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POLITIQUES DE “POLLING” OPTIMALES 
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06565 Valbonne Cedex, France 

3Department of Computer and Information Science 

University of Massachusetts. Amherst, MA 01003, USA 

Résumé 

Dans un système de files d’attente monoserveur de type polling le serveur visite les files suiv- 

ant une politique de routage. Le comportement du serveur dans chaque file d’attente visitée est 

spécifié par la politique de service. En particulier, la politique de service indique si le serveur 

doit servir ou non des clients et, dans le premier cas, le nombre de clients qu’il doit servir. Une 

politique d’ordonnancement est la donnée d’une politique de routage et d’une politique de service. 

L'ob jectif de cet article est de trouver des politiques d’ordonnancement qui minimisent, pour l’ordre 

stochastique, la charge totale du système et le nombre total de clients en attente de traitement. 

Ce problème d’optimisation est décomposé en trois sous-problèmes: déterminer le comportement 

optimal (servir, changer de file, rester inactif) du serveur lorsqu’il visite une file non vide; déter- 

miner le comportement optimal du serveur (changer de file, rester inactif) lorqu’il visite une file 

vide; déterminer le routage optimal (choix de la prochaine file à visiter) lorsque le serveur vient de 

vider une file et qu’il décide de changer de file. Sous des hypothèses très générales, nous montrons 

que les politiques d’ordonnancement optimales pour le premier sous-problème sont nécessairement 

gloutonnes ct exhaustives, ce qui signifie que le serveur doit servir les clients de chaque file sans dis- 

continuer, jusqu’au dernier. Dans le cas d’un système symétrique, nous montrons que les politiques 

d’ordonnancement optimales pour le second sous-problème sont des politiques patientes, dans le 

sens ou le serveur doit rester dans la dernière file visitée lorsque le système est vide. Si le système 

est discrétisé nous montrons en outre que les politiques conservatrices (le serveur est toujours actif 

lorsque le système est non vide) et impatientes (le serveur quitte une file dès qu’elle est vide) sont 

optimales. Enfin, si le système est symétrique nous prouvons que les politiques de routage qui 

optimisent le troisième sous-problème sont celles qui envoient le serveur vers la file la plus longue 

pour l’ordre stochastique. 

Mots-Clés: Polling; Files d’attente multidimensionnelle; Ordonnancement stochastique; Ordre 

stochastique; Couplage. 
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Abstract 

In a single server polling system, the server visits the queues according to a routing policy 

and while at a queue serves some or all of the customers there according to à service policy. À 

polling (or scheduling) policy is a sequence of decisions on whether to serve a customer, idle the 

server, or switch the server to another queue. The goal of this paper is to find polling policies 

that stochastically minimize the unfinished work and the number of customers in the system 

at all time. This optimization problem is decomposed into three subproblems: determine the 

optimal action (i.e., serve, switch, idle) when the server is at a nonempty queue; determine 

the optimal action (i.e., switch, idle) when the server empties a queue; determine the optimal 

routing (i.e., choice of the queue) when the server empties a queue and decides to switch. 

Under fairly general assumptions, we show for the first subproblein that optimal policies are 

greedy and exhaustive, 1.e., the server should neither idle nor switch when it is at à nonempty 

queue. For the second subproblem, we prove that in symmetric polling systems patient policies 

are optimal, i.e., the server should stay idling at the last visited queue whenever the system 

is empty. When the system is slotted, we further prove that non-idling and impatient policies 

are optimal. For the third subproblem, we establish that in symmetric polling systems optimal 

policies belong to the class of Stochastically Largest Queue (SLQ) policies. A SLQ policy 1s 

one that never routes the server to a queue known to have a queue length that 1s stochastically 

smaller than that of another queue. This result implies, in particular, that the policy that 

routes the server to the queue with the largest queue length is optimal when all queue lengths 

are known and that the cyclic routing policy is optimal in the case that the only information 

available 1s the previous decisions. 

*This work was supported in part by NSF under contract ASC-8802764
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1 Introduction 

In this paper, we consider the problem of scheduling a server in à polling system. We model this 

system as N queues attended by a single server. The server visits the queues according to some 

rule. While at a queue, the server serves some or all of the customers again according Lo some rule. 

A polling (or scheduling) policy consists of à series of decisions on whether to serve a customer, to 

idle the server, or to switch to another queue. T'hese decisions are made based on partial knowledge 

of the state of the queue (i.e., queue occupancies, past arrival patterns) and on past scheduling 

decisions. 

Polling systems are frequently used to model computer and communication networks (cf. Takagi 

(7]). The performance analysis of these systems has been the subject of à large number of papers 

(more than 450 references are included in T'akagi’s survey paper [8]). These analyses have focussed 

on a large number of routing, policies including cyclic and probabilistic routing and on a large 

number of service policies such as exhaustive, gated and limited service. 

However, very few papers have focused on the problem of developing optimal scheduling policies, 

except for the simple uc rule which minimizes some discounted cost function when there is no 

switch-over time. One of the first attempts to optimize polling systems with switch-over times was 

made by Hofri and Ross [4]. They show for a two queue model that the policy that minimizes 

the sum of discounted switch-over times and the holding cost is exhaustive service in a nonempty 

queue and of threshold type for switching from an empty queue to another. Browne and Yechiali 

{3] provide a semi-dynamic policy where the server chooses a visiting order of the queues at the 

beginning of each cycle in order to minimize the cycle time. À similar approach is presented by 

Browne and Yechiali [2] for queues with unit buffer and losses of customers. They show that an 

index rule policy minimizes the sum of holding, costs and customer loss costs over a cycle. In Levy 

et al. [5], it is proved that the exhaustive policy dominates all other service policies, under the 

assumptions that the server does not wait idling at a queue and that the server switches to the next 

queue once à queue is emptied. In (6] Liu and Nain consider a particular polling system arising 

from the videotex system. Depending on the amount of information available to the controller, they 

identify optimal scheduling policies under fairly general assumptions in the case when there are no 

switch-over times. Last, in [9], Towsley, et al. prove that the policy that serves the queue with 

the largest queue length minimizes the number of customers that are lost when queues have finite 

and equal buffer cpacities, arrivals to each queue are governed by a class of statistically identical 

processes, and switching times are negligible. 

In this paper, we study the case where the switch-over times are strictly positive. The aim is to 

find polling policies that stochasticallv minimize the unfinished work and the number of customers 

in the system at all time. This optimization problem reduces to answering the following questions: 

(1) when the server is at a nonempty queue, should it serve a customer of that queue or not” 

(2) when the server empties a queue, should it switch or not?



(3) when the server empties à queue and decides Lo switch to another queue, which queue should 

it switch to? 

The paper is organized as follows. Notation and assumptions are introduced in Section 2. The 

answer to question (1) is given in Sections 3 and 4. We show, under fairly general assumptions, 

that optimal policics are greedy and exhaustive. In other words, when the server is at a nonempty 

queue, it should neither idle nor switch until this queue is empty. 

Section 5 answers question (3) in the case where the polling system is symmetric. We establish 

that the optimal policy is a Stochastically Largest Queuc (SLQ) policy. Here a SLQ policy is the 

one that never visits a queue known to have à queuc length that is stochastically smaller than that 

of another queue. From this result, we obtain that the routing policy that moves the server to 

the queuc with the largest queue length is optimal when all queue lengths are known at all times. 

In the case that the only available information is the previous decisions, we show that the cyclic 

routing policy is optimal. We also consider other applications where the queue length information 

is delayed. 

Last, in Sections G and 7 we address question (2). We prove that in symmetric polling system 

patient policies are optimal, i.e., the server always stays idling at the last visited queue whenever 

the system is empty. If in addition the svstem is slotted and that the switch-over times are one 

time unit, then non-idling as well as impatient policies are shown to be optimal, i.e., the server 

always switches whenever it empties a queue. 

2  Notation and Assumptions 

AIl of the random variables (r.v.’s) considered in this paper are defined on a fixed probability triple 

(Q,F,P). Let IN and IN4 be the set of nonnegative integer numbers and strictly positive integer 

numbers, respectivelv. Define IR := (-0oo, +o0), IR4 := [0,+0) and I:= {1.2,..., N}. 

Input sequences. For n > 1,: € I, let 

® d, be the arrival time of the n-th customer, O < à4 < d3 < +++; 

e u, be the index of the queuc at which the n-th customer arrives; 

e d; > 0 be the amount of service required by the n-th arriving customer at queuc ë. We 

shall assume throughout this paper that {o! }7E, is a sequence of independent and identically 

distributed (ii.d.) r.v.s for all à € I. Further, {o!},,...,{oN"}X, are assumed to be 

mutually independent sequences; 

e ” > O be the duration of the n-th switching period between queue # and queue ÿ for all 

JEL:#A7.
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In the sequel, the notation A1. A2, A3. A4 and A5 will be used to denote Lhe following assump- 

tions: 

A1 The sequences of rvs {an,un }L (04.i € IYX,, and {01, (i,j) € P,i # j}72, are 

mutually independent; 

A2 The sequences of r.v.5 {an} ,, fn X4 (o®s à € FX,, and (067, (1,ÿ) € P,i # j}X, are 
n> 

ruutually independent; 

A3 TPhe sequence {0!,2 € I}X, 1s an ii.d. sequence of r.v2s; n 1 | n= 

A4 The sequence {6{7,(i,j) € 1°,à # j}3E, is an Li.d. sequence of r.v.s; 

A5 The sequence {u,}?2, is an i.i.d. sequence of r.v.’s such that P (u, = #) = 1/N for all à € I. 

The polling system fulfilling assumptions A2, A3. A4 and A5 is called à symmetric polling system. 

Service policy. At every queue the service policy can be arbitrary as long as it is nonpreemplive 

and work conserving (i.e., no work can be crcated or destroyed). Instances of service policies are 

the exhaustive, gated and random service policies (sce Takagi [7]). Because of our assumption that 

the service times at a given queue are i.i.d. r.v°s, we shall not necd to specify the order of service 

(e.g., FIFO, random). 

Admissible polling policy. At any decision epoch (see below) the polling policy must decide cither 

to move the server to another queue and to provide the queue index to which the server is sent, or 

to ask the server to idle at the queue at which he resides, or to ask the server to servé à customer 

at the queue at which he resides (provided it is nonempty) according to the enforced service policy 

at that queue. 

‘Phe decision epochs are the service completion epochs, the epochs where the switching periods end 

(or equivalently, the instants when the server arrives at a queue), and the epochs where the idle 

periods end. 

Define À := {0,1,2} x {1,2,..., N} to be the decision space. 

For any polling policy , let %$, denote the n-th decision epoch, and let A% := (T/.w%) € À denote ‘n* 

the n-th decision, where 

e T, = 0 (resp. xû = 1, x% = 2) if the n-th decision is to keep the server idle (resp. serve 

a customer provided the queue is nonempty, move the server to another queue). We shall 

assume that the first decision takes place at time 0. i.e., xÿ = 0: 

e T} is the index of the queue where the server is switching to if 7$ = 2: if , € {0,1} then r% 

indicates the current location of the server (i.e., 72 = x!_,). Without loss of generality, we 

assume that the server is located at queue 1 at time 0. 
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To complete the definition of à polling policy, we need to specify how the decision cpochs {T4 }E 

are chosen by the policy. Define 

n—l 

sp:= S- Ur, = 1), (2.1) 
m=l 

to be the number of service periods (or departures) in (0,7$} under policy x. Note that s7 includes 

the customer that is served in [r{_,,w$) if *"_, = 1. We also define a7,, aï”, € {o},i € I}n=l’ to 
n—l> 

be the m-th service time delivered by the server under policy , m > 1. 

Similarly, let 

n=l 

=1+ 5 1(r4 =2) (2.2) 
m=l 

be the number of queues visited by the server in the interval of time [0,x5], # > 1. Note that kF 

includes the queue to which the server arrives at time x% (i.e., queue x!_,) f *!_, = 2. We also 

define 07,, 07, € {0!2,(i,j) € 1°,i # ÿ}X, . to be the m-th switch-over time duration under policy 

T. 

With the above notation, the difference T,41 — T When T} # 0 is given by 

‘ . Oj ; if a£ = 1; 
_— n » 

Tn4i 7 Tn = 4 _ (2.3) 

Relation (2.3) directly follow from the definition of the service time and switch-over time processes. 

Note that the case , = 1 follows from the assumption that the service policy at cach queue is 

nonpreemptive. 

In order to define the duration of an idle period as well as the notion of admissible policies, we 

introduce the history of à policy. For all n > 1, let 

]I[Î — {( ‘21)7:1_=11 ‘—(7'_1Cn):1:| ° (Q]Y(7] ))IGI; d S F'Î‘”"I- € I} ° (21) 

be the history of policy T up to time ,, Where Q;(t) is the number of customers at queue j under 

T at time t including the customer in service, if any, and F7, is the last time in [0,=5] that the 

controller has received queue-length information on queue #. More preciselv. 

k kn ‘ 
T fk”,n ( Jm m=l ’(T m—l ‘(t" —1 ’7rrcl) : (2'5) 

where 

# J is the index of the m-th queue that has been visited by the server, m > 1 

e T,, is the time when the m-th visit of the server to a queue has started. m > 1; 

e t is the time when the m-th visit of the server to a queue has ended, ?n > 1.
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x yl « 
Note that k7 T}0 , and (F m=n 

kE—1 ‘ f, ),2, / can be computed from ( À m=l 
7.1\' A;‘; . ‘ (,7\' 

( mim=t AN mn 

In (2.5) fli.n is any mapping IN" x IRî' — IR4 such that for all € Tn > 1.12 l.v =(v,..-,va7) € 

! 21, IN" x IRS 

P1 flî:.(v) is nondocreasing as à funckion of v, for all mn =1+1,...,31, 

P2 f,(V)S Finaa( VH 

P3 hf(v) < f1“ll(v) < v3;, where 

; maxi<a<r{Porgr ! U = i}, i€ {eu---20}5 G h' — <k< S 2.6 
u(v) { 0, otherwise. (2.6) 

In terms of the history (2.4) these properties have the following interpretation: P1 and P2 imply 

that at each decision epoch the controller has as least as much information as at the previous 

decision epoch (the controller lcarns more and more about the system when the time gocs on). The 

first inequality in P3 implies that at any decision cpoch the controller knows (at least) the history 

of each queue up to the last visit of the server to that queue. The second inequality in P3 ensures 

that the policy is nonanticipative in the sense that no information on the future is available at any 

decision epoch. Further, P3 also implies that at any decision epoch the server knows the state of 

the queue that it is visiting. This follows from the fact that f,‘_n(v) = t4 when hj(v) = rv3. In 

particular, this information will enable the controller not to make the decision to serve an empty 

queue. 

The mapping f{, can describe various types of information structures, including, those with: , ? 

1. Complete information. fin(Y) = vai, Vi.l,n. In other words, the queue lengths of all of the 

queues are known to the controller at all times. 

2. Partial information. fi,(v) = /:.f(v), Vi,lon. This corresponds to à system in which the 

controller knows the queue length history of each queue only up until the last time the server 

visited that queue. 

3. Periodic information. f,i‘n(v) = max{d{va/d},hi(v)}, Vi,l,n. Here the controller is periodi- 

cally updated regarding the queue length history of all queues at intervals of length d. 

4. Delayed information. f,‘l‘n(v) = max{vy — d,h{(v)}, Vi,l,n. Here the controller knows the 

queue length history of each queue up until d time units in the past. or the last time that the 

queue was visited, whichever provides more information. 

5. Neaurest neighbor information. The queues are organized in a logical ring. Whencever the 

server switches to queue , the controller becomes aware of the queue length history of queues



i— 1 and à+ 1 as well as that of ë. _[,i_,l(v) = |nax{hÎ‘(v),/;j(v),/;j“(v)}, Vi,l,n, where 

addition and subtraction on the queue index is modulo N. 

We now come back to the duration of an idle period (i.c., value of T{4, — T, When x; = 0). We 

shall not give a formal definition of the process that generates the idle period duration since we 

shall allow for rather general idle periods, including interruptible idle periods. Roughly speaking, 
e T the duration of the idle period [*{, (4 ) is a r.v. that may depend on the history (//Z, AF) as well 

as on the information that the controller may receive while the server 1s idling (customer arrivals, 
€ 
1.9 typically). Ilowever, the amount of information that the controller receives in (T£,%;41) Must 

T n+1 (Le., the information collected by the controller cannot be lost). belong to the history h 

Let IH" be the set of all histories up to time 4- 

pe) 
n=l We define a randomized polling policy = to be à sequence {w,} of conditional probahility 

measures on À given HZ satisfying the constraints x,(A| HF) = 1 for all HZ € I, n > 1. 

A deterministic polling policy % is à sequence of measurable functions {xn}7E, from MZ into À. 

Any polling policy that is either raudomized or deterministic is called an admissible policy. 

Let IT be tlie set of all admissible policies. A policy 7 € H is said to be: 

e non-idling if the server never idles when the system is nonempty. Let Ÿ C H be the set of all 

such policies; 

e greedy if the server never idles at a nonempty queue. Let F C IT be the set of all such policies: 

e exhaustive if the server never leaves a nonempty queue. Let Z C H be the set of all such 

policies; 

e patient if the server stays at the last visited queue when the system is empty. Let W C I be 

the set of all such policies. 

e impatient if the server leaves a queue as soon as it is emptv. Let A C H be the set of all such 

policies. 

Performance metrics. The performance metrics to be considered in this paper are: 

e UT”(t), the total unfinished work in the system at time t under € I; 

e QT(t):= Dier QI(t), the total number of customers in the system at time ? under x € Il. 

We shall say in the sequel that à real-valued r.v. X is stochastically smaller than a real-valued r.v. 

if P(X < x)> P(Y < x) for all r € M. In that case the notation X <, Ÿ will be used.



3  Optimality of Greedy Policies 

We first compare the decisions between “serving” and “idling” wheu the server 1s at à nonempty 

queue. Under appropriate assumptions, we show that any policy in I[ can be improved by à greedy 

policy in the sense of stochastic minimization of the unfinished work and the number of customers 

in the system at all time. In other words, in order to minimize these criteria, the server cannot idle 

at a nonempty queue. 

Proposition 3.1 Assume that A1 holds. Then, for any policy « € M there cxists à policy E € T 

such that 

US(L) <s UT(H), (3.1) 

for allt > 0. 

Proof. Let us consider a realization / of the input sequence {an , ns 74 9>];"', (1,j,k) € ,j #k — 

Let % be an arbitrary policv in x € 1[ — T (if € l then take € = %) and let % run on the input 

sequence /. 

On the sample path Z gencrated by letting % run on the input sequence 7,let n > 1 be the smallest 

integer such that x = 0 and QT (T}) > 0. Let m be the smallest integer such that n <, rn = 1. 

and T2, = T. Note that if m = c then the server does not server anymore customers from queue 

TL in [T{,0). By convention. we shall assume in the sequel that É41 = © wheuever m = 0. 

From Z we construct a new policy y as follows (cf. Figure 1): 

e ‘ follows  in [0,x$) and 7 follows x in [{, 41> 20) if m < o0, that is 

@ … ,, 9 — ° ;j — _ E— 7 Ç ‘ . x 1} = Tj and yj = 1, for j = 1,...,n = 1, 95 = T, for j = 1,2...., n; 

x ; = T;, *,‘/’ = 7r3' and y; = ; for 7j >m+1if m < ; 

—yf = a'TÏ' where v is T " w+1> e 
0U% = 1594 = T4 Tm < X then dh pr — 90 # 057 418 Otherwise Yh 41 — Un 

the number of customers served at queue x% in [0.74]; 

e Forj=n+1,...4m,7$ = T}_ys 7{'/ = 7r3’ _,> ANd 

X Y4 — 0$ = T5 — T$_, if S € {0.2}, 

e E— T 1f 40 — * ')‘1+1 - 7 —Üs;r_l+l lf 1j = J. 

In other words, y behaves like % except that during [T£, T5 +1 ) Ÿ first serves a customer and then 

does what % has been doing in [T4,TA,) if m < À (resp. in [x,,x) f m = œ). (Note that 

-



Policy 7: 
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I: 1dle period: 0,,02: Switching periods; @1,...,04: Service periods. 

Figure L: An example of the behavior of % and y in [T£,T$a41)- 

Let us first show that y is admissible. This is true in [0, ( ) since both policies x and 7 are identical 

in this time interval. In [x{ f> Ta41) this result is a consequence of the properties P1 and P2. Indeed, 

the above construction implies that for all / =n.n+1...,m—1,i €1, 

Pdo kl+l “l l+l l+l =1 € 

fl‘l'+1 d+1 <(J…)…=] ‘( n'L )m—l (’m m=l ? Ü+l 

RN - b =1 4 É1 41 vre p y 5141 m6 ; 
Z fA[Î+1 ((]m )vn_l ’( 1n m=l> (,'7'n )-m:] , ll+l) * (32) 

i ki l» —l ë 7 e 9q « 
Z fkf,l ( ]nl m..l (Tn m_l V(1m) ,7Î[) » (5;) 

The inequality (3.2) follows fron P2. The inequality (3.3) follows from P1 together with the 

obvious relations k,, = =kj, 'rf >Ti, tÎ > t} and xf4,, > 7f forall=n.n+1,...,m — 1. We may t+1 

therefore deduce from (2.4) and (3.3) that at time 97,, the policy y has always as much information 

as T at time f, for all l =n,n+1,...,0m — t. Further, at time 7f,,, the policy ÿ 1s able to retricve 

the history of policy % at time ; (i.e., //j ) from its set of information. for all/ = n,n+1,....m—1. 

Phi ; PE N — 11e - tect à E —f This explains why 7 is admissible in [T4.T% 41 )- 

L



To show that the policy y is admissible in {{, 41 - ©), Observe that L37 = kn = T;, T;" = T/ and 

î? = t} for all / > m+ 1. This yields, for all/ 2 m+1,i€ T cf. P1. 

Q 
! i y À y k RS GP > 7 kF x kF prki=t gr 

f};7y[ (]m. m=l 5(Tm)m=l ’(1m )m=l <} - .[k;‘_/ (./n: )m=l ‘(Tm)m=l ( /n)m=l 9Fj }» 

which shows that y always has as much information as x in [T{,+1- X), Which in turn shows that 

y may indecd follow x in this time interval. 

Let us now prove (3.1). It is casily seen from the coustruction of ÿ that this policy belongs to TT 

Further, 

UY(t) < UT(U), fort € (x,,F,u+1 5 
n 

U“(t) = UT(1). forte[0,x, J U [Tj 411 ®)- 

Morcover, the policy y is greedy up to 7541 Where Y441 > T- In the same manner, we can 

c 

7 
construct from y a policy y’ € IF that is greedy up to y" 

UV (t) < U"(t) for all t > 0. 

‘ c € 419 Where 541 > Vnxr> AN such that 

Iterating this procedure we finally end up with à policy € € T that is greedy in [0,%), and such 

that U8(t) < UT”(t) for all t > 0. The proof is then concluded by removing the conditioning on the 

input sequence /. E 

Proposition 3.2 Assume that A1 and A3 hold. Then, for any policy x € Il there cœists à policy 

E € P such that 

QÉ(1) Su QT(H), (3-1) 

forallt>0. 

Proof. Let us consider a realization / of the input sequence {a,, un 04.02* (i,7,k) € P,7 # k}X,. 

Let % be an arbitrary policy in 7 € IT — l’ (if 7 € P then take € = ) and let  run on the input 

sequence /. 

On the sample path Z generated by letting % run on the input sequence. let n > 1 be the smallest 

integer such that 2 = 0 and Q;x(7rîl) > 0. Let m be the smallest integer such that n < m,x;, = 1, 

and T4 = T. Note that if m = o then the server does not server anymore customers from queue 

T4 in [T5,%). By convention. we shall assume in the sequel that 7441 = © Whenever m = œ. 

From Z we construct a new policy 7 as follows (cf. Figure 2): 

e y follows % in [0,7,) and y foilows x in [x{,41; ®) if m < , that is 

x 7} = T$ and } = 1 for j=1..... n-l.3$ = %, for j = 1,2,....0:



t, t . _ 

* 9; = T} ')'_] = 7r_/' and y% = 7, for ; > m+1if m < œ: 

_ n — 74 . n Lat L 7 . 
LR 1. In — "n and In+! In — ”.»;‘:+l= 

« - __ . 
s=1 7 = ”_I—l clll(l e Forj=n+l...m,a9t=T 

p 0 EM 0T0 O, € {0.2}: 
e 

L ,— .‘.'_ d ‘_]l_| _ 

QVS Gt ns]+l il E I. 

Poliey T: 

| ] | 61 | 01 | T2 | 73 | 03 ! T4 | 

€ A ‘ 

Tn Tn Tun+1 

Policy x: 

(OF / 91 J2 3 C4 Ûg 

n C a°6 A E 
In Vn /m+1 

I: 1dle period; 0,,02: Switching periods: @y,...,04: Service periods. 

Figure 2: An example of the bchavior of % and y in [T[.F%+r)- 

The proof that y is admissible is identical Lo the proof given in Proposition 3.1. 

With this construction, it is easily seen that 4 € T[ and that 941 # Trea+r- Further, 

Q'(1) < Q(t), for t € [Hh 410 Trar1)H 

Q7(), for L E (0,7 41 ) U [Th + 15 X )- ©
 > 
—
 e Æ
 

Morcover, the policy y is greedy up to , 4 1- Whore 7f41 > TR- 

Iterating this procedure we finally end up with a policy € € T that is greedy in (0,œ), and such 

that Q7(t) < QT(#) for all t > 0. The proof is then concluded by removing the conditioning on the 

input sequence /. € 

10



4  Optimality of exhaustive policies 

In view of the above results, it remains to compare the decisions between “serving” and “switching” 

in order to determine the optimal decision when the server is at a nonempty queue. We show that 

any policy in Il can be improved by a greedy and exhaustive policy. In other words, in order to 

stochastically minimize the unfinished work and the number of customers in the system at all time, 

the server can neither idle at à nonempty queue nor leave the queue bofore t is empty. 

Proposition 4.1 Assumc that A1 holds. Then, for any policy x € TV there cxists a policy € € PNZ 

sueh that 

US(E) <s UT (, (4.1) 

for alli > 0. 

Proof. Owing to Proposition 3.1 we may restrict ourselves to the policies in l. The proof is 

identical to the proof of Proposition 3.1 except that n is now defined to be the first integer such 

that %, = 2 and Q4 l(7r,”,) > 0 (i.e., at time ,, the decision is made to move the server although 
»n 

the queue where it is is located is not empty). The rest of the proof is analogous to that of Lhe 

proof of Proposition 3.1, and it is therefore omitted. @ 

Proposition 4.2 Assume that A1 and A3 hold. Then, for any policy x € H thcre exists à policy 

EEINE such that 

QS(1) Sse QU, (4.2) 

for allt>0. 

Proof. T'he proof is identical to the proof of l’roposition 1.1 (simply replace “Proposition 3.1” by 

“Proposition 3.2”), and it is therefore omitted. @ 

5  Optimality of Stochastically Largest Queue Policies 

This section focuses on the choices of the queues to be visited wlhien the server lcaves a queue. 

Specifically, we define the class of Stochastically Largest Queuce (SLQ) policies, E, and prove that 

for any policy in IT there exists a policv in Ë that will perform at least as well if the polling system 

is symmetric. 

In general, it is not easy to identifv the best policy within E. We will conclude this section with 

a number of interesting examples where it is possible to identify the optimal policy within E and, 

thus, within IT. 

With any policy x € II, we associate the relations {(R7}3E,, where (J3,k) € RJ at the n-th decision 

epoch if one of the following two conditions holds: 

11



1) FT, > FE, and QT(ET,) < QUFN 

H) F7 = Ten ANd Q(Fn ) < QUn )- Jatt ,n Jn 

Definition 5.1 ÀA policy T € 1 1s à SLQ policy if, at cvery decision cpoch such that T} _, # T1, 

there crists no k € T such that (x2,k) € R 

In the remainder of this paper, we shall assume that the polling system under consideration is 

symmetric, i.e., the assumptions A2-A5 are satisfied. As a consequence of A3, we may now 

assume without loss of gencrality that thie service times are associated with the server. Let @, be 

the n-th service time delivered by the server (observe that Gn docs not depend on the enforced 

polling policy). Likewise, because of assumption A4 we may also assume that the duration of the 

consecutive switching periods do not depend on the routing policy. Let 8, be the duration of the 

n-th switching period. 

The main result in this section is the following. 

Proposition 5.1 Assume A2. A3. A4 and A5 hold. Then, for any policy x € , there cæists à 

policy € € E such that 

US(H) <s UTU, (5.1) 

QÉI) <u Q. (5.2) A 

for allt > 0. 

Before proving this assertion, we state the following lemma : 

Lemma 5.1 Let 7 € Il de an arbitrary policy. Fixn > 1 and p.4 € {1.2.....N}. From the 

sequences uy }7E4, VO1}TE1 : AO}TÉ, Ond (M }7E,, we generate a new sequencc t }7E, ns follows: 

w = , for alll such that u < F;n: (5.3) 

w = wul(uy # p,uu # 4)+pl(uy = 9)+qU(w = p).  for all1 such that u > -,Î_n. (5.4) 

Then, {w}72, and {w }7E, are identical in law and {u}jE, is independent of {ai, 0101 }jE, - 

The proof of Lemma 5.1 is given in Appendix À. 

Proof of Proposition 5.1. 

Let us consider à realization / of the input sequence {dy, Un,0n,9n}3E1 . As à result of Propositions 

3.2 and 4.2 we can restrict ourselves to grecdy and exhaustive policies. Let % be an arbitrary policy 

12



in TNEN(I1=-E)(ifx E€EPNEN£ then take & = x) such that the SLQ rule is violated on the 

input sequence J. 

On the sample path Z generated by letting policy % run on the input sequence /,let n > 1 be the 

smallest integer such that *Ÿ = 2 and such that there exists some » € T with (x2,k) € R} and 

where (k,k") @ RT for all k € I— {k}. 

Let j := ! (i.e., the server switches to queue j in the interval of time (T,, T4 41 ))- Also define 

_(2L(I‘u Q (Iln (:35) 

Observe that Æ > 0. This follows from the fact that (j,k) € RZ as well as from the fact that the 

mapping « — Q} (x) is nondecreasing in [P}, » F,] because of P3. )|l 

Let 

M;:=inf{/ € IN >n +1,Q}(a{) = 0}. 

In words, T,, 1s the first time in {T{ 415 %) when queue j is empty (recall that the server arrives 

at queue j at time T; 41 )- I QF(t) > O for all à > x{4 p> then we take M; = :+l’ 

Let 

M* := inf{l € IN [Tarer = Kand rig q = 1} (5.6) 

“de x° ; . îe cprvod à € , se In words, T44 +are }S the first time whon a customer of queue k is served in [7r_….oo) under policy 

T. In fact, as T is greedy and exhaustive, Th 4 AI* is the first time when the server arrives at queue ,+! 

k in 7rî,},oo). We assume that M* = œ if queue k is not visited by tho server in [7r3,},oc) under 

policy T. 

From Z we construct a new policy y as follows (cf. Figure 3): 

e For1<m<n-1,j4 = 149 74 = 7 P e … …c —é … 
Tm> Tm m* Jm-1 Ym = Fm+l m> 

a… 70 29 — } mé É H é €. 
0Un = Tn Un = l" In+1 T Un = Tn4r 7 Fn: 

e Forn+41<m< M 4K 108 = L08 = K vhar =V E 05 Æ 
Tan4+ 

e For M;+K <m< M,+k + ME -— 

* Vm = Tm_ k3 

* 7Zl = 171—l\ Œ {]‘I‘} m—l\ + 1(7rm——l\ ——])I"+ ( m—l\ - /')-]’ 

e e — € € 3F m0 . 

X% Ym+1 T Ym = Fm4si- K 7 Fn K if Ym E {0v2}‘ 

e sE — 
% Ym+r T Ym # 95 Ï:+l lf7m = | 

e Form> M,+ K + M*,



a _— —. 
% Ym = Tms 

A . 

mm> 

XUn E UTR ÉOAITS H UFL = 5964 US =4 S. 

e 
* ÿ7n =T 

Policy 7: 

q — y _ } 
7rn -— 7r:\1,+!\l*‘ = /… 

”l T 72 0; T3 8 04 Js 

e € e 

Tn TAI, TM +A16 

Policy y: 

_ ° _— ; 
Un =h T saner 5 9 

61 0; 02 03 62 C4 6 J3 

€ =6 -C 
711, ’/\/_,+1 ’.‘\/,+À/“+l 

onre % y »s hehaviar . 4 e 46 n e Figure 3: An example of the behavior of 7 and y in [7rn*"f\/}+/wk+lç+l) with K = 1. 

The policy y operates on the sequences {u:}72,, {w}220. {o1}72, and {9,}7E,, where 

w, fa < FF or u @ {j,k}; 

w =4 k il4>F, andur =j (5.7) 

j. 1fa > F;_'n and uy = k, 

for all ! > 1. Owing to Lemma 5.1, the sequences {a}jE, . {w}Eos {o1}7E, and {6,}7E, satisfv the 

assumptions A2-A5 and have the same joint distribution as {a,}7E,. f } Ege {ei}É, and {01}75,- 

We are going to show that the following relations are satisfied: 

V ekes 2O Tây=es for 1 =0,1,.., M* (5.8) 

UM +N4ME SO TM eN EM (5.9) 

Q'alui) > 0 cifaÿ =1, 1>1 (5.10) 
"



which will ensure that ÿ is admissible. Tudeed. because of the structure of the information set (2.4), 

relation (5.5) ensures that, when ÿ makes its (/+1)-st (/ > 0) decision in [*,/{\,,J+I\.,oo) (which occeurs 

at time ')'3,]+,\-+1), it possesses at least as much information as 7 when T makes the corresponding 

decision at time "RI,+(' Property (5.10) ensures that y will never make the decision to serve an 

empty queuc. 

Proof of (5.8). Let X; be the total duration of Lhe idling and switching periods In {7r‘Â,},7r‘,î,,}+,). 

Let L; Le the number of customers served by poliey  in the interval of time [7rÂ,J,FÂ;]+!), l>0. 

We have for [= 0,1,..., ME — 1, 

I1[ 

Tay, t = TtN H ZÜs’,{,}+ü (5.11) 
t=l 

I\’+I4 

pskes F EN Cm t (5.12) 
i=l 

Subtracting (5.11) from (5.12) yields 

K+L1 

26 € — —V ” q V +kei - Thne = X E W >0, (5.13) 
t‘=lq+] 

by noting that 7%,, = T%;,, by construction of y and that 5:{1, = s}, from the definition (2.1). 

‘ _ ; “n dafiniti 4k - “ have Proof of (5.9). Since QII("ÎÏ«/,+A/*') > K by definition of A/*, K and T, we have 

S 
€ p ‘ - 

Ta +Mk4K 7 TM 4A18 F Ë.Î MREU LAAUE 
m=l 

since T is exhaustive and greedy, which in turn implies from (5.13) that 

€ —… = 1. 
TM AAKER T VMI AMSERO (5.14) 

which establishes (5.9). 

Proof of (5.10). First, it is clear that (5.10) holds for / < M; — 1 bv definition of policy 4. That 

(5.10) is true for M; < ! < M; + K — 1 comes from the fact that 

Qulr,) = Qj(5) + K, (5.15) 

which follows from (5.5) and from the definition of the sequence {u’ 
ut 7 = 

}X_, Therefore Qîq(7f) > 
l 

K + M; —l for all M, <I < M,+ K — 1.



It remains to examine (5.10) for / > A + K. Let A,({1,t2) denote the number of customers that 

arrive at queue s € T in the timc interval ( .13] operatiug under x. 0 < ly < tz. Assume that 

A _— © 9 Lnpo ÿ — x Vir, +K+r = 1 for some r > 0. Define 7:= 341 4 N40 

‘Then, it is easily seen by definition of ÿ that 

QUATR 140 ) 4 AFN E pro V en yods 7 Æ Ki 
r . : ; (5.16) 

QUF 4140 ) € A RI 400 VM pN po)e 1 =K 
V N6 
QVM 4N +0) = { 

if{ # J. Property (5.10) then follows for à # j because QÎ(7r'Â,J+1) > 0 (indeed, since % is admissible 

and Tar+t = ! then necessarily Q}'(TFÇ\/J+I) > 0). 

We now examine the case where à = j. Observe that queue j is never served in [44> %, +K4MK) 
‘ ï J 

under policy y. Thorefore, (5.10) holds for 77 = j and for all [= 1,2,..., M, + MÉ4K — 1. The 

proof of (5.10) is now concluded by noting that (5.16) and the definition of # vield 

QU1) = QI, (5. LA —
 

Ls
 

—
 

. L 

for all t > VAL EN FAIE 

We also deduce from (5.16) that for t > 7Ï\/,+/\‘+,\/H 

QUt) = OQT(), foriel-{;,k}; (5.18) 

Qj(1) = Q;6). (5.19) 

that is both systems are again synchronized from time TRI +AIEER" 

In particular, relations (5.17)-(5.19) indicate that @7(#) < QT(1) and ET(t) < UT(t) for t > 

VM R AME 

We now establish that @(t) < Q"(t) and U7(1) < U"(t), for all O <1 < î.‘l,+;“‘l"+l\" 

Define D?(t) to be the number of departures in [0.1) under policy p. Recall that s/ is the number 

of departures in [0, pÿ) under p (cf. (2.1)). It suflices to show that 

D'(t) > D"(H), for all t < 45 +are+n- (5.20) 

Proof of (5.20). The inequality (5.20) is clearly true for O < ! < *,R,}+,\— by definition of y in 

[0,7Ë4]+,\.). Fix VM en SUS V1 4A E 4N and let O </ < M* — 1 be such that ,+ 

VM pK 41 S US OR AN 41411 (5.21) 
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; * inifl ï ï Ÿ . 3 e sec ; From (5.21) and the definition of 3 in [":",‘—":“;+’Ÿ+‘]’ D°(1) and s/, we sce that 

“N - 2 
D'() = Sh K46 

= ..“X,}+I + K. (522) 

On the other hand, (5.13) and (5.21) vield 1 < 1r_f‘,]+,+l + Wi4s- 

Therefore, 

I)fl([) < '<"("Î\/J+I+l + \"V[+|), (—)2.i) 

< shn+tqi + N, (5.24) 

< ,—;;{,]+, +1+K, (5.25) 

and so DT(t) < sy 4 + K = DM(t) from (5.22) (note that (5.23) and (5.24) follow from (5.13); 
3 

(5.25) follows from the fact that at most one customer may be served between two consecutive 

decision epochs). 

In summary, we have shown that @(#) < QT(t) and U(t) < UT(t) for all/ > 0. 

Although y may not be a greedy policy, arguments used in Propositions 3.1 and 3.2 can be used 

to construct a greedy policy y" which is a SLQ policy up uutil at least time A"Î\’/,+/\' > TS such that 

U“(t) < U(t) < U"(t) and Q (1) < Qt) < Q7(1), for all t > 0. 

This procedure can be iterated until we finally obtain à policy € € Ÿ such that UÉ(1) < UT(t) and 

Q£(i) < QT(t), for all € > 0. The proof is then concluded by removing the conditioning on the 

input sequence. 8 

In general, for à given set of functions {/{,} We are unable to identify the best SLQ policy. This 

is due to the fact that the relation R% may not contain à single maximal clement for all n > 1. 

However, in the first four information structures described in section 2, we do identify the best SLQ 

policies: 

1. Complete information. THere the SLQ policy is one that always switches the server to the 

queue with the largest queue size. 

2. Partial information. Here the optimal SLQ policy is the cyclie poliey that begins with the 

first queue. Observe that this policy requires no information except whether or not the queue 

currently being served is empty or not. 

3. Periodic information. Here the optimal SLQ policy switches the server to the queue with the 

largest queue length at the time of the last update. If all of the queues have been visited 

since that update, then the server is switched to the queue visited the farthest in the past. 

17



4. Delaycd information. Vhe optimal SLQ poliey bchaves similariy to that for the system with 

periodic updates. The server is switched to the queuc with the largest queue length that has 

not been visited since the last update and otherwise to the queue visited the farthiest in the 

past.. 

Note that in the above four cases, the SLQ policies mayv not be unique since there may be several 

maximal clements in R7 for some n > (, Ilowever, suclhh maximal clements ÿ and k have the 

, u . PI - p a . . T( p T _— T( p°T p far . € N ici aT property that F}, = 1}, and that Q7(F7,) = QuF,). Therefore, all these SLQ policies are 

optimal. 

lt is not possible to characterize the optimal SLQ policy for the system in which the controller 

obtains information regarding à queue and its neïghbors (local information). However, the previous 

theorem does reduce the numiber of decisions that must be considered bv Lhe optimal policy. 

6 Optimality of Patient Policies 

We are now concerned with the optimal decision to be made when the server is at an empty queue. 

Should the server idle at the last visited queue or should it move to another queue? Consider 

first the case that the system is empty at the decision epoch. We will therefore assume that the 

controller has complete (i.e., instantancous) information on the state of system, 1.e., for all x € IT, 

n>1, 

for all ? € I (cf. (2.5). 

For symmetric polling systems, we prove that optimal polling policies are within the class of patient 

policies , i.e., policies that decide to idle in the last visited queue when the system is empty. 

Proposition 6.1 Assume A2, A3. A4 and A5 hold. Then, for any policy x € T. there exists à 

policy € ETANEN YV such that 

U$(H) <se U( (6.1) 

Q <s QU, (6.2) 

for allt> 0. 

Proof. Consider a realization / of the input sequence {ap,Un.0n,00} 4. As in the previous 

section, we restrict ourselves to greedy and exhaustive policies. Let % bc an arbitrary policy in 

FNEN(IN- V)(if €l NENY then take € = %) such that x is impatient on the input sequence 

J. 

On the sample path Z gencrated bv letting policy % run on the input sequence /, let n > ! be the 

smallest integer such that % = 2 and Q7(x{) = O for all : € L Let j = x2 and k = x?_,. From Z 

we construct a new policy y as follows:



e Fort<m<n- 1444 E AN E TO 

Vû = 097 = K0 = TS 

e Form>n+1; 

- æ , 

* Ym = Fans 

‘ _ c. 

* 7… _ ‘/T…‘ 

x 9h = 1042 @ k TL H 1GT = 0064 1T = K3 5 

The policy y operates on the sequences {a1}X£,. {41 }0> toi}7É, and {9}}7E,- where for a ll> 1, 

u. f ay < TS O7 u É (J,h}: 

u =4 k f a >T, and uy = j; 

ju Ua >x and uy =k, 

and 

6, / <kz; 

0; = 

O41, 11> k 

Recall that Æ7 is the number of queues visited by the server during [(0, ( ]- 

It can be shown (cf. Lemma 5.1) that the sequences {a1}7E,s {w1}220> {01}7É, and {0}}7E, satisfy the 

assumptions A2-A5 and have the same joint distribution as {a}7E,, fwr}2Eo. {oi}jE, and {01}7E,- 

It is easy to see from the definition of ÿ and that of the sequences {a}7E,, {w1}7Eos {O1}7E, and 

{6,}7E, , that 

Qilt) = QI, for 

Q1} = QT(t), forallt>0.ieT-{;k}; 

Q3U) = Q. 1>7 < 

Qélt) = Qj). 1>7 

al0<.<T,iET; 

which imply that ÿ is admissible and that Q(1) = QT(1) and U(1) = U7(t) for allt > 0. 

Note that ÿ may not be greedy as customers may arrive at queue À during (4 7É4,]- Using the 

arguments of Propositions 3.2 and 4.2 yields à polling policy 3” which is greedy, exhaustive and 

patient until T$4, and such that 

Q(H <Q 1)=Q),  1>0; 

UT(t) < U(1)=UT(t),  t>0. 
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This procedure can be iterated until we finatly obtain à policy € € Ÿ such that U*(1) < U"(1) and 

Q*(1) < Q7(1), for all ? > 0. The proof is then concluded bv removing the conditioning on the 

input sequence /. q 

7 _ Optimality of Non-Idling Policies 

We now consider the optimal decision to be made when the server is at an empty queue while the 

system is not necessarily empty. Recall that à polling policy is an idling policy if the server stays 

idling at that empty queue. Ît is non-idling if the server switches to another queue (cven if the 

latter is emptv). 

In general, non-idling policies are not optimal. THowever, when the polling system is symmietric and 

slotted, we show below that optimal policies are within the class of non-idfing policies Y. 

Proposition 7.1 Assume A2, A3. A4 and A5 hold. 1F 8, = 1 a.s. and Gu,Tn € 1IN4, Hien, for 

any policy « € TI, therc exists a policy E € PNENTY such that 

UEU) Sse UT(NN (T.1) 

Q} <s QT(N, (7.2) 

for allt>0. 

Proof. 

The proof is analogous to the proof of Proposition 5.1. 

Consider a realization / of the input sequence {e,.4r,0n-84}X,. Owing to Propositions 3.2 and 

4.2, we can restrict ourselves to greedy and exhaustive policies. Let % be an arbitrary policy in 

PNEN(E-TY)(ifx€EFNENT then take € = T) suclh that = is idling on the input sequence /. 

Under the assumptions of the proposition. we can assume without loss of generality that the 

durations of idling periods are all equal to one. Thercfore, if for some n > }, %, = 0. then 
€ — € Tr41 = TR + 0. 

On the sample path Z generated bv letting policv % run on the input sequence Z, let n > 1 be 

the smallest integer such that x; = 0 and QU,(T,) = 0. Let j = x; and k € E— {j}. Denote 

K := Qi(a{) > 0 = Q(r(). 

As in the proof of Proposition 5.1, we define 

= =
 H ; inf{/€IN|/>n+1,Q;(Ff) = 0}: 

z > Il inf{/ E IN [T 454e = k and TA,, 41 = 4}- 
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In words, T4,, |s the first time in [F{, 4 1X ) When queue j is empty. Note that there may be an 

arrival at queue j at time 4 ;; In which case the server has to serve queue ÿ until the queue is 

empty, as T is greedy and exhaustive. TIF Q7(1) > 0 for all/ > 7 #4 1> theu we take Al/, = œ. The 

symbol M* has the interpretation that =( 97, 4074 15 the first time when à customer of queue & is AI +: 

served in [7FÎ\1,—.00) under policy x. We assume that A/F = œ if queue k is not visited by the server 

in [7r3,,j,oo) under policy x. 

From Z we construct a new poliev y as follows: 

e For1<m<n—-l,v) =T 94 = r. Vnb1 7 Un T Tiae1 7 Fan3 

US RUN = A Vhh1 7 U 5 hs — T4 = E 

e Forn+1<m< M 4K -3 = 198 = se =V SO E 

e lor M 4N <m< M 4K + AIF 

L R S 

* û, = 1(= …_I\ Z {j /.} …_,\ + 1(r _N J)k+ 1(7rflZ = hk)j; 

# Vntl T Um E Tintie R T ":…_/\ Lil m € 10,2H 

* 

K en 
îm+1 TYm =0 :::+1 lf')m T 

e Form > M;+kK+M*, 

@ … . 
x ?m -— 7ÏÏ” m> 

* Ym = Tml 

*,),;1”= 1H€{]A} 1lL nl—'J)l+1( 7n—/“)j' 

The policy y operates on the sequences {u,}E,. {w1}&os {o1}72, and {6;}£,. where 

w, M < TS OT U G (,K}: 

u=4 k ifa > and uy = j; 

J. @ > , andwy = k, Il 

for all / > 1. Similar to Lemma.5.1, one can show that the sequences {e1} . {}X0- {o1}j£, and 

(OI}TÉ, satisfy the assumptions A2-A5 and have the same joint distribution as {w}X,; {w}X0- 
{o1}fE, and {6,}75, 

[t is now immediate (by mimicking the proof of Proposition 5.1) that the policy y is admissible, 

and that 

Q°(t) < Q°(t), U°(t) <U”(t), t>0. 
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Using again the same argument as those in the proof of Proposition 5.1, we obtain à policy € T 

such that VÈ() S UT(N) and Q(1) < Q().forall/>0. q 

Observe that the above proposition indicates only that the non-idling, policies do at least as well 

as idling policies. In order to decide which queue Lo switeh Lo, we have Lo use Proposition 5,1, 

Combining the results of Propositions 6.1 and 7.1 we obtain Lhat patient and impatient policies are 

botlh optimal in slotted systems: 

Corollary 7.1 Assume AZ, A3. A4 and AS5 hold, 1f0, = \'a.s., and 0,, T, € IN — {0}, then, for 

any policy T EVNEN À, there cxists à poliey à ElNENYŸ, such that 

UF(1) =,e UF QU =4 QU (, vr>0. 

A  Appendix 

Proof of Lemmia 5.1. 

Let us first show that the sequences {u,}7, aud {w}7E, are identicat in law. Consider the case 

where x, = p, t9 #Z p, v2 # q n, < t. We have. cf, (5.3). (5.4), 

DJU AN Pn = "1t0,, = *2) 

— 9 —, ! — A » ! — » ! — QT = Plus = 010l # 02 Pn C U d E PU E Vt ts # 020n S Pn K ‘nz) 

/ ‘ » T 
+ P(“111 = J"lfl“'fl._, = 'l'2—.(lu'_) S ["/n_,l)s 

Ure p T 

= P{(un = 4,Ung = %2, I'<,…; < da) Hl (Ua, = Xi.Ung # 42.Un) S En < Unz) =— “p, 

‘ A 
+ P(“-1n = OU11 Ung = V2: Un3 < } ). pn 

= P{un, = T1.Un = %2). 

where we have used the independence assumption between {w}7E, and {ay.ar p }75, « together with 

A5. The general proof is similar and is omitted for sake of conciseness. 

It remains to establish that {w }7E, is independont of {ay.01,0p}7E,- Let us consider à realization / 

of the input sequence {ay.o1.6:}jE,- 

For xy = p, t2 # p, 12 # q. n&1 < t. it 1s readilv scen that, cf. (5.3), (5.4). 

T 
= Pn =4 4m = 72 F3n <n 14Pn = i-ttm = %2. Fin > 4n (, ‘/l.n pn 

= P(tn = qUn, = 42 | FF4 < Un V)P(FÈR < On |N p pn 

+ PUn E Xi,Um = 42 | Vn Z Unys P(H, > n |1). pn = 

= Plun = 1.4n = *2), (A.1)



whore we used_ A5 and the fact that {u}E, 1s indéependent of {ar. 0101 }75, (assumption A2). 

Next. using the property that {w,}£, and {u}}E, are identical in law, we get from (A.1). 

» ! _ , ! __ _ » ! —. / p P( = <, = 12115 Pl = x0u,, = #2)- 

Again. the general proof is omitted for sake of conciseness. - € 
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