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Sur des duaux de codes BCH primitifs binaires 

On duals of binary primitive BCH codes 

Françoise Levy-dit-Vehel * 

Résumé 

Nous nous plaçons dans le cadre des codes cycliques étendus de longueur 2”* sur F,. Nous 

définissons une classe, notée {C‘}4<t<m-1, de tels codes, dont l’ensemble de définition est 
caractérisé par une seule classe cyclotomique. Nous montrons que ce sont des duaux de codes 

BCH étendus. Nous étudions leur divisibilité, et prouvons qu’elle détermine la divisibilité 

de tous les duaux de codes BCH étendus. Ensuite, nous obtenons une borne inférieure sur 

leur distance minimale, qui s’applique à d’autres codes affine-invariants. En particulier, on 

obtient une borne pour tous les duaux des BCH étendus, qui est intéressante surtout quand 

la borne de Carlitz-Uchiyama est négative. 

Abstract 

We treat binary extended cyclic codes of length 2”* over F,. We introduce a class, denoted 
by {C®}2<e<m-1, Of such codes, whose defining set is characterized by only one cyclotomic 
coset. We prove that they are duals of extended BCH codes. We study the divisibility of 

the Cs, and show that it determines the divisibility of all duals of extended BCH codes. 

Next we obtain a lower bound on their minimum distance, that yields results for several 

affine-invariant codes. In particular, it gives a bound for all duals of extended BCH codes, 
which is interesting especially when the Carlitz-Uchiyama bound is negative. 

*Institut National de Recherche en Informatique et Automatique (INRIA) Domaine de Voluceau, Roc- 

quencourt, BP 105, 78153 Le Chesnay Cedex FRANCE



1  Preliminaries 

A binary cyclic code C of length n = 2”* — 1 is an ideal in the ring F2[Z]/(Z" — 1). Let à be 
a primitive root in Fam. Then, if g(Z) is the generator polynomial of C, a° is a zero of the 
code C if, and only if, g(a*) = 0. The set T = {; € [0,n], a' is a zero of C}, is the defining 
set of C. If 0 @ T, we can extend C and obtain a linear code Ce of length 2”, so-called the 
extension of C, by adding a parity check symbol to each word of C: 

n-l 

cE C, c= (c,...,en-1) > c' E Ce, € = (Co,©o,-..,€n-1) Where Cx = S. ci. 
1=0 

The code C. can be considered as a code of the group algebra À = Fa[{F2m, +}], which is 
the set of formal polynomials x = Y'yeFam T9 X?, T, € F2. 

And this because a word c' = (Cw, Co, - - . , €n-1 ) in Ce can be represented by the polynomial 

n-l 

e(X) = coX°+ S 4X" 
s=0 

We say that T. = T U {0} is the defining set of Ce. 
Recall that the BCH code of length n and designed distance d over F, is the cyclic code 

with defining set : T(d) = Ui<scacl(s), where cl(s) is the cyclotomic coset of 2 modulo 
n containing s. We denote by B(d), EB(d), and DEB(d) respectively the BCH code of 
designed distance d, its extension, and the dual of this extension. 
We let w denote the Hamming weight of a vector of length n or n + 1, that is, the number 
of its non-zero components. 

Definition 1 Let S = [0,n]. The 2-ary expansion of an element s € S is : s= ETT! s.2, 
3; € {0,1}. We denote by K, the partial order on S defined as follows: 

s,t € S,3s <t S s; < t, € [0,m—1] 

When s < t, s is said to be a descendant of t. We say that s and t are not related when 

s & t and t & s. An antichain of (S, ) is a subset of S of not related elements. 
Let À be the map : 

A : IC{(0,n] — A(T) = Urer{s E S, 5 < t} = UrerA({t}) 

A({t}) will often simply be denoted by A(t). 

À code of the algebra ÀA (ie. a F2-subspace of A), is called affine-invariant if its automorphism 
group contains the group GA(m) of affine permutations of Fan : 

Puyv * Z $9Xg_’ z ægXug+v’ uav€F2"‘v u#0 

geFam geFam 

Theorem 1 (/Ka,Li,Pe 2),[Ch.1]) Let C. be an extended cyclic code of A, with defining set 
T. Then, C is affine-invariant if, and only if : 
A(Te) = Te, or Ce is an ideal of À.



An element s is maximal (resp. minimal) in / if its strict majorants (resp. minorants) are 

not in Î. 

Definition 2 (/Ch.1],[Ch.2]) If C£ is an extended cyclic code with defining set T., the border 
of C. is the set of minimal elements of [0,n} \ Tc 

Note : Let C£ be an affine-invariant code with border F. Then the set 

{n — f, f € F} is the set of maximal elements of the defining-set of the dual of Ce [Ch.1]. 

Let C be a binary cyclic code and C its extension. Denote by djnin, dodd, ANd deven, FESpec- 

tively the minimum weight, the minimum odd weight, and the minimum even weight of C. 

If C. is affine-invariant, then dmin = dodd = deven — 1. 

A binary linear code C is said to be k-divisible, k > 1, if the weights of all its words are 

divisible by k, and if there exists a word of C whose weight is not divisible by ! > k. If2 /k, 
then the code is equivalent to a degenerate code (in which every symbol is repeated k times) 

[Wa]. We thus consider the case k = 2°, a € N°. , 

The divisibility of RM-codes is known [Mc El]. For every extended cyclic code can be located 

among the RM-codes, it has at least the divisibility of the smallest RM-code it is included. 

in. We shall call this divisibility the minimum divisibility of the code. 

We recall the theorem of Mac Eliece, adapted here to the context of binary extended cyclic 

codes : 

Theorem 2 : Let C. be an extended cyclic code of length 2* over F2, with defining set T. 
Then, C. is 2*-divisible, where \ = w — 1, and 

w = min{r, [] a* = 1, ui € [0,n[\T} 
3=l 

œ being a primitive root in Fom. 

2 À class of duals of primitive extended BCH codes 

We are studying a class of primitive extended cyclic codes over F2, defined as follows : 

Definition 3 Letn = 2" — 1 andt € [(2,m — 1]. 
The C code is the affine-invariant code of length 2”, whose border is F4 = cl(2* — 1). 

Proposition 1 The defining set of C is D, = {u € [0,n], u has no run of t consecutive ones} 

Note : An element x € [0,n] has a run of t consecutive ones if, and only if, a cyclic shift 
of r has a run of t consecutive ones. For instance, (110...01...1) € cl(2* — 1) is such an 

t—2 
element.



Proof . If F denotes the border of an affine-invariant code, its defining set is given by 

1= () N(f) 
JeF 

where N(f) = {s € S, s # f, s < f or s and f are not related}, is the set of non-majorants 
of f in S. 

So the defining set of C js : 

D, = Ngect(at-1) N(F) = Ngect(2+-1) [4 € [0,n] \ {f}, u & f orf and u are not related } 

Let s, = 2* — 1. s, = (0...01...1) and w(s;) = t. 
t 

Let u € Ngect(s) N(f). Then, if u < f, u # f forallfinF:, we have w(u) < t. 
If u and f are not related, for all f in F4, then u has not t consecutive ones. Indeed, if 

u=(e...el...le...e) 
ps 

where € € {0,1}, then 27s; is a descendant of u. 
Moreover, w(u) < t => u has not t consecutive ones. 
So D: C {u € [0,n], u has not t consecutive ones}. 
Conversely, if u € [0,n] has not t consecutive ones, then either w(u) < t, or u is unrelated 
with every element of F;, so u belongs to D£. Thus, 

D+ = {u € [0,n], u has not t consecutive ones} 

O 

We denote by [x], (resp. |x|), the least (largest) integer greater (smaller) than or equal to 
x. 

Theorem 3 The code C is the dual of an extended BCH code. More precisely, C“) = 
DEB(d:), where d; is the smallest element of [0,n) having no run of t consecutive zeroes. 
Ift < [5], then de = Ei, 277* 4 (1— 6,0), wvherem=at+r,r<t. 
Ift > [5], d = 2”* +1 

Proof . We identify an element s in [0,n] with its binary representation (sm-1,-- - » So), 
where s = EL5  s,2*. First, if t > [5], then m — t < [5] < t, and so 

mt _ 2" +1 = (0...01 0...0 1) 
t-1 m-t-1<t 

is the smallest element of [0,n] having no run of t consecutive zeroes. 

Ift < [F], let m = at +r, r < t; (Note that in this case, a > 2). Then, the element 

t-1 t-1l 
—2 e 
@...01...0...010..01) 

a blocks r<t 
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is the smallest element of [0,n] having no run of t consecutive zeroes. 

Besides, we clearly have : 

2”* —1 < d 

de — (27+ — 1) = DE, 2778 4 (1 — 6,0) — (2"*—1) > E2, 277* +1 > 0. 
To prove the theorem, it suffices to show that the defining set, say D}, of the dual of C(, 

is the defining set of the extended BCH code of designed distance d;, that is : 

DtL = Us<dc CI(8) 

D} = {n — s, s & D:} = {n — s, s has at least t consecutive ones}, or : 
Dj = {u € [0,n], u has at least t consecutive zeroes}. 

Recall that {n — f, f € Fe} = cl(2"-* — 1), is the set of maximal elements of D}. It means 

that the maximal elements of D} are those having exactly t consecutive zeroes. Thus we 

immediately have : 
D;L D U05,52m—z_lcl(s). 

Moreover, D} cannot contain a class with smallest element strictly larger than 2”* — 1, 
because it would also be a maximal element of D}. Thus, D} is the defining-set of an 
extended BCH code. Its designed distance is the smallest element which is both the smallest 
element of its cyclotomic coset, and strictly greater than 2”*-* — 1, that is, the smallest 

element not having t consecutive zeroes. Thus, D# = Uo<scd, Cl(8). = 

Proposition 2 Fort > [2], dimC® = m2"-+" + 1. 
For t < [F ], we deduce from [Ma) that : 

L:Fr] k-1 
dim C(t) =m kî—:l (_IIZ ( m .]Ç_]Îtl—l ) 2m—k(t+l) +1 

Proof . et > [5|. 

According to theorem 1, C() = DEB(2""* +1), withm—t < |2|. 
dsz… = l U1<,<2m—t+l Cl(8)l = lD%l 

But for s < 217|+1, s odd, the cyclotomic cosets of 2 modulo n containing s are all distinct 
and of cardinal m. (see [SI], p. 262). Moreover, there are 2*-*-! cyclotomic cosets whose 
smallest element is strictly less than 2”-* + 1. Besides, 0 belongs to D}. 

Thus, 

dimC, = m2"—** 4 1 

et < [5]. 

dim C, = |D}|. In the proof of theorem 1, we saw that cl(2*-* — 1) is the set of maximal 
elements of D}. So we have 

IDE} = [U A°(2'(2"7* — 1) modn) U {0}| 

where A*(s) is the set of descendants of s except 0. As 2‘(2"-* — 1)modn has in its binary 
representation t consecutive zeroes, a nonzero descendant, say s, of 2*(2"-* — 1) modn must 
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have in its binary representation a ‘1“ followed circularly by t ‘O‘; that means, if we write 

the digits of s in a circle, there must have a one followed by t ‘0‘’s. We call pattern, a ‘1‘ 
followed circularly by t zeroes. Conversely, if s has a pattern in its binary representation, it 

is a descendant of an element of the form 2‘(2"-* — 1) modn. 

We have thus proved : 

JUTS! A*(2'(2"-* — 1)modn)| = |{strings of length m having at least one pattern }| 

In a string of length m, there is | 75 | blocks of length t + 1. 

Let A; = { strings containing k patterns }, for 1 < k < |7F]. According to the inclusion- 
exclusion principle, we have : 

ULR A = [Aul — JA2] + ... + (-DFS | A 

And | U,EÊJ Ax| is the number of strings having at least one pattern. 

Computation of the [Az[’s : 

|A1| is the number of strings having one pattern. 

In à string containing one fixed pattern, there are two ways of choosing each of the remaining 

m-—t-1digits. So the number of strings containing one fixed pattern is 2”-‘-!. Besides, 
this pattern can be put in m positions. So the number of strings having any pattern is 
m2"‘“"“ = IA1I 

Computation of the [Az"s, for 2 < k < | 751- 

We have to count the number of strings having k patterns. Let us fix the position of the 

first pattern (this position can be fixed in m ways). 

Placing the other (k—1) patterns amounts to placing the first element (a ‘1°) of each pattern. 
And once we have placed the first digit of a pattern, the following t positions are reserved 
(by zeroes). So the number of ways of placing the other (k — 1) patterns is the number of 
choosing (k—1) positions (the first of each pattern) out of m—(t+1)—(k—1)t = m—kt—1. 
Moreover, once these k patterns settled, it remains m — k(t + 1) positions that can be filled 

by zeroes or ones, that makes 2-k(+!) possibilities. Noticing that each of the k patterns 
can play the role of the first one, we have to divide the number of strings obtained by k. 
Thus : 

|Az| = % ( m;Îtl—l ) om—k(t+1) 

and finally : ; 

|U;IÇÎJ Ai| = mLËJ (_lk)k—l (m ;Ît1—l ) om—k(t+1) 

Q 

Example : 

Let m = 8, t =3. 

C®) js the affine-invariant code with border 

F3 = cl(7) = {7,14, 28, 56, 112, 224, 193, 131 } 

6



It is the dual of the extended BCH code with designed distance 

2 
d3 = Z28—3i + (1 -— 62‘0) = 37 

t=l 

The corresponding defining-set D3 is the union of the following cyclotomic cosets : 

{0}, cl(1), cl(3), cl(5), l(9), cl(13), el(17), el(19), 

cl(21) ,cl(25), cl(27), cl(37), cl(43), cl(45), cl(51), 

cl(53), cl(85), cl(91) 

That corresponds to all elements of [0,n] having not 3 consecutive ones in their binary 

representation. The dimension of the code is 125. 

3 A bound on the minimum distance of CC) : 

We denote by RM(r,m) (or simply RM(r) when there cannot be any ambiguity on m), 

the Reed-Muller code of length 2* and order r, that is, the code with defining-set {s € 

[0,n], w2(s) < m — r}, where wz(s) is the 2-weight of the element s written in binary, 

ie. w(s) = C"3 s, if s = D5 s.2*. Since C C RM(m — t), we immediately have 

dmin C( > 2*. But we shall see that, for almost all t’s in the range [2,m — 1], we can refine 

this bound. 

lemma 1 Let C be an affine-invariant code of length n +1, with defining set I, and suppose 

[(0,d[C I, and dg1! 

Then 

1. Any interval included in / is of length < d. 

2. If there exists s and z such that (z,n) = 1, and 

(0, d{, [=,z= + d[,, [(s — 1)z, (s — 1)z + d{ 

are included in /, then dminC > d+s. 

Proof . 1. It suffices to show that, for all k in /, there exists an integer k' such that : 

k' > k, k' @ I, and k' — k < d. Then, any interval with k as first element and incuded in / 

will be contained in [k, k[ and thus will be of length smaller than or equal to d. Let k belong 

to I. If 0 < k < d, then any interval included in /, with k as first element is of length less 

than d, because d @ I. We can thus suppose k > d. 

Write k and d in base 2 : k = D5 k,2,d = D5 d;2*. As k > d, there exists a j such that 
k; > d;, k;+1 > d;+1,...… Indeed, if such à 7 did not exist, then k would be a descendant of 
d and that would imply k < d, à contradiction. Let j0 be the minimum of those j’s. Then, 
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jo # 0 otherwise k would be an ascendant of d, and, as C is affine-invariant, k would not 
belong to I. Let k' = H25" dô2* 4 771 KX i=i 

By construction, d X k', so that k'@ I ! Moreover, we have k' > k. But 

jo-1 ; 

k —k< Zd;2‘ <d 
1=0 

2. Let C* be the cyclic code whose extension is C. Then, the defining-set of C* is I* = I\{0}. 

Thus the following (s — 1) intervals belong to I* : 

[z, = +d{,., [(s — 1)z, (s — 1)z + d[ 

Recall that the Hartmann-Tzeng bound [SI.] states that, if the elements b+21c; + 2202 belong 
to the defining-set of a cyclic code of length n, where c; and c2 are relatively prime to n, 
0 < 1 < 6— 2 and 0 < à4 < r, then the minimum distance of the code is at least 6 + r. 

We can apply this bound to /*, with q = 1, © = z,b = z,6 = d+1,r = s—2 We 

obtain : dmin(C*) 3 &6+r = d+41+s—-2=d+s—1. But, as C is affine-invariant, 
dmin(C) = dmin(C*) + 1, s0 that dmin(C) > d + s. O 

Applying this lemma to the C)’s, we obtain : 

Theorem 4 For 2<t <m—2, the minimum weight & of C) satisfies: 6 > 211 — 91 

Remark : 
Fort=m—2ort=m-—1, C is the dual of the extended two or one error correcting BCH 
code, so that the minimum weight of C©) is known: It is 2"-! — 217) and 2”"-! respectively. 

Proof . Let 2<t<m-2. Then, the intervals [0, 2* — 1[ and (2°+!,2*+! + 2* — 1[ belong 
to the defining-set D, of C(). With z = 2**! prime to n, we can apply the lemma and we 
find : dmin C > 2* —1+2=2 +1. For CC C RM(m — t), the smallest possible weight 
for C) js 2t+1 — 2*-!, according to the theorem of Kasami and al. : 

Theorem 5 /Ka, To) 
Let Nm,v,w, the number of codewords of weight w in the v-th order RM-code of length 

2”, Assume that v > 2 and 2”" < w < 2"7"*!. - Let y = min(m — v,v), and B = 
(1/2)(m — v + 2). Then : 

Nmww = 0, unless w = 2"77* — 2"-"H#1-#, with1 < u < maz(y,8) 

In our context,v =m —t, y = t, 8 = (t/2) +1, and 1 <p <t. =) 

We give in the appendix another proof of th.4, which uses the Newton’s identities.



4  Divisibility properties 

Theorem 6 The code C js 21m=i1-" _divisible. 

Remark : The theorem means that C“ has the minimum divisibility. 

Proof . C“) is at least 21#*+\"!.divisible, as a subcode of RM(m — t). It remains to prove 
that C) has exactly this divisibility. 

According to the theorem of Mac Eliece, (th.2), it suffices to show that there exists [—] 

elements of [0,n{\D; whose sum is n. We distinguish two cases :. 

Case 1 : t < |5]: 
Then C js exactly 2-divisible because s = 2/ 71 — 1 and n — s belong to [0,n[\D,. 

Case 2 : t > [5]: 
Let C be the code whose defining set can be deduced from the one of C“ by changing 
the primitive root œ into / = a-!. Those two codes are equivalent and so have the same 
divisibility. The defining set of C is : 

{n — s, s € D;} 

And the parity set, say U, of C is : 

[O,n] \ {n — s, s € Di} = {n— s, s @ DJ 
It is worth to notice here that the parity set of C is D}. But D4 admits cl(2"-* — 1) as 
maximal elements, that is : 

Dj = UIS" A(2‘(2"7* — 1)) 
So cl(2”-* — 1) CU. 
Case 2.1 :m—t|m. 
m = (m — t)a. Then, the a elements 2‘("-(2"-* — 1), 0 < à < a — 1, belong to U and : 

a-l 

i(m- m m- 1— 2”" 

3=0 

Case 2.2:m—t m. 
m=(m—t)}a+r,r <m—t. [-54] = a+1. We have : 

a-1l mt m-t 

2im-H(9m=t _ 1) = (0...01...7...1...1) 
ië£ ( ) (—\rF-/ a blocke 

Let 

b=(1...10...0) = 27 — 97" 

b belongs to U because r <m — t so that b < 2*(2"-* — 1). 
The a + 1 elements b, 2‘(-)(2-t _ 1), O<: < a— 1, belong to 4 and : 

a-l . — 9(m—t)a 
b+ z 2:(m—£)(2m—t _ 1) =b+ (2m—t _— 1)1 2 

i=0 1-— 2m-t 

=b—1+497-)9 C p—_149"" = n



There exists [-] elements of the parity set of C whose sum is n. So is C 2rfl71'1-divisible, 

and therefore C(®) also. = 

Corollary 1 : Divisibility of a code situated between two consecutive C‘*)g 

Let t > 2, and C be an affine-invariant code with defining set D, such that : 

C® CCcect! (1) 

Then, C is 2/m=""-divisible, ie. the divisibility of C is the one of C. 

1. 112 <t<m-—2, and the elements up = 2* + 2°7! — 1 and vo = 2*+* 4 2*7! — 1 belong 
to D, 

dmin(C) > 2641 — 2t=1 

2. 1f2<t<m-—2, and either up or vo does not belong to D, 

dmin(C) Z 2t 

3. ft=m—2, 
dmin(C) > 2774 — 2(P4*1 

4. ft=m—1, dmin(C) = 2""!, 

Proof . By (1), we have : 
D- CDC D; 

Thus 
D=(D,)UI 

where I # 0, and I C {s € [0,n[, s has t — 1 consecutive ones but not t}. 
We claim that cl(2f-! — 1) C /: 
Indeed, let s € /. Then s is of the following form : 

(e...e01...10e...6) 

where € € {0,1}. Then, 
21(2t—-1 _ 1) K s 

and as D is let fixed by the À map (ie. C is affine-invariant), 2*(2*7! — 1) belongs to D. C 
being a code over GF(2), el(2°* —1) C D. 
Let now s € [0,n[, with w(s) =t — 1. 
-If s € cl(2°-! — 1), then s € I. 
-If s and cl(2*-! — 1) are not related (ie. Vu € cl(2*-! — 1), s & u and u £ s), s has not t — 1 
consecutive ones, so s is in D:-1 \ {0}-. 
In both cases, s belongs to D, ie D contains all the elements of weight t — 1. But, over F3, 
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the weight coincides with the 2-weight. Thus C is necessarily a subcode of RM(m — t). The 
exact divisibility of C follows immediately. 

1. Suppose 2 < t < m— 2 and up, vo belong to D. We shall show that the intervals [0, 2* — 1[ 
and [2*+1,26+! + 2* — 1[ are included in D, and then apply lemma 1. 

First, as the elements of weight less than or equal to t — 1 all belong to D, we immediately 

have : [0,2* — 2] C D. 
Now what are the elements of [2*+!,2*+! + 2* — 1[ that have t — 1 consecutive ones in their 
binary representation? They are exactly vo and Qug. (The other members of this interval 
have no t — 1 consecutive ones, so that they belong to D;_1 C D.) As vo and uo belong to 

D, cl(wo) and cl(vo) also, and thus [2‘*!, 2841 4 2* — 1[C D. By the same reasoning as in the 
proof of theorem (4), we conclude that the minimum weight of C is at least 2*** — 2*-1, 

2. Suppose 2 < t < m — 2 and either one or both uo and vo do not belong to D. Then 
(26+1,21+1 + 2* — 1[ is not a subset of D, and it is easy to see that there are no intervals of 
length 2* — 1 included in D except [0,2* — 1{. Thus applying lemma 1 does not give a better 
estimate than the one we have by inclusion of C in RM(m — t). 

3. Ift=m-—2, then (1) implies that the defining-set, say D*, of C* is such that 

{0} U cl(1) U cl(3) C D* C {0} U el(1) U cl(3) U cI(5) U el(7) 

But, as C is affine-invariant, we can only have two possibilities for D*, namely : 

D* = {0}Ucl(1)U cl(3), in which case C = DEB(5), or, 
D+ = {0} U cl(1)U cl(3) U cl(5), and then C = DEB(7). 
In both cases, the minimum weight of C is at least the minimum weight of the dual of the 
extended 3-error correcting BCH code, that is 2*-! — QUEZE 1 

4. Ift=m-—1,then C is the Reed-Muller code of order one, so that dmin(C) = 27”". O 

In terms of duals of extended BCH codes, the above corollary becomes 

Corollary 2 : Divisibility of the dual of an extended BCH code 

Let d > 3, and l; such that : 

Qe+1 <d<e!+1 (2) 

Then, DEB(d) is 21%!""_divisible. 

Let tq = m — lu. 

1. 1f (5] <4<m—2, and d < 2'4+* — 3, 

dmin(DEB(d)) > 2‘é+* — 9t4—1 (3) 

2. 1f 15] <l4<m—2, and d > 2'4+* — 3, 

dmin(DEB(d)) > 2* 
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3. Ifl4 =m —2 and m > 4, let do denote the largest designed distance strictly less than 
2m-! — 1, that is , the largest integer d such that d < 2-! — 1 and d is the smallest 
element of its cyclotomic coset. Then : 

If m is odd and d < do, dmin(DEB(d)) > 6. 

If m is even and d < do, dmin(DEB(d)) > 6. 

4. If la < |E], a lower bound on dyin(DEB(d)) is given by the Carlitz-Uchiyama bound 
[S1.] : 

Theorem 7 If C is the dual of the BCH code of length 2" — 1 and of designed distance 
d = 2r +1, with 2r —1 < 277! + 1, then the weight of every nonzero codeword of C 
satisfies : 

21 — (r — 1)22? < w < 27* + (r — 1)27/2 

Remarks : This theorem is applicable here because if C is à cyclic code with defining set T, 
whose extension C. is affine-invariant, then Ce has the same minimum weight as the cyclic 

code with defining set TU {0}. 
Corollary 2 states that the dual of a BCH code has the divisibility of the largest C* code it 
contains (here t = ta). 

Proof . By (2), and according to the characterization of the C( codes in terms of duals 
of BCH codes, we deduce : 

Vd > 3, C“s C DEB(d) C CCa-!) (4) 

where t4 = m — la and, if la < |5], then CCa) = DEB(2'4 + 1), and if L > [ ], then 
CCa) = DEB(E , 2"71t4 41 — 6,0), With m = ata +T, 7 < ta. 

The divisibility of DE B(d) is then an immediate consequence of corollary 1. 

Note that we distinguish the cases l4 < m — 2 and l4 = m — 2 because, if l4 < m — 2, then 
2ls+! _ 3 is the smallest element of its cyclotomic coset, so that 2'4+! — 3 is the designed 
distance of a BCH code. Indeed, 2'é+* — 3 = (0..01...101). and any cyclic shift of 2'a+1 _3 

22 la-1l 

has strictly less than two consecutive zeroes in the leftmost part of its binary representation. 

But if [; = m — 2, 2'4+! — 3 is not the smallest element of its cyclotomic coset, so that the 

condition d < 2'4t! — 3 does not ensure that 2'«+! — 3 does not belong to U,cacl(s). 

1. Let |5} < 4 <m—2, and suppose d < 2‘4+t! — 3. 
In the same spirit as in the proof of part one of corollary 1, we want to show that uvog 
and voa belong to the defining-set U(d) of DEB(d), where uog = 2‘4 + 2‘47! — 1 and 

Vog = 2ta+! 4 2ta=! — 1. 
First, if x € (0,n|, we shall denote by (x)o, the smallest element of the cyclotomic coset of 
two modulo n containing x. 
We have : 

R — Vod = 2m _ 2t.,+l _ 2td—l = 214—1(2m—-tg+1 _ 5) 

so that 
(n _ v0,d)0 = 2m—ta+l —5= 21a+1 —5 

12



But d < 2'at! — 3, that is d < 2'4+! — 5, and so 

(n — vo,a)o Ë Un<acl(s) 

(n — vo,a)o E [0, n} \ Uscacl(s) 

thus 

Vo,d € {n — z, z € (0,n] \ Uscacl(s)} = U(d) 

The same reasoning holds for 4oa : 

n — Ugd = 2m _ 2H _ 214-—1 — 2td—l(2m—gd+l _ 3) 

(n — 4o,a)o = Qn-ta+1 _ 3 

d < 2"-ta+1 — 3 so that voa € U(d). 

2. Let |7] <l4<m—2, If d = 2'e*+! — 3, then 2'4+* — 5 = (n — vo,a)o belongs to U,cacl(s), 
and s0 vo,g does not belong to U(d). 
If d = 2'4+! — 1, then both (n — vo,a)o and (n — uo,d)o belong to U,<acl(s), so that neither 
Vo,d NOT Uo,g belong to U(d). 

3. Let l4 = m — 2 (ie. t4 = 2). 
We already quoted that 2”-! — 3 is not the smallest element of its cyclotomic coset. 

For m > 4, it is easy to see that do is given by the following forms, depending on the parity 
of m : 

For even m, do = (01...101...1) 

p-1  M-1 

For odd m, do = (01...101...1) 
m-3 m=l m=i_, 

2 

We shall treat the case m odd first. We want to show that the intervals [0, 2], and [277* , 275* + 
2] are included in the defining-set U(d) of DEB(d), whenever d < do. For if d < dp, then 
DEB(d) C DEB(do) or equivalently U(d) D U(do), it suffices to show these inclusions for 

= do. 

First, [0, 2] is obviously included in U(do), and also 973". Now why does 277* +1 belong to 
U(do)? 
As do @ Us<a cl(s), we have cl(n — do) C U(do). But 

n — d = (10...010..0) 
m=l 

so that 2#* + 1 belongs to cl(n — do) and we are done. 

Now 273" + 2 = 4(n — d) so 277* + 2 € U(do). 
We conclude by applying lemma 1 (with d = 3, z = 2£2fl), and argue in the same way as in 
the proof of th.4. 
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For the case m even, we shall show that the intervals [0,2] and [27,27 + 2] belong to U(d) 
as soon as d < do. 

Recall that do = (01...101...1). We can easily see that the largest designed distance 
m_1 M-l 

strictly less than do is 

6=d—-27" = 01...1) (o1.…1 
p 

æ-2 ME
 

As before, it is sufficient to show the inclusions for d = 6. Clearly, [0,2] and 27 belong to 

U(6). 
As & @ Us<scl(s), we have cl(n — 6) C U(6). But 

(n — 6)e = (0...010...01)=27-! +1 
= 2 m 

so that 27 +2 € cl(n — 6) C U(6). 

Finally, 

n — (27 +1) = 2(01...101...1) = 2do 
m_)  9-1 

As do > & and dp is the smallest element of its coset, we have that cl(do) & Us<sel(s). Then 
it follows that 27 + 1 € U(6). 

Note that in the case where d > dp if m is odd (that is, in fact, d = 2”-! — 1), or in the case 

d > dp for even m (ie. d = do or d = 2”-! —1), we can only conclude that dmin(DEB(d)) > 4. 

4. If 14 < |5], then ( +1 < |5|,so d< 2(71+1. We can then apply the Carlitz-Uchiyama 
bound. O 

Remark : 
If m is even and d = 27 + 1, then the bound given by (3) is better than the Carlitz- 
Uchiyama bound. Indeed, the C.U. bound in this case gives dmi DEB(d) > 2%, and (3) 

gives dmin DE B(d) > 27+! — 27-", 

The following table gives the divisibility of all duals of extended BCH codes of designed 
distance d, of lengths 64, 128, 256. It also gives the lower bound on their minimum distance 
given by corollary 2. The star following some d’s means that the corresponding codes are 
C codes. 
Length 64 

24 

16 

12 

[4 — diviibiiy [Tower bound 
32 32 

4 

4 

2 

2 

2 

2 
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Length 128 

19°, 21, 23, 27 
29, 31 

43°,47,55 

Length 256 

17*,19,21, 23, 25, 27 
29,31 

3T*,39, 43, 45, 47, 51, 53, 55, 59 
61,63 

85*,87,91,95,111 
119,127 

128 

8 
8 
4 

4 
4 

4 

2 

2 
2 

2 
2 
2 

Remark : The class of C codes gives the exact divisibility of some affine-invariant codes. 

We saw that if C C C C CC-), then C has exactly the same divisibility as C, that is 
2fmEr1-!, which is also the d1v1sxb1hty of RM(m — t). If we look at the situation of C among 
the RM codes we can only conclude that C has at least the divisibility of RM(m — t). 

5 The C“ codes as ideals of the modular algebra A 

Recall that A is the modular group algebra F2[{F2m, +}]. By theorem 1, an affine invariant 
code is an extended cyclic code which is an ideal of À. 
If P denotes the ideal of À consisting of elements x = L'yeFzm LyX? such that LgeFom T9 = 0, 
the product ideal P? is the Reed Muller code of order m — j. The sequence (P?);, is a de- 

creasing sequence of ideals of À. 

Definition 4 Let U be an ideal of À. 
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1. The depth of x is the integer j such that : x € P* and x @ P***. In the same way, 
the depth of U is the integer j such that : U C P* andU Z P**", 

2 x = {11,...,Xx}, Ti € À, is a generating system (GS) of U fU = T A+...+ T4 À. 
x is a minimal generating system (MGS) of U, if the cardinality of every GS of U às 
greater than or equal to k. k is then called the size of U. 

3. U is a constant depth type ideal (CDT), if every MGS of U consists of elements of the 
same depth. 

Theorem 8 Vt € [2,m — 1), C( is CDT, and its size is m. 

So C*) can be expressed as a sum of principal ideals of À, in the following way : 

CO s1 A+...+ImA, ; € C( \ p'H, 

For example, x; can be chosen to be the extension of the word Z'-!g:(Z), where ge(Z) is the 
generator polynomial of the punctured C“ code. 

Theorem 8 is easily derived from the following result, due to P. Charpin [Ch.1] : 

Theorem 9 Let U be an affine-invariant code. Let ; be the depth of U, and F, its border. 

Then : 

U is CDT © (f €EF=u(f)= j) 

6 INumerical results 

The following table sums up the parameters of the C*) codes for several lengths. In the first 

column, we have the bound given by th.4. In the second one, we have the Carlitz-Uchiyama 

bound, which is negative for the first values of t. The divisibility of C is that of theorem 

6. Its depth is defined in def. 4. For the dimension of C( see prop. 2. best low.b. is the 
best lower bound on the minimum distance of C. For t < |], it is the one of theorem 
4; for t > [F], when m is odd, and t > F when m is even, the Carlitz-Uchiyama bound 

is better (For m even and t = , the Carlitz-Uchiyama bound is the extended BCH bound, 

that is 27, and by th. 4, we have the better estimate 27+! — 27-!). 

The asterisque means that low.b. is the true minimum distance. 

Let us precise several things for m = 6 : 

C) js one of the codes listed by Chen in [Pe.Wel. 
The authors of [Ch.Au.Se2] proved that there was no word of weight strictly less than 14 in 
the dual of the BCH code of designed distance 9, and they found by the Newton’s identities 
that there was a codeword of weight 14 that was an idempotent of the code. So the minimum 

weight of C is exactly 14 (see the first remark following th. 7). 
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Length 2°. 

ME BoFthA | OU b. | divisibility | depth | m | best low b 
2 2 |-46 | - 8 
3 12 8 2 3 25 14* 

4 24 4 4 13 24 x 

5 32 5 7 32x 

Length 2’. 

DIS OENQUNE EN ENEENTES 
2 

3 l2 3 57 12 

4 24 30.06 4 29 32 

5 52 69 5 15 56x 

6 64 6 

Length 2°. 

Length 2°. 

Length 2!°. 

BFh 'OU B. sy | deph m bs To . 
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Appendix 
We give here another proof of theorem 4. More precisely, we show that, for 2 < t < 
m—2, dminC‘) > 2*; And, by the theorem of Kasami (th.5), we conclude in the same way. 

We first need a lemma. 

lemma 2 Lett, 2<t<m-—2, andi = 2 — 1. 

Denote by J, the set J, = {2* — 2, O <1 <t}. Let 1 <r <. Then : 
1- Ifr € Je, r +i € D; and w(r +à0) = t. 

2-Ifr & Je, w(r +äo) < t. 

t 

Proof . 1- We have: ào = (0...01...1). r is of the form r = 2* — 2',0<i<t. 
o+r=2_142-2=(0...01..101...1). And0<t-i<tif0<i<t Sor+io 

t-s $ 

has not t consecutive ones and is of weight t. 

2- 1fr @ J, r < èo, we can easily see that there is at least two zeroes in the rightmost t digits 
of r +ào, and in the remaining m — t digits, there is at most one one. = 

Let 2 <t<m-—2. We denote by C*, the punctured C) code, and we suppose that there 
exists x € C*, such that w(x) = 2* — 1. Let 0,(Z) = 2?;3‘ o;Z', 09 = 1, be the locator 
polynomial of x. 

As C) C RM(m — t), « € RM(m — t)*. Thus (see [Ka,Li,Pe 1]): 

0;=0Vj dN ={*-2,0<1i<t} 

And so o,(Z)is of the form : 

o,(Z)= Ë On _n Z* -? 
1=0 

As in lemma 2, we denote by à = 2* — 1. If A; = z(a'), where à is a primitive element of 

Fzn, the 0;'s and the A;’s are related by the Newton’s identities : 

Vr, Aigtr + S. Aio+r-kO1 = 0 
k=1 

According to lemma 2, if 1 < r < io et r @ Je, Aig+r = 1(a%*t") = 0 because r +ào € D, 

(w(r + i0) < t). The Newton’s equations then give ([Ch,Au,Se1]) : 

reJth=co-= éËÎ—', 
%o 

But ifr € J, with 1 < r < io, then 30 + r € Dz. So the only nonzero coefficients of 0,(Z) 

are o9 = | et 0i,, so that : 

0',(Z) = 02!_]Z2 " +1l 

We prove that the word x cannot be a word of C*, by showing that the aforementioned 

polynomial cannot be the locator polynomial of à word of C(*, 
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Let À = Oi,- À is a nonzero element of Fam because À is the to-th elementary symmetric 

function of the a's, that is À = a! ...a'-1, where i1,...,171_1 are the positions of the 

nonzero coordinates of x. 

By the change of variable Y = Z-! and multiplying by Y?‘-!, we can bring the polynomial 
07(Z) to the following form : 

0,(2)= Z" 42 

The zeroes of the locator polynomial are the elements a"7%, where the :;'s have been previ- 

ously defined. So 0,(Z) must divide z°"-! + 1 in Fzm[Z]. 

lemma 3 (The proof is deferred until the end of the appendiz). 

2* 44127* 41 & t|m and 3j, À = a@-; 

So, if t fm, then 0,(Z) cannot be the locator polynomial of a word of C* of weight 2* — 1. 
Let us examine the case t | m. 
t|m & 2* — 12" — 1. Let s be defined by 2* — 1 = (2°* — 1)s = #os, and suppose À is of the 
form a’;, 1 < ; < s. Then the zeroes of 0,(Z) = Z'° + À are : 

À‘% <a>= {aj,aj+‘, .… ’aj+o(io—l)}. 

The codeword x is therefore 

x = X"3 +4 X"—(ite) +...+ X"-—(i+s(io—1)) 

where n = 2” — 1. 

x = R(X-"), where R(X) is the following polynomial : 

R(X) = Xi 4 Xite 4 ,, 4 Xite6o-1) S Xj(l +X+... +X.(io-1)) 

On the other hand, we have : 

XIT-1 41 = (X* 4 1)(X5V07D 4X* 41) 

So the zeroes of R(X) are 0 with multiplicity j and a', ! € [1, n[\{io, 2to, , (s — 1)io} The 
zeroes of x are then : 

{0} U {a', l'E [1,n[\{n — to,n — 2éo, ,n — (s — 1)éo} } 

We have the easily checked set equality : 

{to, 2èo,. , (s — 1)éo} = {n — to,n — 2io,...,n — (s — 1)to }, 

so that x(a') # 0 for ! € {io, 2io, 3io, … , (3 — 1)i0}. But : 

Sio = 3(2* — 1) = (0...0101...101) 
t-2 
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3io € D: \ {0} because it has not t consecutive ones. Therefore, we cannot have simultane- 

ously x € C* and x(0°*) # 0. 

Finally, whenever t |m or not, 07(Z) cannot be the locator polynomial of à word of weight 

2t — 1 in CO*. So the minimum weight of C(* is strictly greater than 2* — 1, and the one 
of C) strictly greater than 2*. 

Proof oflemma 3 : … 

Suppose t | m, À = a"°*, 0 = 2* — 1 and 2” — 1 = ios. 
A = (a7i)io = (a"-3), so the order of À7* divide s. We have : 

274415 (Z64A)O(OT Z0 44 0Z 41) 

Indeed, ; ; 
1—(A71Z#%)5 _ 1—Z* 

1—X\-1Zi — 1—X-1Zi 

and the result follows by multiplying the last equality by À7*, recalling the fact that —1 = +1 

in F2. 

Suppose Z?—1 4 \|227-1 41 in Fzm[Z). 

Let f(Z) = Z?-! + \. The zeroes of f are therefore among < œ >, where à is a primitive 

element of F2m, and < a > denotes the cyclic group generated by a. Let a’ be a zero of 

f- f(a') = 0 ie a(*-1; 4 \ = 0, so À = a(?-!} in Fam. It remains to show that t | m, or 
equivalently that 2* — 1/2” — 1. 
We have : 

(AT1Z0)8T1 44 XT Z É 41 = 

Z* = \ mod f(2) 

and 2* — 1 is the smallest integer r such that Z" = a mod f(Z), where a € F3m. Then 
([Ni,Li], lemma 3.17,p.89) : 

ord(f) = (2 — 1)h, 
where h is the order of À in F3m- 

kh = ord(\) = —, with d' = (j(2* — 1),2” — 1). So , 

2" —1l 
dl 

Let d = (2* — 1,2” — 1). Then d' = (j,d), if j # 1, and d' = d otherwise. So d'|d. As 

d|2* — 1, we have d'|2* — 1. But as f divides Z””—! 4 1, ord( f) | 2" — 1 ([Ni,Li], lemma 3.6, 
p.85). Therefore 

ord(f(Z)) = (2* — 1) 

d'=2‘—1, andsod=2‘—1 iet|m. 
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