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Abstract: In the state-space approach to H., optimal control, feasibility of some closed-loop
attenuation v is characterized in terms of a pair of game Riccati equations depending on 7. This
paper is concerned with the properties of these equations as v varies. The most general problem
is considered (Dj; # 0) and a thorough analysis of the variations of the Riccati solutions provides
insight into the behavior near the optimum and into the dependence on 7 of the suboptimality con-
ditions. In addition, concavity is established for a criterion which synthesizes the three conditions
X >0,Y >0,and p(XY) < 42. As a result, a numerically reliable Newton scheme can be devised
to compute the optimal ~v.

Most presented results are extensions of earlier contributions. The main concern here is to pro-
vide a complete and synthetic overview as well as results and formulas tailored to the development
of numericallv-sound algorithms.

Sur les Equations de Riccati Associées au

Problémes de Contréle H_

Résumé: Dans I’approche par variable d’état, la solvabilité d’un probleme H, sous-optimal
est caractérisé en termes d’un couple d’équations de Riccati de type jeu et dépendant du gain y. On
étudie ici le comportement des solutions de ces équations lorsque v varie. On considére le probléme
le plus général (D;; # 0). Cette analyse clarifie la facon dont les conditions de solvabilité évoluent
avec 7. De plus, on montre que ces conditions peuvent étre combinées en un unique critére qui
dépend de facon concave de y~!. Cette propriété permet la mise en oeuvre de méthodes de Newton
avec convergence quadratique pour le calcul du v optimal.



1 Introduction

Many significant problems in linear system theory can be recast into the abstract framework of H,
optimal control. Well-known examples include model matching, disturbance attenuation, mixed
sensitivity design, and robust stabilization in the face of uncertainty [5]. The general H, optimal
control problem can be stated as follows. Consider a plant G which maps exogenous inputs w and
control inputs u to controlled outputs 2z and measured outputs y. That is,

z\ YA Giui(s) Gira(s) w
(y)_G()(U)_(sz(s) 622(3))(").

When G is closed by the output feedback law u = K(s)y, the closed-loop transfer function from w
to z is given by the linear fractional map:

f(G,I\") =Gn + Gn]\’(] — GZQI")_lGQI. (1.1)

The H, optimal control problem consists of finding some real-rational, proper, and causal controller
K,p¢ which internally stabilizes the plant while minimizing the norm ||F(G, K)||«; that is,

NF(G, Kopt)lloe = inf {||F(G, K')||o : & internally stabilizes G'}. (1.2)

The infimum of all achievable gains is denoted 7,p;.
Although direct computation of 7., is a hard problem, the following suboptimal problem is
relatively well understood and tractable:

Given v > 0, does there exist an internally stabilizing K such that | F(G,K)|| <~y ? (1.3)

This paper is concerned with Doyle/Glover’s state-space approach [4, 9] to solving this suboptimal
problem. Over the past decade, this approach has emerged as the most direct and practical solution
both on design and numerical grounds. It is now briefly summarized. To begin with, introduce a
minimal realization of the plant G:

G(s) = ( Culs) Crale) ) = ( g; g;z ) + ( g; )(sI—A)"l (B B2). (14)

s
Gai(s) Gaals)

Here A € R™*™ and =, y, w, and u are vectors of size py, p2, mj, and m;, respectively, with the

assumption that m; > p; and p; > ma. Accordingly, Dy; € RPX™1 Dy, € RP1XM2 D, € RP2X™1

and D, € RP2X™2_ Associate with this data the two Hamiltonian matrices:

o A o\, B Bs v21 - DT, Dy, -D%,Dy, \~'( DC, BT\
YT\ -Cfc, -AT -CTIDy,y -CIDy -pL,D,, -DL,Dy, pf,c, BY J°

(1.5)

o AT 0N, ( o cT 421 — Dy DY, -Dy DT, \™'( DuBT ¢
YT\ -BBf -4 -B, DY, -B, DI, —-Dyy, DT, =Dy DY DnBY ¢, )
(1.6)
Given a Hamiltonian matrix H = _AQ AT where R,Q are symmetric matrices, we denote

by X_(H) the stable invariant subspace of H. Associated with H is the algebraic Riccati equation
ATX + XA+ XRX +Q = 0. Recall that this equation has a (unique) symmetric stabilizing solution
if and only if H has no pure imaginary eigenvalue and X_(H) is complementary to the subspace



Im ( (I) ) . When existing, such a solution is obtained as X = QP~! where (S) is any basis of

X_(H) =. In the sequel, Ric(H) will refer to the stabilizing solution.
Throughout the paper, we call general problem (GP) the problem (1.3) with the standing
assumptions:

(A1) (A, B,,C,) is stabilizable and detectable,
(A2) D, has full column rank and D, has full row rank.

(A3) rank( JWICI_ A —D?j ) =n+my and rank( )w_IC;A DB;l
equivalently, G12 and G, have no transmission zero on the imaginary axis [11],

)=n+P2 for all w € R or

(A4) Dy =0.

While (A1) is necessary and sufficient for solvability of the GP for 4 large enough, (A2)-(A3) are
restrictive assumptions required for validity of Doyle/Glover’s state-space results. Finally, (A4)
amounts to a reparametrization of the controller set [9] and hence incurs no loss of generality.

Under assumptions (A1l)-(A4), solvability of the GP with attenuation level v is characterized
by a set of conditions on the two Riccati equations associated with H. and J, [9].

Theorem 1.1 With assumptions (A1)-(A4), there ezists an internally stabilizing controller K such
that || F(G, K )|l < v if and only if

¥ > 04:= max{ omar (I — D12(D]sD12)"' D)) D11) , Omax (Dui(I = D3,(D21 D3,)" ' Doy))} (1.7)
and the following conditions hold:

(C1) H, and J, have no eigenvalue on the imaginary azis,
(C2) neither X_(H.) nor X_(J,) intersects Im < (I) ) ,

(C3) Ric(H,)=:X, >0 and Ric(J,)=:Y, >0,
(Ca) p(X,Ys) < 72

Conditions (C1)-(C4) are often referred to as DGKF’s conditions after the authors of [4]. Note that
(1.7) ensures that the inverses in H., and J., are well-defined (see (3.2) together with the definition of
Di1). Note also that the Riccati equations associated with H., and J, have an indefinite quadratic
term and are referred to as game Riccati equations (GRE). Finally, Theorem 1.1 characterizes 7y,
as the smallest ¥ > 0 for which the four conditions (C1)-(C4) are jointly satisfied. In turn, this
suggests a straightforward bisection algorithm to compute 7op;.

This paper examines the dependence on v of conditions (C1)-(C4) and discusses its implications
for the computation of the optimal gain v,,:. To this purpose, the properties of the game Riccati
equations associated with H., and J, are analyzed in detail. After simplifying the expressions of
H., and J, by elementary reparametrizations, Section 3 characterizes those v for which (C1) holds.
In Section 4, the variations of the pseudoinverses of X., and Y, are shown to be smooth, monotonic
and even concave wherever (C1) is satisfied. These results are obtained for the GP (D;; # 0) and
allow a complete description of the variations of X, and Y, and of the behavior near 7,p; (Section
5). Finally, the computation of 7,y is reformulated as a convex zero-crossing search problem which
can be numerically solved by a Newton method (Section 6).

We conclude with a justification of our treatment of the GP instead of the simpler Standard
Problem (SP) considered in [4]. Recall that the SP requires the additional assumptions



(AS) Dy, =0,
(A8) DT(D,,,Cy) = (1,0) and Dy (DX, BY) = (1,0).

These assumptions have the advantage of notably simplifying the expressions of H., and J,. More-
over, such simplifications can be emulated for any GP via the loop-shifting techniques of [14]. Yet,
these manipulations destroy the variational and structural properties of X, and Y,. Indeed, en-
forcing (AS5) requires a y-dependent transformation which alters the gradient and complicates its
computation. In addition, the transformed problem is by no means a SP. In fact, the Riccati equa-
tions associated with GP’s and SP’s are structurally different as illustrated by Theorem 5.7 below.
For theoretical and numerical reasons, it is therefore desirable to work in the GP framework.

2 Notation and Terminology

Given a square matrix M, a subspace S is said to be M-invariant if MS C S, and stable (antistable)
M -invariant if moreover the restriction of M to S is stable (antistable). The following notation
and definitions are used throughout the paper.

C_,Co,C, open left-half plane, imaginary axis, and open right-half plane, respec-

tively

Ker X,Im X' null and range spaces of a matrix X, respectively

X_(M) negative M-invariant subspace

A(X),p(X) spectrum and of spectral radius of a square matrix X, respectively.

Omaz(X) largest singular value of the matrix X

In(X) the inertia of X = X'T, that is, the triple (%, v, () where 7, v, ( denote the
number of positive, negative, and zero eigenvalues of X, respectively

Vo(C, A) A-invariant subspace associated with the stable, (C, A)-unobservable
modes of 4

3 Condition on the Hamiltonian Spectrum

This section examines which restriction is imposed on 4 by condition (C1). It is shown that the
region where H. has no eigenvalue on the imaginary axis is a half line v > vy. A computable
formula for the threshold vy is also derived. These results extend earlier work in [16] to the general

case Dy # 0.
To simplify subsequent calculations, the expressions (1.5)-(1.6) of H and J, are first condensed

in terms of compound parameters. With D1+2 = (D?leg)‘lDlT2 denoting the pseudoinverse of D,
introduce the parameters:

A= A- B,D},Cy; By :=By - ByD,Diy; By = Ba(D],Dia) ™%
Cy:= (I = D12DH)Cy; Dy = (I - D12DY,)Dyy. (3.1)

By elementary algebra, H. can be rewritten:

A —B2B2T B 2 AT A -1 /T A BT
H, = ap A A AT A I-Dy,D Di,Cy, By ). 3.2
v ( -CT¢, -AT + —_CThy, (v 1nD1)™ (D1, Ch, By) (3.2)



Similarly, with D;l = D (D21D21) 1 and
A=A- BlDleg; Cy:=C - D“D;'lcz; Cy = (D21D )—l/ocz’

B] = Bl(I - D;1D21)§ Dn = Dll(l - Dngzl), (3‘3)
J, can be simplified to
AT -GG ct = =T 1,7 BT A
b= ( -B BT i ) + ( _BIID]TI (%I = Dy D)"Y (D B, Cy). (3.4)

Note that the underlying reparametrizations are independent of 4 and transparent for analytical
purposes since neither H, nor J, is altered. In addition, the stabilizability of (4, B;) is equivalent
to that of (A4, B2) and similarly for the detectability of (Cy, A) and (C2, A). Finally, observe that
even though DT,C; = 0 and D2, BT = 0 and even when D1y = 0, the reduced expressions (3.2) and
(3.4) cannot be associated with any particular SP since A and A are distinct in general.

On their domain of existence, the GRE solutions X, = Ric(H.,) have the important property of
sharing the same null space as 7 varies [15]. In other words, the singular part of X is independent
of v and coincides with the stable (Cl,fi)-unobserva.ble subspace which we denote as Vo((:"l,/i).
Of course a similar result holds for Y,. This structural property is instrumental to the subsequent
variational analysis which involves forming the pseudoinverses of X, and Y,. Indeed, consider some
orthogonal decomposition

vrav = (A0 )= (en o) uTh= (P )i vThe= (P2 s

*  Ago

where /in is stable, (Cﬁ'u-,/in) has no stable unobservable mode, and U = (U;,U;) is a 7-
independent orthogonal matrix satisfving

Im U; = Vo(Cy, A); Im Uy = VF(Ch, A). (3.6)

Then Ker X, = Im U3 and UTX, U = < Ay 0 ) where X, is nonsingular. Equivalently,

0 0
X, =U0,X,U0f (3.7)

Hence X,f =0 X’;l UIT and since U is independent of v, the variations of X, or X,f are completely
described by those of the invertible matrix X,. Similarly, Y, can be written

Y, =Wy, vl (3.8)
where V; is any orthogonal complement of Vo(BT, AT).

Remark 3.1 The (stable) unobservable modes of (C;, A) are exactly the (stable) invariant zeros
sI— A —B2 )

of G12(s), i.e., the complex numbers s € C_ for which the system matrix P(s) = ( C D
1 12

looses rank. This follows from the identities

si—A o0 \ (1 -BD}, I 0
( Cy Dl?)_(‘o I PO\ —pper 1

and DL,C, = 0 whence P(s) is (column) rank deficient iff. ( SIC—‘_ A ) is rank deficient, that is,
1

iff. s is an unobservable mode of (Cy, 4).



The first requirement (C1) for solvability of the GP is concerned with pure imaginary eigenvalues
of H., nor J,. The following theorem characterizes the region where (C1) is satisfied.

Theorem 3.2 Assume (A1)-(A{) and consider H., given by (1.5). Then there ezists a finite real
number Yy > Omar(D11) such that

A(Hy)NCo =0 if and only if v > vy. (3.9)
Moreover, vy can be computed as (using the notation (3.5)):
TH = ||ﬁ11 + é)l(SI + z‘iz)'l(l}u + Zéljibll)lloo, (3.10)
where Z is the unique symmetric nonnegative stabilizing solution of
~AnZ - ZA], - 28 ,C1Z + By BL, =0 (3.11)
and Az := —Aq; — (:“lTléuZ is the corresponding (stable) closed-loop matriz.

Proof: The proof is easily adapted from [16]. See Appendix A for details.
[ ]
Hence part of the spectrum of H., migrates toward the imaginary axis as v decreases. The first
contact occurs for v = vy and those eigenvalues which then reach the imaginary axis remain on
Co for all amax(Dn) < 7 < vy. Meanwhile, other eigenvalues can still join them at some vy < vy.
Note that (A3) is necessary and sufficient to ensure that vy < +oc. Finally, if v, denotes the
counterpart of vy for J, and v* is defined as

y* = max(yH,74), (3.12)

it follows that (C1) holds if and only if ¥ > v*. Olgserve th~at. ~* > o4 of Theorem 1.1 since the
matrices involved in the definition of o4 are exactly Dy; and Dy while vy > 0mer(Dy1) from (3.10)
and v 2 Omaz(D11) by duality.

4 Variational Properties

We now restrict our attention to the interval (y*, +00) where (C1) is satisfied and examine the reg-
ularity and variations of the GRE stabilizing solutions X., and Y,,. Direct characterization of these
variations is rendered difficult by the discontinuities arising where the complementarity condition
(C2) fails. Fortunately, this problem disappears when considering instead the pseudoinverses of X,
and Y,,. Introduced in [16] for the SP, this technique allows a simple and powerful description of the
variations with 7. Indeed, the continuous extensions of X and Y} turn out to be monotonic and
concave functions of the parameter a = y~2. These results are now extended to the GP framework
(D11 # 0) with no major difficulty except perhaps for the concavity part. On duality grounds, only

the case of X, is considered here.
Recall from Section 3 that whenever (C2) is satisfied, X, can be decomposed independently

of ¥ as X,, = U1 X, U] where X, is nonsingular. Consequently the pseudoinverse X3} is obtained
as Xt = UIX',Y‘IUIT and its variations are entirely determined by those of X;l. In the sequel,
we therefore restrict our attention to X',y‘l or more precisely to its continuous extension Wyx(v) on

(77, 400). This extension is easily defined in terms of the decomposition (3.5) and of the stable
invariant subspace of the reduced Hamiltonian

[} All "B2183‘1) < Bll ) 2 AT 1 -1 T A~ T
Hy = AT - o+ T I-Dy,D pr¢, BT ). 4.1)
v ( —CTC,  —AT ~¢T Dy (v nDu)™ ( DfiCn Bfy (



Specifically, given any basis ( g > of X_(H,), Q is invertible since (C‘”, -—/in) is detectable and

Wx(v) := P Q! is well-defined for all ¥ > yy. With this definition, Wx(v) = X! whenever X,
exists, that is, whenever (C2) is satisfied. Note that Wx (v) is the unique stabilizing solution of the
GRE:

—(Ann + BnR;lblrlén) Wx(v) - Wx(7) (A + BnR;lblTlén)T
-2 WX(7)CT15;IG11WX(7) + By B], - BnR;lBE =0 (4.2)

where R, := 42 — DI, Dy; > 0 and S, := 2] — Dy; DT, > 0, and that the corresponding (stable)
closed-loop matrix is

Aw = —(An + BuR;'DLCn)T — 42C1, 571 Cniwx (7). (4.3)

¥

Regularity and monotonicity of Wx(v) over the whole interval (yx, +00) are established in the
next theorem.

Theorem 4.1 With assumptions (A1)-(A4) of Section 1, the matriz-valued function Wx(7) de-
fined above has the following properties:

1. Wx(7) is infinitely differentiable on (vy,+o).
2. Wx(7) is monotonically increasing with ~.
3. limy— oo Wx () exists and is positive definite.

Proof:

(1) Fory > vy, Wx(7) is the stabilizing solution of the GRE (4.2) whose parameters are infinitely
differentiable functions of 4. By the Implicit Function Theorem applied to the stabilizing solution
of algebraic Riccati equations (see. e.g., [6, 7, 13]), Wx is therefore infinitely differentiable.

(2) It is equivalent to (2) but more convenient to show that Wy is a decreasing function of the
parameter a = y~2. Introduce R, := I — a-DlTlD“ >0and S, :=1 - O’D“DITI > 0, and observe
that RZ! = aR;! and 425! = S;!. Moreover,

d
da

- _ d _ 1A AT e o
(R;')= R E(ﬁsﬁ Y= 81D DI S = Dy R;PDY (4.4)
where the last identity follows from 5;1D11 = DHR;‘. Differentiating (4.2) with respect to
a = 7~ ?% then yields

r dWyx +dWx
W da da

AW—B“R;'JD’GC“VV,\'—VV,\'C;TID“R;QB’{]—VV,\'CA'ITID“R;QDT1011WX—311R;23{1 =0
which can be rewritten more compactly as

dWy dWy
AT 2 -
W da t da

AH’ — (Bn + ‘/V/\'éllell)REQ(Bll + W_){éllell)T = 0 (4.5)

Since Ay is stable and R, > 0, it follows from the Lyapunov Theorem that %X < 0, that is, Wy
is a monotonically decreasing function of a and thus a monotonically increasing function of 7.
(3) Asy — 400, Wyx(y) tends to the nonnegative stabilizing solution of the LQG-type Riccati
equation:

—~ApW -wAT, —wclCyWw + By Bl = 0.



Since (A, Bg) and therefore (.‘i”, Bg)) are stabilizable, this solution is nonsingular whence Wy (00) >

0.
H

In addition, Wx turns out to be a concave function of the parameter o = ¥~2, This property is
the foundation of the Newton algorithm proposed in Section 6 for the computation of the optimal

gajn Yopt-

Theorem 4.2 Wy is a monotonically decreasing concave function of the parameter o = y~2.

Proof: The monotonicity was established in Theorem 4.1. To establish concavity, we calculate the
second derivative of Wx with respect to «. First observe from (4.3) and (4.4) that

dAw
do

il

Q
(n
-

- CLD\wR;*BY, - CL Dy R;?DT,C1 1 W

- CLDR;*FT (4.6)

with F:= By, + Wxéllen. Then differentiate (4.5) with respect to a to obtain

AT d*Wy L EWx d*Wx Wy, dA‘T,, dWx  dWx dAw
W do? daz Y7 Tda da da  da
w w
dd XL DyR;EFT — FRZEDT, c“dda" —2FRZ3DT, Dy FT

which combined to (4.6) yields

A’{;rﬁ" +M cAw —
dWy
da

dw AWy |, dW
2{ —XEn 571 —2 + —2CT D\ R;*FT + FR;?DT, 61—

T - - FR;3DZ}D”FT} =0.(4.7)

A little algebra shows that
R;3DT Dy = R72DT, D\ RS} = R;? {ﬁ{;DnRa} R;* = R;?DTS,Dn R3?
so that the bracketed term in (4.7) can be factorized to obtain:

r &*Wx d2¥4/,\-A dH,\ dH,\

oA 1/2D 2FT -
W dar 1 Tda? +Sa 1Re )=0.

(4.8)
- 24, . . .
The stability of Ay then clearly ensures %Vv} < 0, that is, the concavity of Wx as a function of
-2
a=x

A —2(55'%¢), +SY2D RPFTYT (5712 ¢, —=

-1 easily

Once established for a = y~2, similar conclusions in terms of the parameters 72 and

follow from the differentiation formulas for the composition of functions.

Corollary 4.3 Wy is decreasing and concave as a function of y~! and is increasing and concave
as a function of v2. :

Proof. Omitted for brevity.

0



5 Variations with v and Behavior near the optimum

This section gathers the results accumulated so far to give a complete description of the dependence
on v of conditions (C1)-(C4) of Section 1. The role played by these conditions in the determination
of Yopt is also addressed and a few examples demonstrate that any one of (C1)-(C4) can fail at yops.

Firstly, the theorems of Section 4 are applied to characterizing the behavior of X, and Y, over
the half line (y*,+00). The following technical lemma is a useful preliminary.

Lemma 5.1 There are at most n isolated points in (yg,+00) where Wy () is singular.

Proof: See Appendix B.
|

We can now proceed with a corollary of Theorem 4.1 which describes the variations of X.,.

Corollary 5.2 The GRE stabilizing solution X, = Ric(H.,) has the following properties on the
interval (v, +00):

1. X, is defined for all v > vy but at most n points v < --- < v (0 < k < n)
where || X, || = +00. Moreover, 71, -+, 7 are exactly the points where Wx () is singular.

2. With the convention g := vy and vi41 = +o0, X, is monotonically decreasing and of
constant inertia on each interval (y;,7vi41),1=0: k.

3. When v traverses some point of discontinuity v; from 71-+ to v, , at least one positive eigenvalue
of X, disappears at +0o0 and reappears at —oo.

Proof: This corollary is an immediate consequence of Theorem 4.1 and of the fact that X, =
W;l('y) whenever (C2) holds. To be convinced that the inertia of X, is constant on each (7, Yi41),
just observe that X, is nonsingular and continuous on these intervals which prohibits any change
of inertia.
|
Remarkably, sign changes in the eigenvalues of X, never result from zero-crossing. Instead,
positive eigenvalues change sign by escaping to +00 and reappearing at —oc. As v decreases from
+o0c in particular, ||.X,|| necessarily blows up when (C3) is about to fail. Consequently, (C2) and
(C3) are tied together. Also, high gains are to be expected near 7, if (C3) fails first (e.g., full-state
feedback) or if (C4) fails near y;. These various observations are illustrated on a simple example.

Example 5.3 Consider the GP with matrix data:

10 2 2 0 2 4 0 1 0 0
R CH I O R () P I £

We focus on the variations of X, and of its inverse Wy () (here X, is nonsingular whenever
defined). The eigenvalues of these two matrix-valued functions are plotted in Graph 5.4 for ¥ > vy
(here, vy =~ 0.933). The largest and smallest eigenvalues of Wy are denoted by A;(Wx) and
A2(Wy), respectively, while A1(X,) and Ay(X.,) are taken as

AM(X) = 1/ M(Wx); A(Xy) = 1/X(Wx).

Solid lines are used for the plots of A\j(Wyx) and A;(X,) and dashed lines for the plots of Ay(Wyx)
and A2(X,). Note also the semilogarithmic scale for the eigenvalues of X.,.
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Inspection of Graph 5.4 shows that X, has two points of discontinuity v; and 2 in (yx,+00)
which correspond to the zero-crossings of A;(Wy ) and Ay(Wy ). Moreover, the inertia of X, changes
when traversing either one of these discontinuities so that In(X,,) = (2,0,0) for v > v, In(X,) =
(1,0,1) for y2 < ¥ < 711, and In(X,) =(0,0,2) for Yy < v < 2. Finally, X, has a finite limit as
Y= 75

]

Regarding the behavior near 7,p¢, in most problems condition (C4) is the first to fail when ap-
proaching v,,¢ from above. Yet, (C1) or (C2)/(C3) can sometimes fail first instead as demonstrated
by the next two examples.

Example 5.5 This example is to illustrate that (C1) can fail first at 7y,p;. Consider a plant G(s)
of realization (1.4) with C; = I, D2y = 1, D2y = 0, and .

-1 0 0 0 1
A=( 0 _1>; B1=Bz=(l>; C'_>T=D11=(0); D12=<0)'

Clearly, assumption (A1) of Section 1 is satisfied since A is stable and (A2)-(A3) are trivially
verified. After calculation of H, and J, via (1.5)-(1.6), elementary algebra shows that A(H,)
intersects Co for v < 1/v/2 while J,, never has any eigenvalue on Co. Therefore v* = 1/v/2. For all
v 2 7%, X, is obtained as the stabilizing solution of the GRE associated with H,:

2 1y _.2
X7=<x($i§2) ; ) where z =

. (5.1)

1
14+ 2 -9-2
Also, it is easily verified that Y, = 0 for all ¥ > v*. Hence, (C2)-(C4) reduce to the sole condition
X+ 2 0 which is satisfied for all ¥ > v~ as it can be seen from (5.1). Consequently, y,pt = 1/v2
and (C1) is the first condition to fail as 4 decreases.

Example 5.6 This second example shows that (C3) can fail before (C4) in the GP context. That

is, || X, |} or ||Y,|] can become unbounded while p(X.,Y,) remains smaller than 2. Consider this

time the plant G(s) defined by the parameters B, = Cy = I,, D3y = 0, and

0 1 1 0 0 0
A=(l 0); B:>=C'_:T=(l); D11=(0 0); Dl:’=<1); Dy =(1 0).

It is easily verified that (A, By, C,) is stabilizable and detectable. Via the reparametrization (3.1)

-2
and (3.3) we find U, =V, = ( (1) ), Vi=Us= ( (l) ),a,nd Hy=J, = ( -E)l _1_57 ) Hence

v*=1and fory > 1, Wx(y)= Wy(y)=+1-~v"2and
1 90 0 0
X, =UuwiluT = | Vi-a-? ;o Y =wvwgtvIT=| 1
0 0 ;1_7-2
Consequently, p(X,Y,) = 0 on (v*,+00) while 7,,; = 1 since (C3) holds iff. ¥ > 1. Thus, (C3)
fails at 7,5t While (C4) is trivially satisfied everywhere.

Incidentally, (C2)/(C3) never fail before (C4) in the restrictive framework of the SP. This fact
critically relies on the particular duality relationship between H. and J, in the SP context.

Theorem 5.7 With the Standard Problem assumptions, p(X.,Y,) cannot remain bounded when
X, or ||Y,]] become unbounded. Consequently, (C2)/(C3) cannot fail before (C4) as v decreases
from +00.

Proof: See Appendix C.
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6 Computation of v,, by a Newton Method

The concavity results of Section 5 readily suggest a Newton scheme to locate the first failure of
condition (C3). To extend such a scheme to the computation of 7,5, (C4) must also be recast as
a concave constraint. Such a reformulation is attempted in [16] but the concave criterion proposed
therein to replace (C4) has two major drawbacks: it applies only in the region where (C3) is satisfied.
and it mixes X, Y,, and their pseudoinverses. In this section, we introduce an alternative criterion
which combines (C2)-(C4) into a single concave constraint. First introduced in [10], this criterion
applies to the whole region ¥ > 7> and solely involves the pseudoinverses of X, and Y,.

Theorem 6.1 Let U = (U, Uy) and V = (V4, V,) be orthogonal transformations of R**" satisfying
Im U, = Vo(Cy, A); Im V, = V(BT , AT). (6.1)

With v* given by (3.12), define for v > v™ the matriz-valued function Z by

oy [ Wx(y) viUIw
267 = ( YU Wy () (6:2)

where Wx denotes the continuous extension of X7 in (3.7) and Wy that of Y.7! in (3.8). Then Z
is a concave function of the parameter y~! on the half line v > y*. Moreover, there is equivalence
between:

(1) There exists a stabilizing controller K (s) such that || F(K,G)llea < ¥;
(2) H, and J, have no eigenvalue on Cq and Z(y~?') is positive definite.

Proof: Both Wy, Wy- and therefore Z(y~!) are well-defined for 4 > 4* and the concavity follows

d2Wy
2 - N
from E(i{y_I-ZTf = d(“'ol)? L2 W together with Corollary 4.3. As of the equivalence of (1) and
d{~=*)

(2), it can be found in [10].
[

Hence, the condition Z(7~!) > 0 emerges as a more natural and compact characterization of
suboptimal 4’s. Moreover, it synthesizes (C2)-(C4) into a single concave constraint so that the
computation of 7., reduces to finding the zero-crossing of a concave function. Given some initial
guess in the interval (57, 7,p), this problem can be solved by a Newton method with guaranteed
quadratic convergence (see Theorem 6.2 below). Details of implementation appear in [8]. The
only delicate issue is the initialization of the algorithm. Fortunately, Theorem 3.2 provides explicit
formulas for v~. To estimate ¥~ indeed, it suffices to solve the associated H, problem (v = 4+00)
and to compute the L., norm of two transfer functions, a task for which quadratically convergent
algorithms are also available [3].

This section is concluded with a theorem which formalizes the Newton method for the compu-
tation of v,,¢ and gives a computable characterization of the Newton step.

Theorem 6.2 Introduce the new parameter 8 := v71, let

Bopt 1= Th: 0 = (v*)"1, (6.3)
and consider the function s(8) defined for 8 € (6,,¢,6") by:
. . dz
s(8) := inf {s >0 : Z(0)-s 59—(0) > 0}. (6.4)

12



Then, given any 6y € (6,,1,0"), the sequence
0k+1 = 0k - S(ok); k= 0, 1,--- (65)

is monotonic and quadratically converges to ,p,; = 'yo'p’, from above. Moreover, the Newton step
s(8) can be computed as the largest eigenvalue in (0,0) of the pencil Z(8) — /\%(9).

Proof: First observe that the set S involved in the definition of s(f) is nonempty since, by concavity,
Z(6 — s) < Z(6) — s %2(8) for all s > 0 whence

0 < Z(Bupe) < Z(6) = (6 bope) S (6) (6.6)

and 0 < @ — 6,y € S. Consequently, s is well-defined for all # € (6,p¢,8*) and maps (6,5, 6*) into
itself since from (6.6), s(6) < 6 — 6,5, and therefore 6,,, < 8 — s(6) <6 < 6",

To show quadratic convergence of 6 to 8., recall that Z(6,,) is singular and consider a
unit vector w such that Z(f,,)w = 0. The function f,(6) := w? Z(6)w inherits the concavity of
Z(8) and also its positivity for 8 € (0,6,5) (cf. Theorem 6.1). Hence, f,,(6op:) = O implies that
fu(8) <0 and & (0) < 0 for all @ in [fp:,0"). By a well-known result of convex analysis, the
Newton 1terations f

df.,/dé
are then quadratically convergent (from above) to the zero-crossing of f,, that is, 8,,,. Now,
remark from the definition of s(8) that w?(Z(8) — s(8) %(0))11; > 0 for all 8 € (6op:,0"), that
is, fu(0) — s(0) v (g) > 0. It follows that s(8) > 7;%79(0) since %(0) < 0. Consequently, the
sequence (6.5) decreases faster than (6.7) and hence quadratically converges to 6,,, as well.

Finally, observe from (6.4) that Z(8) — 3(0)%(0) is singular whence s(6) is a generalized eigen-
value of the pencil Z(6) — /\dZ(G) Suppose this pencil has a larger eigenvalue o in (0,8). Then
AL uT‘;g #)u = 0 for some vector u # 0. To obtain a contradiction, distinguish three
cases depending on the sign of ¢, = quZ(H)u

do =00  Dry1 = bk — (o) (6.7)

e if g, > 0, then by the concavity of Z,

sz

uTZ(O)u < uTZ(G)u (0) =—(0-0)g.<0

which contradicts the positivity of Z(0);

e if g, = 0, then «TZ(7)u < 0 for all 7 from the concavity of Z which again contradicts the
positivity of Z(0);

o if finally g, < 0, then from the assumption s(8) < o
rdZ
u! Z(0)u — 3(0) u? ke (o ~s(8))g. <0

which contradicts the definition of s(8).
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7 Conclusion

The dependence on v of the solutions to the H,, control problem has been precisely characterized.
As a result, insight was gained into the structure, singularities, inertia, and variations of these
solutions, and into their behavior near the optimum. This information is valuable for numerically
stable testing of the suboptimality conditions and for the computation of the optimal 5. In particu-
lar, the concavity properties established in Sections 4 and 6 allow the design of Newton algorithms
which quadratically converge to vop:.

Appendix A

Proof of Theorem 3.2:

Using (3.5), it is easily verified that A(H,)NCo = A(H,)NCp with A, as in (4.1). Now, (A;1, By)
inherits the stabilizability of (/‘i,BQ) and (C‘ll,—/iu) is detectable from (3.5) and (A3). Conse-
quently [12], (3.11) has a unique symmetric nonnegative definite stabilizing solution Z. Now, it is
easily verified that

I -z\, (I Z\ _|{( Az-FR;'DIiCy, ~FRFT 3
_<0 I )]{'y<0 1)—( 72017‘1571011 —A£+CITID11R;1FT = Hz(v)

where F := By, +ZCIT] Dy1. This last identity shows that — A., and Hz(7) share the same spectrum.
Moreover, from the Bounded Real Lemma [1, 2] we know that

A(Hz(y)NCo=0 iff [|[D11+Cn(sl — Az) ' Flloo < 7.

Consequenly, H., or equivalently H. has no eigenvalue on Cy if and only if v > vy := ||D1; +
Cri(sI — Az) 1 F||eo. Note that vy < 400 since Az is stable.

Appendix B

Proof of Lemma 5.1:
From the monotonicity of Wy, it suffices to show that the singularities of Wy are isolated. To this
purpose, suppose that Wy o := Wy (7o) is singular and let Wx,o = d” —-(70) denote its derivative.
To prove that v is isolated, it is sufficient to show that Ker Wy ¢ ﬂ Ker Wy 0= {0} This is
established by contradiction.

Assume this intersection is nontrivial and spanned by the columns of a full-rank matrix L. Then
Wx oL = 0 together with (4.2) provides L (321321 - BHR'IBITI)L = 0, and WX ol = 0 together
with (4.5) provides LTB;,Rz2BT L = 0. In turn, these two identities yield BlTlL =BLL =0

and postmultiplying (4.2) and (4.5) by L then provides Wy oAwlLl = —Wy oAT L = 0 and
nyo,‘ilTlL = 0, respectively. Consequently, Im L = Ker Wx g N Ker Wx,o is All-mvarlant. Now,

( W}m ) spans X_(H.,) whence ( W"I'J"’L ) = ( 2 > is a subspace of X_(H.,). Observing that

it follows that Im L is antistable AT -invariant. Together with B L = 0, this contradicts the
stabilizability of (Au Bgl) which is inherited from that of (A Bg) or equivalently (A, B,).
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Appendix C

Proof of Theorem 5.7

The proof is by contradiction. Assume for instance that X, is unbounded at v,p,, that is, Wx, =
Wx(7Yopt) is singular. Introduce a matrix L whose columns form a basis of Ker Wx ,. Since
Z(’yo‘plt) > 0, we have for all matrix M of compatible dimensions:

0< (LT MTZ(v;0) ( AL4 ) = MTWy M + 1 (LTuTviM + MTVTU L),
This requires VITUlL = 0, or equivalently Im UL C Im V, = VO(BIT, /iT). Observing that
(AT, BIT) = (AT, BIT) in the SP context, it follows thatA Im Uy Lis AT .invariant and that BlTUlL =
0. Now, reporting Wx ,L = 0 in (4.2) provides LT(BngzT1 - 7‘2B11B1T1)L = 0, or equivalently
(using (3.5)):

0= (U, L)1 (B,BY — v-2B,BT)(U,L) = (1 L) (B, B — v=2B, BT )(U,L). (C.1)

This together with BfU;L = 0 imposes BJU;L = 0. A contradiction to the stabilizability of
(A, B;) can then be derived by an argument similar to that in the proof of Lemma 5.1.
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