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Abstract
We analyze queueing networks with batch arrivals and batch service. Lyapounov functions

are used for obtaining necessary and sufficient conditions for ergodicity of such networks.

Résumé
Pour une classe de réseaux avec arrivéses et services simultanés, on obtient les conditions

nécessaires et suffisantes d'ergodicité.
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Abstract

We analyze queueing networks with batch arrivals and batch ser-
vice. Lyapounov functions are used for studying ergodicity. We also
give an ergodicity criterion for such networks. Exponentially fast con-
vergence to stationary equilibrium is proved.
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1 Introduction.

In this paper, we study ergodic properties of queueing networks with batch
arrival and batch service. In these networks simultaneous arrivals of jobs at
different nodes are allowed and service rates can depend on the queue size in
the nodes.

One of the main methods of studying ergodic properties is to find explicit
expressions for a stationary distribution, for example, in the product form.
But for many queueing networks it is impossible to obtain effective formulae
for equilibrium state probabilities. We consider exactly such case.

To study ergodicity we shall use Lyapounov functions. This method was
applied to queueing networks in papers [1, 2, 3, 4]. The Lyapounov function
method allows to get an ergodicity criterion. As in case of classical Jackson
network ergodicity conditions are expressed in terms of loads.

From existence of Lyapounov function it will follow important corollaries.

1. Time t transition probabilities of the Markov chain which represents
the network exponentially fast converge to the stationary probabilities
as t — oo.

2. If we consider a network which is a small perturbation of the initial net-
work then the stationary probabilities of the perturbed network depend
analytically on perturbing parameters.

2 Main Definitions and Results.

We consider a network in which batch simultaneous arrivals at different nodes
and batch servicing are allowed. Moreover, the service rate of a job can de-
pend on the queue size. Let N be the number of nodes in the network.
Assume that the service time of a batch of calls has an exponential distribu-
tion. Let

w2, n <z

be the service rate of a batch consisting of n jobs in the i-th node under the
condition that the queue size is z;. A number of jobs which can be served
simultaneously does not exseed s; < oo. The arrivals into the network are
assumed to be Poisson. More exactly, for any subset

A={i1,...,ik11Si]<i2<...<ikSN}g{1,...,N}
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let Aj (n4,,...,n;, ) be the rate of simultaneous arrivals of batches consisting
of n;,,...,n;, jobs in nodes 1;,...,1, respectively. Define the total rate of
the external flow in the :-th node by formula

/_\,'= Z Z ni/\,\(nil,...,n,-,...,n,*k), (1)

AHEA Ny

where the external sum is performed over all A = {i,...,1;} such that
1 <1 <13 <... <1 <N, including 7, the internal sum is performed over
all collections (n;,,...,n;,).

Transitions of jobs between the nodes in the network are controled by a
Markov chain with the state space {0,1,..., N}, and the matrix of transition
probabilities P = {p;;}. State 0 is interpreted as the outside and this state
is absorbing, i.e. pgo = 1. We shall consider two types of job transfer between
the nodes in the network.

1. After completing service of a batch in the i-th node all jobs of the batch
are independently routed among the nodes with probabilities p;;.

2. After completing service of a batch all jobs of the batch enter the j-th
node with the probability p;;.

We assume that there is at least one ¢ such that
pio=1— ZP:’;’ > 0, (2)
j

where p;o is the probability that a job departs from the network after com-
pleting service in the i-th node. We also assume that the service discipline
FIFO is used in all nodes.

The above network is represented by a continuous-time Markov chain £,
with the state space Zf. Let e; be the vector with the :-th coordinate equal
to 1 and the other coordinates equal to 0. We denote by e vector with zero
coordinates.

In case of the first type of job transfer between the nodes the transition
intensities A, from the state £ = (z,...,zn ) to the state y = (y1,...,yn )
are defined as follows:

/\xy‘-:/\,\(n,'l,...,n,'k),



if

im€A
and N
n!
ey = ™ (@)= [ (i)™,
Hﬁ’_-o n;! ,:‘E[) !
if
N
y— T = —ne + Y nje;,
j=0
where
N
an =n
=0

In case of the second type of job transfer between the nodes the transition
intensities A;, from the state x to the state y are

Azy = A (nif,.o0mi, ),
if
y—r = Z NinaC€im
im€A
and
Azy = #Sn)(ﬂti)l’ij
if

y—x = n(—e,- -+ 6]').
Define a discrete time Markov chain &, with the state space ZY and the
transition probabilities

Pzy = w’\xya T#Y, Pz =1-— szy’
y#z

where the constant w satisfies the condition
-1
w < mxin <Z /\Iy) .
y

The initial chain & is ergodic if and only if the discrete time chain &, is
ergodic.



Note that the chain £, satisfies the boundedness of jumps condition: there
exists the constant d > 0 such that

Py =0, if |ly—z| > d,

where || z || = max; | z;|.
Consider now Jackson’s system

l/j’—_-/_\]'-}-ZV,'p"j,j:l,...,N. (3)

which can be rewritten in matrix form as
v=vP + ),

where v = {(11,...,uN), A = (MA1,--.,An). If the network is in equilibrium
then v; is the rate of the input flow at the :-th node from outside the network
and from the other nodes. A solution of the system (3) can be obtained by

means of iterations
oo N

v = /_\j + Z Z Xipx(';n)a (4)

m=1 i=1

where pf;") are the m-step transition probabilities. Convergence of the series
(4) follows from the condition (2) as one can easily get the bound

pM <o —-eom

for some € > 0, C > 0. It is convenient to write the solution (4) as

v = fj AP™),

n=0

where P(® = [ is the identity matrix, P(™) = {pf;")} If we denote
M=(I-P) "=y P, (5)
=0

then v = M.



Define the total service rate in the i-th node under the condition that the
queue size in the node is z;:

SiAx§

gz = Y nplP(z)). (6)

n=1

We shall assume to be fulfilled the following homogeneity condition: for all
t=1,..., N there exist limits

Aim gi(z) = i > 0. (7)

Define the load in the i-th node by formula

v
pi=—. (8)
i

We define now the vectors of the mean jumps of €,. For any subset

A C{1,..., N} introduce the face of RY
B(A)={(ry,...,7n): i > 0,i € A, 2, =0,i ¢ A}.

The vector of the mean jump of £, from the point z € B(A)N Z¥ is

Ma(z) = fo+ Y fi(=z:), (9)
i€A
where _
fo=wTL A,
filzi) = wii(;) (—e; + TN, Pijej)

and X;, i;(z;) are defined by formulae (1), (6) respectively.
Remark. Notice that mean jump vectors are the same for both types of a
job transfer between the nodes.

Define also the limit vector of the mean jump of the chain £, from the
point z € B(A)N Ziv

(10)

My = fo+ > fir (11)
i€A
where
N
fi = wi, (—ei + Zpijej) . (12)
=1

We are now able to give our main theorems.
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Theorem 2.1 1. Ifp; <1 for allt =1,...,N then the network is ergodic.
Besides that, the following exponential estimates are fulfilled:
a). The exponential estimate for stationary probabilities

m(z) < Cexp (=7l =) (13)

for some constants C,vy > 0 not depending on z, where || z||; = ¥; ;.
b). FEzponential fast convergence to the stationary distribution: there ezists
the constant o > 0 such that for all z,y € Z}Y and t > 0

|7(y) — ply | < Ci(z) exp(—ot) (14)

for some constant Cy(x) depending only on x, where p\!) are the time t tran-
sition probabilities.
2. If for some 1, p; > 1 then the network is transient.

Consider a small perturbation of the initial network. We allow any jumps
from z to y but the intensities of these additional transitions are assumed to
be sufficiently small and the boundedness of jumps condition is assumed to
be conserved. Let x;, be the intensities of additional transitions.

Theorem 2.2 If the inttial network is ergodic then there exists ko > 0 such
that the perturbed network is ergodic under k., < Ko and its stationary prob-

abilities analytically depend on koy.

Remark. For perturbed networks we also have the exponential estimate
(13) and exponential convergence to stationary distribution.

3 Geometrical lemmas.

We need some lemmas to prove main results.

Lemma 3.1 The following equality holds

N
fo+ Zpifi = 0. (15)



Proof. The equality (15) follows from (3). According to (10), (12) we have

(i::;\ +pr#,( e,+g:lp,-,~ej)) _
w| D Ae gj €x+§:1/,zp,]e]) _

N N N N
2 Niei = Zweﬁzej‘;wpo‘) =
=1 =1

1=1 i=1

N
wY € (-—VJ + A +Zu,p,]) = 0.

i=1 i=1

The last equality follows from (3). O
Further, notice that the vectors f;, : = 1,..., N, are linearly independent.
If it is not true then there exist coefficients ¢; # 0 such that
N
Z C,'f,' = 0.

i=1

Hence, the coefficients ¢; have to satisfy the following system:
N
C; =Zcipijaj= 15"-3N
1=1

and so the matrix I — P has to be singular. It contradicts the condition (2).
Choose a new coordinate system with the basis fi,..., fv and the origin
fo- Let y; be the i-th coordinate in this system. Then

Yi = — ! ( Zmﬂx]_*_/\) (16)

/Jt j=1

where m;; are the elements of matrix M.
Define the following geometrical objects. Let

L= {(y1,---»yn): yi 2 0 for all ¢} (17)



be the posi‘tive orthant in the new coordinates,
Pa={(y1,--,yn): % 20if i €A, y=0ifi¢ A} (18)

be the coordinate faces and

S =Uly (19)

be the surface of I'. Here the union is performed over all hyperfaces. For
A={1,...,N}\ {¢} introduce the half-space

It ={(y1,..- yn) : ¥ 2 0}

Also define the scaled geometrical objects al', al', al'}, aS corresponding
to the coordinate system with the basis fi,..., fnv and the origin af,, where
a > 1.

Lemma 3.2 The intersection
Rf Nal (20)
is a bounded set.

Proof. Consider the hyperplane y; = 0. By formula (16) the equation of this
hyperplane is

N -—
Zmﬁmj = /\,’, (21)
1=1

and so in the initial coordinates

N
I'={(zy,...,zn): zmjil'j < X, for all 4}.
J=1

The set (20) is bounded as all m;; > 0. O

Lemma 3.3 Let A’ C A and 'y is a hyperface. Then for any n;,...,nn
there exists a > 1 such that

alan{zi>n,i€N, zi<n;, i¢A}=0



Proof. Let A = {2,..., N}. Then

N
ol = {afo+ Y uifi}.

=2

According to (12) we have

| N N
afo+d yifi =) ciei,
=2 1=1

where
N

a=ak+ Y yipi >m

J=1

under sufficiently large . It follows the result of the lemma. O

Lemma 3.4 Let the loads p; < 1 and Ay ¢ A. Then the vector My, (z),
where x € al'y lies in z € al'} under sufficiently large a.

Proof. Let A; = {1,...,N} and the point z is sufficiently far from the
coordinate faces. Then the vector My, ~j(z) approximates the limit vector

M ....~y. By formula (9)

.....

.....

N N
Mg, .ny(z) = fo+ gfi(xi) = Z(—p,’ +1+¢€)fi

1=1

Take ¢; < 1 — p;. Then the coordinates of the vector My, ~j(z) in the basis
fi,..., fn are positive. Hence, it lies in T'}. Thus, we consider the case when

z € {z; > n; for all i}.

Let now
ze€{z;>nieN,zi<n, 1€ AN}, (22)

where A’ € A. The vectors fi(z;), 1 € A’ approximate the limit vectors f;.
As fi(z;) = ci(z;) fi, where ¢;(z;) is a constant depending on z;, we have

iEA’ igA’

9



N N
Z(_Pi +1+4¢€)fi+ Z ci(z:) fi.
i€A! igA’
Let i ¢ A. Then g € A’ and coordinates y;, = —p;, + 1 + ¢;, > 0. Hence,
the vector M, . nj(z) lies in TA*.
If A C A’ the face al'y does not intersect the set (22). O
The case when A; C {1,..., N} is considered similarly.
Define the following piecewise linear function on RY:

f(z)=«q, if z € aS. (23)

As we show below this function is our Lyapounov function.

4 Analytic Lyapounov families.

Here we give some results from [5] which are necessary to prove the main
results.

Consider a family of Markov chains {£,(2)}, z € D, where D is an interval
of the real axis containing 0, with the same state space A. Let P(z) =
{p:ij(2)}, i, j € A be the matrix of transition probabilities. The matrix P(z)
~ can be considered as a bounded linear operator in the Banach space {;(A).
Assume that P(z) is analytic in 2 as a function on D with values in the
Banach algebra of bounded operators in /;(A). It means that P(z) can be
Taylor expanded as

P(z) =) P.2",
=0
where P, are bounded linear operators with
[1Pa]l < Ca™

for some C,a > 0, i.e. the series is convergent for sufficiently small |z|.

A family of Markov chains {£,(z)} is called an analytic Lyapounov family
if also the following conditions are fulfilled: there exist nonnegative functions
fi(2), 2 € A, z € D, on A and positive integer valued functions k;(z) such
that
(1)

sup  ki(z) € oc;
t€A,z€D

10



(2) for some C,m >0
fi(z) > C:™
for all : € A,z € D; (3) there exists d > 0 such that pij =0forallz€ D
whenever | fi(z) — f;(z)] > d;
(4) there exist k > 0 and § > 0 such that for any : € A and any

JEVi={j: supp;i >0}
z€D

pg-?)((]) > §, where p{V

71
€nl2);
(5) for all z € D and 7 € A\ B, where B is a finite subset of A

(z) are the n-step transition probabilities of the chain

PEO () fi(2) = filz) < —e (24)
JEA

for some € > 0.

By Foster criterion chain £,(z) is ergodic for every 2 € D. Let m;(2) be
the stationary probabilities of £,(2).

A Markov chain &, is called an analytic Markov chain if the family &, (z)
&, is an analytic Lyapounov family.

Theorem 4.1 ([1]) Let £.(z) be analytic Lyapounov family. Then
1) there exist constants Cy,0, > 0 such that

mi(z) < Crexp(—oyfi(2))

foralli€ A,z € D;
2) there exists a constant o > 0 such that for alli € A, z€ D andn € Z,

Y PP(2) = m5(2)] € Cs(5) exp(—aan)

JEA

for some constant Cz() depending only on i;
3) there exists zo > 0 such that the stationary probabilities m;(z) are analytic
in z for |z| < zo for alli € A.

11



5 Proof of Main Results.

We shall construct a Lyapounov function f, such that for some ¢ > 0 and
ke Zy
Zp(k) fz (25)

for all z € ZY \ B where B is %3 finite set. Then ergodicity will follow
from Foster criterion. Moreover, followmg [1] we give two constructions of
Laypounov functions.

First construction. Here we shall use the piecewise linear function (23)
as our Lyapounov function. We have to verify the inequality (25) for this
function. This fact follows from the following lemmas.

¥
Lemma 5.1 There exist 1o > 0; and k € Z, such that for all z € Zf
satisfying the condition _
=]l = maxz; > 1o

the inequality

Z p(k) x
holds for some ¢ > 0. i'

Proof. The proof of this lemma is analogous to the proof of lemma 5.3 from
[1]. For any A, |A| = N — 1 define function fA:

A =aq,

for z belonging to the hyperplane a Py generated by al's. By lemma 3.4 the
random sequence

A A A
f{pf{z" < ,f{n

is a supermartingale satisfying the following condition

E(FR - fE) < f, -

for some o > 0. By lemma 1.1 from [5] the exponential estimate

P(fs"k - fé‘l < —¢k) > 1 — ¢ exp(—6;k)

12



holds for some ¢, d;,¢; > 0. Hence, choosing sufficiently large ro we get that
for all A simultaneosly

P(fh — f& < —ek) > 1 — cexp(—6k)

holds for some c,d,¢ > 0. The result of the lemma follows easily from this
fact. O

Lemma 5.2 There exist r; > 0, and k € Z; such that for all x € ZY¥
satisfying the condition
' Ti>Ty
the inequality
Zp:(z:l;)fy - fz < —¢
Yy

holds for some ¢ > 0.

Proof is analogous to the proof of lemma 5.1. O
Second construction. This construction gives rise to to one-step Lya-
pounov function, i.e. k£ = 1 in formula (25).

Lemma 5.3 For any € > 0 there exists a smooth convexr hypersurface S(e)
which is an approrimation for piecewise linear surface S, t.e. for any z €
S(e€)

p(z,5) <e

and for anyy € S
p(yas(e)) < €.

This lemma was proved in [1].
Define the following Lyapounov function

fr = a,if z € aS(e). (26)

This function is smooth by construction. Using lemma 3.4 and the principle
of almoust linearlity (6] we get that function (26) is one-step Lyapuonov
function.

The exponential estimates of theorem 2.1 and theorem 2.2 follow from
theorem 4.1.

13



References

[1] Fayolle G., Malyshev V.A., Mensikov M.V, Sidorenko A.F. Lyapounov
functions for Jackson networks. Rapport de Recherche, INRIA, 1991,
no.1380.

(2] Fayolle G., Ignatyuk I.A., Malyshev V.A., Mensikov M.V. Random
walks in two dimensional complexes. Rapport de Recherche, INRIA,
1991. To appear in "Queueing theory”.

[3] Ignatyuk I.A., Malyshev V.A. Classification of random walks in Z . Rap-
port de Recherche, INRIA, 1991, no.1516.

[4] Malyshev V.A. Networks and dynamical systems., Rapport de
Recherche, INRIA, 1991, no.1468.

[5] Malyshev V.A., Menshikov M.V. Ergodicity, continuity and analyticity
of countable Markov chains. Trans. Moscow Math. Soc., 1979, v.39, p.3-
48.

[6] Malyshev V.A. Classification of two-dimensional random walks and al-
most linear semimartingales. Dokl. Akad. Nauk USSR, 1972, v.202, no.3,
p.526-528.

14



Unité de Recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 LE CHESNAY Cedex (France)

Unité de Recherche INRIA Lorraine Technopéle de Nancy-Brabois - Campus Scientifique
615, rue du Jardin Botanique - B.P. 101 - 54602 VILLERS LES NANCY Cedex (France)
Unité de Recherche INRIA Rennes IRISA, Campus Universitaire de Beaulieu 35042 RENNES Cedex (France)
Unité de Recherche INRIA Rhéne-Alpes 46, avenue Félix Viallet - 38031 GRENOBLE Cedex (France)
Unité de Recherche INRIA Sophia Antipolis 2004, route des Lucioles - B.P. 93 - 06902 SOPHIA ANTIPOLIS Cedex (France)

) EDITEUR
" INRIA - Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 LE CHESNAY Cedex (France)

ISSN 0249 - 6399

T




