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Abstract: The state-space formulas for the usual H,, central controller become singular
when approaching the optimum 7,,.. A new approach is taken to circumvent this difficulty. It
consists of extending the notion of central controller to include proper controllers with a feedthrough
term. While such controllers are still derived from the usual Riccati solutions X, and Y, their
feedthrough gain can be selected so as to neutralize the singularities near 7.p;. This provides
numerically stable formulas for the controller parameters and eliminates the discontinuity between
the realizations of nearly optimal and of reduced-order optimal central controllers. The advantages
of this method are illustrated on a few examples.

Un Algorithme Fiable pour le Calcul de Controdleurs
H,. au Voisinage de ’Optimum

Résumé: Les formules classiques du contréleur central H,, deviennent singulieres lorsqu’on
approche de 'optimum 7,,;. Une approche originale est présenté pour remédier a cette difficulté. On
étend la notion de contréleur central de fagon a inclure les controleurs avec un terme proportionnel.
Ces controleurs sont générés a partir des mémes équations de Riccati mais le gain proportionnel
permet d’absorber les singularités au voisinage de 7,p;. Ceci donne des formules numériquement
stables et continues en 5,,;. En particulier, la réduction d’ordre résulte de simplifications pole/zéro
finis et non infinis comme dans le cas du contréleur central classique. Les avantages de cette
approche sont illustrés sur quelques exemples.



1 Introduction

Doyle/Glover’s state-space solution to the H, suboptimal control problem [2, 7] has grown increas-
ingly popular due to its easy implementation and numerical appeal. In this approach, solvability
is characterized by three positivity conditions involving the solutions to a pair of indefinite Riccati
equations. Explicit state-space formulas for some particular solution K. called “central controller”
are also provided.

When approaching the optimal H,, attenuation 7., however, singularities arise in these for-
mulas which render computations sensitive. Indeed, the central controller is strictly proper but
approaches a non strictly proper, reduced-order controller near +,,;. Hence some pole/zero can-
cellation(s) must occur at infinity and this implies large magnitudes in the state-space parameters
of K.. The resulting realization is ill-conditioned and numerical spillover may cause performance
degradation or even loss of internal stability (see Section 7). These difficulties are most acute at y,p;
where actual singularities require switching to a less convenient descriptor form [11] or extracting
a reduced-order controller via alternative formulas (3, 8, 12].

The main concern of this paper is the elimination of numerical ill-condition not only at .y, but
also in its vicinity. As noticed before, ill-condition stems from the infinite pole/zero cancellations
which occur near 7,,. In turn, those result from the fact that suboptimal central controllers are
strictly proper whereas their limit at 7., contains some feedthrough term. These observations
suggest the following remedy: replace suboptimal A'.’s with proper controllers which themselves
contain a feedthrough term. We can then hope for finite pole/zero cancellations and smoothness
of the realization parameters when approaching 7,p,. Interestingly, such alternative suboptimal
controllers are easily constructed from the same Riccati solutions X and Y.,. Moreover, the
feedthrough term can indeed be chosen to desensitize the computation of the controller parame-
ters. The efficacy of this method is best demonstrated at the optimum where it actually cancels
singularities and smoothly leads to an explicit reduced-order realization of some optimal controller.

For simplicity, the results are established in the particular framework of the Standard Problem,
although they have counterparts for more general H,, problems. The paper is organized as fol-
lows. Section 2 recalls the problem setup and formalism. Section 3 suminarizes new results on the
representation of H,, suboptimal controllers which prove useful to construct “generalized” central
controllers with a feedthrough gain. Considering this extended class of central controllers, Section
4 shows that near singularities of 772X Y., — I can be necutralized by appropriate choice of the
feedthrough term. The selection of this term is formulated as a minimization problem and solutions
are characterized in terms of elementary linear matrix equations. Section 5 discusses the optimal
case and gives singularity-free formulas for optimal generalized central controllers. Smoothness
between the suboptimal and optimal realizations is also established. Finally, numerical implemen-
tation of desensitized suboptimal and of generalized optimal central controllers is addressed in
Section 6 and performance is evaluated on a few examples in Section 7.

2 Problem Setup and Motivations

Consider a plant

_{ Gul(s) Gia(s) \ _{ Diy Dr2 Gy I-Av-'( B B 2.1
G(s)_(Gm(S) G22(3)>_<D:>1 D22)+(02)(S ) ( ' 2) (2.1)



which maps exogenous inputs w and control inputs « to controlled outputs z and measured outputs
¥ ( ; ) = G(s) ( :j’ ) . Here z, y, w, and u are vectors of size p;, p,, my, and my, respectively,
and A € R**", Moreover it is assumed that m; > p; and p; > m,;. When closing the plant G

by a feedback law u = K(s)y, the closed-loop transfer function from w to z is given by the linear
fractional map:

F(G,K)= G + Gk (I = G K) Gy (2.2)

Given some attenuation «, the H, suboptimal control problem is as follows:
Poo(7): find an internally stabilizing controller K'(s) such that ||F(G, A)|le <7 (2.3)

The optimal H, attenuation (or gain) 7op: is defined as the smallest v for which P (7) is solv-
able. As mentioned earlier, the discussion is specialized to the Standard Problem (SP) [2] and the
following assumptions are therefore made:

(A1) (4, B;,C,) is stabilizable and detectable.
(A2) Dy; = Dy = 0.

(A3) D3 and Dy are full rank, Df,(Dy2,Cy) = (1,0), and Dyy(D%, BT ) = (1,0).
jwl— A —Bs jwl—A B

(A4) rank ( c Dys G Day
equivalently (.4, By, C;) has no uncontrollable or unobservable mode on the imaginary axis.

=n+ms and rank( )=Tl+p2 for all w € R, or

The SP is not fully general as observed in [4] but has the merit of simplifying calculations and also
the situation at the optimum (see below). For more details on assumptions (A1)-(A4). see, e.g.,
[7, 6].

In [2]. solvability of P..(y) for ¥ > ¥, is characterized by the following conditions:
(C1) There exists stabilizing solutions X.. and Y, to the game Riccati equations (GRE):

ATN+ XA+ NGB BT - B.BI)N+CTCy =0 AY +Y AT +Y (372CT €, - CT C)Y + B B] =0.
(2.4)

(C2) These solutions moreover satisfy X, > 0, Yo, > 0, and p(XooYoo) < 72.

The solutions X, and Y, are also used to construct a particular solution of Py () called central

controller and defined as K, := C.(sf — A.)~' B, with

Ae=A+(17*B1B] = BaB] )Xo = (I = 77 Yoo Xoo) ™' Yoo O Co;
Be = (I =7 Yoo Xoo) Yoo OF C.=-BIX.. (2.5)
Note that X, Y, and Ki'. are functions of 7.
As v reaches v,,,, some of conditions (C1)-(C2) fail(s). As a special feature of the SP, the

conditions X > 0 and Y., > 0 cannot fail prior to p(XYe) < y? [4]. Consequently, Yopt
corresponds to one of the following two situations:

e X or Y. is no longer stabilizing, that is, one of the Hamiltonian matrices associated with
the GRE’s (2.4) has eigenvalue(s) on the imaginary axis.

¢ p(Neo¥ur) = 7’3};(-



In the first case, X, Yoo, A, Be, and C, all have finite limits at y,,; and the difficulty is easily
circumvented. By contrast, if / — 4~?Y,, Ao, becomes singular at 7., then A, and B, defined by
(2.5) become unbounded.

Theoretically, a remedy consists of rewriting the realization (2.6) of K. in the following equiv-
alent descriptor form [11]:

(I =7 WooXoo) €= FE4 YooCTy;  uw=-B] X € (2:6)

where F = (I — y7 Yoo Xeo (A + (v"2B1Bf = B2BY)Xw) — YuoCTC, . It can be shown that this
descriptor system is always of index one [8] and defines an optimal reduced-order controller where
the unbounded modes of A, have cancelled at infinity. Formulas for this controller appear in
(3, 8, 12]. Note that their applicability requires exact singularity of I — y~2Y,, X,,. Consequently,
there is a region near 9,,; where no numerically sound formula is available. By contrast, the state-

space formulas of the generalized central controllers introduced in the sequel behave smoothly near

the optimum and are insensitive to ill-conditioning of (I — v~ 2V, X5 )~ !.

3 Generalized Central Controllers

In [5], a family of controllers solving Po,(7) is described in terms of parametric GREs. The GREs
(2.4) are a special case of these parametric equations and they characterize the central controller
K. when imposing strict properness. If this constraint is relaxed however, (2.4) yields a larger
family of proper suboptimal controllers within which numerically-sound alternatives to I can be
sought near 7,,:. We begin by recalling a constructive result of [5].

Theorem 3.1 Assume (A1)-(44) and consider any matrices X, Y inR™*" M, N inR**" (r < n),
and By ,Cyx, Dy which jointly satisfy:

(i) Dy € R™2*P2 and Omar(DR) < 7.
(i) M. N are full column rank.
(i) X and Y are stabilizing solutions to the GREs
ATX + XA+ X(v*BBT - BB ) x +¢cT¢, +
(XBa+ MCE + CTDLY(I - v~ 2Dx DY)~ Y (X B + MCL + CTDEY =0; (3.1)
AY + Y AT + ¥ (1~ %¢Tc, - cTca)y + BiBT +
(YCT + NBi + BaDg)(I = v *DE D) (YCT + NBi + BaDk)T =0, (3.2)
with the coupling condition
MANT = 472XY - L. (3.3)
(iv) X >0, Y >0, and p(XY)<~%
Then if Ax denote the (unique) solution to
NARMT = —{A 4 BoDpCo+ v *(YATX + By BT X + YCTCy) + Bo:Ck MT + NBgCa} —
(YCT + BoaDg + NBg)(I =47 DL D)™ ' DL (BIN + D Co+ CxkMT),  (3.4)

the r-th order controller K(s):= Dy 4+ Cp(s] — A )~ 1B} solves Poo(7).
[ ]
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For 4 > 7,pt, the usual central controller /' is obtained by chosing X,Y,M,N, Bx,Ck, Dy of
Theorem 3.1 so that

(a) XBy + MCL + CITDT. =0 and YC] + NBy + B, Dy = 0.
(b) D = 0.

Item (a) ensures that X = X, and ¥ = Y, and amounts to minimizing the Riccati solutions X
and Y among all possible solutions compatible with (i)-(iv). This extremality property accounts
for the role played by the central controller equations in H,, theory (see [5] for details). By contrast,
item (b) is immaterial and only ensures that the controller is strictly proper. This requirement is
now relaxed to generalize the notion of central controller as follows.

Definition 3.2 We call generalized central controller any solution K(s) = D +Cr(sI—Ax )" ' By
of Poo(7y) obtained by setting

XBy,+ McL+cIDl =o; YCI + NBy + B,Dge = 0; (3.5)
in (3.1)-(3.2) and selecting X = X, and Y =Y.

Note that Theorem 3.1 guarantees that any such K solves P, (). Also. equation (3.4) for the
controller state matrix Ay simplifies for generalized central controllers to [5]:

NagMT = {4+ Yo(172]Cr - T} (v oo X = 1) = BoCicMT

(7" Xoo = ) {4+ (77 BiB] - B2B] )Xo} - NBkCa.  (3.6)

For 4 > 5opt, the feedthrough gain Dy is arbitrary provided that opa (D) < v. In fact, the
set of generalized central controllers can be parametrized by Dy upon rewriting (3.5) and (3.6)
as:

NBr = —(YoCF + BaDx): (3.7)
Ck MT = —(BIX, + DkCo); (3.8)
NARMT = {A+Yo(173CTC = CTC)} (v 7Yoo Xoo = I) + Ba(B] Xoo + Dk Ca).  (3.9)

From (3.3) M and N are n x n nonsingular matrices for ¥ > ., 50 that Ay, By, Ck are entirely
determined once Dy is chosen. Observe that the resulting controller is of order n and independent
of the particular choice of M, N compatible with (3.3). Indeed, changing M, N simply amounts to
a change of state coordinate in the controller realization. Since Dy is free within the ball of radius
7, it can be utilized to desensitize the formulas (3.9)-(3.8) to near singularities in ¥ 2X Yo — 1.
This idea is developed in Section 4.

Finally, the optimal case ¥ = 7., is a little trickier due to the singularity of 7(;;‘;X°°Yoo - TI.
Indeed, M and N are then nonsquare so that the choice of Dy is constrained through (3.7)-(3.8).
Section 6 shows that adequate Dj’s are then obtained by solving a Parrott problem and that
the resulting generalized central controller is of order r < n where n — r is the rank deficiency of
Yort Noc Yoo — 1.



4 Alleviating I1l-Condition near the Optimum

Generalized central controllers offer additional degrees of freedom via the feedthrough gain Dg.
This section shows that ill-conditioning of (/ =¥~ 2Ye X0 )~} near Yopt can be neutralized by appro-
priate choice of D . To isolate singularities arising near 7.y, split the singular value decomposition
(SVD) of v72X Yo — I into two parts:

T 2 X Yoo — I = Uy S VT 4+ UpZo VT (4.1)
where
e ¥; and ¥, are diagonal and ¥, gathers the 7 smallest singular values,

o the columns of U; (V) are the left (right) singular vectors associated with the r smallest
singular values,

o the columns of U; (1}) are the left (right) singular vectors associated with the remaining
singular values.

Recall that (U;,U;) and (V},V,) are orthogonal matrices. Note also that the gap between the
largest singular value of £; and the smallest of £; need not be quantified, although £, will typically
gather those singular values which approach zero near 7,,.. Accordingly, U, and V; will contain
the directions of “near singularity” of y72X Y., — I. Finally, recalling that M and N are only
subject to (3.3), we select them as M := (U]ul/z U22”2) and N := (£ ‘“]/2 . Vo 2]/2 .

When the singular values of £, approach zero, A/ and N become smgulal and the inversions
required to solve (3.9)-(3.8) are ill-conditioned. Yet, this does not necessarily result in large en-
tries in Ap . Br,Cp. Consider for instance (3.7) and let II := YOOCQT + B2 Dy. The solution is

-1/2 T
Vil e .
By = - ( _1/2VTH ) From the SVD partitioning, a large magnitude can only stem from the
-‘2 2
term 2;1/21-’2TH. Now if Il is chosen to make ||V,ITI|| small enough, the magnitude amplification

associated with 22—1/2 can be totally offset. In such event, the term E;lﬂ"’gn remains below the
problem scale and its inaccuracy is unlikely to throw off performance and internal stability. Based
on this observation, the computation of Ay, By, Cr will be least sensitive when the norms of

[} V:_,T()NC-.T + B>Dpy) and (Bc_’{‘.\’m + D Ca)Ua
o {(A+Y(v73CTC1 = CTC)) (v Yoo Xoo = 1) + B2(B] Xoo + DrC2)} Us
o VI {(v"YooXeo = I)(A+ (77 2B1 BT — BaBT)X o) + (Yoo CT + Bo D )C2}

are minimal. Recalling that ||(7™?YeXeo — DU2|| = ||V (77 %Yo Xoo = Il = ||Z2]l, it is easily seen
that the last two expressions are small in norm whenever the first two are.

Hence, a reasonable objective for sensitivity reduction is to select Dy through the following
constrained minimization problem:

1Bin C(Dp) subject to ||Dil||lF <5 (4.2)
N
where

C(Dr):= (Bl Xoo + DrC)Ua||% + IV (Yo CT + By D) |2 (4.3)



The Frobenius norm is chosen for tractability reasons. Note that ||[Dy||r < v is sufficient to
enforce the constraint omq.(Dg) < v since {|M||F > 0mar(M) for any matrix M. Recalling that
|M)|% = trace(M MT) = trace( MT M), the Lagrangian associated with (4.2) is :

L(Dg,2a) = trace {(BY Xoo + DxC2)U2UT (BT X, + D C2)T + (Yoo OT + Bo D )T VoV (Yoo CF + B2 D)}
+ 2a {trace(Dx D%) - +*}. (4.4)

With the notation
& := BTV,v] By; V= CUUTCT, ©:= BT (X U,UT + VY, T, (4.5)
minimizers of this quadratic form in Dy are characterized by the first-order condition:

ac
aD N

=(®+al)Dy + Dr(¥ +al)+ 0 =0. (4.6)

The Sylvester equation (4.6) has a unique solution Dy (a) for all o > 0. Observing that a =0
yields unconstrained minimizers of C(Djy) while limy— 4o Dr(a) = 0, the Lagrange multiplier
a is a simple means of trade-off between optimality and constraint enforcement. Indeed, some
ap 2 0 such that 0,4 (Dr(ag)) £ v is easily obtained by line search. A desensitized controller is
then derived using (3.9)-(3.8) with Dy := Dy (ap). Interestingly, and to the extent of our current
experience, the norm constraint on Dy was always satisfied by minimum-norm unconstrained
(o = 0) minimizers of C(Dy ) (provided that ¥, is associated with distinctively small singular
values of Y7 %X, Yo, — ). Despite its empirical nature, this fact justifies a closer look at the
unconstrained problem. In addition, minimum-norm unconstrained minimizers of C(Dy’) turn out
to be instrumental to optimal controller design (see next section). The next theorem characterizes
solutions of the unconstrained problem.

Theorem 4.1 Consider SVDs of the symmetric matrices ® and ¥:
é = W AW, v =2,077 (4.7)

where Ay, Qy are diagonal nonsingular and W = (W, W,) and Z = (Z,, Z3) are orthogonal. Then
all unconstrained minimizers of C(Dy;) defined in (4.3) are of the form

Di(A) = W’( N ) zt (4.8)

where A is arbitrary and Ay, A2, Agy are uniquely determined by:

Aag+an+wlez, =o; (4.9)
AlAp +wWlez, =o; (4.10)
A +Wlez, =o0. 4.11
1 2

Hence, minimum-norm minimizers are obtained by solving for A the following Parrott problem:

mgn Omaz ( i:: A‘&2 ) . (4.12)

-1



Proof:  Unconstrained minimizers of C(Dp) solve (4.6) for a = 0. Pre- and post-multiply this
equation by WT and Z. respectively, and define Ajj o= WiTD]\-Zj 17,7 = 1,2. This yields the
equations (4.8)-(4.11) and WZTOZQ = 0. The first three determine A;;, A2, A2; uniquely while the
last equation is trivial since W] BIV, = 0 and UTCZT Z, = 0. The block Ay, is therefore arbitrary
and the other statements follow.

R
Recall that the smallest achievable value in the minimization (4.12) is [10, 11]:
0 = max Uma.r(Alla A12)7amaz (413)
A ‘
which is attained, in particular, for A* = —Ay(o*?] — A{lA“)‘lAflAn (provided that

Omaz(A11) < 7). As mentioned earlier, Dy (A*) was always found to satisfy the norm con-
straint o, (Dp ) < v and was therefore chosen as feedthrough term to achieve the best sensitivity
reduction. Interestingly, this is also an appropriate choice for the optimal case ¥ = 7,p, as shown
in the next section. Finally, experiments confirm that near singularities in y=2XY — I are indeed
cancelled with this approach so that their effect on the computed values of Ay, By, Cj is negligible
(see Section 8).

5 Generalized Central Controllers at the Optimum

We restrict our attention to those cases - the most common - where the optimum is characterized
by the failure of the condition p(XsYs) < 72 We therefore assume that the GREs (2.4) retain
stabilizing solutions X, and Y. at 7o and that p(XeYs) = 73,”. In such cases, the usual
central controller /. tends toward a non strictly proper reduced-order controller in the frequency
domain (8, 12]. The state-space formulas (2.5) are then singular at 7,,,. By contrast, the formulas
for sensitivity-reducing controllers introduced in Section 4 smoothly extend to the optimal case
and involve finite instead of infinite pole/zero cancellations at y,,. Hence, such controllers offer
a numerically stable alternative to /i'. near v.,,. Note that the smooth behavior at +p, is hardly
surprising since these coutrollers have been designed precisely to cancel singularities of 7;;,2,)(00)’00 -
I. Finally, it is worth mentioning that the limit of K. at 7., is not among optimal generalized
central controllers in general (see Remark 5.3 below).

In virtue of Theorem 3.1 and Definition 3.2, K(s) = Dy + Cr (sl — Ax)~' B is an optimal
generalized central controller if and only if By, Cy, Dy satisfy

. < .
Umar(Dl\) = 70;)! a‘nd { ),00C2T + ]V.BI\‘ + B2D]\' — O (5 1)

where X, Yo, denote the stabilizing solutions of (2.4) and MNT = ‘yo“pti(,oYoo — I. Note that the
order of K is equal to the rank of 7'(;,2,)£'N)‘:x, — I. Introduce the counterpart of the SVD (4.1):

Yomt Xoo¥eo = I = U1T1V{T5 Ty > 0. (5.2)
Since U:,TM =0 and NTVQ = 0, Dy is now actively constrained by the two equations in (5.1) and
must satisfy:

Dl\'(C2U2) + BQTXNUQ =0;

) . - 3
Uma:L(Dl\ ) < Topt and . { (BQTVQ)TDI\' + (62).:)0‘/2)T =0. (5 )



Conversely, for any such Dy the system (5.1) is solvable for By, Cx and an optimal controller can be

reconstructed via Theorem 3.1. Hence, optimal generalized central controllers are parametrized by

all feedthrough Dy which satisfy (5.3). In the sequel, such Dg’s are referred to as v,,;-admissible.
The following identities are useful toward the characterization of ,,:-admissible D ’s. -

Lemma 5.1 Let U, and V, denote orthonormal bases of the left and right kernels of'yo'ptiooYoo -1
Then the following identities hold at v,p:

(C2YoV2) (CoYaoVa) = 72, (B V2)T(B] Va); (5.4)
(B] XooU2)T(B XooUz) = 12,0 (C2U2)T(C2Us); (5.5)
(CoYo Vo)T(Colly) = (BIV)T(BI X Us). (5.6)

Consequently, we have SVDs of the form:
BTV, = WA =T, C2Yoo Vo = Yopt PIMET: Caliy = 2,0, YT BI XooUs = vopt Qlﬂﬂ("r |
5.7

where Ay and 2y are diagonal positive definite matrices and the columns of Wy, Py, Z,,Q1,Z, and
Y form orthonormal systems of vectors.

Proof: See Appendix A.
|

The next theorem establishes the existence of 4,,.-admissible feedthrough gains and characterizes
them all.

Theorem 5.2 Assume condition (C1) of Section 2 holds at yop:, consider the SVDs (5.7) of Lemma
5.1. and introduce Wy and Z; such that W = (W, W,) and Z = (Z,, Z3) are orthogonal matrices.
With this assumption and notation,

o there always exist 5, -admissible feedthrough gdins and they are all obtained as:

. _ W@ PlZy Y 1
Dp(An) = —Yopt 1< ( ”YQTQ] A Zz (58)

where Ay, denotes any minimizer of the Parrott problem

: wliQ, Pz,
n}dm Omaxr ( "V;;TQl A . (5.9)

o Any yopi-admissible feedthrough gain Dy satisfies 0pma (D) = Yopt -
Proof: Using the SVD’s (5.7), the two equations in (5.3) reduce to
- DrZz, + Yopt Q1=0; VVITDI\' + Yopt PIT = 0. (5'10)

Defining A;; := lfViTDl\-Zj; 1,7 =1.2,(5.10) is equivalent to

Ap \ _ wlo, \ . ) . T T
( Ay ) = —Yopt ( wrioQ, | (A11,Ay2) = —vopt (P} 21, P Z3). (5.11)



Observe that P Z; = WIQ, in virtue of (5.6) together with (5.7). Hence the two expressions of
Ajy in (5.11) are compatible and the solution set of (5.3) consists of all Dy ’s of the form (5.8) such
that Umax(Dl\') < Yopt-

Now, it is known from Parrott’s theorem [10] that for any A,,,

VVT
Umax(DK(Am)) 2 Yopt Max {Uma:r(PlTZl, P1TZ2), Omazx ( Wngi >}
2

and here the maximum evaluates to 1 since omaI(PlTZl, PlTZg) = amaI(PlTZ) = Omaz(P1) =1and

W1TQ1> '

similarly o0z ( WzTQx = 1. Consequently, the constraint oz (Dx) < Yop is satisfied if and

only if A, is chosen as a minimizer of (5.9), in which case we actually have 0ymqaz( DK(Am)) = Yopt
[ ]

Remark 5.3 In general, the feedthrough gain Dy, obtained from the descriptor formulas (2.6)
of K. at y,p; (8, 12, 3] is not among the ,,;-admissible Dy ’s of Theorem 5.2. Indeed, D, is given
as Dy, = —BQTXOOUQ(CQUQ)+ which is a particular solution of the top equation in (5.3) but not
necessarily of the bottom one. To be convinced, observe that with the notation (5.7), an alternative
expression is Dx, = —Yopt @127 so that WIDp, + vopt PT = —4opWIQ1ZT + youPL =
'yoptPlT(I A ZIT) Thus, the counterpart in (5.10) of the bottom equation in (5.3) is not satisfied
unless PIT(I -7 ZIT) = PITZgZzT = 0, that is, unless PlTZg = 0. Consequently, the limit of K, at
Yopt is Not among the generalized central controllers of Definition 3.2.

Theorem 5.2 provides a simple and numerically sound way of computing reduced-order optimal
controllers when 7., is characterized by p(Xo.Yo ) = 73,,,. Note that the final order of the controller
explicitly appears throughout the design (rank of 70',,3/\'«,)’0(, — I, column dimensions of M and N,
dimensions of Ay ). Practical implementation of this scheme is discussed in the next section. To
conclude this section, observe that the feedthrough gains of optimal generalized central controllers
as characterized in Theorem 5.2 coincide with the minimum-norm unconstrained minimizers at
Yopt of C(Dy ) defined by (4.3). Hence there is a nice numerical continuity between the sensitivity-
reducing controllers of Section 4 and the optimal generalized central controllers described in this
section.

Theorem 5.4 Let U; and V, denote the left and right null spaces of ')-‘;,2,_\'0;.}’00 — I. Then the
Yopt-admissible feedthrough gains Dy are ezactly the minimum-norm solutions to the unconstrained
problem:

min {||(B] X + DrCo)Uallt + IV (Yo CF + B2Dpo)llR} - (5.12)

Proof: First observe that the criterion £(Dk) = [[(B] Xoo + Dk C2)Ua||} + ||V (Yoo C2 + B2 Di)||%
is always nonnegative and that £( D) = 0 for any 7,p¢-admissible feedthrough gain Dy based on
(5.3). Consequently, 7,p¢-admissible feedthrough gains are minimizers of £(Dy).

Conversely, unconstrained minimizers of (5.12) satisfv the first-order equation (4.6) with a = 0.
Using the SVDs (5.7), this equation can be rewritten

(WANWT) Dy + D (Zi2ZT) + vop (@12 ZT + W AZPT) = 0.
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With the notation A;; := W',-TD]\-Zj; i,j = 1,2, pre- and post-multiplication by WT and Z yields
AlAay +Aan0% + Yopt (‘/VlTQl)Qf + Yopt A%(Plrzl) = 0;
A} A1z + Yopt AP Z, = 0;
A2IQ¥ + Yopt W2TQIQ§ =0.

From the last two equations it follows that Ajs = —7y,p PITZZ and Ag; = —Yopt WzTQl. Meanwhile,
the identity PTZ; = WTQ (see proof of Theorem 5.2) allows to rewrite the first equation as

A2 (A1 + Yopt WIQ) + (A1 + Yoot WEQ1)QI =0

which together with A? > 0 and 922 > 0 ensures that A;; + Yopt WIQ, = 0. Consequently, any
solution of (5.12) is of the form Dy (A) defined in (5.8) and minimum-norm solutions are obtained
for minimizers A,, of the Parrott problem (5.9).

6 Numerical Implementation

Since the computation of X, and Y, is potentially ill-conditioned near 7.y, it is advisable to
implement modified controller formulas where X, and Y, are replaced with orthonormal bases

Qx

_ A y72BB — B;B] \ 3 AT y-2c{c, -cTc,
H“‘(—c{cl -AT ' I = —-B BT -4 - (6.1)

Py _ Py . Py ~ Py
Hco( Q\ ) - ( Q\ )TH- Joo ( QY > = ( Q)" )TJ (62)

where Ty and T; have their spectrum in the open left-half plane, and that X, = Q,\'P/Q1 and
Yoo = Q)'P},_-l. Consistently with Section 5. we assume that these subspaces remain of dimension
n at Yope. Finally, such orthonormal bases can be computed in a numerically stable way via the
Schur algorithm for Riccati equations {13. 9].

The results of Sections 4 and 5 have immediate counterparts in terms of Py,Qx, Py, Qy which
are now summarized in the form of two algorithms.

Algorithm 6.1

Objective: Computation of generalized central controllers which are insensitive to ill-condition
of (I — v72X0oYoo) ™! near v,

( Px ) and ( (1;)' ) of the stable invariant subspaces of the corresponding Hamiltonian matrices:
v

Note that

1. Compute the SVD of P_{Py - 7"2Q_Tny and partition it as UyS\VT + U, T2V where T,
gathers the distinctively small singular values.

2. Starting with o = 0 and until the 2-norm of the solution Dy (a) is less than vy, solve for
increasing values of a the Sylvester equation @Dy (a) + Dp(a)¥ + © = 0 where
@ := B] Py VoV PEBotal: W= CoPxUsUT PECT +al, ©:= BI (QxU UJ PE+Py VI QT ) CT.

(6.3)

In the particular case a = 0, compute Dy (o) as indicated in Theorem 4.1 with &, ¥, and ©
given by (6.3).

11



3. Once an adequate Dy (o) has been found, set Dy = Dy (a) and compute By, Cg, Ay as the
(unique) solutions of

V2B = VI(QTCT + PIByDk);  CkTY* = (BIQx + DxCoPx)U.  (6.4)
(VEY2y Ap (V20T = (v72Q%Qy - P Py)Ty + (QFCT + PIB, Dy )CyPx.  (6.5)

Note that Ty is a direct by-product of the Schur decomposition (cf. (6.2)).

4. The controller K(s):= Dy + Cr(sI — Ax)" !By is then a solution of Peo(7).
[ ]

Note that the Sylvester equation is derived {from the modified criterion ||(BfQx + D CoPx)Us||%+
(VF(QT Ca+ P By Dy )[|% while (6.5) follows from the identity {A +(y~2ByBY — ByBf )Xoo} Py =
PxTy. A standard algorithm to solve Sylvester equations is found in [1].

Algorithm 6.2

Objective: Computation of optimal generalized central controllers (v = ;) provided that Ho,
and J,, have no imaginary axis eigenvalue at y,p;.

1. Compute the SVD P{P) - 70"1,2, Q}Qy = U,S1 V)T where £, > 0, and let Uy, Vy be the
orthogonal complements of Uy, V; generated by the SVD algorithm.

2. Paralleling (5.7), compute the SVDs

BIPyV, = WA ET: CoQy Vo = vopt PIMET; CoPxUs = 2000 YT BIQxUs = vope 10 YT
(6.6)

3. Find a minimizer A,, for the Parrott problem (5.9) (a possible solution is given at the end
of Section 4) and set Dy 1= D (Ap).

4. Compute By ,Cp . Ax as the (unique) solutions of

V2B = vI(QTCT + PTByDy);  CrSY?=(BIQy + DCoPx)Uy.  (6.7)
(V%) Ap (BV%0T) = (v2Q% Qy - PLP)Tu + (QFCT + PLB,Dk)C2Px.  (6.8)

5. Then K(s):= Dy + Cr(sl — Ax) 1By is a reduced-order H,, optimal controller.
[ ]

As long as a = 0 produces an admissible Dy in step 4 of Algorithm 6.1, both algorithms
use the same constructive scheme: find a minimum-norm unconstrained minimizer of (5.12) and
deduce Ay, Br,Cx by solving (3.9)-(3.8). This ensures a smooth transition from one algorithm
to the other when approaching 7op:. In practise, the two algorithms are used concurrently and
selected via some thresholding device on the smallest singular value of T = PY Py — 472Q%Qy .
Below the threshold, I' is considered singular “at the machine precision™ and A" is designed with
Algorithm 6.2. Otherwise, Algorithm 6.1 is utilized so that adverse effects associated with small
singular values of I' are minimized. The continuity near v,,¢ of the computed state-space parameters
Ar.Br.Cr.Dj; ensures a smooth transition between algorithms which is confirmed in practise.
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The combination of Algorithms 6.1 and 6.2 performs well compared to existing methods as
illustrated in the next section. Yet, numerical stability could further benefit from more analytical
insight into the transition between nonsingularity and singularity of I'. Directions of future research
include showing that o = 0 is always a satisfactory choice in Algorithm 6.1; finding a priori
estimates of an adequate threshold for switching algorithm; reducing sensitivity with respect to
singular values which are small but nonzero at 7,p; (possibly by exploiting the remaining degrees
of freedom in Dy after solving the Parrott problem (5.9)).

7 Numerical Tests

Near v,,:, Algorithms 6.1 and 6.2 offer substantial gain in numerical reliability over classical central
controller implementations. This is illustrated by two examples, the first of which has a mostly
didactical value while the second is quite representative of the general situation. For fair compar-
ison, the formulas (2.5) for ', are replaced with their counterpart in {11} where X, and Y, are
not explicitly computed (cf. Section 6). Note that (6.4)-(6.5) coincide with the formulas in [11]
when Dp is set to zero. All computations were performed in double-precision arithmetic on a Sun
SPARCstation 2 with relative machine precision ¢,, = 4.4 1016,

Example 7.1 Consider the Standard Problem associated with the data:

The optimal gain for this problem is 7,5 & 2.732051. For values of v approaching vop, the
performance of I as implemented in [11] are compared to that of the generalized central controller
returned by Algorithms 6.1 and 6.2. Three criterion of evaluation are considered:

e AMmazx.: the magnitude of the largest entry encountered in the computed state-space param-
eters Ay, By .Cy of the controller,

o | F(G, K')}js: the actual closed-loop performance,

e Smar.: the relative internal stability margin as measured by the ratio r(A.)/||Aq|| where

e <A+B;>D;\-Cg B.Cy
o= By Cs Ax

stability radius of a matrix [14].

) is the closed-loop state matrix and »(.) denotes the (complex)

These values as well as the feedthrough term Dj- obtained with the generalized central controller
approach appear in Table 7.2,

13

Algorithms 6.1-6.2 Usual algorithm
vy Dy |F(G, K|l | Mmaz. | Smar. || ||F(G,K)|| | Mmaz. | Smar.
3.0 -2.67 2.77 2.7 0.6 || 2.99 1.4 10! | 6 102
2.8 -2.72 2.74 2.7 0.6 || 2.80 4.7 10! | 31072
2.75 -2.73 2.74 2.7 0.6 || 2.75 1.6 102 | 9 103
2.735 -2.731 2.732 2.7 0.6 || 2.735 1.010%| 11073
-2.7325 —2.7319 2.7321 2.7 0.6 || 2.7325 6.510% | 3104
2.732055 || —2.732050 | 2.732052 2.7 0.6 || 2.732046 7.0 10° | 310°°
Table 7.2




Here Dy was computed with o = 0 in Algorithm 6.1 and the value 1.0 x 10~° was used as threshold
on the singular values of I' = I — y72X Y to chose between Algorithms 6.1 and 6.2. As a result,
Algorithm 6.2 was activated for vy = 2.732055.

Inspection of Table 7.2 reveals a sharp degradation of internal stability as well as a rapid magni-
tude growth as v — 7,p¢ With the usual algorithm. By contrast, the new approach totally neutralizes
the near singularity in T so that stability remains robust and computations well-conditioned near
Yopt- Note that the results should be qualified by the fact that in this simple example, Algorithms
6.1-6.2 always returns a Dy for which By = Cx = 0. The resulting controller is therefore static
with gain Dp:.

Example 7.3 Consider the problem with data

1 -1 0 1 2 O
A= 1 1 -1 ]; B = 0 -1 6 ]; Bo=] 0
0 1 =2 1 1 0

Df,=(1.0, 0);

~———
Q)
|
N
[,
O = O
-0 O
~——
9)
Ny
1l
NN
- | o
—
~———

D2y =(0,0,1) (7.2)

for which v,,¢ = 21.527873. The experimental setup and parameters are as in Example 7.1 and the
outcome is recorded in Table 7.4 which exactly parallels Table 7.2.

Algorithms 6.1-6.2 Usual algorithm

¥ Dy |F(G, K|l | Mmaz. | Smar. | |F(G,K)||l | Mmaz. | Smar.
40.0 23.2 25.3 3.910! {11073 | 31.9 1.7 101 | 9 10~1
25.0 22.2 22.8 3.710' [ 81071 || 24.6 2.710' | 6 104
22.0 21.6 21.7 3.710' | 61071 || 21.99 1.0102 | 2 1074
21.6 21.54 21.56 3.710' | 610~ || 21.59 5.010% | 6 10°°
21.53 21.528 21.528 3.710' | 6107 || 21.529 1.310% | 31076
21.528 21.5279 21.5279 3.710' | 6 1077 || 21.5278 2.210%° | 21077
21.5279 21.52788 | 21.52788 3.710" | 6 1077 || 21.5278R% 1.2 10% | 4 10-8
21.527874 || 21.527874 | 21.527874 3.7101 | 6107 || 21.527874 1.210° | 2 10°°

Table 7.4

The switching from Algorithm 6.1 to Algorithm 6.2 occurred early at v = 21.53. These results
confirm that the numerical condition of the computation of A’. deteriorates rapidly near v,,; while
the computation of generalized central controllers is little affected by this proximity. The transi-
tion between the two algorithms is smooth and even far from 7,,;, the closed-loop attenuation is
better when using a feed-through term Dj. Note that the reduced-order “optimal” design was
activated and valid relatively far from 7,,,. Hence it seems numerically safe to force small singular
values of I — 772X Y, to zero and perform optimal design with the remaining ones. Finally, the
controller realization (Ax, By, Cx, Dx) computed by Algorithm 6.1 is continuous at -,,;, becomes
nonminimal, and reduces to the realization of the reduced-order optimal controller returned by
Algorithm 6.2. This is illustrated by the following data drawn from the same experiment, except
for the threshold which was chosen to postpone optimal design up to 7y = 21.527874.

Sensitivity-reducing design:
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v =21.53: Ay = 10.83 —8.14 0.005 |: By = 1245 |; ¢k =] -1542 |;

0.0006 —0.003 —1.01 0.0007 —0.0004
-21.23 15.71  —0.0001 —-21.73 19.35

10.83 -8.14 0.0006 |; By =| 1245 |; Cf = -15.42
0.0001 —0.0003 —1.02 0.0001 —0.00006

( -21.23 15.71 —0.001 —21.73 19.35
v = 21.5279: Ap = (

Optimal design:

o, -2123 s [ -21713\ [ 1935
1 =21.527874: Ap = ( 10.83 —8.14 ) By = ( 12.45 ) Cr = ( -15.42 )

8 Conclusion

Numerically reliable algorithms for the computation of H.. controllers near and at 5., have been
presented. An instrumental innovation is the use of a controller feedthrough gain Dy to channel
out the numerical sensitivity associated with (J — v=2Y. Xo,)~! near “opt- Undesirable side-effects
of this ill-condition such as loss of accuracy, large magnitudes, performance degradation and/or
weak internal stability are thus mostly eliminated. Comparative tests with existing algorithms for
central controller computation have confirmed the validity of the method. In particular, closed-loop
internal stability is substantially more robust with the new algorithm and the parameter magnitude
is kept under control as 4 approaches 7,,.

Appendix A

Proof of Lemma 5.1: Observe that

Xo Yo ¥y = ~2

fopt Vo Yoo XUz = 73;;1 U (Al)

from the definition of Uy and V5. Pre- and post-multiply the first equation in (2.4) by VY, and
Yo V2. respectively, and use X Y.V, = ",'gpt\"'g to obtain

VI {aYe + Y dT +9500CT Gy + BIBT } V) = 32,V ByB]Va = 0.

Replacing the bracketed term by )",X,C,ZCQY.X. in virtue of the second equation in (2.4) then yields
(5.4) and (5.5) follows by a duality argument.

A 7B BT

Finally, consider the Hamiltonian matrix Hg = ( ) . From (2.4) it follows

-cT¢ —AT
that
I - 1 -2 Ty 0 .
HO( ‘\’C\-_\ ) - ( ‘\—00 )(A‘*“) BlBl 4\03)— < XOQBQBQTK’OO )1
(I, =7"*Ye)Ho = (A+7v Yo CT (I, =77 Vo) + (0,77 %Yo CT Co Yo ).

. oes I . . .
The expression (I,—7~*Y,) Hy < Y ) can then be evaluated in two different ways to obtain
Pa Yo'

(1 =7 Yo Xa A+ 77 B1B] Xoo) + 7 Vo Xou B B] X =
(A4 Oy I = 17 Yo Noo) + 77 ¥aa CF CoYoo X oo (A.2)
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and pre- and post-multiplication of this equation by VQT and Uy, respectively, together with (A.1)
establishes (5.6) for v = 7,,¢. The SVD’s immediately follow from these identities.
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