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Introduction

The eigenvalue problem for a real dense symmetric N X N-matrix A with small N can be
cfficiently solved by QR or the Sturm sequences methods. The latter method is exposed in [6],
[9] with an exhaustive error analysis including the rounding errors.

The commonly used procedure consists of the following steps

a) tridiagonalization of A by means of orthogonal similarity transformations, usually, by the
Householder transformations;

b) deflation of the computed symmetric tridiagonal matrix by the Jacobi-Givens rotation
chains.

However, the resulting spectral decomposition of A, XAX ™!, can considerably differ from
A. Here A is a diagonal matrix and X is nearly orthogonal. More precisely, one can obtain the

following bounds:
[AX — XAl < f(N)e||All, (1)

IXTX ~ Il < f(N)e,

with the relative precision ¢ of floating point system used and the polynomial f(N) of small
degree. For example, f(N) = 12N5/2 in [6].

It is well known that if the error in the matrix A is of order é||A|| then due to the Courant-
Fisher principle the error in the eigenvalues of A is also of order 6||A||. When 6 = ¢, for example,
then § € f(N )e that is the spectral decomposition (1) can be deficient.

The question arises whether one can exploit the roughly computed decomposition (1) in order
to calculate more accurate spectral decomposition. This could be an alternative to computation
of (1) with double precision entirely.

In this paper we assess some ideas proposed in [3], [8] and [10]). Our method consists of the
following basic steps:

1. reorthonormalization of the columns of X with higher precision;

2. calculation of XTAX with higher precision, where X is the result of the orthonormaliza-
tion;

3. block diagonalization of XTAX by means of special Riccati equations solutions;
4. diagonalization of the diagonal blocks computed in step 3 if it is possible.

During the steps some tricks are used in order to make as less as possible of computations
with higher precision.

This refinement procedure is provided with the complete theory of rounding errors. We
obtained a priori error bounds for all stages of the process. Perhaps, a posteriori estimates
sometimes will be sharper but by additional price. And, more important, a priori estimates
enable to prove rigorously that the method always works.

In the paper we have not actually presented a strict scheme of the algorithm which is suitable
for immediate implementation. Instead a few possible techniques are discussed in detail. Those
who intend to implement this method can choose, for example, between orthonormalization pro-
cesses, between amounts of work with double precision but the principal idea to exploit solutions
of the Riccati equations always remains the same. Also choice of some critical parameters, like
T in section 3, is not strictly limited and left for additional implementation study.
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1 Some technical lemmas

Proof of the following lemma is evident but the lemma is extremely powerful in manipulations
with error estimates.

Lemmal If|a| <1 then

1 1-|af ||
1 < <1 <14 —.
ttalsi—r o SVitesi+ts

Let A be a symmetric N X N-matrix, A be a symmetric k X k-matrix (k < N) and X be a

N x k-matrix such that
|AX = XAl < 61)}|All + bo, (2)

IXTX I} < 6. (3)

Lemma 2 If 62 < 1 then from (2),(3) it follows that

1+6; bo
< .

Il < T Al + T (4)
ProOF: Since A = (XTX) 1 XTAX — (XTX)'XT(AX - XA), || X]| € V1 + 05,
IXTX)'XT| = |(XTX)"'/?|| < 1//1 = 8; then it holds that

146, 1

Al € A AX - XA <
A<\ TE20al+ o=, <
b2 SiflAll + 60 _ (1 4+ 81)I|Af| + o
<14 —-))4 = .
<O+ Tl =, 1- 6,
n
Lemma 3 Ifk = N and é; + 82 < 1 then (2),(8) imply
Al %
< .

141 S = + T (5)

ProoF: From the equality A= XAX™! 4+ (AX — XA)X ! one can derive that
- - 146, 61||A” + ég
< ! - Y <
A< TARIXINX ] + Nl AX = XANX0 < Al 7= + = 7=
1+ 62 51 60 1 61 60
Al <A 1- < |A|l——=/(1 - .
1A < Al TE5/0 = o) + 2 <Ml /(- 20 + 1o
.

Now we shall obtain the estimate which reveals relations between the matrices 4 and A in
(2),(3). Introduce for convenience the notations

AX-XA=04,, XTX-I=A,.

Consider the matrix X = X(I4A;)"!/? which obeys the identity XTX = I. Having an estimate
for the residual ||[AX — XA|| one can apply the Kahan’s theorem which says ‘that there exist
k eigenvalues of the matrix A, yuy > g2 > ... 2 px, such that |A; — p;| < ||JAX — XA|[, where
A1 > Ay > ... 2> A are the eigenvalues of A. We have

AX - XA = AX — XA+ AX[(I +82)" V2 = 1]~ X[(I + A2)™Y2 - I]A,
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WX(T+Aa)" V2 - 1) = mm |2:| —1| < V146, -1<6)/2,

" ' § 146 §
[AX = XA < 8ullAll+ b+ 24+ IAID < dullAll + o+ 2 [1a) (14 752 ) + 2]
2 2 1-62 1 —52

5 5
4% - XAl < 22 5‘+ 2

2 (®)

Thus, the eigenvalues of the matrix A appromma.te k approprla.te eigenvalues of the matrix A
with the absolute error which is less than (6; + 62)||A]|/(1 — 62) + 60/(1 — 62).

If, in addition, these k eigenvalues are well separated from other N — k eigenvalues of A then
the sharper enclosures hold [11].

2 Basic definitions for the rounding error analysis

Here we list estimates of rounding errors in arithmetic and matrix operations. Detailed discus-
sions about the estimates may be found in [6], [9] and [4].
We assume that

(@£ b)mach =a(l+ @) b(1+6) + 7,
where |af < €, [B] < €1, |7] < €. Similarly,
(ab)mach = ab(l + (1) + 7, (a/b)mach = (a/b)(l + a) +,
\/Emach = \/‘;(1 + C!),

where |a| < €, |v| € €.

The constant ¢; is a relative precision of floating point number system on a computer. The
constant €g equals to the underflow threshold, underflow, when using the arithmetic without
denormalized numbers and equals to €; X underflow when using the arithmetic with the denor-
malized numbers.

For addition (subtraction) of M X N-matrices it holds that

(A £ B)mach — (A £ B)||r < e1]|AllF + e1|| BllF + eV MN.
For product of a M x N-matrix A by a scalar a we have the error bound
(@A) mach — ¢A|lF £ @||aAllF + @VMN.

For inner product of N-vectors one can prove the following estimate

(o= 2290 S T el + 2 G

The product of M x N-matrix A and N x K-matrix B satisfies the bound

Neg (2N - 1)eo
mach — (AB < Allr||B —_ VMK,
(AB)macs = (AB)Ir < T —pyerylAIFIBlle + Ty VTR
For calculation of residuals higher precision is often exploited, as usual, it is double precision.

In the case 652) and eg) are utilized instead of €; and ¢. One can assume that e( )~ €? and

(2)
60 =~ €0.
When calculating with higher precision the operation of rounding to the lower precision is

used. In the case we have the estimate

[[round(A) — A||F < &1||A||lF + €V MN.
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3 General error analysis
We start with the inequalities (2),(3) for k = N:
AX — XA =4y, 8] £ &)l bo,
XTX =1 =09, [|82] <62

It is suggested to compute the matrix X(J — %Az) in order to approximate the matrix
X(I+ 82)71/2 So,let Y = X(I — 1A;) + Ey with small 6y = ||Ey||. By means of SVD (the
singular value decomposition) of the matrix X one can show that || X(J - $A,)|| < 1 and

) 1 1 1
IYTY = I < (T = 58)XTX (1 = 582) = 1]+ 20| By |1 X (1 = SA2)ll + || Ev]f? <

2
-1
< max |z%(1 - :l:—-2——)2 — 1] + 26y + 6% <

T 1z2-1]<6;
346
< max I(z* - )( )|+25Y+5Y<52 +2+26y+6y
< = . 7
<0 1-62/3—6y/2 (%

Assume that the eigenvalue problem for the matrix Y7 AY can be solved with higher precision
that is
|[41X1 — X1 A4 € o1]| A + o0, (8)

IXT Xy = I| < o, (9)

where 4; = YTAY + E4,, EL = Ea, , ||Ea,|l € e1]|All + a0 is small, AT = A, is diagonal, the
matrix X; may have smaller number of columns than the number of rows. Assume also that
Z =YX, + Ez with small éz = || Ezl|.

We wish to estimate the residuals ||[AZ — ZA;|| and [|ZTZ - I||. At first,

2Tz - 1=XIyTyx, -1+ EJYyx,+ XTYTE; + EZE; =
= XT(YTYy - DX+ (XTI X, -D+ EXY X, + XTYTE; + ELE,,
1272 - 1)l < o2 + &)1 X112 + 2| E2 Y N Xq Il + |E2)? <

<o+ 63(1 + 02) + 262(1 + by )(1 + 02/2) + 6% <

o2 + 63 + 267 < o2 + 362/4 + 26y + 262
T 1—-0y-6z/2-6y ~ 1—02—52/2—35)//2——52/3.

Since (YTAY + E4,)X1 — X1A1 = Ry with [|[Ry|| < 0y]|A1]| + 00, then

(10)

AZ —ZA = AY X1+ AE7z - Y X A - EzA; =

=Y(Ri—Es X1)+(I-YYT)AY X, + AEz — EzA,
1AZ = ZAd || < WY N R+ HEAMIX ) + 11 = YYTIANY DXl + (1AL + TALIDHEZ]] <
< 1Y |l[o1llArll + 00 + (ea | All + @0)V1 + 02 + 63| Al V1 + o2] + 6z([|All + [|Aa]]).

Owing to the estimates ||Y|| < 1+6y, ||A1]] < 1All/(1 —ay1 =26y ) +ao, ||A1]| £ (1+01)||Ax]l/(1-
02) + 00/(1 — 02) one can obtain the estimate

o al+53) ( a9 >]
||AZ—ZA1|IS(1+5Y)[”A”<l_al__26Y+1_02 LA gy} g




14+0 oo + ag

<
+6z{||A]l(1+ Ty ) Al p——
< ”A“ 01+C!1+63+262 00+Qg
- 1-01/2-07-0; =36y 1—-01—02—0by -6z ~

o1+ oy + 382 /4 4 26y + 262 0o + ag (11)
-—0’1/2‘02-—01—76}//2—62/3 1—01—-0’2-—6)/—62.

As a corollary, the eigenvalues of the matrix A, are appropriate eigenvalues of A with the

absolute error less than

< l4li;

272 46 s
errabs = || Al| o1+ 03+ 38/2 F o + 4y + 45z 7T+
1—(71/2—302-—01—362—76)/—252/3—362/4

oo+ Qo

<
+1 — 01— 302~ 62/3—362/4 96y /2 —-T6z/2 ~
o1+ 02+ 382/2 + ay + 46y + 467
<
> ”Alll _ 301/2_ 40 — 20y — Toz — 1]_6}/ - 262/3 - 96%/4+ (12)
+ oo+ o

1-301/2 - 407 — 20y — 118y — Tz — 962/4 — 26,/3°

Finally, it remains to compare the matrices A; and A. In fact,
A =YTAY + Eq, = [X(I - A2/2)+ Ey]TA[X(I — A2/2) + Ey) + E4, =

= (I - 82/2)XTAX(I - 82/2) + (I = A3/2)XTAEy + EJAX(I — Ayf2) + EYAEy + Ey4, =
= (I - 82/2)XT(XA+ AT = A2/2) 4 ... = (I - Az/2)(T + A)AI - A, /2)+
+(I = 82/2)XTA(I - A2/2) + (I - 82/2)XTAEy + ETAX(I - A2/2) + ETAEy + Eg4,,
|41 — Al < [I(T = Az/2)(T + A2)A(] - B2/2) — Alj+
AT = Az/2]l + 2| Al Evli + AN Ev |1 + | Ea, Il <
< fiAfif(r + max [6/2 ~ 82/2()(1 + 62/2) — 1] + (61| All + 80)(1 + 62/2) + 2[| Al[6y + | Al[63+

] ]
+eldil + o0 < A |1+ 2+ 61+ 2) - 1] +

AN [81(1 + 62/2) + 26y + 6% + o] + o+ 601+ 62/2) <

61 + 28y + oy do + ap
—63/2-6by[2 1-65/2°

1+ 8+ a1+ 28y 260+ ap
<
1=6,—6;—6y/2 T 1-28, = (13)

<Al 61+ 62 + oy + 268y + 200 + ag
- 1—261*262—6}’/2 1—361/2—562/2—01/2—36)//2.

Thus, the matrix A, is a perturbation of A of magnitude (13).

2
< ||Al|—— A
< ||1_52+|| ||1

141 - Al < || A]




3.1 Calculation of éy, 6z, a1, aq

1). In order to calculate the matrix X (I — 3A;) = X[I — 3(XTX - I))] the following procedure
is suggested:

a) computation of X7 X with higher precision;

b) computation of Ay = X7 X — I with higher precision;
c) rounding of A, to lower precision;

d) computation of X A,;

e) computation of 1 X A,;

f) computation of X — %X A with higher precision.

Then the standard analysis based upon the bounds from section 2 yields that

(2) (2)
N (2N -~ 1)N¢g
2) l(XTX )mach — XTX || < X%+ —————T5

1-(N -1)?/2 1— (N - 1)

(2) 2 (2)
N+ 1)e 2N %¢
Wt Do X+ 2
1- (N + 1)e?/2 1-Né

w—

b) ”(A2)mach - AQ”F < egz)\/_N— +

¢) l(A2)mach = AsllF < l|As]lF +

N 1 (2)
M+ D @ ||X"%'+——€0'"ﬁ)'+1v€o,
11— —(N+1)g/2 1-€6 —Ne¢
Ne¢
— (N -1)/2
\/_ (N+1)e(2) » 2N 4 N . (2N - 1)Ne
g I+ T <
1—61 R EPRTOp 1—¢ - N 1-(N - Da

<+ l)el VN +2N%P + Neo
= 1-N 1— (N +1)e - NP

IIXHF

||X||F||A2||F+ (€1||A lr+

d) ”(XAZ)mach - XAZHF

IX1IFllA20lF + 11Xl

(N + 1)? (2N - 1)Neo
1-(N+1)e - (N+1)dj2 1-(N=-1e’
14 [(N + 1)
2 |1
(N + 1)6(2)
1— (N +1)e — (N +1)e?/2
(2)\/_ N +2N2%P + Neo 1

+IX |l

1 1 1
) (5 X A)mach — 3Xallr < ol + all 5 X Al + X1l Aallr+

VN + 2N + Neo

3
1-(N+1)g - Ne? IXlm+
1 1

I X+

(2N - 1)N€0] < (N +2)€1 1 X A
= + +
L= (N =Dl < T- (W D 2 IFldalle + = (N +2)e; — Ne{? 2liXllr
(N +1)? Ll + L + 1/2)Neo
1— (N +2)e — (N + 1)éP)22 ~Ne
1 (N +2)e; + P
) 1Ymacn — Y“F < _”X”F“A2“F
)M —(N+1)€1—1)



(o]

1 (VN +2) +2N2P + Ne

+51X1lF
g Xlle=— (N +2)e1 — (N + 1)
X (N + 1) LV A1/9Ne + Ve
2 1—(N+2)61—(N+3)e£2)/2 l—Nel—egz)

With the estimates ||Az||r < 6VN, ||X||F < V1 + 62V N we derive that

[Ymach — Y[5 < 1—NolN +2)er + ) | 1VN[E(VN +2) + 280 + Neo] |
mac _21_62/2—(N+1)61_€£2) 21_62/2_(N+2)€1_(N+1)€£2)

1 N3N +1)? LW H1/Neo+ N

21 -36,/2 - (N +2)e — (N +3)l? /2 1-Neg-? 7

1 N(N + 2)¢ 6,

21— 36/2- (N+2)e— (N + 1)@

LIS 4 NP4 N 42V + N62)e®) + (2N? + N3/2 4 N)eg + (2N5/2 + N)el?
2 1-363/2 = (N +2)e; — (N +1)el? '

Notice that the matrix Y,,4ch is stored in higher precision.
2). The matrix A; = YT AY is calculated by the following algorithm:

”Ymach - Y“F < 6Y =

a) computation of AY with higher precision;

b) calculation of YA with higher precision;

c) calculation of AY — YA with higher precision and rounding of the result to
lower precision;

d) calculation of P = YT(AY ~ Y A);

e) the matrix YT AY is represented by A + P but A and P are stored separately
and only the lower triangular part of P is referenced.

For precise calculations it holds that
[YTAY — [A+YT(AY - YA))|| = I(YTY - DA|| < &|All.

The rounding error analysis yields the following bounds:

Ne? (2N - 1)N€(2)
) AY dmach — AY ||F < 1 A|lfF|lY||lF + ———2,
) NAY Ymach I 1—(1v—1)e§2)/2” IFIY Il (O

b) [I(YA)mach = YAllr < DY IFIIAN + €§ N,
(N +1)é?
1-(N +1)e-103)/2

(2 2,(2)

2¢ 2N<¢

+—2IY|F|A + —%,
el T

<) I(AY = YA)2) , = (AY = YA)||F <

mach ~

lAllFIIY 7+

”(AY - YA)mach - (AY - YA)”F < 61”AY - YA”F+

N+1 5(2) 2¢l) 2N 2
NS 4l e+ — 2 Y A+ — e,
1—61—(N+1)€1 /2 1—51—61 1_'61"7N€1



Ne 2N - 1)N¢
@) | Prack = lIF < 7 I¥iFlaY -y e+ 28 DT,

- (N -1)a/2 - (N -1)g
+1L|_}%Fe—l- allAY - YAllr+ — 61(1_\’ (tv 125(12)) (2)/2“ AllFIIY lr+
+1 _2:(? @ 1Y || [lAll + _21:[_2_6%2\:42) <
< (_IN_“_)‘l”y” |AY - YA||p+ & _(11)\’:—1)&2)+ 1)€£2)/2||A||p||)’||2p+
(2) (2) 3
e i‘*l A+ (szv:) iV %

e) Let P,,qch denote the symmetric matrix which is represented by the lower triangle of Pyach.
Then

”ﬁmoch - Pmach”F < \/EH(YTY - I)A”F < 2N63”A”’
Pmach — YTAY || < (1 + V2N)&||A|l + || Pmach — PliF.
Since ||[Y)lr € VN(1 + 6y),

AY = YA = AX(I - A2/2) - X(I - A2/2)A+ AEy — EyA =
=401+ AEy - EyA - (AXAg - XAgA)/?

1AY ~ YAl < (6 + by + 5 )\/_ Al + (
then
[Prmach = YTAY || < (1+ V2N)62[|Al +
(2)
Ll - IAIN2(1+ b6y )+
-(N-1ea - (N+1)"/2
(2) 2N2d 2N - 1)N
b AN (L 4 8)7 ¢ S CIAET OB et
1_(N+1)€1_€] —(N+1)€1—N€1 1—(N—1)51
< {N(N ¥ Da(6s + by +62/2) NN + a7 ] A
Tl 1-Na-&/2-8 1o (N -1 -V +1)D/2- 26y
N(N + 1)e(by +6,/2) 2N ¢{? ]
+ (1 + V2N)é3 + + All+
[( )63 1-Ne —63/2 -6y 1—(N+1)€1—€$2)—26Y Il

o N2.(2) _
N(N + 1)edo 2NN + (2N (2)1)Neo] < alAll + a0
1-Nea -6y 1 (N+4+1)g- NP -6y
with )
_ NV +1)(61 482 + 28y )es + (1 + VZNE; + (NN +1) + 2N )el?
1- (N +1)e — (N +1)é? /2 - 6, - 36,/2 - 26y
_ [N+ Da + (14 VENGs + N(N + 1)(by + 62/2)e1) + 2N € ’]5
1— (N + 1) — €2 — 36,/2 — 26y

b
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€

+2N2\/Ne§,2’ +(2N = 1)Ne
1-(N+1)g - Negz) - by
3). At last, when computing Y X with higher precision it holds that:

Negz)

(2N - DNe?
1- (N —1)ed/2

YX mac _YX S =
1Y X1 )mach = ¥ Xallr TRNO

IY1|rll XallF +

- N2D L 2N - HNe? 5 N2® 4 2N - 1)Ne?
= 0z = .
1—0p— by —(N=1)?/2 1~ (N =-1)? 1-0y— by — (N = 1)e?

4 Numerical solution of the Riccati equation
Consider the matrix Riccati equation of a particular type:
AR - RAy1 + Aay — RAp2R =0, (14)

where A1 = Ay + A1, A22 = Az + Agz with small ||Aqy}], [|A22]] and with the diagonal matrices
A1 and Aj. Moreover, suppose that either Apaz(A1) — Amin(A2) £ 7 0r Apaz(A2) = Amin(A1) £ 7
with 7 > [[An{| + [|A22]|. This means that the diagonal elements of A; are separated from the
diagonals of A, by an interval of length 7.

Theorem 1 (Stewart G.W.) If

Al Az llF 1

k= ” 12 < - (15
= Tanl- Az <4 )

then there ezxists a solution of the Riccati equation in the ball

1-V1-4k AnllF 2||An|jr
IRlF < 120 4z lnlr
2 T—||Anll = |a2|l " - lAn]l - ||Az]
PROOF. Let us study iteration of the form

Ry =0, Ry =—L"'(AxnRi— RiAyy + Az ~ ReArzRy), (16)

where £ is operator LX = A3 X — X A;. It is evidently that

I lr= sup I£7' Xl =1/7.
1X[lF=1
From (16) one can easily derive the inequality

[ Res1llr < %[IIRkIIF(llAull + lla2l) + l[AnllF + ozl RellF)-
Introducing the notations
2= (|anll + |anl)/r, b= llAnll/r, €= |4xllr/r,
~ we obtain the sequence z which satisfies the equation
T0=0, Zp41 =ax + 52:2 +c,

and bounds ||Ri||F, || Rk||F < z&- .



Let us rewrite the equation 744, = @z +bz? 4 ¢ in the form x4y, — 2t = (@— 1)zx + bz’ 4 2.

Since (@ — 1)zk + bz? + € = b(ax ~ 7, )(zx — Z2) With
1-a+ /(1 -a)? - 4bc

1-a—+/(1-a)2-4bc _
= 27 =

2b ’ 2% !

Z1 =

then z44; — 7 = zx — ) + b2k — Z1)(zk — Z2) = (2 — Z1)[1 + b(zk — Z2)]. The condition
4bc < (1—a)? that is (15) yields 0 < 1 -5Z3 < 1+ b(xk —72). Therefore, the sequence z; belongs
to the interval [0,%,] and zx — %, at least linearly with the coefficient p = 1 + b(z; — %;) =
1- (1 - MLtHA—”-”) V1= 4k. Thus, there is a solution of the Riccati equation in the ball

IRIlF <71 = 452 (1 —f1- (14_;)7) _1 \/21'4-155. -

Now we shall study the process (16) when calculating with rounding errors. In the case the
rounding errors can be simulated by the iteration

Xig1 = =L (D02 Xk — XxA11 + Aot — XeAXi + 6+ &) + &3,

where
lelle < B XkllF + B2l Xkl % + Ba,
l&2llF € nl|A2Xk — XkAn + A21 — XkA12 Xy + &liF,
I&llF < 72

with some Sy, 82, 83, 71 and vy which will be evaluated later.
We have the estimate

1 XksallF < 72 + (1 +)ICHF(NAU] + |20l + BOIXkNF + (Al + B2)l| Xkl B+
+(IlAz1llF + B3)) < all XillF + bl XellE + ¢
with

NAnl + ||A2| + A
r b

JA2llF + B3 +

T

|Ar2| + B2
T )

a=(147) b=(1+m) c=(1+m)

Repeating the proof of the theorem: if 4bc < (1 - a)?, i.e.

(1412l + B Az |lF + Ba + T2/(1 + 1))
[r/(1+m) = (|8l = |Az2] - 4]

and 7/(1 + 1) — ||Anll = ||A22]| = B1 > 0, then

2c  2|Aullr + Bz + my2/(1 + 1))
1-a 7/(04+7)-llanll - laz) - 6"

Later we shall need an estimate for || Xx — Xx_1}|/F. It holds that:

<1
4’

1 XkllF <

[ Xk+1 = XillF < 272 + [I€7HF{(IA0l + 1822l Xk = Xe-allp+
+2l| A2l Xkl Xk = Xecallr + | A2l Xie = X+
+[(1+ 7081 + n(llAull + A22DI(IXkllF + | Xk-11lF)+

H(1 + 1)B2 + | A2l XellF + 1 Xk-111F) + [2(1 + 11)B3 + 2mil| Az ||F)} <
< a1]| Xk = Xi-1llF + 81| Xk = Xk-1l% + @

12



with

_lan]l + 1Azl | 2[4l 2c b = Il 412]l
= + ) 1 - ’
T T l—-a T
4c 8c?
cr =272+ [(L+ )81 + n(llAull + 182D — + (1 +m)B2 + 71||A12II]——(1 o T

+(2(1 + 11)B3 + 271|421l 7],
X1 = XollF = [[X1llr < [|Azllp/T.
The sequence y; satisfying
Yk+1 = a1¥k + b1yl + a1, w1 = ||Aa|ls/T,

is a bound for || X — Xk_1||F. Under the conditions v/4b1¢; < (1 — a1) and
y1 < (1 — a1+ (1 —a1)? —4b1c1)/(2b1) one can show the convergence

2c
e = 2= (1— a1 — /(1= a1)2 - 4byer)/(2b1), |2l <1
In particular, if y; <1, 2b; < 1~ a; then
c
1 Xk = Xe-allF < vk < (a1 + b1)Fyn + —2—.
1- ay — b1

Our aim is to evaluate 7y = ||A22 X — XxA11 + A21 — Xk A12Xk||F. One obtains that
Tk = ||A22 Xk — XelA11 + A21 — XieA12 Xk — (822 Xk—1 — Xi—1B811 + Ay — X1 412Xk +
k- k-
+60 7V + D)+ Lesllr < (18l + 182Xk = Xe-allr + 2l Asll| Xe-1 ]l Pl Xk = Xioallr+

Hl Al X = Xe-allF + (1 + 1) (Bl Xeo1)lF + Bal| Xe1E + Bs) + Ml Asll + | A2l )| Xioa |7+
+nllAnlir + ‘71”A12||||Xk—1||2F + ([[Analf + || A2z2][)v2 £

< NAull + 1Azl + 2||A12|| )IIXk = Xi-llF + 1 Arzlll X = XiallF + (1 + 7)1+

+711(llAn + ||A22||)]—" +[(1+m)B2 + 71||1‘112|I](1 4t MY +[(1 4+ 71)B3 + Ml Azl|F]+

2 il
+(||A11|| + 1A22])y2 € Tlaryk + 0193 + 1] — Ter + —72 + (Jlaull + 142y =

TC
= tyt1 + 1(1/2= 1) + ([Bull + 822l = )12 < 7va(01 + 0™ + — all— b

tc1/2—7rer + (||Anll + |Az] - )72 <
a +b
——la Y+ (Al + |a2] - 1)7..

Choosing k such that 7y;(a; + b1)**! < ¢;/2, ie. k + 1 > log[e1/(2711)]/ log(a; + b;) we
obtain the ultimate estimate of the form
a + bl
1—

< ryiar + ) (1247

re <a(l+7 ) + ([[Aan]l + [[Az]] = 1)72.

Turn to evaluation of the coeflicients 8,, B2, 83, 41, 72 The matrix & is the matrix of
errors when calculating Ay X — XiAyq; + Ag1 — X A12Xi. The matrix X is a M x K-matrix,
M 4+ K = N. It holds that

(A22Xi)mach = D22 XillF < 77 (MM6 De /2”A22”F“X"“F + (2-1-u(M1) e 72

13



Ke 2K -1) VM
XA mac - Xk < A X
I(XkA11)mach — XkAnllr < 1= (k< 1)51/2” ullFllXellr + 1= = 1)61/2 €0,
Ke (2K l)M
XA mach = XkA < X A
(XxAr2)mach = XxArzllr < 1— K - 1)61/2” sllFliArllF + K =1)e/2%

X
N(XkA12Xk)mach — Xk A2 Xil|F < H%”(XkAIZ)mach ~ XiArp2||F+

Me (eM - 1)2WME
T - 1)e /2||A12||||Xk|lp+ — (M~ 1)eg)2 S
(M + K)¢g 2 2KMep (2N -1)VM
A Sl Ml 2 SRS T X S v U
< e Ml IXE + TG e + e T
léillr < 11+ e)® = (Al + 1Az lDI Xkl + A2l XklfF + (| Azl F]+
Ke Me 2K Me
1+6) A Me
+( + 61) {[1 _ (K 1)6 /2”A11”F+ _ (M 1)€ /2”A22"F+ _ (M+K)€1]”Xk”F+
(M + K)¢ 2 ANVMK
+1 - (M + K)q HAlipl Xl + 1—-(N— 1)61/260}'
Thus,
(K + 3)61 (M + 3)61 2K M¢g
= A
hr=1z (K + 5)e1/2” ullr+ - (M + 5)e,/2"A”“F Y-+ K +3)’
_ (M +K+3)q . 3q 4(M+K)\/
Ba= 1T (M + K +3) I4s2liF, Bs =~ 26 I 4z:]lF + -(M+K + 5)51/2

With the notation F = A2 X — XAy + A21 — Xk A12 Xk + & one has Xiy1 ==L I(F +
£2) + &3, where Xy = —(L7} F)pmach. Here we use the fact that £ is a diagonal matrix:

(LTVF);; = Fij /(A — Agy),

(A1, = A2j)mach = Ay (1 + 1) — Agj(1 + 1), |ta|l S e, |2 L €.
We shall assume that 7 > €;(||A1]| + ||A2]|). Then

Fij(1+t3)
X = - 1 £ t3| < ’ %) < s
k1 Ali(1+t1)—A2,.(1+t2)+£’ lta] < €1, 151 < <o
(Al A ')(1 + 3)
iy = x : , < vMK = ,
(Al.' -Az,)(l-{-ts) o Ali(ts—tl)—Azj(ta—tz)
Ay (1+ 1) = Ag;(1 +12) Ay = Az + Ayt — Agite ~
Mt — Aqty e1(1 + (|| Aall + J|A2]})
<tz —(1+t <=6+ .
Sta—( 3)A1 A2+ At = Agtz = VT T T TG (Al + A2

Note that for majority of modern computers (apart from CRAY), in particular, keeping the

IEEE standard, ¢; = t;. In the case we have 77 = 2¢; /(1 — €;) which is essentially better than

— a(1+a)([JA1]]+]iA2
n=eat r-a{ljA1][+]jA2

14



5 Block deflation with higher precision

The spectral decomposition of the matrix 4; is computed sequentially, block by block. Consider
one step of the reduction. Having fixed = one can represent the matrix A; in a block form:

_ [ An Axp
Al_(Azl Azz)’

which is suitable for iterative solution of the Riccati equation
AaR — RA; + A21 — RA12R=0. (17)

Choice of 7 must be based on the results of section 3.

Suppose that A;; = A; + Aj; with the diagonal matrix A; and small ||A;|, 7 = 1,2. Assume
that Amax(A1) = Amin(A1) £ 71 with small 1y (for example, it is easy to provide 7y < r(k — 1),
where k is the order of the matrix A;; ) that is A; has the diagonals which are close to each
other as much as possible.

One has QTA,Q = ( AOH /io ), where
22

o=[1 -RT (I + RTR)1/? 0
“\R I 0 (I + RRT)-1/2 |°

Anr = (I+RTR)™V*[ A1 + RT Ay + AraR + RT A2 R|(I + RTR)™1/2,
Az = (I + RRT)™Y?[Ag, — RA12 — ApRT + RA\RT)(I + RRT)™V/2,
The block deflation is the following process:
1) calculation of the matrix R from (17);

2) orthonormalization of the columns of IIZ with higher precision. Resulting

matrix is Uy;
—RT
3) orthonormalization of the columns of T with higher precision. Re-

sulting matrix is Us;
4) calculation of An = UlT AUy with higher precision;
5) calculation of Az; = UZ,T AUz with higher precision.

Here for the orthonormalization we suggest to use the modified Gram-Schmidt orthogonalization
which is assessed in section 6.

The matrix A;; may have closed eigenvalues in the interval of length 71 approximately. This is
true, for example, if || R|| is small enough. One can compute the matrix Apn = An — M with small
HA“H and ) = (Amax + Amin)/2. Afterwards the spectral decomposition of A;; with ordinary
precision will be the spectral decomposition of Ay with higher precision: Ay = WTA,W. Here
an orthogonal matrix W is stored in the factorized form i.e. by normals of the Householder
transformations and by tangents (cotangents) of the rotation chains. Thus,

T -
(f ?) (Ulvz)TAl(UIUz)(vg’ ?)=(A0‘ A"n)

is the spectral decomposition of A; with higher precision.
Repeating the above algorithm with the matrix A; and so on we shall come to the full

spectral decomposition.

15



Let us turn now to the error analysis for one step of the deflation with higher precision. At
first, remind that a solution to (17) may be calculated only with nonzero residual:

[|[A22R — RA11 + Az1 — RAR|| < &o.

I -RT\"( 4y A\ (1 -RT\_
R T Ay Axz R I
( A+ BTy + AR + RT AR 0
0 A2 — RAjy — AnRT + RA\RT

Therefore,

< o.

Due to the rounding errors in the modified Gram-Schmidt algorithm:

( }rz ) = Ui X1 + ¢1, llall < &, WUTUL - T) S m,

—RT
( I ) = U Xy + ¢2, ||l < &2, UF U2 = 1| < ma.

Hence

T
UTU — I = (U, Up)T(U, Up) = I = { ( ) hi1X1, ( _fr ) ~¢2]X{‘} X
_RT
I

x {[( X ) ¢11X;‘,[( ) -¢21x,-1} 1=
Ui, - 1 x;T[( : ) - mm( i ) - bl
) X{T[< _fT ) - dn]T[( IIz ) - 4uX! v, -1

_pT
0TV - 1|| < max(m, ) + nX;T[( 7 ) - ¢21T[( H ) — aXT <

< max(m, 1) + | X5 a0l U1 | + IIU2IIII¢1|HIX"|| + llgallllb2llllx ~Hillxg i <

< max(n,m) + X F "’52\/1 T+ VI T me V £ Lt 66 ‘{(1 +£'7;()§1_+£:7)2) <
< max(m,m) + \gl +e"3?§1 +"2)[£ - ba6al.

Since

r( An Ar _( vtTfa 0 _ o ufal,
(U1 U2) (An An)(U‘ U2) ( 0 UTaU, | — \ UTAU, 0 ’

then T
Ul AU, 0
MU%U—( vt U3A1U2>||s||U2TA1U1u=

_pT
- ux;T[( R )*MTAI[( ! ) ~ X < X el I+
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+ 2|l Al lIXT M+ 11X M2l AT+ 1X 2 M2l Al XTH <
< \{(11_:";251 + n2)§ + V1 ¥ | Aill& \F+ :h \[1 + 772£ Al V1 + m+
v+ 171)(1 + 12)

V(I + m)(1+ n2)
(1-&)(1~- &) (1-&6)1-¢&)

Remind once again that the diagonalization of An = UlTAlUl by means of diagonalization
of Ay with ordinary precision is valid if and only if ||R|| is quite small. Otherwise, one has to
subdivide A;; into smaller blocks and to repeat the whole procedure starting from solution of
the Riccati equations.

+ &1&)|A| < (& + | A1ll(& + &2 — &1&2)).

6 Modified Gram-Schmidt orthogonalization

In this section we assess the error analysis from [1] in order to take into account the underflow
rounding errors.

Let A be a given m X n-matrix of rank n, m > n. In the modified Gram-Schmidt process a
sequence of matrices,

A=AN AQ) 40D 2 g
is calculated. The matrix A(**+1) is computed from A%) = (qi,..., g 1,a£k), .o )) by means

of the following scheme:

rik = o, g = aff )/'fkk,

rei = (a5, qi), (Hl) =a{ —rijq, k+1<j<n.

6.1 Errors in an elementary projection

Consider, at first, calculation of g¢. In order to compute g; the following algorithm is used:
a) compute v = a,(kk)/p with p = max; l(aff));l;

b) compute gx = v//(v,v).

The standard error analysis yields

| + eov/m < (e + em/‘m— = (e + avm)ol,

kmach

”vmach - 'I)” < t’l”_alc

mach

mach — ) S. mac T o 1N, mac -
(0, 8)mach = (0,00 € T oo+ L0+ lomacall” = o] <
“ “2 2||v””vmach ” ”vmach — ’0”2 (2m - 1)60
= ( l)e /2 - me 1-me 1-(m—-1)e ~
me; + 2(e; + eo\/—) (1 + €oym)? N (2m - 1eo lo]f? <
T|1-(m-1)e/2 1-meg 1-meg 1-(m-1)g -

(m +2)e; + (2ym + 2m - 1) o
- 1= (m+ 1)e — g/m ’

(@, 9)mach = /2, 0)] < Ilo]] [(1 +eanf1+ ™ izjeégizg:ff\/%l)m _ 1] <
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< (m/242)e +(m+ vm —1/2)é
- 1-(m+2)e — egym

ach 1+ +e
(k) mack = qill < €1]| e || + eov/m < €17 1+ foy/m + 0vm <

\/(_j__ _ (m/242)a +(m+/m—1/2)¢o

1-(m+2)ey —eo/m

1ol

€ + 60\/— (18)
1 - (3777,/2 + 4)61 - (m + 2\/_)60
A simple corollary from the previous estimate:
o ®)  e®y < & + éoy/'m (k)
kmac (Qk)machrkk + €k b ”6 “ — 1 _ (3m/2+ 4)61 _ (m + 2ﬁ)€ “ mach" (19)
6.2 Errors in the decomposition
Now turn to error analysis when calculating a(kH)
A o O (2m - 1)eg
I(rk;)mach — Tisl < (m 1)6 /2“(‘Ik)mach““ J,,,ac,,” —".(_m “ e’
me; k
(is0mach = 750l < (1171 + T g Mmoo 1
2m — 1)e
+(T'_Q) “(qk)mach” + 60\/_ <
m+ 1)e 2m 1)e
< DD ® i ameatl? + E D2l gl + o/ <
1-(m+1)e/2
(vl @meymo i
T1-(Tm+10)6a/2-(2m+4ym)eg 1 - (5m/2+ 4)e; — (m + 2v/m)eo
Thus,
Gen = T T Thi(@Imach + €77, (20)
k k |(7k;qk Ymach = Tk; (qk)machi
661 < exllale, 1+ el gk macnl? + co/m 4 ETEEomach —Ths
< (m + 3)a (l:) I+ (2m + 2¢/m - 1)eo .
“1-(Tm+19)a/2-(2m + 4\/_)60 % imach 1-(5m+ 10)€1/2 — (m + 2y/m)eo
Henceforth we shall use the following notations: (gk)mach = Gk, @ gm)“h = &;k).

From . k k k (k)
185 < 18 = risgell + 1621 = 1T - qedD)alll + 1) <

<= quaf - (G — ae)af — ar(d@r — a)T — (@ — )@ — a)THHaP N + 11 <

(m + 3)e
= (1 P I mt 19)a/2- (@Gm+ ddm)e |
+ 261 + €oy/'m) ) 185+
1-(3m/2+4)e — (m+2/m)ep — €1/2 — /meg[2 J

(2m + 2¢/m — 1o &)
1—(5m/2+ 8)a — (m+2y/m)eo ~— 1 — (Tm + 19)e1 /2 — (2m + 4/m)eo

+

18



(2m + 2/m — 1)eo k)
T Gm/at 9 — (m + 2vme Al 174
it follows that
; +
—[(7m +19)e1/2 + (2m + 4/m)eo)(k — 1)

+ (k = 1)(2m + 2/m)eo (21)
1— [(7m + 19)e1/2 + (2m + 4y/m)eo)(k — 1)

k=1 _
. (k -1 D 1
1801 < Pl + e < 1Pl

and
~(1)
=(k) _ (k) « (a1 + covym)(l|é; || + (k= 1)(2m + 2y/m)eo]
6 = dirwe + 67, 11671 < “[(m+ 1962+ @m+ dymek ' D
(k) _ (k1) = (k) (k) (m+3)a ~(1)
G =G e G0 G S T T arzy @y avmelk o I (28
+ (2m + 2/m)eo

1-[(Tm+ 19)e1/2 + (2m + 4y/m)eolk’
Since a = Z,_l Giri; + Z:—l f( Y then

( @y [(m+3)(7 -1)+1]a + vme
a; 1) z%h:” < lla; " - [(Tm+19)e&1/2 + (2m + 4\/1710)5()]]'

(Lt 6+ oy/m)(2m + 2V - Do
1 - [(Tm +19)e1/2 + (2m + 4/m)e)j’

14 - QRIF < allAllF +3, 04
where
11 T2 ... Tin
Q =[G,G2,-..,Gn), R= r22 Ton ’
O Tnn

[(m +3)(n = 1) + 1Jes + v/micq
1= [(Tm + 19)e1/2 + (2m + 4/m)g)n’
5 (14 €1 + €oy/m)(2m + 2\/m)(n — 1)¢o

T 1=[(Tm+ 19)e1/2 + (2m + 4y/m)e]n’

a =

6.3 Orthogonality of the computed vectors
Here we estimate deviation from orthonormality for the vectors §;. This can be done by means
of computation of |QTQ — I||. As &(-l) =Yl @i+, E('), then the identities

0 4D g,

T = ST =(1-1) I-
‘JlT—1aj =911:1(a§' = Ti-1,i§1- 1‘5( ))"‘Il 1= G- 1‘11 1)8;

j i .
G- 1&( )= Z(@T-l‘ii)"ij + 4y ny)
=l i=l
imply that
4 T T (1-1) T J ()
S (G 1d)ri = G - G @-1)d; -Gy Y &Y, 2<1<i<n

1=l i=l-1
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Let us introduce a n X n-matrix U which is upper strict triangular and U, = (¢r, @), 7 < s.
Then Y7 (q,_lq,)r,J = (UR)i-1,j, where the matrix U R is also upper strict triangular. It follows

that )
J .
(UR)iy; =8, [T = qFa@-0a ™= 3 €21, 2<i<jign,

i=l-1

KR S - (3""/224(-(25;16(1\/(2)4- 4y/m)eo ”&;l-l)”.{-
+”a(1~1)” [(m+3)(J-14+1)+1ea + vmeo
2

—[(Tm +19)e1/2 + (2m + 4y/m)eo)(j — | + 2)

(1+ea +eovm)(2m+2¢y/m)(j -1+ 1)
1-[(Tm+19)e/2 + 2m + 4y/m)eo)( — 1 +2) =
(- 1)” [(m+3)(J— 1+ 1) + 3]s + 3yMeo

—[(Tm+19)e1/2 + (2m + 4y/m)eo) (5 — 1 + 2)

(1+ea +eoym)(2m +2y/m)(j — 1+ 1)
1-[(Tm+19)e1/2+ (2m + 4y/m)eo)(F -1+ 2) ~
<la (1)” [(m + 3)(.7 I+ 1)+ 3]61 + 3\/ﬁ50

—((Tm + 19)e1/2 + (2m + 4y/m)eol

(2m + 2\/_-)60
1-[(Tm+19)e/2 + (2m + 4y/m )€o].7

x {(1+ 6+ eoy/m)(i — 1+ 1)(1 - [(Tm +19)e1/2 + (2m + dv/m)eolll - 2])+
+(1 = 2)([(m + 3)(j — 1 + 1) + 3]es + 3v/meo)} <
<|la (1)” [(m+3)(j—1+1)+3]e +3yme
—[(Tm + 19)e1 /2 + (2m + 4/meo)j

(1+el + eov/m)(5 — 1+ 1)( 2m+2f‘)eo
1= [(7Tm + 19)e, /2 + (2m + 4y/m)eo)j

+

< llg;

+

I(UR);!| <

13" {((m + 3)V3G = 125 = /6 + 3vF = Dex + 3y/my7 = 1o .

1-[(Tm+19)e1/2 + (2m + 4y/m)eg)j

Lt et ovm)(2m + 2vm) V(s - 1)(27 — 1)/6e
1-[(7m + 19)e1/2+ (2m + 4y/m)eo]j

As a result,

IUR|F < BllAlF + B,

VA= T{((m + 3)y/a(2n =1)/6 + 3Je1 + 3y/meo}

where

b= 1-[(Tm+19)e1/2 + (2m + 4/m)eo)n
3= (1 + &1 + eoy/m)(2m + 2¢/m)/n2(n? - 1571260.

1-[(Tm+19)e1/2 + (2m + 4y/m)eo)n

(25)

One can easily show that QTQ = D + U7 + U with the diagonal matrix D for which the

following estimate is valid:

2(e1 + €0y/m)
1-(3m/2+5)e — (m+3y/m)eo

|ID-I|<y=
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Since .
A=0R+b1, |MilF < allAllr +3,
6T6 =D+UT+U, |D-1I| <7, (26)
UR = Az, |jAs]lF < BllAllF + 8,

then
ATA=RTQTQR+ AT(A-A)+(A-A)TA +ATA, =

=RTR+ RT(D-I)R+ RTUTR+ RTUR+ ATA + ATA, - 814,
RTR=(A-A)T(A-Ay))-RY(D-T)R- ATR- RTA,.

It follows that
Tmin(R) > (omin(4) = [|A1]])2 = Y||RII® - 21|A-|l[| R,

IRIZ < (1Al + la1l)? + 7RI + 2]l A2l RIl.
From the second equation one can get the following bound:

_ 182l + VITAS[2 + (1 - 7)([AL + [1Ad])*
1-v

IR|| < =

It holds that

r? = (1Al + 1a11)? < (2018202 + (1 = VAl + [1Aa]])?+

+2/|Aslly/1Aal2 + (1 = VAN + 1A/ - 7)? = (1Al + 181]))? <

1 2, 208:20l(1Azl] + VIlA2]* + (1 — 7)((1 4l + [[a4]])?)
< ——(|| Al + NALD* + <
141+ ) s
v 2, 2l82]l(2]|A2)] + | All + 1| A4)])
< ——(||A A
< T2l + 18417+ T ,
Tmin(R) 2 (Fmin(4) = |41)? = [r? = (1Al + [|A1])7] 2 (omin(A) — [|184]))*-
g 2 _ 2||A2](2| Azl +1|All + [ A4]])
XA+ 1ad)? - ,
(Al + ) =
IQTQ ~ Il S ID = I|| + 2| Asll|R7Y|| <
<7+ 24| <
 Omin(4) = 14412 = (1Al + 1y ])2 - 2eelCloaltial o
2||Aq||
<x=7+ X 27
Tain A) ~ 151 27
X .
[1__7__( All+]]8) )2_2A2 A+A1+2A2]
1-v \(omin BIEY 1—-v)¢(omin(A4)}-]{A1
This latter estimate is valid if and only if
1 (ALY 28al(AL 1A 2l 9)
1 -4 \omin(4) - [|A4]] (1= 7)*(omin(4) = [|A4]})?

Consider the estimates (27), (28) when ||A]| ® 1, ¢o € €1, mne; <€ 1. One has
A1)l <= [(m + 3)(n ~ 1) + 1}Vra || All,
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142]] <= y/(n = 1)n[(m + 3)y/n(2n ~ 1)/6 + e[| A]],

v <= 2¢;.
Introduce the notation p = ||A||||A™}||. Then the inequality (28) implies that

26 { 1+ va[(m+3)(rn-1)+ 1] }2 + 2e1/(n = Dn[(m + 3)/n(2n - 1)/6 + 3]

1-26 | 1= v2[(m+3)(n-1)+1]ep (1-26 ~n[(m+3)(n-1)+ l]elu)2

X{1+ [(m+ 3)(n — 1) + 1]vne; + 2¢/(n — 1)n[(m + 3)\/n(2n — 1)/6 + 3]e;1 }u® <
<2162 {1 + \/(n = D)nf(m + 3)y/n(2n — 1)/6 + 3]}/{1 - 41—
—2v/n[(m +3)(n - 1) + l]er(p + 1) = 24/(n = D)n[(m + 3)\/n(2n —1)/6+3le1} =< 1.

One can also show that

2e/(n — 1)nf(m + 3)\/n(2n — 1)/6 + 3]

1= 26p2{1 + /(n = Dnf(m + 3)v/n(2n — 1)/6 + 3]}

X % 26 +

7 Refinement of invariant subspaces

Sometimes one has to calculate with high precision only a few eigenvectors which give a basis
of an invariant subspace of a symmetric matrix. If there is roughly computed full spectral
decomposition of this symmetric matrix then we can suggest another refinement procedure but
also based upon the Riccati equations. It might be less costly for double precision operations.
Given a symmetric N X N-matrix A. Assume that z,,22,...,Zky Yk+1,..., YN are approx-

imate eigenvectors of A corresponding to approximate eigenvalues Ay, A2,..., Ak, Ak1y.-.5 AN
We suppose that k is small enough. Let the columns of N X k-matrix X be the vectors
Z1,%2,...,Zk and so is for N x (N — k)-matrix Y and vectors yx41,...,yn~. Introduce the

following notations:

A0 Aes1 0

A 0
A1= y A2= y A=( 01 AZ)
0 Ak 0 AN

Then ||A[X (Y]~ [X :Y]A|| £ ¢ with small ¢ depending on the method of computation of the
crude spectral decomposition.

We can try to look for better approximation of the invariant subspace defined by z;, z,,.. .,
24 in the form X = X + Y R with (N — k) x k-matrix R. The columns of X will give a basis for
the subspace.

If Ay = (X:Y) 'A(X:Y), where division on blocks conforms to dimensions of X and Y,
then the matrix R must obey the equation

(-REI)AI( I ) =0. (29)
R
In order to approximate the matrix A; we made use of the matrix

A= A+ (XY)TAXIY) = (XiY)A]
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with the error A; — A; = (X 1Y) — (X Y)TJ[A(X Y)— (X :Y)A] which is quite small when

the matrix (X }Y) is almost orthogonal and the residual A(X :Y) — (X :Y)A is small.
So one can replace A; in (29) by A;:

(-RD{A+ (X Y)T[A(XIY) - (X IY)AD} ( JIz ) = 0. (30)

In the iterative process (16) we have to calculate the matrix F' = A2R—- RA;1+ Ay — RA;R
An Axp

with high precision. With the notation 4, = ( A A
21 A2

) equation (30) yields

F=(=R:I)XY)TAXY) - (XiY)A] ( IIi ) . (31)

After some transformations

F=(YT-RXT)A(X+YR)-(XA14+YAsR)] = (YT = RXT)[(AX — X A1)+ (AY R-Y A;R)).
(32)
How to calculate (32) with high precision ? We suggest the following steps:
1) Calculation of Fx = AX — X A; with higher precision;

2) Calculation of Fy = A(YR) — Y(AzR) with higher precision in the order prescribed by
parentheses;

3) Calculation of F = (YT — RXT)(Fx + Fy) with ordinary precision.

Error analysis confirms this procedure if |AX — X A,|| and ||AY — Y A;|| are small enough.

The prescribed order of operations and general motivation for this approach are based upon
the fact that higher precision multiplications AX, XA,, YR, A(YR), A;R, Y(A2R) are not very
costly if k is sufficiently small. Assume that multiplication of two M x N and N x K matrices
takes 2M N K operations, then the above multiplications cost 2N2k+2Nk?+2N(Ny)k+2N 2%k +
2(N - k)?k 4+ 2N (N — k)k = 2(5N 2k — 3N k? + k3) higher precision operations. Maximum of the
number of operations is reached when k = N and equals to 6 N3. Notice that the multiplications
AX and XA, are calculated only once in (16) because they do not depend on R.

The rounding error analysis from previous sections can be modified for this new refinement.
We do not provide it here as there is no difficulties to develop the theory analogous to that in
sections 2 and 3.

Now we will discuss possible extension of the above technique for the case when the matrix
A is badly approximated by Aj. The idea of this extension is adopted from [2].

Consider the following iteration:

Bo=A, Biy =B+ (X Y)T[AXY)-(XiY)By] (33)
Since 4; = A; + (X Y)T[A(X 1Y) - (X :Y)A;] then
Biy1 — A1 = By — Ay — (X:Y)(XIY)Be — A1) = [I - (X:Y)(XIY)|(Br — A1) (34)

Therefore, if 0 < (X }Y)T(X 1Y) < I then the iteration (33) converges.
We can transform (33) in the following way:

Bry1 — A = (Br — A) + (X IY)T{[AX 1Y) = (XIY)A] - (X 1Y) (Bx — A)}.
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Denote By — A by Cy, then
Co=0, Ci41=Ck—=(X:V)T(XIY)Ch+ (XIY)T[A(XY) = (X:Y)A]. (35)

The matrix Hy = Cy ( IIZ ) satisfies the iteration
Ho=0, Hpy1=Hi- (XEY)T(XEY)Hk + (XEY)T[A(XEY) - (XEY)A] ( 112 ) (36)

and converges to Ho, = (41 — A) ( II?, ) Thus, the matrix F is equal to (—R:I)Ho,.

Hence, in order to calculate the matrix F being used in iteration (16) one can compute H,
from the iteration

Ho=0, Hgp=He—(X1Y)(XY)He+(X!Y)T[A(AX - XA1) + (AY R - Y A3R)] (37)
and then F = (—R:I)Ho. Multiplications of matrices must be executed in the following order:

(X:Y)T[(X:Y)H:], A[YR], Y[A:R),

in order to have a low operation count for small &. ‘

Consideration of the rounding errors and of convergence rate for the processes (37) and (16)
is more complicated. In addition, note that one can possibly combine these two iterations in
another way to obtain faster convergence.

Some final comments

In this paper the technique for solving some eigenvalue problems has been discussed. The
approach developed here is intended to be less expensive than the calculation of the spectral de-
composition with double precision entirely that is calculation of the Householder transformations
and then the deflation of tridiagonal matrices with double precision.

Our method makes use of mainly the BLAS 3 operations (5] for higher precision. The BLAS
2 operations are used only in MGS orthonormalization (see (7] for the block version of MGS).
Hence the method is well suitable for parallel computers.

In addition, our method is equipped with the strict mathematical theory for the convergence
rate and for the rounding errors.

The technique used can be easily extended to computation of the singular value decomposi-
tion with high precision. For this one should apply orthonormalizations to the left and to the
right singular vectors and then compute solution for the generalized Riccati equation. The Ric-
cati equation for this case is outlined in [11]). There is no principal problems with development
of iterative process to solve the generalized equation similar to that in section 3. The error
analysis for the refinement of SVD is the same as exposed above.

Acknowledgement. I wish to thank Bernard Philippe for stimulating discussions.
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