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Abstract

In this paper, we present two relaxation techniques: Deterministic Pseudo-Annealing (DPA)
and Modified Metropolis Dynamics (MMD) in order to do image classification using a Markov
Random Field modelization. For the first algorithm (DPA), the a posteriori probability of a
tentative labeling is generalized to continuous labeling. The merit function thus defined has the
same maxima under constraints yielding probability vectors. Changing these constraints convexify
the merit function. The algorithm solve this unambigous maximization problem and then tracks
down the solution while the original constraints are restored yielding a good even if suboptimal
solution to the original labeling assignment problem. As for the second method (MMD), it is a
modified version of the Metropolis algorithm: at each iteration the new state is chosen randomly
but the decision to accept it is purely deterministic. This is of course also a suboptimal technique
which gives faster results than stochastic relaxation. These two methods have been implemented
on a Connection Machine CM2 and simulation results are shown with a synthetic noisy image and
a SPOT image. These results are compared to those obtained with the Metropolis algorithm, the
Gibbs sampler and ICM (Iterated Conditional Mode).

Résumé

Dans ce rapport, nous présentons deux méthodes de relaxation: un Pseudo-Recuit determin-
iste (DPA) et une Dynamique de Metropolis modifiée (MMD) appliqués a la classification d’image
a l’aide des champs de Markov. Pour le premier algorithme (DPA), la probabilité a posteriori
d’un étiquetage d’essai est généralisée a un étiquetage continu. La fonction de mérite ainsi définie
présente les mémes maxima sous des contraintes conduisant aux vecteurs de probabilité. La mod-
ification de ces contraintes permet de rendre convexe la fonction de mérite. L’algorithme resoud
alors ce probléme non-ambigu de maximisation et recherche la solution alors que les contraintes
originelles sont restaurées ce qui conduit & une bonne solution bien que sous-optimale. Pour la
deuxiéme méthode (MMD), c¢’est une variante de I’algorithme de Metropolis: a chaque itération,
le nouvel état est choisi aléatoirement mais la régle d’accepter cet état est déterministe. Bien sur,
c’est une méthode sous-optimale qui est plus rapide que les techniques stochastiques. Les deux al-
gorithmes sont mis en ceuvre sur la machine a connexions CM2 et testés sur une image synthétique
et sur une image SPOT. Nous les avons comparés a ’algorithme de Metropolis, 1’échantillonneur
de Gibbs et I'ICM (Iterated Conditional Mode).
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1 Introduction

Markov Random Fields (MRF') have become more and more popular during the last few
years for many low-level tasks in computer vision. A good reason for that is that such a
modelization is the one which requires the less a priori information on the world model.
As a matter of fact, the simplest statistical model for an image consists of the probabilities
of classes, or grey levels for isolated pixels. The knowledge on the dependencies between
nearby pixels is much more powerful, and imposes few constraints. In a way, it is difficult
to conceive a more general model, even if it is not easy to determine the values of the
parameters which specify a MRF. Another good reason is of course the Hammersley-
Clifford theorem, reported for example in [12], which considerably eased, as stressed in
[1], the determination of these parameters, by allowing to specify the model either by
conditional or joint probabilities.

Many standard computer vision problems, specifically early vision ones such as im-
age classification [8], can thus be expressed quite naturally as combinatorial optimization
problems. Direct optimization is not tractable even in the smallest cases. Many heuris-
tics have been proposed to solve them : Iterated Conditional Modes [6, 15], Graduated
Non-Convexity [7, 19], Mean Field Annealing [11, 21]. Simulated Annealing [12, 17, 18],
Dynamic Programming [9] ....

We propose here two variations on annealing. The first approach, which we propose
to call Deterministic Pseudo Annealing (DPA) is indeed related to Relaxation Labeling,
a quite popular framework for a variety of computer vision problems [10, 14, 20]. The
basic idea is to introduce weighted labelings, which assign a weighted combination of
labels to any object, or site, to be labeled, and then to build a merit function of all the
weighted labels in such a way as this merit function takes the values of the probability
of a global assignment of labels (up to a monotonic transform) for any weighted labeling
which assigns the value 1 to one label and 0 to the others at any site. Besides, these
values are the only extrema of this function, under suitable constraints. DPA consists of
changing the constraints so as to convexify this function, find its unique global maximum,
and then track down the solution, by a continuation method, until the original constraints
are restored, and a discrete labeling can be obtained.

The second approach (MMD) is a modified version of the Metropolis algorithm [18]:
for each iteration, a global state is chosen at random (with a uniform distribution) and
for each site, the decision of accepting the new state is deterministic.

These two new methods have been implemented on a Connection Machine CM2 and
compared to ICM, Metropolis algorithm and Gibbs sampler on noisy synthetic data as
well as SPOT images.

2 Deterministic Pseudo-Annealing

Herein, we are interested with the following general problem : we are given a set of units
(or sites) S = 5;, 1 <i< N, each of which may belong to any one of M classes, or
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equivalently take any label from 1 to M. We are also given a MRF on these units, defined
as usual by a graph, and the so-called clique potentials. We denote the graph by G, an
edge of G by E;;, the set of vertices (or sites) connected to a given vertex S; by V;. Let ¢
denote a clique of GG, and C the set of all cliques of G. Also C; = {c: S; € ¢}. The number
of sites in the clique is its degree : deg(c), and deg(G) = max ¢ deg(c).

A global discrete labeling L assigns one label L; (1 < L; <M) to each site 5; in S.
The restriction of L to the sites of a given clique ¢ is denoted by L.. The definition of
the MRF is completed by the knowledge of the clique potentials V.;, (shorthand for V.r,)
for every ¢ in C and every L in £, where £ is the set of the M" discrete labelings (recall
that M is the number of possible labels, which is assumed to be the same for any site for
simplicity, and N is the number of sites).

2.1 Probabilistic Modelization

The nice result of Hammersley-Clifford is that the probability of a given labeling L may
be computed quite easily (assuming deg (C) is small, at most 2 or 3), by :

P(L) = [leec ex;(—VcL) (1)

where Z, the partition function, is a normalizing factor such that :

Y P(L)=1

LeL

We assume here that the sufficient positivity condition P(L) > 0 is met.

The basic problem, for most applications, is to find the labeling I which maximizes
P(L), knowing that exhaustive search of all the labelings is strictly intractable.

Before explaining the method we propose, its algorithmic realization and the type of
modelization it can be derived from, it is necessary to give more details about the way
Bayesian Modeling behaves with Markov Random Fields.

First of all, it is important to notice that for most applications, the information avail-
able stems from two different sources : a priori knowledge about the restrictions that are
imposed on the simultaneous labeling of connected neighbor units, and observations that
have been made, for a given occurence of the problem, on these units.

The first source is generic, and typically referred to as the World Model. For exam-
ple, Discrete Relaxation relies on the knowledge of allowed couples, or n-tuples of labels
between neighbouring sites. This type of knowledge may be more detailed, and reflect
statistical dependencies between the labels of neighbouring sites, thus defining a Markov
Random Field. For example, when dealing with images, the knowledge of the likelihood
of configurations of nearby pixels may take the form of a MRF with cliques of order 1 to 2
(4-connectivity) or order 1 to 4 (8-connectivity). The other source of information consists
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of the observations. Combining these two sources of information may be achieved in dif-
ferent ways; Bayiesian Modeling, whether strictly applied or not, comes in very naturally
at this stage. Let us assume, for simplicity, that the observations consist of the grey levels
(or any other scalar or vector quantities) of the pixels in an image : y; is thus the grey
level for pixel (or site, or unit) S;. Let Y = (y;...yn)". Y represents here the observed
image. A very general problem is to find, given for example a first order MRF on these
pixels (i.e. knowing the statistics of couples of labels with 4-connectivity), the labeling L
which maximizes P(L/Y). Bayes theorem tells us that P(L/Y) = P(Y/L)P(L)/P(Y).
Actually P(Y) does not depend on the labeling L, and plays exactly the same role as Z
in Equation (1), at least as far as testing the likelihood of the MRF is not at hand. We
have now to assume that we are able to model the noise process. Standard assumptions,
which roughly amount to white invariant noise, are that :

N
P(Y/L) = HP (vi/L) = HP('!/i/Li) (2)

As for P(L), it is taken care of by the MR} modeling the a priori world model, as in
Equation (1). It is then easy to see that the a posteriori probability, which we are trying
to maximize, is given by :

P(L]Y)~ HP (yi/L:) Hexp (3)

ceC

(from now on, we will use ~ instead of = whenever we drop a scaling factor). It is obvious
from this expression that the a posteriori probability also derives from a Markov Random
Field, with cliques of order 1 and 2 (and not only 2 as for the a priori probability). The
energies of cliques of order 1 directly reflect the probabilistic modeling of labels without
context, which would be used for classifying, or labeling the pixels independently. This
equivalence was used in [4, 5] for initializing a continuous labeling before relaxation. But
it is not very difficult to prove that it is always possible, by suitable shifts on the clique
potentials to keep only the potentials of maximal cliques. The procedure to do so directly
derives from the proof of the Hammersley-Clifford theorem given by [6]. The problem at
hand is thus strictly equivalent to maximizing :

Ly=Y Wy (4)

ceC

where W, = — V., and let L be the corresponding labeling. As we shall see, this trans-
formation may not be really necessary, but it will simplify some results. The following
property is more interesting : shifting every clique potential of a given clique by the
same quantity is equivalent to scaling all the P(L)’s by a given factor, or equivalently to
change the normalization factor Z of Equation (1). Thus, the maximization problem is
not changed. For example, it will be possible to shift all the W;’s so that they all become
non-negative, or even positive, without changing the solution to the problem.
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2.2 Changing the Problem to Approximately Solve it

Several approaches have been proposed to find at least a reasonably good labeling. One
of the best known is probably simulated annealing [12]. But other more “algorithmic”
approaches are worth mentioning : Iterated Conditional Modes (ICM) [6], or dynamic
programming [9] for example. Even former works on relaxation labelings, already men-
tioned, were (knowingly or not) a way to tackle this problem. We start from one such
work [5]. The key point here is to cast this discrete, combinatorial, optimization problem

into a more comfortable maximization problem on a compact subset of RYN. Let us define
a real function f(X) (X € RVM) as follows :

deg(c)
f(X) = Z Z WCZC H xc],lcj (5)
ceCl €L, J=1

where ¢; denotes the gt site of clique ¢, and lc, the label assigned to this site by .. It
is clear from Equation (5) that f is a polynomial in the z;;’s; the maximum degree of
f is the maximum degree of the cliques. If we assume for simplicity that all the cliques
have the same degree d (this is easily true with 4-neighbourhoods on images, after suitable
shifts on the coefficients), then f is a homogeneous polynomial of degree d. This is by no
means necessary in what follows but will alleviate the notations.

Moreover, it is clear that f is linear with any z; ;. Let us now restrict X to Pyys, a
specific compact subset of Ry defined by the following constraints :

Vi,k 1z >0 (6)
M

Vi - Z Tk = 1 (7)
k=1

It turns out that, generically, the maxima of f on Pyas (a convex polytope) are all located
on the border, i.e. if X* is such a maximum, then

Vi,dk 125, =1, l#k=25;=0 (8)

The reason for that is that fis a concave function (actually a parabola) of z;;, Vi, k. Thus,
if % = 0, then f is minimal; the only way for f to be maximal is that the point is on the
border (z;x = 0 orl), and the gradient points outside.

Actually, it may happen that for some i, two or more labels may be indifferent, but
the key point is that there is no maximum inside, but degenerate ones.

Thus, any maximum of f on Pyys directly yields a discrete labeling, and the absolute
maximum of f yields the solution to our problem. The difficulty is of course that f is not
concave but convex with a tremendous number of such maxima, and that any standard
gradient technique will usually lead to a local maximum, and not to the absolute maximum.
It is thus vital to find a good starting point before applying such a technique.
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The basic idea in DPA is to change temporarily the subset on which f is maximized
so that f becomes concave, to maximize f, and to track this maximum while slowly
changing the constraints until the original ones are restored so that a discrete labeling can

be deduced.

First of all, when ¢ = 2 (cliques of order 2), f is a quadratic form, and can always be
written as f = X'AX, where A is an N M x N M symmetric matrix. Besides, after suitable
shift, A has non-negative entries. After Perron-Frobenius [3], A has a unique real non-
negative eigenvector, which is strictly positive, the corresponding eigenvalue being positive
and equal to the spectral radius; besides any other eigenvalue has a smaller modulus.
Actually, this is a generic case, which admits degeneracies, but they can be dealt with
easily and are not considered here (see [4] for more details). This eigenvector maximizes
f under constraints different from the preceding ones :

Vi,k 12 >0 (9)
M

Vi)Y al=1 (10)
k=1

We call QVM:4 the compact subset of RVM so defined.

Moreover, the vector X can be obtained very efficiently by using (for example) the
iterative power method : start from any X°, and apply
AX"
Xl = e~ AX" (11)
[ AX™]| 2
A fundamental point is the following : if f is a polynomial with non-negative coefficients
and maximum degree d, then f has a unique maximum on QVM+d (with again possible
degeneracies as mentioned when d = 2). See [2] for a complete proof.

The iterative power method can be readily extended, becoming : select X = X, and
apply .
X o (7 f(X7))a= (12)

This simply means that, at each iteration, we select on the pseudo-sphere of degree
d the point where the normal is parallel to the gradient of f. Obviously, the only stable
point is singular, and thus is the maximum we are looking for. We have only proved
experimentally that the algorithm does converge very fast to this maximum.

This procedure, already suggested in [5] yields a maximum which, as in the case d = 2,
is inside QVM:4 (degeneracies apart), and thus does not yield a discrete labeling. The
second key point is now to decrease d down to 1. More precisely, we define an iterative
procedure, as follows :

- set B :=d, select some X
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- while (3 > 1) do
find X* which maximizes f on QVM#  starting from X
decrease 3 by some quantity
project X* on the new QVM# giving X

- od

- for each 5;, select the label with value 1

This iterative decrease of 3 can be compared, up to a point to a cooling schedule, or
better to a Graduated Non-Convexity strategy [7].

The last step (projection) is necessary, as changing 3 changes QVM#. Actually, the
normalization performed at the first iteration of the maximization process, for any 3, takes
care of that. On the other hand, the process defined by Equation (11) cannot be applied
when f = 1. Maximization in that case has been thoroughly studied by [10]. But it is
simpler to stop for some /3 slightly larger than 1 (eg. 1.1), as experiments confirm that the
vector X* almost satisfies the constraints in (8), and thus a discrete labeling can easily be

deduced.

It is also important to notice that, though shifting the coefficients does not change the
discrete problem nor the maximization problem on PNM it changes it on QN4 and
thus there is no guarantee that the same solution is reached. Nor is it guaranteed that
the procedure converges toward the global optimum; actually, it is not difficult to build
simple counterexamples on toy problems. Experiments show nevertheless that, on real
problems, a very good solution is reached and that the speed whith wich /3 is decreased is
not crucial : typically, 5 to 10 steps are enough to go from 2 to 1.

3 Modified Metropolis Dynamics

3.1 The Model

Using the same notations as in Section 2., we want to maximize P(L/Y) as defined in
Equation (3). We suppose that P(y;/L;) is Gaussian:

P(y;/Li) = _M) (13)

1
———ex
vimor, ’ ( 20%,

where g (1 <1< M) is the mean and o; (1 <1 < M) is the deviation of the class [. The
second term is Markovian:

P(L) = exp <—@) = exp (—% ZVcL) (14)

ceC



3 MODIFIED METROPOLIS DYNAMICS 10

Choosing T = 1, we get:

L = Ij{lea%((logP(Y/L)—l—logP(L))

N
= Iflcf% (E <log \/Q_FUL + (%7) ZVCL)

=1 ceC
_ ; i\f: log V2 (i Z % 15
= Enellr’;l 2 og Tor, + = cL ( )
Using the above equation, it is easy to define the global and local energies as follows:
(108 om0y + ¥
Eqion(L) = Z <log 2nor, + ) + ZY (16)
=1 ceC

&(L) stands for the local energy of the labeling L at the site 5;:

&(L) = log V270, +( +Z¥ (17)

The estimation of L is done through the energy minimization using a relaxation method
with a Modified Metropolis Dynamics (MMD)[16].

3.2 The algorithm

The proposed algorithm is a modified version of the Metropolis dynamics [18]:

e the choice of the new label state is done randomly using a uniform distribution

e the rule to accept a new state is deterministic.

The parallel algorithm is the following:

1. Pick up randomly an initial configuration L° with k = 1 and T = T(1).

2. Using a uniform distribution, pick up a global state L! so that
Vi(1<i<N):1<L!<Mand Ll # LF .

3. In order to get the convergence of the algorithm, we can partition the entire im-

age into disjoint regions R, such that pixels which belong to the same region are
conditionally independent given the data of all the other regions:

S=JR, and R,NR, =0 (n#m) (18)
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4. For each site S;, the local energy &(L") is computed using Equation (17) with:

Lt/: [Lllngga-"7Lf—17L§7L£'€+17"'7L§€\7] (19)

Calling A&; = &(LY) — &(L*), a new label state at site S; is accepted according to
the following rule:

kL — { Lt if A& <0or AE > 0 and a < exp (_Ajg)

LY otherwise

where a is a constant threshold (o € (0,1)), chosen at the beginning of the algorithm.

5. Decrease of the temperature 7' = T'(k + 1) ( k¥ = number of iterations) and goto 2 if
the number of modified sites > threshold.

There is no explicit formula to get the threshold a. For image classification, a is chosen
nearly equal to zero if the image is very noisy, otherwise « is equal to 0.5 (for more details
about the relationship between a and A&,,;, see [16]).

4 Simulation results

4.1 Implementation on a Connection Machine CM2

In this section, we briefly describe the architecture of the Connection Machine, a more
detailed description can be found in [13]. The Connection Machine is a single instruction
multiple data (SIMD) parallel computer with 8K to 64K processors. Each processor is a
1-bit serial processor, with 32K bytes of local memory and a 7MHz clock. For a given
application, the user can dynamically define a particular geometry for the set of physical
processors that has been attached.

The processor resource can be virtualized (VP Ratio) when the number of data ele-
ments to be processed is greater than the number of physical processors. In such a case,
several data elements are processed on a single physical processor. Such a data parallelism
model architecture is well suited for computer vision.

For the relaxation algorithms described in this paper, we use the data parallelism (one
pixel per virtual processor) and the fast local communications (NEWS).

4.2 Comparison with other methods

The goal of this simulation is to evaluate the performances of the two algorithms (DPA
and MMD) proposed by the authors. As these methods are suboptimal, it is interesting
to compare them with another deterministic relaxation scheme ICM [6, 15], known to be
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‘ H VPR | Nb. of Iter ‘ Total time ‘ Time per It.
ICM 2 9 | 0.249 sec. 0.027 sec.
Metropolis 2 90 | 26.32 sec. 0.293 sec.
Gibbs 2 86 | 48.51 sec. 0.564 sec.
MMD 2 79 2.37 sec. 0.030 sec.
DPA 2 45 0.51 sec. 0.011 sec.

Table 1: Results on the checkerboard image with 2 classes

‘ H win ‘ alert ‘ error
ICM 0.8439 | 0.1561 | 0.1639
Metropolis || 0.9902 | 0.0098 | 0.0156
Gibbs 0.9866 | 0.0134 | 0.0194
MMD 0.9989 | 0.0011 | 0.0083
DPA 0.9843 | 0.0157 | 0.0197

Table 2: Objective performance comparison on the checkerboard image

‘ H VPR ‘ Nb. of Iter ‘ Total time ‘ Time per It.

ICM 8 6 | 0.875 sec. 0.146 sec.
Metropolis 8 52 | 61.39 sec. 1.181 sec.
Gibbs 8 57 | 235.68 sec. 4.135 sec.
MMD 8 30 5.75 sec. 0.192 sec.
DPA 8 25 2.14 sec. 0.081 sec.

Table 3: Results on the SPOT image with 4 classes
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Original image Noisy image (SNR= —5dB)

Initialization of ICM and DPA Metropolis MMD

Figure 1: Results with the checkerboard image with 2 classes
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Original image

ICM

DPA

Figure 2: Results with the SPOT image (4 classes)
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Metropolis

Figure 3: Results with the SPOT image (4 classes)
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very fast. Furthermore, it is also worth to compare them with fully stochastic relaxation
techniques such as Metropolis dynamics [18] and Gibbs sampler [12].

The tests have been conducted on synthetic as well as real data, in particular SPOT
images. Herein, we present the results obtained on a noisy checkerboard image (128 x 128)
with a SNR equal to —5dB with 2 classes and on a piece of a SPOT image (256 X 256)
with 4 classes. The performances are established in two ways:

e objective performances based on the correct classification and computer-time (see
tables 1, 2, 3).

e subjective performances based on the visual aspect (see figures 1, 2 3).

Three indicators have been defined for the classification in two classes (see table 2):

Number o f white pizels classed white

wmn = Number of input white pizels
alert = Number of white pizels classed black
- Number of inputwhite pizels
error = Number of initially black pizels classed white

Number of initially black pizels

For the simulations, the following parameters have been used:

o Temperature:

— Initial temperature: Ty = 10 for the synthetic image, To = 4 for the SPOT
image.
— Ti41 = 0.957} for the decreasing low except for ICM (7' = 1) and DPA.

o Mean and deviation of each class: They are computed using a supervised learning

method.

| Image || M1 | 01 | 2 | 02 | U3 | 03 | Ha | 04 |
checkerboard || 0.377 0.216 | 0.621 0.216 — — — —
SPOT 0.167 | 0.0244 | 0.120 | 0.0118 | 0.375 | 0.0469 | 0.228 | 0.0489

e Choice of the clique-potentials:
— for the checkerboard image (ICM, Gibbs, Metropolis, MMD):

{ 02 if L = L;

Viiyr 2.0 if L; # L

and for DPA:

Wane = =Viigie

—0.2 if L; = L,
20 ifL;#1L; °

then a shift is used in order to get only positive values (see Equation (4) for
more details).
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— for the SPOT image (ICM, Gibbs, Metropolis, MMD):
Vi -0.5 ifL;=1L;
{6330 0.5 if L; # I,

and for DPA:

Wi = =V

0.5 if L; = L;
05 ifLi #L;

for the same reason.

o Initialization of the labels: Random values are assigned to the labels for the initial-
ization of Gibbs, Metropolis and MMD. As for DPA and ICM techniques, the initial
labels are obtained using only the Gaussian term in Equation (15) (see figures 1, 2).

o [Initialization of a for MMD: a = 0.1 for the checkerboard image and a = 0.5 for
the SPOT image.

4.3 Evaluation of the performances

First of all, the DPA, MMD and Gibbs sampler give the best results. One should mentioned
that, as it is well known, ICM is very sensitive to the initial conditions and may be better
results could have been obtained with another initialization. Nevertheless the DPA and
ICM algorithms have been initialized with the same data for the simulation.

DPA is the fastest algorithm, on the other hand MMD seems to give slightly better
results on these images. Both algorithms offer a good trade-off between quality and
computer-time.

Of course, more tests have to be conducted in order to better investigate the possible
applications of both algorithms presented this paper.

5 Conclusion

In this paper, we have presented two suboptimal methods: Deterministic Pseudo An-
nealing and Modified Metropolis Dynamics applied to image classification. These tech-
niques (especially the DPA) compares favorably with the classical relaxation algorithms
(Metropolis, Gibbs sampler) giving good results and being faster. Furthermore, they are
far less dependent on the initial conditions than ICM. This represent a good cost/performance
trade-off for early vision problems.
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