four conditions
that this kind of solution must satisfy to be acceptable. Before stating these conditions
we introduce some notations.

a; = cos(kyh/V?2)

a; = exp(ikh/V2)
az = exp(s I~czh/\/§)
as = exp(i&h/V?2)

as = exp(i&h/V?2).

Then for convenience let us recall that the given w and k;, the other parameters are
obtained by the following sequence of equations

3wh? = 4¢3(3 — cos’(k1h/V/2) — cos*(kah/V/2) — cos(kih/V'2) cos(kah/V/2))
cos(k2h/V2) = cos(kih/V2) + cos(kah/V/2)

2(3 — cos?(kyh/V/2) — cos?(kyh/V/2) — cos(kyh/V/'2) cos(kah/V/2)) =

(3 — cos?(kyh/V/2) — cos?(&,h/V/2) — cos(kyh/V/2) cos(€2h/V/2))
cos(é2h/V/2) = cos(kih/V2) + cos(E2h/V2).

First of all we must require the continuity at the interface which gives the following
two equations

1+R+R = T+T
l/a2+agR—a31?Z = T/a4—7~’/a5.

The two other equations come from the variational formulation. Let us first write down
the difference equations.

(24p2 + 811 )uo0 — 4prtton — 2(p1 + p2)(ry2,1/2 + Uory2,1/2)

—4pa(u_ro+ u 12,172+ to—1 + Uryz,-12+ thig) = (9p2 + 3p1)whiugg
(24101 + 8u2)ury2,172 — duaurya,—172 — 2(p1 + p2){(uo0 + 11,0)

—Apy(uoyyzaye + von + u1j232 + i + uz2ay2) = (9o + 3P2)w2h2U1/2,1/2-

Then substituting (4.2) into the above equation yield

(24p2 + 8 )(T + T) — 4p(1/a5 + a3R + a3 R)
—day(pn + pa)(Tfas — T/as) — 8ua(2a? — 1)(T + T)
—8uza1(asT — asT) — 4pz(aT + a3T) = (9p2 + 3p: )W’ ¥ (T + T)

14



(24401 + 8u2)(T'/aq — T/as) — 4pr(1/a3 + a3R — a3R)
~day(puy + p2)(T + T) = 8p1(205 — 1)(T/as — T/ as) )
—8uyar(1/a + a2R + aZR) — 4pa(asT — asT) = (9p1 + 3p2)w’h?*(T/as — T'/as).

So all in all we have a system of four linear equations. Now it would be too complicated
to try writc down the exact solution (or to calculate it!) so we try to find directly the
asymptotic solution. To this end we first note the following expansions.

w = Ak + Ok

a 1 — kiRh*/4 + O(RY)

a; = 1+1koh/V2Z—k2R2/4 4+ O(R?)

az = 2-V3+(2V3-3)[k[*h/12 + O(K?)

as = 1+ilklhy/c2~cEsin?a/cav2 — k2 R — Esin® a) /42 + O(R®)
as = 2-3+(2v3-3)3|k|*h%/1282 + O(h®)

where a is the angle of incidence and so we can also write ky; = |k|sina and &k, =
|k| cos . Substituting these expansions into the equations and putting all into a matrix
form as in the preceding section we then find that

([ 1
1

Ag = —4c1 2y 4(4\/— - 7)6121 40121

1 -1 -1
V3 -2 -1 1/(2 - v3)
(20 — 8v/3)c121 + 12(v/3 — 1)eazs
2-V3
(4\/3 -~ 24)0121 - 12(\/5 - 1)0222
23
The unknown vector is z = (R, R, T, T). The rank of A is three and we easily calculate

that vy = (1,0,1,0) and vg = (4¢121,12¢121,1,1). As regards the right hand side we
obtain

\ —‘12sz1 4(12 — 7\/§)0121 126121

-1 0 0
b = -1 i |kl hcosa 1 + |k|? b2 cos? &
T 4dez V2 —8¢y2y 4 —16¢, 2y cos® «
12¢12 —28¢1 21 —4¢;21(17 — 15sin® )

which we write as b = by 4 1 bih + byh?, so that all the vectors b; are real. Similarly it
turns out that we can write A = Ag+: A1h+ A;h? where A; are real matrices. Now we
use the algorithm of the previous section: by € R(Ag) so we first calculate one solution
to Agzo = bo which is found to be yo = (—1,0,0,0). Then we need A, which is given

15




0 0

Cy COS o 0

—28¢c1z1cosa 0

Next we calculate that

0

\,Cl - C2 S]n a

0
0
—8cic2zycosa 0 (deyzy — 12c222)\/c1 - c5 2sinfa 0
0

—(16¢121 + 12¢222)y/ ¢

(bl — A1y, 'UR)

A —
° (Ayon, vR)

2¢121 cos &

—3sin’a

12y cosa+z2\/ c2s1n o

This gives us already that

We call the zero order

+ O(h)

+ O(h)

c121 Cos @ — z21/¢? — csinfa
R =

c1z1cos o + z\/c? — Zsin

2¢12)cos &

T =

c121 cos a + z1/c2 — cksin’a
R = O(h)
T = O(h).

terms of R and T r¢ and {,.

Note that ro and g are the

'right’ coefficients given in (2.4). This is rather natural because after all our boundary
’converges’ in some sense to a straight line. We still want to calculate the O(k) term of
R and T'. Here the intermediate expressions are already quite long so that we only state

the final result. With the notation R = ro + ¢ hr; + O(h?) and T =

we obtain

to + 1 ht; + O(h?)

Theorem 4.1 The first order terms ry and t, are given by

n =

V2 |k| cos

6ca(c1z1 + c222)(c121 cos a + za1/ct — cEsin? a)?

(3cos® a — V3sin? a)c?ctzlz, +

+(3 - 2\/_ 3)clerz123 —
(2v3 - 3)er 2122 sin® a + (3 + V3)
V2¢,2 |k| cos a

22,3
3)cicrz; —

<\/_clz 23— 3323 cos

(3 4 V3)ch23 sin? a)

6ca(c121 + caz2){c121 cos @ + zav/ct — cEsin? @)?
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. 2
(3(c121 + c22)(c2 2y — Ezgsin®a — ¢icpzy cos ) +

cos a(cyz1 — (3222)((3 — \/g)clzl + 3+ \/3_)0222) Vel —c3 sin? )

Note in particular that putting ry = ry(c1, ¢2,21,22) and t; = ti(cy, €2, 21, 22) We have

ri(sic1, 8102, 8221, 8222) = ri{er, €2, 21, 22)
t1(8101,3102,5231,5222) = tl(Cl,C2,21,22)~ (4-3)

This means that when analysing the error term there are only two parameters: c¢;/¢
and z3/z;.

4.3 Equilateral P, Element

We proceed exactly as in the preceding section. The parameters a; now are
a; = cos(\/gklh/Q)
az = exp(tkh/2)
as = exp(ikoh/2)
ay = exp(iéh/2)
as = exp(iérh/2)

and the different components of the wave vectors are calculated from the following
ecquations

3w?h? = 8c%(2 — cos(koh/2)? — cos(v/3kih/2) cos(kzh/2))
cos(kzh/2) = cos(V/3kyh/2) + cos(kah/2)

c}(2 — cos(k2h/2)? — cos(V/3k h/2) cos(k2h[2)) =

c(2 — cos(€2h/2)? — cos(V/3kih/2) cos(£2h/2))
cos(é2h/2) = cos(V/3kih[2) + cos(E:h[2).

With these notations the first two equations are formally exactly the same as in the
(01 casc, that is we have

1+R+R = T+T
1/as + aoR — asR = T/aq — ’.f’/as.
The variational formulation at the interface gives
(8ua + 4p1)uo0 — 2prt0y — (41 + .Uz)(ul/z,x/z + u_12,1/2)
—2pa(u_rj21/2 + o1 + U1j2,-172) = (202 + px)w2h2uo,o
(8ur + dp2)uryz1/2 — 2u2uyy2, 172 — (1 + p2)(u0,0 + u10)
=21 (uoy + uijza2 + ) = (2p1 + p2)w’hiuy g
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Substituting (4.2) into the above equation yield

(82 + 41 )(T + T) — 2u1(1/a5 + ajR + a3 R)
—2a1(py + p2)(T/aq — T/a5) — a1 (a4T — as'i')
—2um(aiT +a3T) = (2p2 + p)*h*(T + T)
(81 + 4p2)(T/as — T/as) — 2u1(1/a} + aR — a3R)
=2, (1 + p2)(T + T) — 4mar(1/a2 + 2R + a2R)
~2u2(asT — asT) = (291 + po)w?h*(T/aq — T/as).
Then expanding the parameters gives
w? = Ek*+0(h?)
1 - 3k2R%/8 + O(h%)
az 1 +ikoh/2 — k2R /8 + O(R®)
as = 2-V3+(2V3-3)(2sin*a +1) k> h/24 + O(R®)
as = 14ilk|hy/c— Esin®af(2¢;) — |k B3 (S — 2sin a)/(8c2) + O(R®)
as = 2—V3+(2v3 = 3)( + 23 sin? o) k| R2/(24c2) + O(R®).
This leads to

[ 1
1

a)

1 -1 -1
V3-2 -1 1/(2 = V3)
(10 — 4\/5)0121 + 6(\/§ —1Deaze
2-3
(2v3 — 12)¢ 21 — 12(V/3 — 1)ce2,
2-V3 /

Next simple calculations show that vy = (1,0,1,0) and vg = (2¢,2),6¢121,1,1) and
the right hand side is

AO = —26121 (8\/5 - 14)61 21 201 21

\ “66121 (24 - 14\/5)6121 60121

-1 0 0
; -1 t |k| hcosa 1 k| A2 cos’a
2¢1 2y 2 —4¢1zy 8 —8¢;2; cos? a
6c121 —14¢, 2 2¢1z;(11sin*a — 17)

As before, when solving Agzq = by we obtain yo = (—1,0,0,0). Then we need A, which
1s given by
0 0 0 0

|| €2 COS & 0 c - cdsina 0

YT 2c, | —4cic0z1c0sa 0 (26121 — 6ca29)1/c} — Bsina 0

—l4e1z1cos 0 —(8crz1 + 6cp22)y/ci — c3sin*a 0
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Then solving for Ao and x¢ we notice that the zero order terms are exactly the same
as in the @, case, which is rather natural. Then for details of the computation of the
first order terms we refer to the appendix and here we only state the result. Note that
this computation is almost identical to the computation that lead to the theorem 4.1.

Theorem 4.2 The first order terms of R and T are obtained by dividing vy and t, of
the Q, case by /2.

4.4 Five Points Scheme

Rotating 45 degrees the five points scheme gives the following method.

272
QUmin — Um41/2,0+1/2 — Um+1/2,n—-1/2 — Um=1/2,n+1/2 — Um—1/2,n-1/2 = W hup .

where u,, , are like in the @ case. This has the dispersion relation
4 — 4 cos(kih/V2) cos(koh/V2) = wW?h2.

Then putting k; = k; — V2r/h and trying to solve k; one obtains the 'impossible’
equation

cos(koh/V2) = — cos(kah/V2).
We can never find a solution even if one allows complex valucs for k;. Comparing to
(3-3) we see that it is as if we had ’lost the good solution’.

To solve this apparent paradox, we first note that in figure 4.1 there is no direct
connection between the point A and the point above it so that it is unnecessary to
impose the exact continuity at the interface and so we do not 'need’ a parasitic wave!
This is why we did not treat the reflection problem for the five points scheme. However,
this does not mean that the reflection and transmission coefficients are exact, as we
shall see.

So let us simply look for the solution of the following form.

u(zy,z2) = exp(ik-z)+ Rexp(ik-z) z, > h/\V2
u(zy,x2) = Texp(tf-x) T, <0.

Variational formulation gives at the interface
(1842 + 61 )uoo — 3(pr + #2)(“1/2.1/2 + u—1/2,1/2)
—6#2(11—1/2,1/2 + u1/2,-1/2) = (5P2 + Pl)wthUO,o

(18p1 + 62 )uyyo/2 — 3(p1 + p2)(uoo + tr,0)
—bui(uon +ur) = (5p1 + p2)whluise .
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h 2A(1/2)

Figure 4.1: Grid for the five points scheme.

Note that interpreting the underlying triangulation differently we could replace 5p; + p;
by 4p; + 2p;. Then substituting the proposed solution into the above equation yield

(18[1.2 + 6#1)T - 12#2(11(14T
—6a;(p1 + u2)(1/az + Raz) = (5p2 + p1)w’h’T
(18#1 + 6#2)(1/02 + Raz) - 6(11(#1 + /Lz)T
—12p1a1(1/a2 + a3R) = (5p1 + p2)w?h?(1/az + Raz)
where we have used as before the following notations.
a = cos(klh/\/i)
a; = exp(t kgh/\/§)
as = exp(ibsh/V?2).
Even with these two simple equations the exact solution is so complicated that we do

not write it down. Calculating as before the asymptotic expansion we find the following
result.

Theorem 4.3 The coefficients r1 and t; are given by

V2 |k| cos a

2¢o(c1 21 + €222)(c1 21 cos @ + z9y/ct — cEsin? a)?

r =
(6?21222 — C::ngf COS2 a — 0?6221222 - C?C%Z?Zg +

cicsz 22 sin? a4 2c2 323 — 2¢h 23 sin? a)
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V2¢12, |k| cos a

tl =
)
2¢o(c121 + caz9)(€12y cos @ + 254/ c? — cksin’ a)?

.2 2
((clzl + co22)(ct 2y — c2zysin’ a — ¢1caz1 cos® a) +
2¢22 cos afcy 21 — c222)\/ ¢ — % sin? a) .

Note that choosing 5p; + p; rather than 4p; 4+ 2p; does not have any effect on these
coefficients (this choice has influence on the second order terms).

4.5 Total Reflection

We recall that taking €, to be the upper half plane in (2.3) there is a total reflection
if ¢; € cz2sina, that is there are no propagating transmitted waves. In some sense all
the energy is reflected back because |R| = 1. We shall analyse below how the three
schemes we have been considering behave with respect to this phenomenon. First we
will verify that also numerically we have |R| = 1, and then calculate the error in the
critical angle.

Of course we must first introduce some notations. Let A € C**" and z, b € C*. Then
we denote by A; the matrix which is obtained from A by removing the I'th column
which is denoted by a’. Then we define det(b, A;) to be the determinant of the matrix
A with the I'th column replaced by b. Now we can state the Kramer’s rule: the solution
of Ar =bis

z; = det(b, A;)/ det(A)

where z; is obviously the I'th component of z. Then we obtain

Theorem 4.4 |R| =1 for the Q, scheme (respectively equilateral P, and five points
scheme) if the condition Dy (respectively Dy and D3) below is verified

c 2 — cos?(kih/V/2) — cos(kih//2)

br g = 3T cos?(kih/v/2) = cos(kzh/v/2)2 — cos(ki h/+/2) cos(kah//2)
D A < 1 — cos(v/3k12/2)

L . cos(kah/2)? — cos(v/3kih/2) cos(kah/2)
D, o 1 — cos(k1h/v2)

c3 < 1 — cos(kyh/v/2) cos(kah/V/2)

Proof Let us prove the equilateral P, case. Put cos(v/3kh/2) = a, cos(k2h/2) = d
and cos(§2h/2) = y. Then the equation for ¢; can be written as

(2 - ad ~ &) = (2~ ay — y)

21




If the positive solution of y is bigger than one the transmitted wave is evanescent, and
a little algebra shows that the condition D, is exactly y > 1. Then we have to show
that this implies that |R| = 1. Now writing our four equations for the reflection and
the transmission coefficients in the matrix form Az = b we see that using Kramer’s
rule R = det(b, A,)/ det(A). Then we verify that b* = a! always and that the elements
of A; are all real when the condition D, is satisfied. Then the elementary properties
of the determinant imply that R = 2*/z where 2z is some complex number and the
conclusion follows. The proof of the other cases is similar.

The critical angle in the continuous case is a = arcsin(c; /c2). For the different schemcs
this can be calculated by replacing the inequality sign in the conditions D; by the
equality sign. This yields

Proposition 4.1 The critical angles oy for Q@ scheme, oy for equilateral P, scheme
and ag for the five points scheme are given by

c1(c — §)(4ct — 3¢3)[k[*h?

oy = arcsin(e/c;) + + O(Rh*)
' ‘ 18651 — &/
: ci(cd = )k’ h? )
a; = arcsin(ci/cy) + + O(h
2 ( 1/ 2) 32cgm ( )
Cl(cf — c%)(4cf + C%)llehQ + O(hd)

az = arcsin(ci/e;) +
48c5\/1 — /2

Proof These are simply obtained by expanding the conditions D;.
n
As a simple consequence we see that a; is the most accurate when /3/8 < ¢;/c2 < 1,

ay when 1/\/§ < cfer < 1/3/8 and a3 when 0 < ¢1/cy < 1/\/§

4.6 Some Comparisons

Let us first analyse the first order error terms. It is sufficient to consider the five
points scheme and the P, case because the @) terms are obtained from the P, terms
by multiplying by v/2. Recalling the property (4.3) we have then three independent
parameters: ¢z/c1, 22/21 and a. In figures 4.2, 4.3, 4.4 and 4.5 we have plotted the
first order terms as a function of 2,/2; for different values of parameters. It is seen
that for the most values error terms are bigger for the five points scheme. Note that
the absolute values of the 'right’ coefficients (given in (2.4)) are of the order unity (or
smaller) so that the error terms are quite big in the two cases.

All the schemes considered are of the second order; however, in all cases the discrete
boundary introduces error terms of the first order. This suggests that in scattering
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Figure 4.2: First order reflection term; a = 10.

problems one should discretize very carefully the surface of the obstacle: using simply
the uniform grid everywhere which transforms a smooth surface to a kind of staircase
creates quite large errors. In fact Mittra in [MI] has arrived experimentally to a same
conclusion: in his numerical simulations the errors due to the staircase discretization
were too big to be acceptable.

Then in figures 4.6, 4.7, 4.8 and 4.9 we have plotted the reflection and transmission
coefficicnts in the complex plane as a function of A, when h varies from zero to w/2.
When 7/2 < h < 7 the variation of the coefficients is rather chaotic and they do not

bear much relation to 'right’ coefficients (or to each other). Again it is plain that the
errors are quite big.
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Of course in the complex plane onc does not see clearly the ’parametrization’ by A,
so let us plot the absolute error of the reflection and transmission coefficients. We
chose the absolute error for the following reason. Recall that for the right coefficients
we have |R| < 1 and 1 + R = T. This means that the relative error of the reflection
coefficient is always bigger than the absolute error, but for R close to zero the relative
error is not really appropriate. The transmission coefficient T' can also have values
close to zero, so that the absolute error is also better in that case. Anyway |T'| < 2 and
consequently the absolute error is always a reasonable way to represent the error. In
figures 4.10, 4.11, 4.12 and 4.13 we show two cases and it is scen that the error remains
approximately linear for quite large range of values of h.

Next we consider the difference of the absolute values of exact and approximate coeffi-
cients, which is of second order because the first order error terms arc purely imaginary
(except when there is a total reflection, but then the absolute value of the reflection co-
efficient is exact anyway). In figures 4.14, 4.15, 4.16 and 4.17 we show these crrors and
naturally they are considerably smaller than the ’real’ errors in the previous pictures.
Then calculating the error terms when also the discrete domains are half planes we
first of all have evidently r; = ¢; for all 7, and r, = 0 for all three schemes. We give
then the sccond order error terms for the three cases: first five points scheme, then @,
and finally A

ci(c? — 2)z125|k|? cos a(3c2 — 4c3 sin® a + 2¢2 sin’ @)

re =
12c2\/c? — 2 sin® a(c121 cos a + 221/c? — ¢} sin? a)?

2

ci(c? - C%)ZIZQVCIQ cos a(3c? — 4c2sin® a — 2¢2 sint )

ri =
12c}\/ct — c3sin’® a(c1z1 cos @ + 22y/c? — cEsin® a)?

(e — )21 2| k|? cos a3c? — 42 sin®

lﬁcg\/cf — ctsin® a(ciz) cosa + 22\/0% — c%sin®a)?

a)

Note that apart the term £2¢3 sin? & and the factor 3/4 = (1/3/2)? the terms are the
same and 1/3/2 is the ratio of the distances of the layers of points of different grids in
y direction.

Comparing directly the errors of the half plane and ’staircase’ cases would not be
very interesting because they are of different orders; however, the error in the absolute
values are of the same order, so we present some curves showing the crrors in both
cases for the same scheme. In the half plane case the errors in R and T are so close
that they are indistinguishable when plotted so that we show the errors of both R and
T in the same picture. In figures 4.18, 4.19, 4.20, 4.21, 4.22 and 4.23 are the results for
different cases; hs stands for the half space , sc re for staircase reflection and sc tr for
staircase transmission. It is seen that the curves are quite close, they are ’essentially’
same. We conclude that the staircase approximation introduces a large phase shift,
but ’encrgetically’ it is similar to the half plane case.
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Figure 4.10: Absolute value of the error in reflection coefficient; z;/2; = 0.4, c2/c; = 2

and o = 20.
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5 Conclusion

We have seen that sloppy discretization introduces large errors to the reflection and
transmission coefficients. The analysis was made for @)y, I, and five points schemes,
but we belicve that the results arc more generally valid, because many finite difference
and finite clement schemes would give the equations with the same kind of structure
and there appears to be no rcason why these other schemes would behave better than
the oncs we took up. So the overall conclusion seems to be somewhat disappointing:
the sloppy discretization is not really acceptable.

One might object that the absolute values are rather accurate; recall that the crror
in the coefficients was O(h) while the error in the absolute values was O(h?). In
addition the error constant in the absolute value case does not depend very much on
the sloppiness. However, in applications where one is mainly interested in the absolute
values, it is mostly the absolute value of the far field that is desired. Now with finite
differcnces or finite elements it is not possible to calculate the far field (the domain has
to be truncated). One solution is to calculate the near ficld and then use an integral
operator (Green function and convolution) to compute the far field. But unfortunatcly
there is no reason why the error in the absolute value of the far field computed this
way should be O(h?).

Acknowledgements [ am grateful to Patrick Joly for his interest in this work. Various
calculations werc done with Mathematica, sce [WO].
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Appendix A

Here are the listing of the Mathematica session where the calculations of the theorem
4.2 were performed. The intermediate results are not printed because it would easily
fill some hundreds of pages. For the same reasons we cannot give all the calculations
we have done with Mathematica. To make sense of the listing one should be at least
a little familiar with Mathematica (or some other program for symbolic computation),
and the casiest way would be to try them on one’s own computer.
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transPl.ma

vhi:=1l+rl+r2-tl-t2
vh2:=1/a2+a2 rl-r2 a3-tl/ad4+t2/ab
vh3:=(8 mu2+4 mul) (t1l+t2)-
2 mul(l/a222+rl a242+r2 a3*2)-
2 al(mul+mu2)(tl/ad4-t2/a5)-
4 mu2 al(ad ti-a5 t2)-2 mu2(ad’*2 tl+ab+2 t2)-
(2 ro2+rol) (t1+t2)om*2 h*2/.{mul->cl z1,
mu2->c2 z2,rol->z1l/cl,ro2->z2/¢c2}
yhd:=(8 mul+d mu2) (tl/a4-t2/a5)-
2 mul(l/a243+rl a2+3-r2 a3*3)-
2 al(mul+mu2) (tl+t2) -
4 mul al(l/a242+rl a2+2+r2 a342)-2 mu2(ad4d tl-a5 t2)-
(2 rol+ro2)(tl/ad-t2/a5)om*2 h42/.{mul->cl z1,
mu2->c2 z2,rol-»>zl/cl,ro2->22/¢c2};

oms=cl*?2 k*2+0[h]*2;

als=1-3 k*2 8i*2 h*2/8+0[h]*4;

a28=1+I k2 h/2-k2+*2 h*2/8+0[h]143/.k2~->k co;

a3g=2-Sqrt[3]1+(2 Sqrt[3]-3)(1+2 8i*2)k*2 h*2/24+0[h]*3;

ads=1+I h k 8q/(2 c2)-8q*2 k*2 h*2/(8 c242)+0[h]43;

a5s=2-Sqrt[3]1+(2 Sqrt[3]1-3)(clr2+2 c242 8i*2)k*2 h*2/(24 c2*2)+
O[h]*3;

s1=D[yh3,rl]/.{al->als,a2->a2s,a3->a3s,ad4d->ads,ab->abs}
s82=D([yh3,r2]/.{al->als,a2->a2g,a3->a3s,ad->a4s,as5->ab5s}
83=D[yh3,t1]/.{al->als,a2->a2s,a3->a3s,ad->ads,ab->a5s,om*2~->oms}
s4=D[yh3,t2]/.{al->als,a2->a2s,a3->a3s,ad->ads,ab->abs,om*2->oms}
85=D[yhd,r1]/.{al->als,a2->a2s,a3->a3s8,ad->ads,a5->abs}
86=D[yh4,r2]/.{al->als,a2->a2s8,a3->a3s,ad4->ads,ab->a5s}
g7=D[vh4,tl1l]/.{al->als,a2->a2s,a3->a3s,ad->ads,ab->a5s,om*2->oms}
s88=D[yh4,t2]/.{al->als,a2->a28,a3->a3s,ad~->ads,a5->abs,om*2->oms}
g9=D[vh2,rl]/.{al->als,a2->a2s,a3->a3s,ad->a4s,a5->abs}
810=D[yh2,r2]/.{al->als,a2->a2s,a3->a3s,ad4~->ads,ad->ab5s}
811=D([yh2,tl]/.{al->als,a2->a28,a3->a3s,ad->ads,a5->ab5s}
812=D{yh2,t2]/.{al->als,a2->a2s,a3->a3s,ad~->ads,ab->abs};

V1=—1;
v2=-yh2/.{rl1->0,r2->0,t1->0,t2->0,al->als,
a2->a2s,a3->a3s,ad->ads,a5->as5s};
v3=-yh3/.{rl-5>0,r2->0,t1->0,t2->0,al->als,
a2->a2s,a3->a3s,ad->ads,a5->a5s};
v4d=-yhd4/.{rl->0,r2->0,t1->0,t2->0,al->als,
a2->a2s,a3->a3s,ad->ads,a5->ab5s};

Ssimplify([{vl,v2,v3,v4}]);
b=%;

b/.h->0

b0=%;




transPl.ma

Expand[(b-b0)/(I h)/.h->0]

bl=%;

Together[(b-b0-I bl h)/h*2/.h->0]
2=%;

ma={{1, 1,_1,-1}, {891810, 811, 812},
{s81,82,83,84},{(85,86,87,88}};

o

o®

Simplify[ma/.h->0]

mal=%;

Together [NullSpace[Transpose[ma0]]]
vr=%[[1])];

NullsSpace[ma0];

vn=%[[1]]

Together [Expand[(ma-mal)/(I h)/.h->0]]
mal=%;

mal[[3,4]11=0;
mal([4,4]1]=0;

(ma-ma0-I mal h)/h*2/.h->0;
Together([%];
Factor[%/.{co*2->1-8i%2, 34(3/2)->3 sSqrt[3],s8q”r2->clr2-c242 gir2}
ma2=%;

(ma-ma0-I mal h)/h*2;

%[[3,4]1];

Together(%[([3,3]1]11];

Together([%/. 34(3/2)->3 sqrt([3]]
%27[[4,41];

Together[%[[3,3]11]:;

Factor([%/. 34(3/2)->3 sqrt([3]]

ma2[[3,4]]1=%30;
ma2{[4,4]]1=%33;

LinearSolve[ma0,b0]
y0=%;

Together[(bl-mal.y0).vr/(vr.mal.vn)]



transP1.ma

la0=%;

Together[v0+1a0 wvnl]

x0=%;

Together [bl-mal.x0]

dl=%;

LinearSolve[ma0,dl];

Factor[%43[[1]]]

Factor[%43[[2]]]

Factor[%43[[3]]]

Factor(%43[[4]]]

v1={%44,%45,0,%47};
Together[-(b2+mal.yl-ma2.x0).vr/(vr.mal.vn)l;
Factor[%/.{co*3->co(l-8i42),c0*2->1-8142}]
lal=%; |

yl+lal vn;

Together[%52[[1]]1];

Factor[%/.{sq‘2->c1“2—c2‘2 8ir2,c022-5>1-81i42}]
Together [%52([[3]1];

Factor([%/.{8q*2->clA2-c242 8iAr2,c0*2-5>1-8142}]
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