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Abstract

Solutions of scalar nonlinear conservation laws are calculated by using discontinuous finite
elements in one or in several dimensions. The standard first order finite difference scheme is
obtained with piecewise constant approximations, while higher degree piecewise polynomial
approximations give more accurate schemes. At discontinuities of the approximate solu-
tion, numerical fluxes are calculated by one-dimensional approximate Riemann solvers. The
method is stabilized with truely multidimensional slope limiters. Special attention is given
to piecewise linear approximation which is shown to be total variation diminishing and con-
vergent. In two dimensions numerical experiments are presented on structural as well as on
unstructured meshes.

Keywords : conservation laws, nonlinear equations, finite elements, finite volumes.

Une Méthode d’Eléments Finis Discontinus pour les Lois de
Conservation Scalaires Non Linéaires

Résumé

Les solutions des lois de conservation scalaires non linéaires sont calculées a I’aide d’éléments
finis discontinus en dimension un ou supérieure a un. Le schéma standard aux différences
finis d’ordre un est obtenu avec une approximation constante par morceaux, tandis que des
approximations polynomiales de degré plus élevé fournissent des schémas plus précis. Aux
points de discontinuité de la solution approchée, les flux numériques sont calculés par des
solveurs de Riemann unidimensionnels. La méthode est stabilisée avec des limiteurs de pente
multidimensionnels. Une attention particuliére est accordée au cas de I’approximation linéaire
dont on montre en dimension un qu’elle est a variation totale diminuante et convergente. En
dimension 2 des résultats numériques sont présentés pour des maillages structurés et non
structurés.

Mots clés : Lois de conservation, équations hyperboliques non linéaires, éléments finis,
volumes finis.



1 Introduction

Several finite element approaches have already been used to calculate solutions of hyperbolic
equations with high resolution : a conforming approach using control volumes associated
to the vertices of the mesh (23], the streamline diffusion Petrov-Galerkin method [14],[15],
and characteristics Galerkin methods [10],[20],[2]. The method described below belongs to a
different class, that of cell-centered finite volume methods.

In this paper, we construct accurate Godunov methods for scalar conservation laws in
several dimensions by using discontinuous finite elements. We obtain a method which is
truely mvltidimensional and can be used on unstructured meshes as well as on rectangular
meshes.

The origine of discontinuous finite element methods can be traced back to the nuclear
engineering litterature [21] where they have been used to solve linear first order hyperbolic
equations. Still in the linear case, discontinuous finite elements have been analyzed in [19] and
this analysis has been improved later in [16],[22]. The method was extended to solve nonlinear
scalar conservation laws arising in reservoir simulation, first without slope limitation [7],[4]
and then with a multidimensional slope limiter [3],[6],[5]. Another version of the discontinuous
finite element method with a different time- stepping and a different slope limiter has been
developped and analyzed in [8].

On one hand, one advantage of discontinuous finite element methods is that they can be
easily interpreted as cell-centered finite volume methods, methods which are very popular in
many areas of physics and enginneering. On the other hand, higher order Godunov finite
difference schemes are now generally constructed through a discontinuous piecewise polyno-
mial representation of the solution, linear in the MUSCL scheme [25], parabolic in the PPM
method [9]. Therefore it seems natural to try to interpret these methods in terms of finite
element methods.

In our method, the solution is approximated by discontinuous piecewise linear or bilinear
polynomials. Numerical fluxes are calculated on the edges at integration points through one-
dimensional Riemann solvers. To prevent spurious oscillations, we extend Van Leer’s slope
limiter [24] to the multidimensional case. Though the numerical scheme is presented in one
and two dimensions its extension to three dimensions is straightforward. The method was
also extended to the case of systems of conservation laws [17].

A finite volume method in two dimensions on rectangular meshes using discontinuous
bilinears and a similar slope limiter can be found in [1], but the values inside the cells are
calculated by tracing back the characteristics instead of using a variational formula.

The equation to solve is

(1.1) %+divf(u)=0,:c€R",

(1.2) u(z,0) = uo(z),z € R",

given f:[0,1] — R™ and ug : R* — [0, 1]. In the following section we consider one-dimensional
semi-discretization in space while in section 3, still in one dimension, equation (1.1) is dis-
cretized in time and space. In the last section we describe the two-dimensional method and
present numerical experiments.
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2 One-dimensional semi-discretization in space

2.1 Discontinuous finite elements

Let us denote by e < Ti-1/2 < Tiy1/2 < ... and by I\’(Z) = ] Ti—1/2>Ti+1/2 [ ) 1 € Z the
points and the intervals of the discretization of R. The measure of the intervals is A and we
introduce the approximation space

Vk = (v k@€ P*(ziz1y2:Tis1/2)}

!
where P*(z;_, /2 Ti+1/2) denotes the set of polynomials of degree k defined on the interval
(zi—1/2Tit1/2). Note that functions of V¥ are in general discontinuous at the points of
discretization so that we denote by ”iﬁl/2 and vﬁl/.l respectively the lefthand and righthand

limits of a function in V*. Also we shall need in the following the averages of a function v
over the discretization intervals that we denote by

1

= — v dl’, 1€ Z.
h Jk )

v;

The approximation equation is obtained by multiplying equation (1.1) by test functions

in V¥, by integrating over the intervals and by integrating by parts the term containing the

derivative with respect to space. Thus the approximate problem consists of seeking u;, € V¥
solution of

Oup(t) dv
) Ot vdz ~ /I((i) f(uh(t))d:c dz+

Fi+l/2(uh(t))viL+l/2 - R-l/'z("h(t))”ﬁl/z =0, forveV* iez, t>0.

(2.1)

The numbers Fj y/5(un(t)),i € Z are called numerical fluxes since they approximate the
boundary terms resulting from the integration by parts, i.e. the fluxes of f across the ex-
tremities of the interval of discretization. Therefore to preserve mass balance, they have to
be uniquely defined at these points despite of the discontinuity of uj. The next paragraph is
devoted to their calculation.

Remark 1 Note that for k = 0 scheme (2.1) reduces to the finite difference scheme :

du; + Fipi2 - Fioape

7 5 =0, €Z, t>0,

and that, for k > 0, when taking for v in (2.1) the characteristic functions of the intervals,
we obtain the conservation equations

(2.2) / Oup dz + Fivr2= Fici2
K



2.2 Numerical flux

The numerical flux Fiy,/5(t) should be calculated by solving a generalized Riemann problem
at point z;y;/2 with initial data un(t). However, due to its complexity, such a problem is
solved only approximately by replacing it by a standard Riemann problem with initial data
uf’+1/2(t) for z < 2,149, uﬁl/z(t) for 2 > z;41/2. Godunov ({12}), Engquist and Osher ([11])

among others have given formulas for F;,y/2(t) as a function of u‘.L+1/2(t) and uﬁllg(t) :

(2.3) Fi172(un(t)) = F(uf+1/2(t)a uﬁ-l/2(t))'

For Godunov numerical flux the function F'is

wnel[i&v]f(w) if u<w,
w“e’ﬁ’fu]f(w) if u>w,

F(u,v) =

and for Engquist-Osher’s it is
u
Fu,) = [f+ f@)+ [ 1 f(w)] dul/2
v
In these formulas, the numerical flux function F has the following properties :

(2.4) F is increasing (resp. decreasing) with respect to its first (resp. second argument),
(2.5) F is consistent, i.e. F(v,v) = f(v),
() O (Flunv) = Fluz0))/(m-ug) < E S ) du; /(w1 = ua),

02> (F(u,v1) = F(u,v2))/(v1 = v2) 2 ([u7 (f'(w))™ du) /(01 — v2),

Inequalities (2.6) implies that F is Lipschitz continuous with respect to each argument.

If the function f is increasing (resp. decreasing) in the interval (uf’+l/2(t), uﬁllz(t)), then
Fipay2 = f(ufyy)5(t)) (resp. = f(ufl,,,(2))). In other words the numerical flux is calculated
with the upstream value of u;, and the scheme is said to be upstream weighted.

In the linear case f(u) = wu, the space discretization reduces to the one analyzed by
Lesaint-Raviart ([19]). They have shown that the L? approximation error is of order h**! for
smooth enough functions.

2.3 Slope limiter

For k¥ > 1 scheme (2.1) do not have good stability properties and the calculated solution
oscillates. To stabilize them, we extend to the discontinuous finite element method the notion
of slope limiters already introduced by Van Leer ([24]) for finite difference schemes. We
introduce a slope limitation operator L which associates to each function u, € V* a function
L(uy) = wy, € V* satisfying

(2.7) ( /K o 4V = i) = ),



in order to preserve mass balance, and

(2.8) (1 = @)ui(t) + amin(ui1 (), ui(t)) < wfk, (1) <
< (1 - a)ui(t) + amax(u;—1(t), ui(t)),

(2.9) (1 = e)ui(t) + amin(ui(t), uiga (1)) < why (1) <
< (1 - a)ui(t) + a max(ui(t), uie1(t)),

(2.10) 0<a<l,

(2.11)  wi(z) = u,; for z € K(3) if u; > max(ui—q, ui+1) or ¥; < min(ui—1, Uit+1),

in order to limit the slope.

Note that wx(t) is not uniquely defined by (2.7) (2.8) (2.9) (2.10) (2.11). To define it
uniquely, one can also impose for instance that wy(t) be as close as possible to ux(t) with
respect to the L? norm.

Then the slope limited version of scheme (2.1) can be written as

e[ duy, da [ Ln(0)g dot
F,~+1 ,2(Luh(t)))v,.+1 2= Fimapp(L(un(t))ol 1, =0, forve VX, i€ Z, 1> 0.

The parameter a controls the slope limitations and the corresponding added numerical
diffusion. In the case of a piecewise linear approximation (k = 1), when a = 0 the slope
limited solution is piecewise constant so it is the strongest slope limitation possible ; then
we are taken back to a first order finite difference scheme and the added numerical diffusion
is maximum. On the other hand, the larger « is the looser is the slope limitation and the
smaller is the added numerical diffusion. However, as we will see below, a < 1 is necessary
for the method to be total variation diminishing.

2.4 Total variation

Theorem 2.1 Assume that the numerical fluz function ts monotone (i.e. (2.4) holds). Then
the solution up calculated by equation (2.12) is such that its averages over the discretization
intervals are total variation diminishing, i.e.

Do luits) —wica () 1) wi(t2) — wica(t2) |, 1 222 > 0.

i€l 1 4

Proof :

Taking for v in (2.12) the characteristic functions of the intervals of discretization, using
(2.7) and denoting wj, = L(up), we obtain

du,/dt + (R.f.l/g(wh) bd F}_I/Q(Wh))/h = 0, i€ Z, t> 0,

that we write in the incremental form



du;/dt = dy(i)(ui41 — wi)+ d_q(2)(ui — Ui—1)
where ) L R L R
dy (i) = (1/R)[F(wiyy 0 iy ) = F(0iy 0 w3y o))/ (i1 — wi),
d_1(7) = (l/h)[F(w.'L_Uz’ wﬁ]/z) - F(w,'L+1/2’wﬁ.1/2)]/(ui = %i_1).
Using the continuous time version of Harten’s lemma ([13]), it is sufficient to show that

di(¢) > 0 and d_(i) < 0 for i € Z. Slope limiting relations (2.8),(2.9), (2.11) imply that we
may define two real numbers aﬁ 1 /2’0{:H /2 such that

w,i_l/z =u; + aa§1/2(ui’1 -w), 0< Ut'f-l/? < 1
(213) w‘+1/2 = u; + aai+1/2(ui+1 - ’U,’), 0< U,’+1/2 <1,
012 = crt.l_‘H/2 = 0 if u; > max(u;—1, ui4+1) or u; < min(vi—1, Ui+1)-

Now d;(7) and d_,(7) can be written as

L R L R \1rwR  _ R 1
F(wi+1/2’wi+1/2) - F(wi+1/2’wi-1/2) Wit172 ~ Wicyy2
R _ R N
Witr2 ~ Wicay2 [ Uit T U

di(3) = (1/R) |-

-_ F(wiL+1/2’w£1/2) - F(w{il/z’wﬁln). [

d_1(i) = (1/h)

L _ L 7
Wit1/2 ~ Wityy2
Uy — Uj—1

T T
Wit1/2 ~ Wicay2
Hence :

L R
_F(wxﬁl/z’wﬁl/z) — Fwiy/2Wis1y2)

d1(?) = (1/h) [ wF . — wR ] [1 - a"ﬁl/z + a"ﬁl/z
i+1/2 i—1/2

u; — ui—l]
b
Ui+l — Uy

L R
_F(wiL+1/2’ wﬁl/?) - F(wi—l/2’ wi—l/?)

Uil — ui]
U — Ui

d-1(i) = (1/h) [ ] [1 - 0ol p a0l

L L
Wit172 ~ %it1y2
Let us consider dy(7). The term in the first brackets in the right-hand side is positive
since F is a monotone numerical flux function. For the term in the second brackets, we have
0< aofil/z < 1 and, because of (2.13), we obtain
Ui — Ui { =0 if u; > max(u;—1,ui+1) or ¥; < min(ui—1, ui+1),

R
Qa0;_1/2 > 0 otherwise.

Ui41 Uy

Therefore dy(i) > 0 and a similar argument holds to prove that d_,(i) < 0.

3 Piecewise linears in space and explicit time discretization

3.1 Formulation of the scheme

Denote by 0 =ty < t; <... < ty...,n € N with At, = t,4; — t,, a time discretization.
First we discretize in time using forward differencing. This gives a scheme which is first order
in time. Considering space discretization, as mentionned in (1) we obtain for k£ = 0 the stan-
dard first order finite difference scheme. Using the finite element formulation, the natural way
to obtain higher order in space is to increase the degree of the approximation polynomials,
say k = 1. Then we calculate u}*' € V! from u} € V! in two steps :



Step 1 : finite element calculation predicting up at n 41
Given u} € V! calculate u} € V! satisfying

6y [ Bhvd- [ fane)g dot

F~+1/20i+1/2-—ﬂ_1/2v,~_1/2—0, forveV!l, ieZ, neN.

K(3)
Step 2 : slope limitation

From uj we calculate u}"‘“ as close as possible to u} with respect to the L? norm and
satisfying the discrete analogue to (2.7) (2.8) (2.9) (2.10) (2.11) :

L] 1 Ev 1 =
(3-2) (u.+';72 ,'..rlr/*.z )/2 = u:H-l = Ug,
(3.3) (1 - @)uf + amin(u}_y,u}) < ulo e < (1- @)y + amax(ui_y, ),
(3.4) (1 - e)u + amin(uf,uj,) < uf’_ﬁ}'zl < (1 - o)u] + aomax(uf,uly,),
(3.5) 0<a<l,
L, 1 R, 1 L - - = - . - =
(3.6) ui+’;72 = “i-;l/+2 = u] if uf > max(uj_y,ujyq) or uf < min(ui_y,uiy).

Step 1 amounts to solving a series of linear systems of dimension 2 and step 2 to solving
a series of minimization problems of dimension 2.

Since uy is slope limited, we may define ”ﬁl/z’”iLﬂ/z such that
uf_llz_u,-f-aa' 1/2(u,_ - u;), O<a 1/2<1
(3.7) uf’+1/2 = u, + aa'+1/2(u,+1 -u;), 0<ok G125 L

R
off 1/ =0k = 0if wi > max(ui—1, wis1) of 4; < min(uioq, uip1).

(3.8) ‘7;}31/2(“1'—1 —-u)+ ‘7;'[11/2("#1 - u) = 0.
This last equality is just a rewritting of (3.2) using (3.7).

3.2 Total variation

In this section, we prove the following theorem.

Theorem 3.1 Assume that the numerical fluz function satisfies (2.4), (2.6). Then the solu-
tion uy calculated by equation (3.1) associated with a slope limiter satisfying (3.2) (3.3) (3.4)
(3.5) (3.6) is such that that its averages over the discretization intervals are total variation

diminishing, i.e.
Dol = <Y uf - uly |, neEN,
i€Z el

provided that the following stability condition is satisfied :

(3.9) sup | f' | (At/h) < max(1/(1+ 2a),1/2).



Proof :
Taking for v in (3.1) the characteristic functions of the intervals of discretization and using
(3.2), we obtain
wttl —yn  F7

4 - Fn
(3.10) o+ ‘+1/2h 12 _9, ieZ, neN,

that we write in the incremental form

(3.11) ul*! = of + a7 () (ufyy — uf) + 2 (1)(uf — ui,y)
where d;(7) and d_,(¢) are now defined by :
di(i) = (At/h)[F(ufH/z,,uf%_]/z) - F(u?+l/2’uﬁl/2)]/(ui+1 - u;),
d_y (i) = (At/h)[F(“{il/z,’ “{2—1/2) - F(utL+l/2’ “ﬁl/z)]/(ui - Ui-1).
Following Harten’lemma ([13]), the scheme is TVD if :
(3.12) d_1(3) £ 0 < di(7),

(3.13) 14+d_1(5) - di(i —1)> 0.

A similar argument to that used in the proof of theorem 2.1 shows that (3.12) is satisfied,
and we are left to interpret (3.13) as a stability condition. We have :

CILRPY

di(i - 1) —d-1(2) = i—1/2s ‘—3/2) + F(“¢+1/2, i 1/2) - QF(“, —1/22 U= 1/2)]

Using (2.6) we may write
di(i—1)—d_1(7) £
P [ Lo 7o+ [+ [T o+ [ ""“”(f')*] .
1 1—1 Uj—1 uy w2 uy

On one hand, the third and the fourth term of the sum in the righthand side are negative
and therefore can be dropped when calculating an upper bound. By using the slope limiter,
the three remaining terms can be bounded to obtain

1-3/2

di(i = 1) = d_1(i) < (At/h)sup | f' | 1+ aoly )y + a0ty 5] < (At/h)sup | | (1 + 2a).

On the other hand, if we do not drop any term, we have :

i) =da) < (B[ [Py [ ]
’ =1 i-3/2 Y172
At/h
< Sup|f| ( t/) [; -1/2 ~ {2—3/2+u§'+1/2““5'-1/2]
< (aumysupl 2

This completes the proof of theorem 3.1.



Remark 2 When the function f is monotone, the stability condition can be improved. As-
suming for instance that f is increasing, i.e. f' > 0, then we can write :

dy(i—1)-d_y(i) < #A_t%[/:‘ |f’|+/ (f')++Lu‘*”2(f’)+]

ul—l/2

< (At/h)sup | f' | [1+ eof; /5] < (At/h)sup | f'| (1 + a).

A

U1
L

Therefore, in the case of monotone functions, stability condition (3.9) can be replaced by
sup | f'| (At/h) < 1/(1 + a).

3.3 L*>-stability

Now we prove the following result concerning L*°-stability :

Theorem 3.2 Assume that the numerical flur function satisfies (2.4),(2.5), (2.6). Then the
solution uy, calculated by equation (8.1) associated with a slope limiter satisfying (3.2), (3.3),
(3.4), (3.5), (3.6), is L*°-stable provided that the following stability condition is satisfied :

(3.14) sup | f'] (At/h) < 1/(1 + ).

Proof
We use the incremental form (3.11) of the scheme and we suppose first that u lies between
ul_y and uly, ¢ '
ul = 0ul | +(1-0hul,, 0<6<1.
Therefore we can write

n+1

U,

= My + Aul,
with
A = 0dy() + (1= 0)(1 +d2,(3), Az = (1 - 6)(—dZ,(3)) + 6(1 — di(3)).

Obviously we have A; + A; = 1. Moreover one can easily check that, from (2.6),(3.2),(3.3),
(3.4),(3.5) and the stability condition (3.14) we have

0<di(i)<sup|f |(At/h)(1+a) <1, 0< —dy(i)<sup|f'|(At/h)(1+a)<1,

and consequently 0 < A\; €1, 0 € A; < 1. Therefore u}‘“ lies between w7, and u} ;.



In the case where u! is a maximum or a minimum, say for instance u! greater than
ul, and u? ,, since dy(?) is positive and d_,(z) is negative, we obtain immediately from the
incremental form (3.11) of the scheme that

u?“ <l
On the other hand, by using (3.6) we have :
d1 (i) = (At/R)F(ui, ui) = Flui,ull ) ;5))/ (vig1 = ),
dor(i) = (AURYF (L 5, 05) = Fuiyu)l/ (i - wi1),
and it follows from (3.3),(3.4) that

di(f) < &} (i) = (At/h)[F(ui, wi) — F(ui, wip1))/ (i1 — ),
d_1(%) > d2, (i) = (At/R)[F(ui-1, wi) — F(ui, wi)]/(ui — wiz1).

Therefore, we can write :
uftt >l 4 d7(8)(wiy — uf) + 2 () (] - uly)

where d?(i) and d™ (i) are the coefficients of the incremental form of the first order scheme.
Since the latter is L*°-stable, we obtain :
1 .
uf ™ > min(ufy,, uiy).
When «? is a minimum, a similar argument gives :
u? < uft! < max(uly,ul ).

This terminates the proof of (3.2).

3.4 Convergence

To prove convergence to the entropy solution we shall use the same ideas as in ([27]). These
ideas can be put together in the following theorem whose proof can be found in ([27]) :

Theorem 3.3 Suppose that a scheme can be written in the following form :
where

(i) @' is obtained from u™ by using a monotone scheme which yields an approrimate se-

quence converging in L}, to the entropy satisfying solution of (1.1),

(ii) the higher order corrections satisfy | a1/ |< Ch® for some constant C independent of
h and some § €)0,1],

(iii) the scheme is TV D and L°-stable.

Then the scheme yields an approrimate sequence converging in L}oc to the entropy satis-
fying solution of (1.1).

In order to satisfy hypothesis (ii) to apply this theorem to our scheme it is necessary to
add to the slope limiter (3.2), (3.3), (3.4), (3.5), (3.6) the following condition on uy :

(3.16) | uf‘H/2 - uﬁ_l/2 |< ChS for some C independent of h and some § €0, 1[.

Condition (3.16) is not new and has already been used in [18], [27]. In practice it is usually
not implemented.
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Theorem 3.4 Assume that the numerical fluz function satisfies (2.4) (2.5) (2.6). Then
the solution uy calculated by scheme (3.1) associated with a slope limiter satisfying (3.2),
(3.3),(3.4),(3.5),(3.6) and (3.16) converges to the entropy satisfying solution of (1.1) provided
that the following stability condition is satisfied :

sup | f' | (At/h) < max(1/(1 + 2a),1/2).

Proof :

We apply (3.3). Hypothesis (iii) is satisfied from the stability condition and theorems 3.1
and 3.2. Taking for v in (3.1) the characteristic functions of the intervals of discretization
and using (3.2), the scheme can be written in the form (3.15) with

ul — (At/R)[F(uf, uly,) — F(ui_y,ui)),
a;‘+1/2 = (At/h)[F(ug-{-l/Q’ ;‘41'1‘/2) = F(uf,ulyy)]

Therefore hypothesis (i) is satisfied and concerning (ii) we have from (2.6), (3.16) and the
stability condition :

(At/h)[F(u,+1/2’ u,+1/2) F(uL n’ ua+l) + F(UL ns u:+1) F(‘u‘ ’ ux+l )]

uf |

ﬁ?+l

It

“F+1/2
C | “x+1/2 U I '*'CZ I “s+1/2

<
< (G1/2)] “:+1/2 x+3/2 | +(C2/2) | “z+1/2 Ui 1/2 |< CRe.

This terminates the proof of theorem 3.4.

3.5 Numerical experiments

In all one-dimensional experiments, we consider two examples. The first one is the shock
produced by the following data :

fu) = v?/(u? + 501 - w)?),
1 for z €0,

uo(z) =< .1/(z+.1) for z € [0, 1],
1/11 for z > 1,

and the second one is the rarefaction wave produced by :

f(’U.) = u(l - ’U,),
_J 1forz<1/2,
uo(z) = 1forz > 1/2.

In all following figures the space discretization step is shown on the z-axis.
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Since the proofs of theorems 3.1 and 3.2 rely only upon (3.10 and the slope limiter, there
are several possibilities to calculate the integrals in (3.1), as long as equation (3.10) holds.
Considering the integral with the derivative with respect to time, one can choose to calculate
it exactly or using the trapezoidal rule, and for the integral with the derivative with respect
to space, we tried trapezoidal, Simpson and mid-point rules. These choices are not at all
indifferent with respect to the quality of numerical results as shown on figures 3.1 and 3.2.
In these figures, we can see that the best results are obtained using the trapezoidal rule for
the integral containing the derivative with respect to time, and the mid-point rule for the
integral containing the derivative with respect to space.

At this point, in one dimension, the discontinuous finite element method is very similar
to a higher order in space finite difference method as invented by Van Leer [24]. The only
difference is that in the discontinuous finite element method, the slopes of the solution are
predicted by the first step of the scheme consisting in the finite element calculation (3.1) and
then modified by the slope limiter, while in the finite difference method the slopes are derived
directly from the slope limiter. Thus the finite element method is slightly more expensive in
one dimension, but as we shall see in section 4, it will extend in a truely multidimensional
scheme and also it will enable us to devise several implicit higher order methods [26].

In figures 3.3 and 3.4, we analyze the effect of the parameter a. In the calculations, the
choice of At is optimal with respect to the stability condition (3.9) for @ = 1. For the given
discretization, when a = 0 the method reduces to the first order finite difference scheme and
is diffusive, when o = 1 it is antidiffusive, and the best results for the shock are obtained
with a = 0.3 while for the rarefaction wave they are obtained with a = 0.5. This last value
of « is usually used though in case of a shock the corresponding scheme is still antidiffusive.
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Figure 3.1: Comparisons of different choices of integration formulas in equation (3.1)
when a = 1 and for a shock wave
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Figure 3.3: The effect of the slope limiting parameter a for a shock wave
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Figure 3.4: The effect of the slope limiting parameter a for a rarefaction wave

Tables (3.1) and (3.2) show some L! errors and their convergence rates é§ calculated as
follows :

§ = ln(el/e2)

(3.1%n =|| v — up, ||z2 withhy =h, ez =||u—up, || withhy = h/2, 2

These numbers have been obtained when using the best integration formulas, i.e. the trape-

zoidal rule in the integral with the derivative with respect to time and the midpoint rule in
the integral with the derivative with respect to space.
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We observe again that the errors obtained with the piecewise linear approximation are
significantly smaller than with piecewise constants. However the rates of convergence is not
improved, which can be easily explained by the fact that the scheme is only first order in
time. For the rarefaction wave it appears that the errors are not yet in the asymptotic range
for the given discretizations.

a=0 a=20.3 a=05
h At [ Nlu=upllpr | 6 | [lu—unl|p 6 | lu—un]ip 6
1/25 | 1/105 0.02612 0.01242 0.01698

1/50 | 1/210 0.0135¢ 0.947 0.00618 1.005 0.00867 0.970
1/100 | 1/420 0.0063y 1.084 0.00240 1.365 0.00436 0.989

Table 3.1:  L'-error and rate of convergence for a shock wave for three values of the
slope limiting parameter a (first order in time)

a=90 a=105
h At | Jlu—upllpn | 6 [ lu=— ]| 4
1720 | 1/40 | 0.02724 0.00518

1/40 | 1/80 0.01695 0.684 0.00467 0.149
1/80 | 1/160 0.01026 0.724 0.00370 0.335

Table 3.2: L!-error and rate of convergence for a rarefaction wave for two values of the
slope limiting parameter « (first order in time)

3.6 Second order time discretization

In this section, we present a second order in time version of the finite element scheme that
we described in the previous sections. This scheme is obtained through a Lax-Wendroff type
modification of the first order in time scheme in a similar manner to what is done for some
finite difference schemes. It contains an intermediate step in which the solution is calculated
at the time t,,,/;, by means of a local calculation. However to respect our framework, this
calculation is formulated in terms of finite elements so it can be extended to multidimensional
calculations on nonstructured meshes.

We now calculate n*? from u} in three steps :

Step 1 : Finite element calculation calculating up at t,41/2 = (tn + tn41)/2

n+1/2 eVt

Given u} € V! calculate uj, satisfying

n+1/2 n
uh -Uu

dv
—h____ "h - ny=2
(3.18) /K(i) I/2A¢, vdz /;((i) ‘f(uh)dx dz+

Lv R,ﬂ. .
f(u,.+'1‘/2)v,~1’+1/2 - f(‘u,._lﬂ)v,-ﬁ_l/2 =0, forveV?! i€l
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Step 2 : Finite element calculation predicting u; at t,41
Calculate u} € V! satisfying :

ut 1/2 dv
3.19 / Up—uy / upt d +
1/2 1/2 1% )
F,Tl/é v.'le/z - F"t/é le/2 =0, forveV!, ieZ

Step 3 : Slope limitation
From uj we calculate up*! as before, i.e. it is as close as possible to u}, with respect to the
L? normr and satisfying (3.2) (3.3) (3.4) (3.5) (3.6).

In figures 3.5 and 3.6 we show numerical experiments for the same data as in section 3.5.
In the two first steps of the scheme we used the trapezoidal rule for the integral with the
derivatives with respect to time and the mid-point rule for the integral with the derivatives
with respect to space. Again we chose an optimal time step with respect to the stability
condition (3.9) with a = 1. One can see that the second order in time scheme is less diffusive
than the first order one and the best results are now obtained for values of a close to 1.

Figure 3.5: The effect of the slope limiting parameter a for a shock wave
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Figure 3.6: The effect of the slope limiting parameter « for a rarefaction wave

Tables 3.3 and 3.4 give some L! errors and convergence rates to be compared with those
in tables 3.1 and 3.2. The convergence rate § is again calculated using formulas (3.17). Now
that the time stepping is second order in time we observe a significant improvement in the
errors and in the convergence rates, for the shock wave as well as for the rarefaction wave.

a=0.5 a=1
h At | Hlu—upllp 6 | lu=upllp é
1/25 | 1/105 0.00918 0.00614

1/50 | 1/210 | 0.00447 | 1.039 | 0.00274 | 1.164
1/100 | 1/420 | 0.00185 | 1.271| 0.00119 | 1.193

Table 3.3: L'-error and rate of convergence for a shock wave for two values of the slope
limiting parameter a (second order in time)

a=0.5 a=1
h At | llu—wunllpr | 6 Jllu—upllpa [ 6
1/20 | 1/40 0.00919 0.00733

1/20 | 1/80 | 0.00460 | 0.997 | 0.00372 | 0.979
1/80 | 1/160 0.00230 0.999 0.00190 0.967

Table 3.4: L!-error and rate of convergence for a rarefaction wave for two values of the
slope limiting parameter o (second order in time)
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4 Two-dimensional space approximation

4.1 Discontinuous finite elements

We consider a regular discretization of a domain 2 with triangles and quadrangles K € Ty of
diameter less than or equal to h and we define the approximation space

V= {v | v € P! (resp. Q' )if K is a triangle (resp. quadrangle), K € Th}.

The degrees of freedom of functions of V! are, element by element, their values at the
vertices (see figure 4.1). We denote them vy 4 with K € T, and A a vertex of K. Another

Figure 4.1: Degrees of freedom of functions of the approximation space V!

choice is possible in case of a structured mesh of rectangles : one can still take P! polynomials
(instead of Q') in the definition of V1. A convenient choice of the three degrees of freedom
is the average value of the function in the element and its slopes in the directions parallel to
the axes. Then a two-dimensional scheme is obtained by writing the one-dimensional scheme
in directions paralle]l to the axes. This is what is done usually in higher order finite difference
schemes but this is not what we can call a truely multidimensional scheme.

As in one dimension, given u € V! we calculate u;*! € V! in two steps : a finite element
calculation giving a predicted solution u} € V? followed by a slope limitation yielding u}*?.
The finite element calculation consists in solving the following equation :

"Z‘“Zd_/"n,"d/ = 1 g
(4.1) /K AL vdz Kf(uh) grad dz + aKF"v dy=0,forve VK € Ty,

where the numerical flux F™ defined on the edges of the mesh is calculated as follows.
First we notice that the integral over K is the sum of integrals over three or four edges.
Any integral over an edge E will be calculated by means of an integration formula

(4.2) / Frody~ Y BF*(P)u(P),
i=1,nps
where npi, (3;, F; denote respectively the number of integration points, the weights and the
points of the integration formula.
Then we note that the numerical flux F™ is an approximation on the edge E of the quantity
f- 7 where 7 is a unit normal to the edge E. Therefore it is legitimate to calculate F*(F;) by
solving the one-dimensional Riemann problem in the direction of 7, relative to the function
f(P:).7 and as initial data the two limit values u(P;)*, u(P;)~ of uy at the points P;. Thus
Fm(F;) is calculated by the same formulas as descnbed in sectxon 2.2 for the one-dimensional

case with u(P;)~, u(P)*, f.7 replacing respectively u|+1/2, l+1/2, f.
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In practice we need integration formulas to calculate (4.1). Extending to two dimensions
the conclusions of the one-dimensional experiments described in section 3.5, we are led to use
mass lumping for the integral with the derivative with respect to time and the mid-point rule
for the integral with the derivative with respect to space. For the integrals over the edges we
used the two-point Gauss formula in the calculations described below, but other experiments
have shown that using instead the mid-point rule does not alter significantly the numerical
results [17].

4.2 Slope limiter

We formulate now a multidimensional extension of the one-dimensional slope limit:r (3.2),
(3.3), (3.4), (3.5), (3.6). For any element K € T and any v € V! we introduce the following
notations :

nv(K) = number of vertices of K,
T(A)={K €Tn| Ais a vertex of K'},
nu(K)

b = W(II—(_) ; vk,a, = average of v over K,
Vk = (vK,A.')i=l.nv(K)$

nv(K)
Jk(Vk) = 5 Z (vk,a4 — ’“;{,A;)z
=1

Jr measures the distance between v and u}, inside the element K.

The slope limited function u;:“ must have the same cell averages as u} to preserve mass
balance and its degrees of freedom will satisfy inequalities similar to (3.3),(3.4), (3.5), (3.6).
This can be achieved in the following way. Given u; obtained from (4.1), we calculate for
any vertex A of the discretization the minimum and the maximum of the averages in the cells
surrounding A :

Umin(4) = KrenTir(lA)u;(, Umaz(A) = Krg%();) Uy

Then ut! is obtained by solving the series of minimization problems :

{ Find u}*! € V! such that

Ut € Pk NQk, ,Jx(URt!) = Vi min

€PR“QKJK(VK)’ for all K € Ty,

where Py and Qx are respectively the following hyperplane and hypercube in R**(¥) :

nv(K)
Pr={a R0 | 'Y o= nv(K)U;(} ,
=1
nv(K)
Qx = H (1 - a)uk + cumin(Ai), (1 — @)uk + CUmez(A4i)], 0 < a < 1.

=1

It is easy to check that each minimization problem in K has a unique solution which can
be calculated by dualizing the constraint Vx € Pk and solving the associated saddle point
problem ([6]) (see appendix).
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4.3 Numerical experiments

We first present two-dimensional calculations for a one-dimensional problem and we study
the mesh effects. The example that we consider is the same shock wave as that in section
(3.5) though the initial data is now uo = 0 for z > 0. We ran our calculation with five
different meshes. The two first ones are rectangular grids, one perpendicular and the other
one diagonal with respect to the propagation of the shock. Next we used two structured
triangular meshes and the last one is an unstructured triangular mesh. All the meshes have
been chosen in order to have roughly the same h. The corresponding numerical results are
shown in figures 4.2, 4.3, 4.4, 4.5, 4.6. In each figure, the mesh is shown as well as three
;ictures of the solution. The first picture represent the solution obtained with a standard
scheme first order in time and space. The last two pictures represent the same solution
calculated with our method (with the parameter a of the slope limiter set to .5), but the
last picture is a piecewise constant representation of this solution obtained by using only the
mean values over the elements. Of course the results look best in figure 4.2 since in this case
the two-dimensional calculation reduces actually to a one-dimensional calculation. In figures
4.5 and 4.6 one can notice in the second pictures small oscillations on the upper part of the
shock, in the direction perpendicular to the propagation of the shock. This shows that the
scheme is not anymore oscillation free as it was in one dimension. However in the last pictures
one can see that the mean values are oscillation free. Of course one can observe mesh effects
in the sense that the discontinuity line is perturbed by the elements when the edges are not
parallel to it. However in all cases there is a good representation of the shock.

For a two-dimensional example, we consider the problem of a two-phase incompressible
displacements in porous media. Water (subscript w) is injected at an injection well in order
to displace oil (subscript o) towards a production well. The equations governing the flow in
the domain are

(4.3) divi =0, zéeR?
(4.4) 7= —(Ao+ Au)gradp
(4.5) 8¢+ div(f(s)?) =0

where f = A,/(A, + Ay). Equation (4.3) expresses the incompressibility of the flow and
conservation of the total (oil + water) while equation (4.5) expresses the conservation of
water. Equation (4.4) is Darcy’s law. To equations (4.3) (4.4) (4.5), boundary condition or
point sources in case of wells are associated. We consider the case where A, = k(1 — s)?/p,,
Aw = ks®/u,, and the ratio p,/p., is now equal to 4 as in [1]. We studied again mesh effects
for this viscosity problem considering a diagonal grid (mesh 1 in fig. 4.2), a parallel grid
(mesh 2 in fig. 4.3) and an unstructured mesh (mesh 5 in fig. 4.6). We also considered a
refined version of these meshes by dividing each element into four elements. In figure 4.7 we
show results for all these meshes.
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mesh 2 1st order in space

2nd order in space
(pilecewise constant representation)

2nd order in space

Figure 4.3: A shock wave calculated with mesh 2
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mesh 3 1st order in space
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Figure 4.4: A shock wave calculated with mesh 3
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mesh 4 1st order in space
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Figure 4.5: A shock wave calculated with mesh 4
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mesh 5 1st order in space
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(piecewise constant representation)

Figure 4.6: A shock wave calculated with mesh 5

26



Coarse mesh
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Refined mesh

Unstructured mesh

Figure 4.7: Mesh effects on a quarter of five-spot simulation
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One can observe no mesh effect in the sense that the shock is always positioned at the
same place though in the case of unstructured mesh the discontinuity line is perturbed by
elements. The quality of these results is similar to those obtained in [1]. The method are
similar in that the slope limitation is the same though we solve completly the minimization
problems shown in the appendix whereas in [1] a suboptimal solution is obtained heuristically.
However the two methods differ through the flux calculation which is simpler in our method
and make it easy to extend to the three-dimensional case.

Conclusion

The discontinuous finite element method is associated to a slope limitation to construct an
accurate method for nonlinear hyperbolic conservation laws. For each time step the slope
limitation is introduced as a separate step performed after a finite element calculation. In
one-dimension, the method has been shown to be total variation diminishing and conver-
gent. However numerical experiments showed the importance of the choice of the integration
formulas.

In several dimensions, the slope limitation is truely multidimensional. The method has
been experimented on structured or unstructured meshes, trangular or quadrangular. We
studied the mesh effects. In all cases the method performs well.
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A Appendix

In this appendix we explain how to solve the minimization problem stated in section (4.2), by
dualizing the constraint Vi € Pk and solving the associated saddle point problem. Dualize
the constraint by introducing the Lagrangian in R™(K) x R :

ny(K)
(A.1) L(Vk,p) = Ik (Vk) = kl( Y vk,a,) — no(K)ag].

=1

Then the problem

(A.2)

Find URt! = (u}‘{fj‘);ﬂ,_._,nv(x) € Pxg N Qg such that
AR i Jr (V]
Jk(Ug™) =, Jin  Jr(Vk)

is equivalent to the saddle point problem

{ Find (UR*', M) € Qx x R such that

(A.3) LU, A) = max_min L(Vik,p).

HER Vi EQK

Therefore we first solve, for a given g € R, the minimization problem

Find V(p) € @k such that
(A4) L(V(p),p) = min L(Vi,u).
VkeEQK

Then we solve the maximization problem

Find A) € R such that
(A.5) L(V(A),A) = meigL(V(p),;t).
u

and URt! satisfies
Uptt = V().

Since Ug = (uk 4, )i=1,...nv(k) € Pk, the Lagrangian L defined in (A.1) can be rewritten
as
(A.6) L(Vk,w) = (12 || Vk = (U = pU) 1P =(*/2) | U |1?

where || || denotes the Eucledian norm in R™) and U is a vector such that U = (u; =
1)i=1,...nu(K)> Which is normal to Px. Expression (A.6) shows that V(u), the solution to
problem (A.4) is the projection of (U — pU) on the hypercube Qg, so that V() is simply
obtained by truncation of the components of (Uf, — uU).

Thus the function g — F(u) = L(V (), 1) is easy to calculate, and finding UE*! reduces to
solving the one-dimensional maximization problem (A.5). One can check that the derivatives

of F are
nu(K)

F'p)y= > V(u)k

=1
F(4) = —card [i € [0,1,...,n0(K)] | (uj 4, - #) € Qk,]

where Qk; = [(1 — a)u} + Qumin(Ai), (1 = @)u}; + @Umaz(4;)]. The slope limiting the sat-
uration reduces to maximizing, for each element of the mesh, a one dimensional concave
function which has piecewise constant second derivatives.
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