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Abstract

The detection of roads in satellite images has drawn a lot of attention in the last ten
years. Problems of resolution, noise, and image understanding are involved, and one of the
best method developed so far is the F* algorithm of Fischler, which is based on dynamic
programming.

We present herein a mathematical formalization of the F*, an extension to cliques of higher
order to deal with the contrast, an extension to neighborhoods of higher order to take into
account the curvature, and a physical dynamic model to use the curvature information in
a more natural and global way.

Keywords

edge detection, energy minimization, dynamic programming, curvature, satellite images

Résumé

La reconnaissance de routes sur des images satellite a soulevé beaucoup d’interét au
cours des dix dernieres années. Des problemes de résolution, de bruit, et de compréhension
de 'image sont impliqués et 'une des meilleures méthodes développées jusqu’a présent est
I’algorithme F* de Fischler, qui utilise la programmation dynamique.

Nous présentons ici une formalisation mathématique du F*, une extension a des cliques
d’ordre supérieur pour tenir compte du contraste, une extension a des voisinages d’ordre
supérieur pour introduire la courbure, et un modeéle physique dynamique pour utiliser
I'information de courbure d’une maniere plus globale et naturelle.

Mots-clés

détection de contours, minimisation d’énergie, programmation dynamique, courbure, im-
ages satellite.
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1 Introduction

The detection of roads in satellite images is a difficult topic for which several meth-
ods have been tested and sometimes specially developed. Problems of resolution, noise,
blurring, and image understanding are involved essentially.

[Des 86] uses Mathematical Morphology and top-hat transforms in particular for detecting
roads. [Graf 89] performs Deriche edge detection followed by probabilistic edge prolon-
gation. [Ser 89] detects agglomerations with Mathematical Morphology and roads with
dynamic programming, but her approach faces problems of convergence and rightness, and
deals with them with thresholds of failure. [Dao 89] also uses dynamic programming ([Mar
76] in particular) and deals also with convergence problems by defining several thresholds.
[Gar 89] solves ambiguities with an expert system, and detects roads by prolongating
segments. [Jed 91]’s approach is based on dynamic programming in relation with width,
connectivity and maximal curvature.

We extend in this work, done partially at the INRIA-Sophia Antipolis, the algorithm of
F* [Fis 81], based on dynamic programming and commonly considered as giving the best
results in road detection.

In this report, we will first present a mathematical formalization of the algorithm and an
extension to cliques of order higher than two, to take into account the contrast between
roads and background.

Then, we will consider two ways of taking curvature information into account : by using
bigger neighborhoods and aligned points first, and then by developing a dynamic physical
model, based on the use of forces, acceleration and energy.

Presentation of the results, discussion and conclusion will follow.
2 Distance based energy function

2.1 Reminder
Let us first recall some basic notions of the theory of Markov Random Fields which

will be useful throughout the paper [Bes 74][Cha 88][Aze 87].
We denote by S the lattice of the original image.

Definition 1 : A neighborhood system on S is a family N = {N, C S|z € S} such that :

o 2 N,

o Vz; € 5,Vag € S,21 €N, < 23 € N,
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The elements of N, are the neighbors of x.

Definition 2 : ¢ C S is a clique relatively to N iff :

o |c| =1,

e or |c¢| > 2 and any two different elements of ¢ are neighbors.

|e| (number of elements of ¢) is called the order of the clique.

In the hexagonal lattice for instance,

o there are six cliques of order two corresponding to the six directions of the lattice,
e there are six cliques of order three corresponding to the six elementary triangles of

the lattice.

In the square lattice, the number of cliques of order two, three and four depends on the
type of connectivity chosen.

In the following, we will consider both lattices, depending on the application.

We will denote by :

e C, the set of the cliques of order n and of the cliques of order one,
e P(z,y) the set of paths from x to y,
o F(S,RT) the set of functions from § into RT,

e [ an element of F(5,R™), typically a grey-level image, and f,. its restriction to c.

We now have the tools for defining a potential and an energy on these cliques.

2.2 Definitions

Our final aim is to define a distance such that an edge is the shortest path between its
extremities for this distance. We proceed in two steps : we first define a cost associated to
a path between two points, and then the distance as the minimum cost for all the paths
joining them. We naturally think to define the cost as the sum of the potentials along the
path.
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Definition 1 :

Given a potential ¢ : C,xRt" — RT (in practice n = 2 or n = 3), and given a path h :
To = T,...,T4,..., Tp = Y between two points z and y of 5, the atiraction cost along h

is defined as the function p :

. -1
p(h) = MIN¢; eCp|zi,xiq1 Eci Ef:o (ei, [e;)

We notice that, in the case of cliques of order two, the minimization is not necessary since
a unique clique is defined by two successive points of the path, and the cost is simply
the sum of the potentials along the path : u(h) = Zf:_g o(¢i, fe;), where ¢; is the clique
composed of z; and x;41.

However, for higher orders, two points of the path do not necessarily define a unique
clique : for cliques of order three for example, two points define two cliques (or four) on
both sides of the path, and the minimization takes into account only the one with the
lower potential.

The definition of the energy is straightforward :

Definition 2 :
The attraction energy U between two points z and y of S is defined as the minimum value
of the attraction cost along any path between z and y :

Uz, y) = minpep(e,y) 1(h).

Under a very simple constraint on the potential, this function is also a distance.

Theorem 1 :
We suppose that ¢ satisfies the constraint :

Ve € Cp,Vf e F(S,RY), ¢(c, fo) =0 < |¢] = 1.

Then A(z,y) = U(z,y)is a distance function on S, called directional numerical distance.

The separability condition follows from the constraint, and the triangular inequality may
be shown by combining two paths. The complete proofs of the theorems and algorithms
may be found in the Appendix.

Remarks :

e The constraint on ¢ defined in Theorem 1 is necessary.

e In general, A is not regular (there may be gaps in the values of A according to the

values of ¢).

e Note that elementary local properties lead us to a high-level global notion.
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We have thus defined a distance function from a local potential. One could think, however,
that the computation may be expensive, if we have to compute the attraction cost for all
the paths joining two points. A second theorem will show us that this is not the case : it
will give us both a fast algorithm for computing A and a new method of segmentation. It
claims that if a function R satisfies some simple property, than it is equal to the numerical
distance. Algorithm 1 will build this function R.

Theorem 2 :
Let us consider a function R : S — R7* such that :

e Jz € 5, R(z) = 0. We denote by Sy the kernel of R : Sy = {z € 5, R(z) = 0}.
o Vz € 5, R(z) # 0 = R(z) = mincec, cecaiec{ B(z:) + (¢, fc)}

Then we have two important results : 1- Vo € 5, R(z) = A(z, So),
2- 5y is the set of the minima of R.

The first point may be proved by induction. The second point follows from the equation
satisfied by R (see Appendix).

2.3 Segmentation algorithms

We now face two problems :

1. how to compute A

2. how to find the shortest paths for A ; there may be several shortest paths if for
example we consider at the same time the extremities of different roads in order to
perform all the computation in parallel

Theorem 2 will give the solution to both of these problems with two new algorithms. It
may be shown first that if we iterate the minimization equation of Theorem 2, we obtain
at convergence the distance A (Algorithm 1).

Second, starting from one point we can reconstruct backwards the succession of points
through which the distance to the kernel was computed, by comparing the difference
between the distance values and the values of the potential (Algorithm 2).

2.3.1 Computation of the distance function : Algorithm 1

We consider two images :

e Iml will be the output image. At the beginning, it is equal to zero for points
belonging to Sy, and to 400 for the other points.
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e Im2 is a series of images which correspond to the potentials for the different possible
cliques. In the case of cliques of order two, an image of Im2 is the potential of one
clique ; for cliques of higher order, an image is the minimum of the potentials of
the cliques containing the point and one of its (8) neighbors (in 8-connectivity and
with cliques of order three, Im2 is composed of 8 such images). Accordingly, Im2 is
computed before the iterations in one or two scannings for each clique.

The general idea is to perform until convergence (alternatively forward and back) :
Iml(z) — ming epn, {Iml(z), Iml(z;) + ¢(ci, fe;)}

More precisely, the algorithm may be written in pseudo-C as :

change=1;
while(change>0)
{
change=0;
for(row=0;row<size_y;row++)
{
for(col=0;col<size_x;col++)
{
tmp=min(Imil(col-1,row)+Im2(col,row,-1,0),
Imi(col-1,row-1)+Im2(col,row,-1,-1));
update_Iml(col,row);
}
for(col=size_x-1;col>=0;col--)
{
tmp=min(Iml(col,row-1)+Im2(col,row,0,-1),
Imi(col+1,row-1)+Im2(col,row,1,-1));
update_Iml(col,row);
}
}

for(row=size_y-1;row>=0;row--)

}

with :

update_Imi(col,row)
int col,row;

{

if (tmp<Iml(col,row))
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{
Imi(col,row)=tmp;
change=1;

}

At convergence, Iml is equal to R, equivalently to the distance to the kernel. Proofs
of convergence and correctness follow directly from Theorem 2 (see Appendix). We will
study the complexity in Section 6, but one may already notice the systematic use of the
four different scanning directions.

Thus, at each point, R has been computed by a succession of minimizations along a path
joining it to Sy. The following algorithm reconstructs this path : this is the shortest path
to So.

2.3.2 Algorithm of pattern recognition : Algorithm 2

We now want to use A for recognizing features in grey-level images. We suppose that
a potential ¢ has been chosen that characterizes locally (see Section 5 : Applications) a
given type of feature. More precisely, a feature passing through two given points (or sets
of points) corresponds exactly to the shortest path between these sets for the distance A
associated to ¢.

We already know that R(z) = A(z,Sp), so Sp must be one of these two sets of points. We
call 51 the second set. One should notice that Sg, .57, and ¢ are all defined relatively to a
particular application.

The following algorithm reconstructs the shortest paths from 57 to Sp.

We consider the following images :

e Iml : grey-level image R (obtained from Algorithm 1).

e Im2 : binary image defined as :

>0 iffze S
ImQ(x){ =0 else. '

We propagate the labels until convergence :

change=1;
while(change>0)
{

change=0;
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for(row=0;row<size_y;row++)
{
for(col=0;col<size_x;col++)
{
if ((Im2(col,row) !=0)
&& (Im2(col+1,row)==0)
&& (Imi1(col,row)=Imi(col+1l,row)+Im2(col,row,1,0)))
{
Im2(col+1,row)=Im2(col,row);
change=1;
}
if((Im2(col,row) !=0)
&& (Im2(col+1,row+1)==0)
&& (Imi1(col,row)=Imi(col+1l,row+1)+Im2(col,row,1,1)))
{
Im2(col+1,row+1)=Im2(col,row);
change=1;
}
}

for(col=size_x-1;col>=0;col--)

}

for(row=size_y-1;row>=0;row--)

}

Due to the property satisfied by R, Im2 contains, at convergence, the shortest paths
between Sy and 57 (see Appendix). We also use the four possible directions of scanning to
get a fast propagation. For speeding the algorithm, one could think to use two methods :

e to define arrows during the first algorithm to remember which pixel caused another
pixel to take its final value, and to simply follow the arrows in the second algorithm

e to propagate from 57 systematically towards the smallest neighbor and to store the
propagation in a tree

However, this would limit us since we would obtain (except with complex constructions)
only one shortest path for each pixel of 51, which is not satisfactory, neither theoretically
nor practically.

Remark : One should notice the possibility to obtain different features at the same time,
if for example 57 has several connected components. In this case, Im2 is defined as a
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labeling of 5. The result is a labeling of the corresponding features, according to the
connected components which they originate from.

In summary, this method of segmentation consists of :

o defining the potential ¢, the sets Sy and 57,
e computing the distance A to Sy with Algorithm 1,

e building the shortest paths from 57 to Sy with Algorithm 2.

We have described the last two steps, but before presenting the applications and the
definition of the potential, we want to present theoretically several extensions to deal with
contrast and curvature.

3 Curvature information and higher order neighborhoods

3.1 Necessity of adding curvature information

We will see later that local information is not sufficient to characterize roads, in two
common configurations in particular :

e when two parallel roads get close to each other. A short interruption in one of the
roads may force the propagation to jump from one road to the other, especially if
the differences with the background are not much pronounced,

e when the road crosses an agglomeration or a highly textured region. The human eye
then uses the entry and the exit of the road into the agglomeration for recognizing
the road. However, with local information the correspondence may be missed.

3.2 Interest of using higher order neighborhoods

We want first to keep the general structure of the method and to simply extend it
such that it takes into account very local curvature. We may do it in the following way :

e We consider neighborhoods of size two or more (and not one as until now).
e We consider three or more successive points of the path (and not two).

o We consider now not only one clique, but two cliques : one containing good can-
didates for road’s points, the second good candidates for background points. This
reminds us the hit-and-miss transform of Mathematical Morphology (Golay trans-
form [Gol 69][Mat 75][Ser 82]) which looks for configurations where one part of the
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structuring element belongs to the object, and the other part to the background.
Contrary to Mathematical Morphology, we do not consider binary logic where the
relevant part of the configuration is/is not inside the object, but we associate to the
corresponding points of the image a local cost which characterizes the probability
for them to fit well the configuration.

e The potential depends on the angle between the points of the clique characterizing
the road. This last point is what allows us to take local curvature into account.

We have presented in Fig. 1 below such a configuration, where the chosen neighborhood
is of size four and where four successive points of the path are taken into account. The
clique characterizing the road (of order four) is represented by round points, and the clique
corresponding to the background (of order sixteen) by square points. In this example one
couple of cliques fits a straight line, while the other corresponds to a curve.

Figure 1: Two couples of cliques for a neighborhood of size four

This yields to substitute the following definition to Definition 1 :

Definition 3 :

Given a potential ¢ : CoxCrxRT™™ — R*, and given a path h :

To = T,...,T4,..., Tp = Y between two points z and y of 5, the attraction cost along h
is defined as the function p :

—m p—n+tl y
N(h) = M, 0 ¢ €Cm|ciUc) €Cngm, Ti€Ci, - Titn—1€C > i=0 Cb(cza iy feis fc]‘)

For example we may consider nine points forming a square : three adjacent points out
of the nine correspond to the road, the six others to the background. The three points
define an angle, and the potential of the clique may depend on a partial cost of this angle ;
a penalty may be added to the old potential depending on the angle : if the points are
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aligned, the penalty is null ; if the angle of alignment is small, the penalty is small, and
the penalty can be infinite for important deviations.

We illustrate in Fig. 2 below this choice. ¢;, of order three, corresponds to the road while
c;, of order six, characterizes the background. a is the angle of deviation to the straight
line, and the potential should increase with it.

Figure 2: Couple of cliques for a neighborhood of size two

It can be noticed that with this new definition U is not a distance since the Triangular
Inequality is not satisfied any longer. Since there is no real meaning to define a clique of
order higher than p with a path of length p, we restrict p to paths of length bigger than
the order of the clique, n.

3.3 Modifications of the algorithm

Both algorithms are deeply modified due to this new constraint, since we must take
into account neigborhoods of order two. However, we keep the central idea of dynamic
programming to perform iteratively local minimization.

In all our applications, we considered only three successive pixels, and maximal deviations
of 45 degrees. Thus there were only 24 cliques to be considered : each point has eight
direct neighbors, and only three second order neigbors could come afterwards without
forming together an angle of less than +/- 135 degrees.

3.3.1 Computation of the distance function : Algorithm 3

Now, in order to take into account the dependencies between successive cliques on the
path, we must remember for each point the minimum energy which was assigned to it by
each of its (8) neighbors. We must therefore define two types of images :
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e Iml is a series of 8 output images corresponding to the 8 neighbors of a point.
At the beginning, they are equal to zero for starting points (assumed known) and
for their direct neighbors, and to 400 for other points. They store for each point
the minimum energy which was assigned to it by the corresponding neighbor. (For
each neighbor, three cliques may intervene corresponding to the three second order
neighbors).

e Im2 is a series of 24 images, representing the potentials associated to the 24 types
of cliques. For practical reasons, we associate to each point My the clique of order
three formed of My, of one of its 8 neighbors Ny, and of one of the three neighbors
of Ny prolongating the two points.

We then perform the following operations, for each point of the image My and for each of
its 8 direct neighbors Ny :

e We consider each of the three cliques cqg, ¢1, and ¢ which contain My and Ny, each
corresponding to a direct neighbor Py, Py and P, of Ny (second order neighbor of
My).

e We consider the three values of Im1 in Ny for the three images corresponding to Py,
Py and P;. We call them Imlp,(Ng).

e We compute the three values Up,(My) = Imlp,(No) + Im2.,(My).
e We compute their minimum Uy(Mg) = min;—; 2 3 Up,(Mp).

o If U;(Mp) is smaller than I'mlpy,(Mp), then we update I'mlpy,(My) with this new
smaller value.

o We stop the algorithm when nothing is updated in a complete cycle.

In fact, we also perform here scannings in the four possible directions, and for each scanning
we consider only the neighbors which have been updated in the same scanning, in order to
optimize the propagation. We obtain the result in Im1 in a coded form. The convergence of
the algorithm is assured since Im1 decreases until stationarity. Convergence and rightness
are proved in details in the Appendix. We will see now how to exploit in a very easy way
the information in I'm1 for reconstructing the paths.

3.3.2 Algorithm of pattern recognition : Algorithm 4

The new algorithm of back-propagation is entirely different from the previous one for
neighborhoods of size one, since it is based on the directional information of Im1 (See the
algorithm described in Section 3.3.1) : we follow the direction shown by the successive
cliques. We use two types of images :
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e Iml is the series of 8 output images (Im1) obtained by the algorithm described in
Section 3.3.1, where the value at a point is the minimum value of the energy from
paths coming from the corresponding 8 neighbors.

e Im2 is the binary image of the goal points (assumed to be known), eventually labeled.

We then perform the following operations : for each point My outside of Sy such that
Im2(My) is not null (Mg is labeled),

e We look for the minimum value of the energy Imly,(Mp) in the eight images Iml.

e We mark in Im2 the point N; corresponding to this minimum with the same label
as My, if N; is not already labeled.

We stop the process when no labeling is performed in a complete cycle.

The algorithm converges since we deal only with points which are not labeled and since
we label them in an irreversible way. At convergence, Im2 contains the shortest paths (see
Appendix) ; they are labeled if Im2 has been labeled at initialization. We may implement
the algorithm by performing scannings in the four directions, or by using a tree structure.
In both cases, we avoid bottlenecks with the diagonals and optimize the propagation.

3.4 Expected performances and drawbacks

We expect to reduce the number of sinuosities of the segmentation, eventually to fix
an upper bound, and to use the direction followed so far to guess the next privileged
direction.

However, this information remains very local :

e the only information we may dispose of is the direction between the last pixel and
the current one.

e only local curvature is considered with this method. Thus a path oscillating around
a fixed direction, with smooth and regular zig-zags, would produce a higher cost
than a path having one sudden change of direction between two straight segments.

One may envision to generalize this method to n successive pixels, but the number of
cliques to be considered becomes huge, programming becomes very difflicult, and the algo-
rithms become much less competitive. We will see now how to introduce global curvature
by placing the principle of the method in the more general context of classical mechanic.
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4 Curvature information and dynamic energy model

4.1 Some fantasy about dynamic programming

So far, we have defined an energy by integrating a local potential. This energy and
its use remind us the classical potential energy for several reasons :

e it is defined as a function of the localization only
e the local minima of this energy (Sp) play an important role

e when we propagate in the second algorithm, we tend to move down towards these
minima.

In some sense, propagation is performed “with zero speed” since we move always towards
the lowest neighbor, without taking into account the direction followed so far.

However, this past direction is important for crossing agglomerations and keeping the right
direction in highly textured regions. Besides, we hope to reduce the curvature in this way.
We want now to use this information by introducing a kinetic energy related to a speed
vector.

4.2 Theory of the dynamic energy model
4.2.1 Altitude

We have defined a potential energy relatively to Sp. The classical potential energy
related to the weight may be written under some simplifying assumptions : £, = m*g*z
were m is the mass of the moving body, g the gravitation, and z the local altitude. m and
g will be two parameters defined by the user ; we will see later how they influence the
model. Thus, we obtain a new image of the altitude which is proportional to the potential
energy.

4.2.2 Speed

The propagation is performed with zero speed with the model developed so far. Now,
we take into account the speed during the propagation. At each step of the propagation
we associate a speed vector, which - together with the known potential energy - determines
the next position. The direction of this vector corresponds to the direction followed so
far, and its norm characterizes the validity of this information. For computing the next
position, we need to know the evolution of the speed, thus the acceleration. We must
therefore list all the forces applied to the object, in order to apply the fundamental law of
dynamic. These forces are the contribution of the current local configuration to the speed
vector.
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4.2.3 Forces

By prolongating the parallel with the physical model of an object rolling down a
surface, we may define three forces :

o the weight : it is defined as P=mx g and allows the virtual object to propagate
towards regions of lower potential energy.

e the reaction of the surface, R : to simplify the computation, we consider that it is
orthogonal to the surface and distinct from the braking force. It allows to take into
account the local slope in the propagation.

e the braking force B : for reasons which we will develop later, we define it as not
null and inversely proportional to the speed, B = —k « @. This coefficient k is the
third (after m and g) and last parameter of the dynamic model. This force aims at
regulating the propagation.

4.2.4 Laws of propagation
We consider moreover some simplifying hypotheses :

e the surface is continuous
e the moving object is a point

e the object moves without collision (this is a severe and important restriction)
The method is performed according to the following steps :

1. we build the potential energy as before (Algorithm 1), relatively to Sp

2. only the propagation is changed. We start from 57, possibly with zero speed, and
propagate until we reach Sy. At each point, we use both the fundamental equation
of dynamic : ) ]?: m * 7, where fand 7 are respectively the forces applied to the
object and the acceleration, and the conservation of the energy F. = % * m ¥ v?,
E,=m%gx*zand E, + E, = constant (four equations) to obtain the value of the
four unknown variables : the norm of E, and the three coordinates of the speed

vector (which we are looking for). More precisely, at each point :

(a) we call ) the speed vector with which the object arrived to this point (known)

(b) we apply the fundamental equation of dynamic, ) ]?: m* 7 :
mag+R—k+«T=mx*7.

(c) since we do not know the norm or the reaction, we project the equation to the
tangent plane to the surface : m * g, — k * v, = m x 7,. The user defines m,
g and k at initialization, ¥ is the speed at the last step, the tangent plane is
known from the altitude, so we obtain 7, and the speed in the tangent plane.
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(d) to obtain the speed in the normal direction to the surface, we apply the con-
servation of the energy between the current point and the last one

(e) from the new speed vector, we may compute the location of the next point, and

go back to (a).

4.2.5 Choices

There are several important choices to make to implement this model :

e the model is continuous, while the image is discrete. Thus some discretization
method must be developed/chosen for determining in particular :

— if the next point belongs to the frame (integer coordinates) or may be located
at any place (floating coordinates)

— what is the shape of the surface between the discrete points of the frame. If
some regular elementary shape is defined between neighbors, how should these
elementary shapes be combined (derivability 7).

— if we work with the differential equation in ¥ or assume ¥ constant on some
distance.

e in order to simplify the model, we have assumed that there were no collisions. What
should be done when the speed vector does not belong to the current tangent plane ?

We want yet to present the first tests done with different implementations. We will then
discuss what we may expect from the method.

4.3 Different implementations - results
4.3.1 In a discrete frame

We have tried several implementations by imposing that every point of the trajectory
belongs to the discrete frame. A major problem was met with infinite oscillations between
neighboring points (with a period of 2, 3, or 4 points...) ; at some step the speed had
to be approximated to zero and a new cycle started. This is due to the fact that we lost
important information in this approximation, and this information would have allowed to
escape from the oscillations.

4.3.2 1In a continuous frame

We are currently working on the idea, to allow a point of the trajectory not to belong
to the frame. We must deal with the important issue of defining the surface consistently
between points of the frame such that the propagation converges always towards Sg.
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4.3.3 Non-stability of the parameters

In the implementations we have performed, the parameters m,g, and k tend to produce
instable behaviors. This may be related to the non-continuity in the implementation.

4.3.4 Lost of symmetry

One difficulty is that we loose the homogeneity of the trajectory. Now, a constant
direction at the beginning of the trajectory may influence heavily the following, while more
reliable information may be available at the end. This is the price to pay for the idea of
using acquired information.

4.4 Expected performances
4.4.1 Importance of the speed

The speed synthesizes the directional information of the past trajectory. If the tra-
jectory has kept the same direction for a certain length, the speed in the corresponding
direction increases, and the propagation has a greater tendency to follow this direction :
only a higher hill may modify again the direction.

When this information is not important (no clear privileged direction during the last step),
the potential energy has more influence for determining the next point.

Besides, we tend not to follow the sinuousities of the depth of the valley, but to follow its
global direction.

4.4.2 Initial speed

If no information is available when starting the propagation, the initial speed should be
set to zero. However, when some information is known, the propagation may be oriented
at the beginning by defining accordingly the initial speed.

4.4.3 Why a braking force

If k (braking coefficient) is null, there is not braking force, and the speed is not limited.
Thus, the role of the potential decreases greatly, and huge jumps may be expected at the
end of the trajectory, which do not take into account local information.

We have chosen for the braking force an expression common in fluid environments, and
for which the speed tends asymptoticly towards a limit (and as the opposite of an expo-
nential). We expect also to solve problems of oscillation in the continuous domain with
this expression. A third reason is to limit the memory to a reasonable distance in the
past trajectory. The contribution of past accelerations decreases constantly with time,
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and this corresponds also to the fact that the validity of directional information in roads
has a spatial limit.

4.4.4 Choice of the parameters
There are three parameters, m, g and k which all have a clear intuitive meaning :

e k limits the jumps at the end of the trajectory, the oscillation frequency, and the
memory of past trajectory. This is a stabilization factor.

o g determines the relative influence of the potential on the kinetic energy. If g has a
greater value, the trajectory tends to adapt more closely to the sinuousities of the
potential. A small g limits the curvature.

e the product m * g determines the geometric relation between x and y coordinates
on one hand, the altitude on the other hand. The greater m * g, the smaller the
altitude.

4.4.5 Influence of this new method on the definition of the potential
This new method suggests new approaches for the definition of the potential. We now

want the surface to be smoother, in particular in the neighborhood of the roads, and this
may lead to new constraints for defining automatically the potential.

4.4.6 Complexity
The complexity of the algorithm is proportional to the number of points of the tra-

jectory (a hundred basic operations at each point), so the segmentation remains very fast.

5 Applications

5.1 Original images

We have tested our methods on seven different satellite images, three with geologic
structures (valleys) and four with roads and agglomerations.

5.1.1 Geological images
Fig. 3 (gl), Fig. 4 (g2) and Fig. 5 (g3) represent valleys.

o In Fig. 3, the clear vertical line on the left part of the image is a valley, while a road
has a similar aspect on the right.
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e Due to shadowing, the valleys in Fig. 4 are the transition lines from clear regions
(up left) to dark ones (down right) ; the light comes from the right bottom corner
(south-east).

e In Fig. 5, the river in the valley also appears as a clear vertical line on the left
handside of the image.

5.1.2 Images with roads

The roads in these four images have various aspects :

e In Fig. 6 (rl), the sea may be easily recognized up and left. The roads are clear
lines, which sometimes may hardly be distinguished from the highly textured ag-
glomerations or from channels.

e The roads have a similar aspect in Fig. 7 (r2), but in this case they are the most
textured regions of the image.

e We have a grid of roads in Fig. 8 (r3) ; the image is poorly contrasted and even the
human eye has difficulty to define what is a road in the grid.

e Several problems are combined in Fig. 9 (r4) : roads can hardly be distinguished
from borders of the fields, from the agglomerations, and their density varies a lot,
both absolutely and relatively to the background, with a contrast which may be
positive or negative.

5.2 Using the basic model with cliques of order two - gl

In gl, recognizing the road and the river is easy since they are the only clear lines
of the image. No information of contrast or curvature is necessary, and we used cliques
of order two. The potential is defined as a piecewise-linear decreasing function of the
minimum of the two pixels of the clique :

Cb(AMl, AIQ) = h(mm(f(LMl), f(AMQ)))

Fig. 10 represents the distance/energy function R obtained for gl, and Fig. 11 the
corresponding result, superimposed on the original image. One may notice the good
correspondence between the segmentation and the features, this is our final result for gl.
Since the two roads (right part of the image) meet at their extremities, only one road
could be recognized.
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5.3 Using the basic model with cliques of order three
5.3.1 g2

When we consider g2, we notice that the contrast plays an important role for deter-
mining the valleys, and we use therefore cliques of order three. The potential is the sum
of a grey-level term h and a contrast term g. If we index the three points of the clique
according to their increasing values (f(My) < f(M3) < f(Ms)) - Ms is useful only for this
ordering :

¢(LM1, Afg,ﬂ/lg) = h(f(ﬂfg)) + g(f(LMZ) — f(ﬂfl))

f(My) is the median of the three values, it is also the minimum value on the valley if the
valley crosses the clique. f(Mj)is the value in the near neighborhood, and f(M3)— f(M;)
characterizes the local contrast between the valley and the background. h and g decrease
and are piecewise-linear.

The result of the segmentation is presented in Fig. 12. Due to the proximity of two valleys,
the propagation jumped from one to another.

53.2 ril

By applying the same type of potential, we obtain for r1 and with two different sets
of parameters Fig. 13 and Fig. 14. One may notice on both images that the results are
wrong for parts of the roads, in two cases in particular :

e when two parallel roads are close to each other and separated by a highly textured
region or by highly contrasted fields

e when a highly contrasted line (e.g. a river) comes close to a road.

In those cases, the propagation jumps from one path to another. We will see now how to
deal with the segmentation problems of g2 and rl by introducing curvature information.

5.4 Using higher order neighborhoods
54.1 g2

To take into account the three notions of grey-level, contrast and curvature, we define
the potential as the sum of three terms h, g and k, which depend on two cliques ¢; and ¢;
of order three and six as mentioned in 3.2. We call My, My and M3 the three points of ¢;,
ordered according to the increasing values of f: f(My) < f(M3) < f(Ms). ¢ is defined
as :
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o(ci Css fcmfcj) = h(f(M1)) + g(f(M:) — 'median(cj)) + k(cq).

h( f(M;)) characterizes the worst of the three candidates for the valley, f(M;)—median(c;)
is the contrast between the valley and the background (more precisely the median value
of the background), and k(¢;) corresponds to the angle between the points of ¢;. h and
g are piecewise-linear and decrease, while k increases with the angle (practically, k may
take three values to reduce the computation).

The final result is presented in Fig. 15. The notion of curvature does not intervene at
the specific point where the propagation turns towards another feature, but on all the
sinuosities of the jonction between both features. We notice this time the good fitting
between segmentation and features.

5.4.2 g3

With the same method and the same form of potential, we obtain for g3 the final
result in Fig. 16, where the segmentation fits well the features.

54.3 ril

For r1, we also used the same type of potential.

e Fig. 17 is obtained by using the average in the background instead of the median.
Noise influences this average value more than the median value, and the result shows
a road from which the propagation went wrong, from the upper right.

o Fig. 18,19, 20, 21 were obtained with a median value for the points of the back-
ground, and all with the same set of parameters but with different choices for 5.
In Fig. 18, 5 is the left vertical column. In Fig. 19 it is the sea and in Fig. 20 the
center of the agglomeration. Finally, Sy is constituted both from the sea and from
the center of the agglomeration in Fig. 21. Obviously, the result may change greatly
according to the choice of 5.

e The best result is presented in Fig. 22. Sj is the center of the agglomeration, and the
angle coeflicient has been lowered relatively to the preceding results. It is important
to notice that there is no way to distinguish between roads and channels even for
the human eye, so it is not surprising to get such a result.

54.4 r2

When applying the same type of potential to r2, we obtain Fig. 24 as a final result.
The result fits perfectly the features, although the human eye had difficulties to precisely
localize the roads. Fig. 23 is the corresponding energy function.
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5.5 Results to be improved
5.5.1 r3

Due to the original confusion in r3, the results for r3 are not very interesting. Fig.
25 was obtained with cliques of order two, and Fig. 26 was obtained with second order
neighborhoods and cliques of order three.

5.5.2 r4

The same remark applies for Fig. 27, obtained with second order neighborhoods (see
for instance the right handsize of the image). We hope to deal with these two images (r3
and r4) with the dynamic model, whose study is currently underway.

We want now to discuss the results : determination of the parameters, comparison of this
method with other methods, and future objectives.

6 Discussion

6.1 Determination of the values of the parameters

An important topic is how to define the potential corresponding to a given image.

6.1.1 What has been done

So far, the potential is computed from :

e a priori constraints : functions (h,g) which are piecewise-linear for limiting the search,
separability of these terms, definition of the potential as a sum of terms, stationarity,
continuity of the functions,

e general characteristics of the image : features presenting a positive or negative con-
trast, dark or clear grey-levels (which determine if h and g are increasing or decreas-

ing),

e case study : taking small windows of the image and computing values which are
characteristic of the image (such as relation between grey-level values and probability
to belong to a feature, usual length of interruptions)
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6.1.2 Directions of research

Our future aims are to get rid of the case study, in one of the following ways :

e either to find a potential valid for a class of images

e or to find an automatic way of computing the potential from the analysis of small
windows.

6.2 Comparison with other methods

We want now to recall the main advantages of the F* method in comparison with other
methods.

6.2.1 Edge detection

We want to stress that most methods of edge detection are based on a thresholding ;
some are performed on a binary image obtained after a thresholding [Hou 62], others
perform a final thresholding after a filter [Can 86][Der 87][Cox 90]. Thus, for the general
case :

e there may be problems for fixing this threshold value, especially when there is much
noise. Hysteresis thresholding [Can 86] deals partially with this question, but the
same problem may appear again (although less roughly) for the lower threshold :
how to get all the edge, without getting any noise ?

o the fine grey-level information may be completely neglected.

e these methods are aimed more to recognize all the edges than to detect a particular
pattern, so the purpose is slightly different.

Some methods have dealt with the problem of exploiting grey-level information (following
the ridges), using local neighborhood-based propagation, but local interruptions may be
fatal.

Our method which extends the F* algorithm deals with these two problems of grey-level
information and of global information by the use of a global grey-level energy function. In
comparison with the classical methods, we can stress the following points (which charac-
terize also the F* algorithm) :

e we get by construction a continuous line,

e we get by construction a thin line (except if we want the potential to be constant for
a part of the grey-level scale),
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e the result is localized exactly where the feature is,

e the result is robust ; we definitely also use parameters but contrary to the thresh-
olding methods, their choice is less critical and discrete noisy pixels may have any
value without influencing the result (see Fig. 24).

The complexity is in O(k+n) where n is the number of pixels in the image and k the max-
imum number of zigzags in a feature, and the number of operations is thus comparable to
the best performances of edge detection.

Another classical method of edge detection is the snake method [Kas 87]. The applications
are quite different. The snakes in particular deal with the problem of movement of a
contour through time, and with the detection of virtual contours, which is out of the field of
applications of our attraction energy. On the other side, for a fixed pattern, we synthesize
the grey-level information through the attraction energy before any propagation, while
snakes perform much computation during the propagation. Algorithm 1 has most of its
computation performed in the interest zone automatically (zone where the energy values
change the most). Besides, only one point is propagated, not a complete line, thus we
spare computer time.

Furthermore, we do not need any initial guess, we obtain a continuous line, and we are
sure of reaching a global minimum (not a local one).

6.2.2 Comparison with other distances

We may notice that the numerical distance generalizes usual distances. Effectively,
the pseudo-Euclidean distance corresponds to a numerical distance where ¢ is uniformly
equal to the constant 1, and the grey-weighted distance defined by [Rut 68] to a numerical
distance where ¢ is equal to the grey-level value of a pixel. Our distance develops this
notion by taking into account not only a function of the grey-level but also the local
direction of the path or the contrast.

6.2.3 Graph theory and dynamic programming

Other methods have extracted the information of minimum-cost paths in image pro-
cessing [Mar 72|[Har 68]. They used a cost function of the contrast and then performed
a heuristic search in a graph for detecting minimum cost paths. Our method is also an
extension of these works :

e we define the potential as a more general function ; not only the contrast intervenes,
but also a function of the grey-level, the direction, and even neighboring pixels for
cliques of order higher than two,

e we do not use a special structure for the graph, but work directly on the image, and
thus avoid the computational problems,
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e we do not take the risk of defining and using a global heuristic (it is worth noting
that [Mar 76] used a threshold as a heuristic : grey-level information had to be added
in this way to the contrast information used in the cost - but the information added
was once again based on a thresholding...),

e we are sure to find a minimum cost path.

More generally, let us define a non-directed graph induced by the lattice of the image : G =
(V, E), where a vertex is a pixel of the image, and an edge is a couple of neighboring pixels
for the chosen connectivity. For every edge, we define a cost A as the minimum of the po-
tentials of the cliques containing the two points : A(z;, Zi41) = Ming ec, |z e, ec; (€5 fei)-

Then, u(h) = Y720 Ma;,2i41). Thus, our first algorithm [Mer 91] is an adaptation of
Ford’s algorithm [For 56][For 62] to image processing. There are still important differences :

e our potential is general and adapted to image processing

e our graph is planar and each vertex has the same degree (except on the border of
the image)

e we exploit this special structure of the graph (planar and with vertices of constant
degrees), the coherency of the lines and eventually their direction to reduce the com-
plexity : while the complexity of Ford’s algorithm is in o(card(V)?), the complexity
of our algorithm for all usual cases is in o(card(V)) - a constant number of scan-
nings ; we do not expect in usual images to see random zigzags at the level of the
pixel...

These advantages are also to be found if we compare the numerical distance to different
algorithms of dynamic programming [Bel 65] ; each point has a constant number of neigh-
bors, and we get an important part of the line in the same scanning, due to the structure
of the pixels/states, and to the fact that we use our last computation immediately for our
current computation : a neighbor of a point which is part of a line is a good candidate
for being also on the line. Thus, instead of propagating one pixel in the line at each
scanning, we propagate many pixels at the same time, depending on the sinuosity of the
line. By scanning alternatively in all directions/in the privileged directions (depending on
the application), we optimize the propagation.

If we compare our algorithm with the F* algorithm, we find that they are quite similar.
However, we should stress :

e We have presented a mathematical formalization of the notions involved. In partic-
ular we have shown that the image obtained by integrating the cost is a distance
function, and defined the cost as a potential on a clique.



6 DISCUSSION 28

e While Fischler [Fis 81] defines the cost relatively to one point, we define it relatively
to a couple of points (and theoretically relatively to more points) - it corresponds
to the segment between the two points. This allows to deal with more complex
configurations and in particular the relative values of the two points : for computing
the value of the energy in one point we do not take into account one cost but as
many costs as there are neighbors. A consequence of second order is that the initial
value for the starting points in our algorithm is equal to zero while the F* initializes
them to their cost.

o We perform the proposed algorithm not only on isolated starting and goal points,
but on sets of points. The distance formalization allows this generalization.

e The organization of the scannings in [Fis 81] is not optimal : there is a redundancy of
computation for some directions (for each of the two horizontal directions left/right
and right/left, the minimization is performed twice in the same cycle of scannings).
In our algorithm, we solve this problem :

1. Every direction of neighborhood appears only once.

2. Every direction of neighborhood appears in the scanning for which there is
recursivity : in this direction, the change of one pixel is taken into account in
the computation of the next pixel during the same scanning.

3. The algorithm is anisotropic through the use of four equivalent scannings in
the four directions of propagation.

e This mathematical formalization leads also to practical extensions ; we consider
cliques of order higher than two, and also neighborhoods of order higher than one.
This allows to take directly into account notions such as contrast and curvature.

6.3 General framework, drawbacks
6.3.1 General framework

There are several ways of considering this distance based energy function. The general
field of applications is the following : we have a feature (or a set of features) joining two
extreme points (sets of points), and it may be characterized by some grey-level criterion,
by a dominant direction, by a particular contrast, or by any local property depending
eventually on the location. It may be interrupted and its direction may vary, it may even
be sinuous. Then, we look for a distance function such that the shortest path between
the extreme points for this distance is the feature. For this, we simply have to define the
corresponding local potential.

We may notice that these developments stress the connection between important notions,
such as distance and energy, global information and local information, graphs and energy
(see [Gau 92] for another interesting connection between graph, energy and distance, in
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a completely different context). Besides, we may see the importance of non-stationary
energies and potentials, for instance for features whose characteristics vary according to
the location in the image.

The algorithms are performed generally within thirty or forty scannings, and the complex-
ity is proportional to the number of pixels in the image. This rapidity is due to the fact
that these algorithms privilege the zone of the feature (where the energy values change)
and that they are both recursive : the change of one pixel value is taken into account
during the same scanning. Thus, the number of scannings is linear with respect to the
number of sinuosities of the feature.

Finally, one should notice that the lines obtained by using the proposed method are by
construction continuous and thin.

6.3.2 Drawbacks

Two major drawbacks could be mentioned. First, we need to know the extreme points
of the feature to be detected. However, this constraint may be partly relieved since Sg
may be an overset of one extremity, located far away from the feature (left border for
some SPOT images for example), and since S; may be determined automatically as the
set of the local minima of R in an overset of the other extremity. This last point shows the
importance of the distance function for representing global information by synthesizing
local information, independently from pattern recognition.

Second, there is a search process for determining ¢, as usual with energy methods, which
is naturally not limited. We proposed to impose constraints for guiding the search and to
define the parameters relatively to the worst admitted configurations. Since ¢ may take
into account wished tolerances (such as allowed deviations and maximal length admitted
for the interruptions), and since it may be computed automatically from the histogram, we
managed in previous applications not presented in this work [Mer 91] to obtain a robust
potential for a whole class of applications (such as recognizing the staves in a music score,
recognizing the brain fissure in MRI medical images). However, we did not reach this
point so far for the SPOT images.

6.4 Future research
As a summary, our objectives are the following :

e Implementing the dynamic model, in particular to deal with the problematical im-
ages r3 and r4.

o Automatizing the determination of the potential, by finding a general shape of the
potential for each class of images, or by computing automatically the potential from
a series of small windows.
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o Automatizing the search for 57 and Sy. The search for 57 should be easier since
we may recognize it as the extremity of a valley. On the other hand, Sy should be
defined before any computation, and no information from the numerical distance
function can therefore be used for this purpose.

e Speeding the computation by using pile strategies, propagating at the beginning
the new values of the distance only from a restricted number of pixels having low
distance values, or even using branch and bound when 57 is known early.

7 Conclusion

This distance function is thus at a meeting point between graph theory, energy meth-
ods, and edge detection. Its efliciency, simplicity, rapidity, and adaptability make it pow-
erful for detecting imperfect edges in digital images.

We have actually extended the F* algorithm, and optimized its recursivity. In particular,
we have developed a mathematical formalism of the F* algorithm which allows to extend
it to cliques of order higher than two and to neighborhoods of order higher than one,
taking into account notions of contrast and curvature. Besides, we have shown how the
F* could be considered as the static understanding of a physical mechanical model.
Further developments may be envisioned. We intend in particular to automatize the search
for the potential, for Sy and 57, to speed the computation, and to implement the dynamic
mechanical model, which may nicely introduce the global notion of curvature in the F*.

8 Appendix : proofs of the theorems and algorithms

8.1 Theorem1 :
8.1.1 Symmetry

The symmetry of A follows from the symmetry of a clique (there is no privileged point
in the clique).

8.1.2 Separability

A takes positive values since the potential takes positive values.
The separability is satisfied because of the constraint imposed on the potential :
A(zy,22) =0 <= Vi, ¢(ci, f/ei) = 0

< Vi,|¢| =1
< T1 =22
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8.1.3 Triangular Inequality

Let us assume that there exist three points z1, x5 and z3 such that :
A($1, .’EQ) + A($2, .’E3) < A(.’El, wg).

Let hy be the shortest path for g between z; and z3, and hy the shortest path for p
between x5 and z3 :

A(z1,22) = p(hy) and A(zg, z3) = p(hs).
Let us define h% the union of hy and hy : % = hy U hy, path joining z; to 3.

Then : p(hh) = p(he) 4+ plhe) = Az, 22) + A(zg, 23) < A(21,23). In contradiction with
the definition of A(zq,3).

Thus, the triangular inequality is satisfied.

We conclude from 8.1.1, 8.1.2, and 8.1.3 : A is a distance.O

8.2 Theorem 2 :

Let us consider a point z, a set Sy and the shortest path between them, hg :
A(z, 50) = p(ho).

We define a new function A, for the purpose of the proof, as the shortest length (in the
sense of the usual distance) of the shortest paths (in the sense of the numerical distance)
from x to Sy :

M) = min(Lep(z,50),A(z,50)=n(k)} [(7), where I[(h) is the length (number of points) of h.
We define the induction hypotheses H(n): Yz, A\(z) = n = R(z) = A(z, So).
Let us prove first H(2).

8.2.1 H(2)
We consider x such that A(z) = 2. Then, A(z,So) = ¢(c, f/c) where z € ¢ and
x1 € cN Sp.
Since R(z1) = 0, we have : A(z,So) = R(x1) + &(c, f/c).
Thus, by definition of R, we get : R(z) < A(z, So).

Let us show the other side of the inequality. We assume that there is some x for which :
R(z) < A(z, S) and A(z) = 2.

Since z ¢ So and by definition of R, we have : R(z) = R(u1) + ¢(co, f/co) < A(z, Sp) and
Gﬁ(cov f/CO) > 0.
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In the same way, we define a series (u;) : ug = z, and by induction
R(u;) = R(uiy1) + (e, f/ei).
The potential is positive and bounded from below, thus R(wu;) decreases. Since R is

positive, R(u;) converges. The potential has a strictly positive lower bound outside of S,
thus R(u;) converges to 0 in a finite time : R(u,) =0 and u, € Sp.

From these p equalities which define (u;), we deduce : R(z) = Y020 ¢(ci, f/e:) < Az, So),
in contradiction with the definition of A(z, Sy).

Thus, H(2) is true : Yz, A(z) = 2 = R(z) = A(z, 50).

8.2.2 H(n+1)
Let us assume that H(n) is true. We consider x such that A(z) = n + 1 :
A(z, So) = p(ho) with I(hg) = n + 1.
We have : A(z, Sy) = ¢(co, f/co) + p(h1) with hg = [z, 21] U hy and (A1) = n.
Thus, by H(n), we get : A(z,Sy) = ¢(co, f/co) + A(z1,50) = ¢(co, f/co) + R(z1).
Hence : R(z) < A(z, Sp).

We want now to show the other side of the inequality.

If we assume that there is some x for which R(z) < A(z, Sp), we define a series (;) in the
same way as in H(2) and by the same argument obtain a contradiction.

Thus, H(n + 1) is true and, by induction, H(n) is true for n > 2.
In S, R(z) = 0 = A(z, Sy) too, and thus we conclude : Vz € 5, R(z) = A(z, Sp). O

8.2.3 Set of minima of R

If x is outside Sp, then R(z) = R(z1) + ¢(co, f/co) by definition of R. Since ¢ is strictly

positive, R is not minimum in x.

If x belongs to Sg, R(z) = 0 < R(z1) for any point z; of S. Thus, R is minimum, both
locally and globally.O

8.3 Algorithm 1
8.3.1 Convergence

Im is decreasing with time and bounded from below, so it converges. It is defined on
a finite grid and takes a finite number of values, so it converges after a finite time.
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8.3.2 Rightness

We assume that we are at convergence and consider a pixel x.
If x belongs to Sp, Im(z) = 0 (unchanged). Thus, Im(z) = A(z, So).

If x does not belong to So, Im(z) = ming en, {Im(z;) + ¢(c, f/c))} >0
(¢ is strictly positive).

Thus, I'm satisfies the conditions of Theorem 2.
Hence : Im(z) = A(z, S).

The image we get is R, or equivalently A(.,Sp). O
8.4 Algorithm 2

8.4.1 Convergence

We notice :

e we mark only points such that Im2(z) =0,
e after x is marked, Im2(z) > 0,

e there is a finite number of points.

Thus, Im2 converges after a finite time.

8.4.2 Rightness

33

We assume that we are at convergence. We call M the set of marked points and S

the set of points belonging to a shortest path between Sy and 5.
We want to show that M and § are equal.

Let hg be a shortest path between Sq and S5 : zg € So, %1, ..., T, € S1. At the initialization

step, z, has been marked.

Along the path, Im2(z;11) = Im2(x;) + ¢(c;, f/ci) since :

o Im2(z;y1) < Im2(z;) + ¢(c;, f/c;) by computing Im?2.

o if Im2(zi41) < Im2(z;) + &(ci, fler), Im2(xiyq) = Im2(y) + &(c, f/c). y produces
a shorter path for g, in contradiction with the hypothesis that hg is a shortest path

between Sy and 9.
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By induction from z, to zg, all the points of hg are marked. Thus, § C M.

Let us consider now a point x of M : x has been marked, and we want to find a
shortest path between Sy and 57 passing through x.

We consider the marking process (Algorithm 2) starting from .5 and define the series (v;)
of propagation of the marking from 57 to x : vy € 51,01, ..., v, = .

We consider the building process of Im (Algorithm 1) starting from Sy and define the series
(u;) as the successive points of the shortest path from Sg to x : ug € So, uq,...,u, = .

We define the series (w;) by combining (u;) and (v;) :

wWo = Ug € S,y .0y Wp = Up = Uy, = T, Wpy1 = Up—1,..., Wpppn, = Vg € 57.

Along this path, Im(w;y1) = Im(w;) + ¢(ci, f/c;).

Thus, I'm(wyt,) = p(hyw) = A(wpt,) where h,, is the path defined by (w;), and h,, is a
shortest path between Sy and 5.

Since x belongs to h,,, x belongs to S.

Thus, M C S.

We deduce : M = & ; the result of the algorithm is exact. O

8.5 Definition 3

The lattice is finite, n and m are finite constants, so there is no problem to define the
attraction cost as a minimum.
There is a finite number of paths between x and y, so the definition of the attraction
energy creates no difficulty here neither.
The fonction U is separable if the potential satisfies the condition defined on the potential
in Theorem 1 (same demonstration as in Theorem 1), and is symmetric because of the
symmetry of the cliques, but it does not satisfy anymore the Triangular Inequality. An
example for this last point may be easily found with two paths such that the potential of
the clique at their junction is not null and such that the background has high potential
values. Then the cost of the combination of these paths takes into account the potential
at the junction and is thus bigger than the sum of the costs of its both subpaths which do
not include this potential in their computation. O

8.6 Algorithm 3
8.6.1 Convergence

Algorithm 3 converges in a finite time since there is a finite number of images Im1,
and since each image Im1 decreases with time and is bounded from below (see Appendix,
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Algorithm 1).

8.6.2 Rightness

The demonstration is very similar to the one of Theorem 2.

We have at convergence :
ImlNO(Alo) == min¢:17273{1m1pi(1V0) + ImQCi(Mo)}

with the same notations as in Algorithm 3.

We want to prove that Imly,(Mp) is the cost of the shortest paths from Sg to My whose
point before the last one is Ng. Let hg be such a shortest path.

We define a new function Ay,, for the purpose of the proof, as the shortest length (in the
sense of the usual distance) of the shortest paths (in the sense of the numerical distance)
from My to Sy passing through Ny :

AN, (Mg) = min{h:l‘o,...l‘pep(so,MO),ANO(507M0):M(h)/\l‘p_1:N0}l(h)7 where [(h) is the length
(number of points) of h, and An,(z,y) is the minimum cost of the paths between x and
v whose point before the last one is Ng.

We define the induction hypotheses H(n) :
Vﬂlo, ANO(M()) =n —= ImlNO(Mo) = ANO(S(),M())

Let us notice here that for the sake of brevety Ny is a neighborhood direction, not a point,
in the expressions Apn,, An, and Imly,.

Let us prove first H(3).

H(3)
We consider My such that An,(Mo) = 3. Then, Ay, (Mo, So) = é(c, f/c) where
My € ¢, Ng € ¢, and Py € ¢ N .
Since I'mlp,(Ng) =0, we have : Ay, (Mo, So) = Imlp,(No)+ ¢(c, f/c).
Thus, due to the property satisfied by Imly,, we get : Imln,(Mo) < An, (Mo, So).

Let us show the other side of the inequality. We assume that there is some My for
which :

Imln,(My) < An,(My, So) and A(My) = 3.

Since My ¢ Sy and by definition of I'mly,, we have :
Imlpn,(Mo) = Iml,,(No) + ¢(co, [/co) < A(Mo, So) and ¢(co, f/co) > 0.
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In the same way, we define a series (w;) : uwg = My, vy = Ny and by induction
Imly,, (u;) = Imly;,(uig1) + (¢, f/e;), where ¢; contains u;, u;11 and u;qy.

The potential is positive and bounded from below, thus I'ml,,,,(u;) decreases. Since
Im1 is positive, Im1y,,,(u;) converges. The potential has a strictly positive lower bound
outside of Sg, thus I'ml,,,(u;) converges to 0 in a finite time : Iml, ., (u,) = 0 and
U, € So-

From these p equalities which define u;, we deduce :
Imln, (Mo) = S22 élei, flei) < Any (Mo, So), in contradiction with the definition of
A(M(Jv SO)

Thus, H(3) is true : YMgy, A(My) = 3 = Imln,(Mo) = An, (Mo, So).

H(n+1)

Let us assume that H(n) is true. We consider My such that A(My) = n+ 1 :
ANO(M(), So) = ,u(ho) with l(ho) =n-+ 1.
We have : Ay, (Mo, So) = ¢(co, f/co) + p(hy) with hg = [My, M1]U by and (k1) = n.

Thus, by H(n)v we get : A]\41(]L107SO) = ¢(607f/60) + A]\42(jv‘[1750) = Gﬁ(CO,f/Co) +
Il (M).

Hence : Imlpg, (Mo) < Apr, (Mo, So).

We want now to show the other side of the inequality.

If we assume that there is some My for which I'mly,(Mo) < An, (Mg, So), we define a
series (u;) in the same way as in H(3) and by the same argument obtain a contradiction.

Thus, H(n + 1) is true and, by induction, H(n) is true for n > 3.
Thus we conclude : VMg € 5, An,(Mo) > 3 = Imln,(Moy) = An,(My, So). O

8.7 Algorithm 4
8.7.1 Convergence

We notice :

e we mark only points such that Im2(N;) =0,
e after N; is marked, Im2(N;) > 0,

e there is a finite number of points.

Thus, Im2 converges after a finite time.
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8.7.2 Rightness

We assume that we are at convergence. We call M the set of marked points and S
the set of points belonging to a shortest path between Sy and 5.

We want to show that M and § are equal.

Let hg be a shortest path between Sg and 54 : zg € 54,1, ..., T, € Sg. At the initialization
step, zg has been marked.

Along the path, let z; be the last point marked. If z; does not belong to Sg, then x;41
is the neighbor for which I'ml;,,,(#;) is minimum. So it must have been labeled, which
contradicts our hypothesis that x; is the last point marked. Thus, all the points of the
path § are labeled. Thus, S C M.

Let us consider now a point x of M : x has been marked, and we want to find a
shortest path between Sy and 57 passing through x.

We consider the marking process (Algorithm 4) starting from 57 and define the series (v;)
of propagation of the marking from 57 to x : vg € Sy,v1,...,9; = . This propagation
carries on until v, € 9.

Along the path, we have : Iml,, (v;) = Imly_,(vig1) + Im2y; 4,1 w0 (v5). Thus, the
shortest path from Sy to v; passes through v;41. By induction starting from Sy, this is a
shortest path from Sy to S7.

Thus, M C S.

We deduce : M = & ; the result of the algorithm is exact. O
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Figure 3: Original image gl

Figure 4: Original image g2
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Figure 5: Original image g3

Figure 6: Original image rl
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Figure 7: Original image 12

Figure 8: Original image 13
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Figure 9: Original image r4

Figure 10: Distance-energy for gl with
cliques of order two and a static model
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Figure 11: Segmentation of the valley and
roads in gl with cliques of order two and a
static model

Figure 12: Segmentation of the valleys in g2
with cliques of order three and a static model
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Figure 13: Segmentation of the roads and
channels in r1 with cliques of order three and
a static model - first test

Figure 14: Segmentation of the roads and
channels in rl1 with cliques of order three and
a static model - second test
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Figure 15: Segmentation of the valleys in g2
with neighbors of second order

Figure 16: Segmentation of the valleys in g3
with neighbors of second order
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Figure 17: Segmentation of the roads and
channels in r1 with neighbors of second or-
der - first test

Figure 18: Segmentation of the roads and
channels in r1 with neighbors of second or-
der - second test
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Figure 19: Segmentation of the roads and
channels in r1 with neighbors of second or-
der - third test

Figure 20: Segmentation of the roads and
channels in r1 with neighbors of second or-
der - fourth test

48



REFERENCES

Figure 21: Segmentation of the roads and
channels in r1 with neighbors of second or-

der - fifth test

Figure 22: Segmentation of the roads and
channels in r1 with neighbors of second or-
der - sixth test
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Figure 23: Energy for r2 with neighbors of
second order

Figure 24: Segmentation of the roads in r2
with neighbors of second order
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Figure 25: Segmentation of the roads in r3
with cliques of order two and a static model

Figure 26: Segmentation of the roads in r3
with neighbors of second order

51



9 REFERENCES

Figure 27: Segmentation of the roads in 14
with neighbors of second order
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