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Finding All Hypergeometric Solutions
of Linear Differential Equations

Marko Petkovsek and Bruno Salvy

Abstract

Hypergeometric sequences are such that the quotient of two suc-
cessive terms is a fixed rational function of the index. We give a
generalization of M. Petkovsek’s algorithm to find all hypergeometric
sequence solutions of linear recurrences, and we describe a program
to find all hypergeometric functions that solve a linear differential
equation.

Solutions hypergéométriques
des équations différentielles linéaires

Résumé

Les suites hypergéométriques sont telles que le quotient de deux
termes consécutifs est une fonction rationnelle fixe de I’'indice. Nous
donnons une généralisation de ’algorithme de M. Petkovsek qui
détermine toutes les solutions hypergéométriques de récurrences liné-
aires, et nous décrivons un programme qui donne toutes les fonctions
hypergéométriques solutions d’équations différentielles linéaires.

To appear in Proceedings ISSAC’93. M. Bronstein ed. ACM Press.
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Abstract

Hypergeometric sequences are such that the quotient of
two successive terms is a fixed rational function of the
index. We give a generalization of M. Petkovsek’s algo-
rithm to find all hypergeometric sequence solutions of
linear recurrences, and we describe a program to find all
hypergeometric functions that solve a linear differential
equation.

Introduction

Most of the effort on finding closed-form solutions to
linear differential equations has been focused on finding
liouvillian solutions, i.e., functions built over rational
functions by application of exp, log, [, algebraic closure,
and field operations (see [9] for a bibliography on this).

While liouvillian functions correspond more or less
to the intuitive notion of “elementary” functions and
their integrals, it is natural to try to extend the existing
algorithms to special functions. One reason for doing
this is that special functions do arise in practice; another
reason is that finding any solution permits to reduce the
order of the equation under study. This may bring the
equation within reach of existing algorithms since their
complexity increases dramatically with the order of the
equation. (Factorisation of linear differential operators
is currently hopeless on equations of large order, see [4].)

The special functions we consider in this article are
generalized hypergeometric functions. A hypergeometric
series is a power series in z with p 4+ ¢ parameters:

a,ap o\ N (@) (ap)e 2
qu< bi,. ., b, Z) -—Emy: (1)

where (a)y = a(la+1)---(a+k—1) =T(a+ k)/T(a)
is Pochhammer’s symbol. It is easy to see that a se-
ries ' = %", 5, fr is hypergeometric if and only if
fo = 1 and the Tatio fyy1/fx is a rational function of k.
The a;’s (resp. b;’s) are the negatives of the zeros (resp.
poles) of this function, counted with their multiplicities,
and z is the leading coefficient. If —1 is not a pole we
append it to the list of zeros in order to cancel out the
factor k!.

In general (see [2, Ch. IV]), this series converges for
all finite z when p < ¢, and for |z| < 1 when p = ¢ + 1
so that one can talk of the hypergeometric function in
these cases. The series diverges for all z # 0 when p >
g+ 1. In all cases, (1) satisfies the following differential
equation

ﬁ (0 +a;)]y(z) =0, (2)

where 6 = z(d/dz). This equation makes it possible to
give a meaning to (1) even when p > ¢ + 1 through the
introduction of Meijer’s G-functions (see [2, Ch. V]).
Special cases of hypergeometric functions include
exp(z), (1 — 2)%, ﬂ}—z~ (see [7, ch VII] for an ex-
tensive list of such special cases). While all the exam-
ples we have given are also liouvillian, there is no strict
inclusion between the set of hypergeometric functions
and the set of liouvillian functions. Thus the Bessel



function Jg(2i4/2) is hypergeometric but not liouvillian,
and exp(e?) is liouvillian but not hypergeometric (be-
cause of the type of its singularity at infinity).

The purpose of this paper is to describe an algorithm
and a Maple version of it that finds all hypergeometric
solutions of linear differential equations with rational
coefficients. In other words, given a linear differential
operator L € Q[z][d/dz], we find whether there exists
a factorisation L = L;Ly with Ly as in (2), and the
values of the parameters involved. In Section 1, we de-
scribe a generalization of algorithm HYPER [6] to find
m-hypergeometric solutions to linear recurrences. In
Section 2, we use this algorithm to find hypergeometric
functions satisfying a linear differential equation. Sec-
tion 3 describes several natural extensions of our al-
gorithm that widen the class of solutions it finds. In
Section 4, we conclude with a detailed example.

1 m-hypergeometric sequences

Definition 1 Let IF be a field of characteristic zero. A
sequence u, is m-hypergeometric over IF if there exists
a rational function r(n) over F and an integer ng > 0
such that, for all n > ng, Upym/un = r(n).

An m-hypergeometric sequence u, is primitive if it
satisfies no linear homogeneous recurrence with polyno-
mial coefficients of order less than m.

When m = 1, this corresponds to the usual definition of
hypergeometric sequences. In this section, we describe
an algorithm to find m-hypergeometric solutions to a
linear recurrence equation. It reduces to algorithm Hy-
PER [6] when m = 1. The reader who is not familiar
with algorithm HYPER is encouraged to read this sec-
tion focusing on the case m = 1, in order to get a feeling
of how this algorithm works.

Let E denote the shift operator, Fa(n) = a(n + 1),
and let pg(n), p1(n), ..., pa(n) be rational functions of
n such that pg, pg Z 0. Then

d

L= Zpk(n)Ek (3)

is a linear recurrence operator of order d. With com-
position defined in the usual way, such operators form
a ring, and they can be divided as polynomials in the
indeterminate E except that factors do not commute.
An operator L is reducible if it is a product of two op-
erators Ly and Ls, both of positive degree. Note that
m-hypergeometric sequences are those which are anni-
hilated by operators of the form L,,, := E™ — r(n)
where r(n) is a rational function of n. Clearly, if a se-
quence u satisfies L, ,u = 0 and L = LiL,,, then u
is an m-hypergeometric solution of recurrence Ly = 0.

Therefore it is desirable to have an algorithm which will
find all right factors of the form L,, , of a given recur-
rence operator L.

Fix m > 1. Let L be as in (3), normalized in
such a way that its coefficients are polynomials, and
assume that L = LiL,, ,. Denote d, = [(d — s)/m].
Computing directly the division of L by L, ,, we ob-
tain L = Ly Ly, » + S, where

m—1 ds
S= | D pmits(n)
s=0 \j=0

is the remainder. Hence fors = 0,1,...,

j—1
Hr(n—i—m/{:—l—s) E?
k=0

m—1, r satisfies

s j-1

Epmj+s(n)Hr(n+mk+5) =0. (4)
§=0 k=0

Fix s and write t;(n) = pmj+s(n), R(n) = r(n + s).

Then (4) can be rewritten as

Zs:tj(n) [ R(n+mk) =0. (5)

For m = 1, this nonlinear equation for the unknown
rational sequence R is solved in [6]. The algorithm
described there generalises to arbitrary m, as we now
show.

Lemma 1 Let F be a field of characteristic zero and
m a positive integer. Fvery non-zero rational function
R(z) over T has a factorisation of the form

A(z) C(x + m)

MO=250) cw ©

where

1. ZeF, Z#0,
Az
Az
B(z

A(z), B(x + km) are relatively prime for every
non-negative integer k.

B(z),C(z) are monic polynomials over T,
C(z) are relatively prime,

C(z + m) are relatively prime,

),
),
),
)

We omit the proof which is analogous to the one
given in [6] for the special case m =1 (see also [3]).

Let
A(n) C(n+m)

B(n)  C(n)
where R is from (5) and Z, A, B, C are as in Lemma 1.
Inserting this into (5) and clearing denominators gives

> 7 B

R(n)=2

n+mj) =0 (7)



where

P;(n) :=t;(n) [[ A(n + mk) 1:[ B(n + mk),

for j =0,1,...,d;. From this it follows by the proper-
ties of A, B, C' that

A(n) | to(n)

and

B(n) | ta,(n — m(ds — 1)).

This leaves us with a finite choice for A(n) and B(n)
— they are monic factors of polynomials tg(n) and
tq,(n — m(ds; — 1)), respectively. Given the choice of
A and B, a glance at the leading coefficient of (7) shows
that Z satisfies an algebraic equation over IF of degree
at most d;, so the set of possible values for 7 is finite as
well. For a fixed choice of A, B, and 7, we can use an al-
gorithm for finding polynomial solutions of recurrences
with polynomial coefficients (see [1] or [6]) to determine
if (7) has any non-zero polynomial solution C.

After all rational solutions of (4) have been found
for one value of s, those which satisfy (4) for all s, 0 <
s < m — 1, have to be selected. This requires solving
linear algebraic equations for the unknown constants.

Running this algorithm for m = 1,2,...,d will give
us all m-hypergeometric right factors of operator L
from (3), and hence all primitive m-hypergeometric so-
lutions of recurrence Ly = 0.

2 Basic Algorithm

In this section we apply algorithm HYPER — the al-
gorithm of the previous section with m = 1 — to find
hypergeometric solutions of linear differential equations.
Our algorithm consists of three steps which we now de-
scribe.

Step 1. Recurrence for formal power series solu-
tions. We start from a homogeneous linear differential
equation of the form

S p# | ¥ =0, (®)

=0 ji=

where we assume that the leading coeflicients p;q, are
different from 0. Suppose the formal power series f(z) =
Y ns>o fn2" satisfies (8). Then by substituting f into (8)
and equating coefficients of 2™, it is well known (see [10])
that one gets a linear recurrence with polynomial coef-
ficients:

S bg(ntimi)e (=i Dfusicg =0, (9)

i=0 j=0

valid for all n, with the convention that f; = 0 when £k <
0. We shall denote M = max({d;—¢;i =1,...,7}), then
the order of the recurrence (9) is r + M. What makes
our algorithm useful is that it is not restricted to the
case r+ M = 1.

Step 2. Solving the recurrence. Algorithm Hy-
PER [6] finds hypergeometric-sequence solutions of equa-
tions of the form (9). Given a linear recurrence
like (9) with coefficients in QQ[n], it outputs an algebraic
number Z and three monic polynomials A(n), B(n),
and C(n) in Q[n] such that there exists a solution of (9)
verifying

B(n)C(n)fapr = ZA0)C(n + 1) fa,  (10)

with (Z, A, B,C) as in Lemma 1. Tt is shown in [6] that
algorithm HYPER can actually produce a basis of such
solutions. Qur step 2 thus consists first in computing
this basis for (9).

For each element of this basis {(Z,, Ap, Bp, Cp)}, we
have to compute the first values of the sequence. Let ng
be the smallest non-negative integer such that A(ng +
k), B(ng + k), C(ng+ k) are different from 0 for every

integer k£ > 0. Then for any constant K, the sequence

satisfies (9) for all n > ng + M.

If ng > 0, we still have to determine fo, ..., fn,—1.
To get these values, we write down the linear system
of ng equations obtained by setting n = M, ..., M+ng—
1 in (9), and solve this system for fg,..., fo,—1 and K.
If the dimension of the solution is greater than 1, we can
then isolate solutions with finite support. Note that the
dimension of the solution may also be 0, when A(ng —
1) = 0. In this case the trailing coefficient of (9) vanishes
at n = ng + M — 1 (this can be seen from the way
HYPER works) and the recurrence (9) then gives rise to
a linear combination of {f,,4+r-1, .., fa,} Which is an
extra constraint on the f,,’s that may be 0 or not.

Once this has been done for each element of
{(Zp,Ap, Bp,Cp)}, we have a family of solutions of two

types:

{fn,p = Qn,p, 0<n< ng,p; fn,p =0, nop < n}

and
{fn,p = Qpnp, 0<n< no,p;
n—1 .
nen A, (i
fnyp = Zp D’Pcp(n) H p( ): no,p < n}:

By (i)

1=ng,p



for some constants a,, ,. Any linear combination of these
sequences is also a solution of (9) for n > M.

We now have to match the condition that f; = 0
when k£ < 01in (9). In other words we are looking for a
basis of the subspace of the vector space generated by
our solutions where fr = 0 when £ < 0. This is done by
solving a linear system of M equations obtained by sub-
stituting a generic linear combination of our solutions
into (9) forn=10,...,M — 1. If M < 0, then all linear
combinations are solutions of (9) for all n.

Step 3. Definite summation of hypergeometric
sequences. We enter this step with a sequence wu,
which is a linear combination (where the coefficients
may be symbolic) of hypergeometric terms of the types
above. We now compute the definite sum from 0 to
infinity of u,z". Note that definite summation of the
sequence corresponds to z = 1.

Obviously sequences of the first type above corre-
spond to polynomial solutions of (8), of which we get
a basis. To deal with solutions of the second type, we
first rewrite A(n) = [[(n + o), B(n) = [[(n + 5;)
and C(n + ng) = Z?i%"(c) enn—1)---(n—i+1),
and then it is not difficult to see that the corresponding
series 1s

de i no+ai,...,ngt+ag,,l
ZQ’H dat1 g 3 Zz),

Kz
o n0+61a"'an0+6d5

where 6 = z%, da = deg,(A), dp = deg,(B), d¢ =
deg, (C). This expression can be further reduced to a
linear combination of hypergeometric series with poly-
nomial coefficients by the usual formula for the deriva-
tive of an hypergeometric series.

Theorem 1 Let H(z) ‘be the vector space of hypergeo-
metric series in z over (O, then Steps 1-3 find a basis of
solutions of (8) in the vector space Q[z]H(z).

Proof. Let S = {Fi(2),..., Fi(z)} be the set of solu-
tions found by the algorithm. It is clear from the de-
scription of the algorithm that S C Q[2]H(z). That S
is linearly independent follows from translating a linear
combination of the F;’s into a linear combination of the
coefficient sequences. The last thing to prove is that
any solution belonging to Q[z]H(z) can be written as
a linear combination of the Fj’s. Let F be a solution
in Q[2]H(z). Then there exists a positive integer N
such that for n > N, the sequence of Taylor coeffi-
cients of F' is a linear combination of hypergeometric
sequences which satisfy (9). We can group together se-
quences whose ratios are rational functions of the index.
Then by [6, Corollary 5.1], each of these hypergeometric
sequences is also a solution of (9) and thus will be found
by HypPeER. This concludes the proof. O

Note that fast algorithms exist to find polynomial
solutions of linear differential equations [1], and these
should be used instead of looking for solutions of the
recurrence with finite support.

3 Extensions

In this section we examine simple modifications of the
algorithm which make it find solutions in larger classes
of expressions.

3.1 m-hypergeometric series

Many special functions can be expressed in terms of gen-
eralized hypergeometric functions evaluated at the m-th
power z™ of the argument. The sequence of Taylor coef-
ficients of these functions are often of m-hypergeometric
type, and it is therefore desirable to extend our algo-
rithm to find these.

For instance,

. ZZ
smz:z~0F1< 3/2 ; _Z> ,
and
. iz, i 1=
arcsin z __ 2192 . . 2 2 .
€ —2F1< 1/2 ,Z)—|—Z 2F1< 3/2 ,Z).

If sinz = Y00 upz®, and e?resinzg — S°%° 4 2k the
k=0 ) k=0 )

corresponding recurrences are

1
n+2 = — up, ug =0, =1,
It T e a2 TN
and
nZ4+1 1
Upg2 = ——————VUn, UVUg=101 =
P+ )(n+2) 0=

(see [5, (9.3)]), and both of them are primitive 2-
hypergeometric.

Using the algorithm described in Section 1 instead
of HYPER in Step 2 of our algorithm gives us all prim-
itive m-hypergeometric solutions of recurrence (9). A
m-hypergeometric solution (7, A, B,C) actually con-
tributes for m solutions in the basis, corresponding to
the sequences frm,..., fetm+m—1. We then proceed as
before to compute the initial values of the sequence,
and this may add extra contraints on the coefficients
of the linear combination of these sequences. Once
this has been done for all the m-hypergeometric solu-
tions (Z, A, B, C'), we compute as previously the basis
of those solutions that also satisfy f = 0 when k& < 0.
The definite summation is exactly as before, except
that when translating the sequence frm4i, 2 is replaced



by z™ and an extra factor of z' has to be taken into
account. One can check that the result must satisfy the
following generalization of (2)

q

[TT @+ b —m)—=" Ha+a] ) =0.

i=1

3.2 Translating the origin.
Once it is reordered, Equation (2) has the form

r

Z(%’Z + )2y (z) =0,

=0

with v; and ¢; rational constants. This means that,
unless the equation has the special form

(az +b)y"(z) + 4"V (z) = 0, (11)

the point 0 is always a singular point of the operator.
In particular, it is useless to look for solutions of hy-
pergeometric type when 0 is not a root of the leading
coefficient of the differential equation. (Solutions of (11)
can be checked independently.) An algorithm for finding
all hypergeometric solutions of a linear differential equa-
tion consists in first changing the variable z into z — «,
where « is a root of the leading coefficient of the equa-
tion, and then applying our algorithm. Iterating this
over all the roots of the leading coefficient, as well as
the change of variable z +— 1/z to deal with the sin-
gularity at infinity, one will get a generating set of the
hypergeometric solutions. However, since the equation
is not supposed to be irreducible, it is difficult in general
to isolate a basis from this generating set.
When m > 1, (11) becomes

r4+m

E (ajz™ +b

j=r+1

)2 =iy () = 0,

but apart from this special case, 0 is still always a sin-
gular point.

Another operation which it is natural to perform
after having translated the origin is to compute the in-
dicial equation. Then for each of the roots v of the
indicial equation we change the unknown function y(z)
into z”u(z), and look for an hypergeometric solution of
this new equation. This should allow us to find solutions
of the type 2%4 Fp(-; z) with « an algebraic number, and
a convergent ,F, when the singularity is regular.

3.3 Initial conditions.

There are several issues in the use of initial COIlditiOIE.
If the initial conditions are of the form y(*)(0) = ¢, € Q,

then obviously solving a linear system of equations will
give the proper linear combination of the basis (if any).
If the initial conditions are given at points different from
the origin, then there is still a linear system to solve,
but one has to decide when a coefficient is 0 in a class
of hypergeometric constants. This seems to be a very
difficult problem at the time.

3.4 Non-homogeneous equations.

If the right-hand side of (8) is a polynomial, there
must be a polynomial solution of the equation [1]. One
should first look for it and then apply our algorithm
to the homogeneous part. If the right-hand side is not
in Q[z]H(z), then there are no solutions in Q[z]H(z).
This follows from noticing that applying a linear differ-
ential operator with polynomial coefficients to an ele-
ment of Q[z]H(z) yields another element of Q[z]H(z).
The last case to consider is when the right-hand side
belongs to Q[2]H(z). Then a simple solution is to trans-
late the equation at the level of coefficients and then use
the extension of HYPER to non-homogeneous equations.
Step 3 remains unchanged.

3.5 Reduction of order

As usual, once a solution of a linear differential equation
has been found, it is possible to reduce the order by
changing the unknown function. The new equation has
coefficients that are polynomialsin the algebraic closure
of the coeflicient field of the original equation, and any
algorithm can be applied to it. Recursive application of
our algorithm should yield solutions that are products
of hypergeometric functions.

4 Detailed examples

We start with a simple example of order 3:

81 267 39
(72" - 32°)y ) (z) + (= =W

+(2072 — 42—5)3/(1:) + 45y(z) = 0.
The associated recurrence is then of order 1:
(27k* 4 81k + 60)uy, = (4k* + 22k + 30)uj41.
It is then trivial to find an hypergeometric sequence
solution, and there are no initial conditions to satisfy.

We thus get with our program:

> dsolvehyper(eqn,y(x));

_C1 hypergeom([4/3, 5/3, 11, [5/2, 3], 27/4 x)



The following equation of order 3 is more compli-
cated:

(23 =222 + )y (2) + (722 — 152 + 8)y(2)
+(10z — 13)y/(2) — 2y(z) = 0.

When translated into a recurrence, this equation gives
a recurrence of order 2:

(n? + 10n + 16)upq2 — (202 + 130 + 13)up 41
—|—(n2 —3n—2)u, =0.

This is where HYPER becomes necessary. It finds a basis
of hypergeometric solutions which consists of only one
vector:
Z=1 An)=n+2, Bn)=n+7 C(n)=1.
Since in this case M = 0 and ng < 0, this solution yields
an hypergeometric series and this is what the program

gets:

> dsolvehyper(eqn2,y(z));

_C1 hypergeom([1, 21, [7]1, z)

Conclusion

The algorithm we describe in this paper is a first step to-
wards a better use of hypergeometric functions in com-
puter algebra. In many cases, a linear differential equa-
tion contains all the information which is needed to work
with a function. However, when one is interested in us-
ing the function globally, then it becomes useful to have
any kind of “closed-form”. Hypergeometric functions
are one class of such closed-forms.

To complete this work, it will be useful to delimit
precisely the class of solutions that the extensions of
Section 3 can find. Another point is that although it is
possible to extend the algorithm in many directions, all
these computations are rather expensive. It would be
interesting to determine heuristically which of these ex-
tensions are worth the computation, and in which order.
All of this will hopefully be the object of a subsequent
paper.

The program implementing both the algorithm of
Section 1 and the algorithm of Section 2 will soon
be part of the Maple share library. Combinatorialists
might use it fruitfully in conjunction with the GFUN
package which provides tools for manipulating linear re-
current sequences and linear differential equations [8].

Another useful application of this program is in con-
junction with Zeilberger’s technique of “creative tele-
scoping” [11]. Thus one could get a closed-form solution
to some definite hypergeometric summations.

As a final note, our algorithms extend without any
modification to fields of coefficients containing ). The
only difficulty is that the computation of integer solution
of polynomials over the field has to be effective, as well
as the decomposition of polynomials into linear factors.
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