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A trust region interior point algorithm for linearly constrained
optimization

Un algorithme de points intérieurs avec région de confiance pour
les problémes d’optimisation sous contraintes linéaires

J.Frédéric BONNANS ! Cecilia POLA 2
June 11, 1993

Abstract. We present an extension, for nonlinear optimization under linear constraints,
of an algorithm for quadratic programming using a trust region idea, introduced by Ye and
Tse [23] and extended by Bonnans and Bouhtou [2]. Due to the nonlinearity of the cost
we use a linesearch in order to reduce the step if necessary. We prove that, under suitable
hypotheses, the algorithm converges to a point satisfying the first-order optimality system,
and we analyse under which conditions the unit stepsize will be asymptotically accepted.

Résumé. Nous présentons une extension a l'optimisation non linéaire sous contraintes
linéaires d’un algorithme pour la programmation quadratique utilisant une idée de région
de confiance, introduite par Ye and Tse [23] et étendue par Bonnans et Bouhtou [2]. A
cause de la nonlinéarite du cout, nous utilisons une recherche linéaire pour réduire le pas
si nécessaire. Nous montrons que, sous des hypotheses convenables, ’algorithme converge
vers un point satisfaisant la condition d’optimalité du premier ordre, et nous analysons sous
quelles hypotheses le pas unité sera asymptotiquement accepté.

Keywords Trust region, quadratic model, linesearch, interior points.

Mot-clés Région de confiance. modele quadratique, recherche linéaire, points intérieurs.

1 Introduction

We study in this paper an algorithm for minimizing a nonlinear cost under linear con-
straints. We consider problems with linear equality constraints and non-negative variables.
At each step, a direction is computed by minimizing a convex quadratic model over an ellip-
soidal trust region, and then a linesearch of Armijo type is performed in this direction. At
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each iteration, the ellipsoid of the quadratic problem is so small as to force the nonnegativity
constraints to be satisfied. However the ellipsoid is not necessarily contained in the set of
feasible points.

In the case of linear programming (LP) or convex quadratic programming (QP), we
may assume the quadratic model to be equal to the cost function. Then the unit step
will be accepted by the linesearch. In the case of LP the algorithm reduces then to the
celebrated Dikin’s algorithm [8]. Ye and Tse {23] have extended this algorithm to convex
quadratic programming using the trust region idea. Bonnans and Bouhtou 2] have extended
the method to nonconvex quadratic problems, taking a variable size for the trust region.
Among the related work dealing with nonlinear costs, we quote Gonzaga and Carlos [10}, in
which an extension for nonlinear convex optimization of the affine-scaling linear programming
algorithm (stated by Dikin [8]) is studied. Interior point algorithms for the solution of linearly
constrained convex optimization problems have been studied by many other researchers; see
for instance Monteiro and Adler {16}, Jarre {12}, Mehrotra and Sun [15], Den Hertog, Roos
and Terlaky [7]. In {11] Gonzaga explores the shape of the trust regions to generate ellipsoidal
regions adapted to the shape of the feasible set. The resulting algorithm generate sequences
of points in the interior of the feasible set.

In this paper we obtain some results of global convergence, comparable to those obtained
in [2] for quadratic programming; by global convergence we only mean that the limit points
of the sequence generated by the algorithm satisfy the first-order optimality system. The
main novelty of the paper, however, is in the local analysis in the vicinity of a local solution
satisfying some strong second-order sufficient conditions. We check that, if such a point is a
limit point of the sequence computed by the algorithm, and under a “sufhcient curvature”
condition satisfied by the Hessian of the quadratic approximation, then the sequence actually
converges to this point and the unit step is asvmptotically accepted. In this case, the
behaviour of the algorithm seems to be, at least from a theoretical point of view, comparable
to the QP case. We note that in the case of convex QP, some favorable results are reported
in Bonnans and Bouhtou [2] and Bouhtou [5].

The paper is organized as follows. In Section 2 we present the algorithm and give a result
of global convergence, in the sense that, under some convenient hypotheses, the sequence
computed by the algorithm converges towards a point satisfying the first-order optimality
system. Then in Section 3 we perform the local analysis: we check that if the sequence
computed by the algorithm has some regular limit-point . and if a condition of “sufficient
curvature” holds, then the sequence converges to this point and the unit step is asymptoti-
cally accepted.

2 The algorithm

We consider the following problem
(P) min f(2); 4 = b;x >0

where f i1s a smooth mapping from R" in R. 4 is a p x n matrix and b € R?. We define the
following sets:
A= {xr € R™: Ax = b},



F:={z€eR" Az = b,z > 0},

Fi= {z € R"; Az = b;z > 0},

o
so that [ is the set of feasible points and F is the set of “strictly feasible” points. In the

sequel we assume that £’ is bounded and 1?‘ 1s nonempty.

We say that an n X n matrix M is nonnegative if d!Md > 0 for all d in R™. The algorithm
will use at each iteration two nonnegative matrices. One is a scaling matrix that takes care
of the positivity constraints, and the other is an approximation to the Hessian of the cost
function. To each point z* generated by the algorithm we shall associate the n X n matrix
X defined by X := diag (z*). We cons ider the following algorithm:

Algorithm 1 0) Choose z° €F,6 € (0,1),8 € (0,1),v € (0,1); k « 0.

1) Choose & in (6,1/6) and an n X n nonnegative symmetric matriz M. Compute d*
such that ¥ + d* > 0 and d* is solution of

(SP) min oi(d) = f(a*) + V[ (e4)d + %d‘Mkd; Ad = 0; d'X72d < 62.

2) If oi(d*) = f(z*), stop.

3) Linesearch: Compute p* = 3%, with ¢, the smallest nonnegative integer such that
f(z*) = f(z* + B d*) = vB%(f(*) — pr(d)). (2.1)

4) e*tt =2k 4 pFdF sk —k+1. Goto 1.

We note that if the algorithm stops at iteration k, then z* satisfies the first-order opti-
mality condition of (P). To see this, we need the following lemma, that states the optimality
system of (SP). This is a simple extension of the known result for problems without equality
constraints; see {6].

Lemma 2.1 The point d* solution of (SP) is characterized by the eristence of A\t €
R?, v, > 0 such that

Vf(z*) + Mpd® + AN 4, X2 =0, (2.2)

Ad* =0, (2.3)

e 20, (d°) X725 <8, w(dY) X2 - 6] =0, (2.4)
d'(My + v, X7%)d >0, Vd € ker A. (2.5)



We now come back to the discussion of Step 2 of the a.lgoritin‘n. Using (2.2), we deduce

F(@) = ould) = —Vf(*)d* - 2(d) M,
= () AL+ i (d) X2 4 5 (d) Mid®,
Using (2.3) and (2.4), we get
(") = or(d*) = w62 + é(dk)‘Mkdk. (2.6)

So, if f(z*) = pi(d*), as M is a nonnegative matrix, then each of the nonnegative terms
on the right hand side is equal 0. We deduce that Al,:/zdk = 0 and so Md* =0, and vy = 0.
Hence, using again (2.2), we get

Vf(a:k)+ At/\k+1 =0,
Azk = b, 2% > 0.

So z* satisfies the first-order optimality condition of (P).
In the sequel, when studying the convergence of the algorithm, we will assume that it
never stops.

Remark 2.1 jFrom Lemma 2.1 it follows that the convex quadratic function

pr(z) == pr(z — =) + mlz — ) X2z - 2*)/2

»

attains its minimum on A~'b at z* + d*.

In Step 3, we see that the linesearch is of Armijo type [1], i.e. it consists simply in testing
the unit step, then to reduce the step by a factor 8 < 1 until a convenient point is found.
We note that this linesearch is well defined because, by nonnegativity of My, the function
@ 1s convex. It follows that

Vf(a*)d" = Vir(0)'d* < puld) — 0u(0) = wa(d*) — f(z*),
hence for p > 0 small enough:

f(a¥) = f(z* + pd*) = —pVf(F)'d" + o(p),
> plf(e*) = @u(d*)] + o(p).

As v €(0,1) and f(z*) > pi(d¥), condition (2.1) is satisfied whenever ¢4 is large enough.

The difficult part of the algorithm consists in solving (SP) at each iteration. We will not
discuss this point in detail (seec Moré [17], Sorensen [20], Bouhtou [5]). Let us just mention



that a typical algorithm for solving (SP) consists in guessing a value v for the Lagrange
multiplier associated to the last constraint, and then to solve the problem

m(}n ¥ f(a*Yd + %d’]\’lkd + I/d'_\"k_Qd: Ad = 0.

This 1s a convex quadratic problem under linear equality constraints whose solution is
obtained by solving the associated optimality system, that reduces to a system of linear
equations.

For the statement of the result of global convergence, we need some definitions. Given
z € F, we denote the set of active constraints by

Ia):={ie {l....,n}ia; = 0}.
To any I C {1,...,n} we associate the optimization problem
(P)r min f(x); Az = by = 0.
The first-order optimality system associated to (P); is

Vf(z)+ A']A— =0,
(0S); Az = b.
xr=0; 1, =0,7 ¢ 1.

We will use the following hypotheses:

(H1) For all T C {1.....n}. system (OS); has no nonisolated solutions.
(H1) For all 1 C {1,....n}, system (OS); has at most one solution.
(H2) There exists a > 0 ; (d*)' (M} + 2 X2 d* > a|d*||?

(H3) { The constraints of (P) are qualified in the sense that

(A'A); =0,V i ¢ I(x) implies A = 0.

We briefly discuss these hypotheses. (H1)" will be satisfied in particular if f is strictly
convex; (H1) is a weaker condition that may be useful especially for nonconvex problems.
Hypothesis (/12) is a means that allows to control the decrcase of the cost function at each
iteration. Indeed, from (2.6) it follows easily that (H?2) is equivalent to

there exists & > 0; f(2¥) — ¢p(d*) > %Ildkllz.

Also, (H3) is no more than the hypothesis of linear independence of the gradients of
active constraints.

Theorem 2.1 Let {a*} be computed by Algorithm 1. We assumne that {M,} is bounded.
Then:



(1) Any limit point T of {z*} is a solution of (OS) ).
(1t) If either (H1)' or (H1)-(H2) hold then {z*} converges. If in addition (H3) holds then

T satisfies the first-order optimality system of (P), i.e.

(05) { z

The proof of the theorem uses the following lemma.

Lemma 2.2 The sequence {z*} generated by Algorithm 1 satisfies
(1) 2_(f(z*) — @r(d"))? < oo
k
(ii) ve — 0,
(i) (My)V2%d* — 0.
(iv) If in addition {M,} is bounded, then

X[V F(ah) + A1) =0

Proof (i) As F is bounded, {2*} and {d*} are bounded too. We deduce that, for some
¢ >0
f@*) = f(a* + pd*) 2 —pV f(a*)'d* — c1p".

Using the convexity of ¢, we get
—Vf(*)d* > f(a¥) — eildb),

so that
f(%) = f(a* + pd*) = p[f(2") — or(d®)] — c1p”.

It follows after some algebra that the linesearch test is satisfied whenever

p < py := min{l, ! c_ i [F(2%) = pr(d®))}.
1

This implies that p* > Bp;. Plugging it in the linesearch test, and using the fact that, as
F is bounded, {f(z*)} is bounded from below, we deduce that necessarily (f(z*) — @r(d*))
vanishes, and for & large enough

R

5]

f(@*) = ) > 48 (f(2*) = (@)

Relation (i) follows.

(ii) (iii) By (i) we get that the left hand side of (2.6) goes to 0. Then each of the
nonnegative terms on the right hand side must go to 0. and that proves (ii) and (iii).
(iv) From (2.2) we deduce

6



Xi[VF(2®) + AN = e X7V — X Md*. (2.7)

;From (2.4) we have ||y, X 'd*|l, = viéi. So, using (ii) and the boundedness of {6},
it follows that ||vx X 'd¥|| — 0. If in addition {M,} is bounded, using the boundedness of
{X,} and (iii), we get that X Med* = X(M)YV?(Mi)'/2d* — 0. Henceforth the left hand
side of (2.7) goes to 0. [ ]

Proof of theorem 2.1
(i) Let us denote by R(.) the range of an operator. Define

I:={1,...,n} = I(2).
;From point (iv) of Lemma 2.2 it follows that
[V(z*) + AN — 0,

and in particular dist [(V f(z%);, R (A%);] = 0. As R (A");is closed we deduce that V f(z); €
R (AY)], i.e. (Vf(z)+ A'X); = 0 for some A € R? ; system (OS5);;) follows.

(ii) We first discuss the convergence of {z*}. Note that 25! = z¥(1 + p¥d¥/z¥), hence
A < (14 1/6)zk.

It follows that if (z*,2**!) — (z,2) for a subsequence, then I(z) C I(%).

If (H1) holds, using point (i) we deduce that Z = # and in particular ||z
hence the set of limit points of {z*} is connex. Using (H1)" again it follows that the set of
limit points is finite. Hence all the sequence converges towards the same point.

k+1 _ mkll N 0’

Now let us analyse the case when (H1) and (H2) hold. We know by Lemma 2.2 (i) that
f(@*)—pr(d*) — 0. With (2.6) and (H2) this implies that d* — 0. As ||a¥+! —2*|| = p*||d*,
and p; < 1, the set of limit points of {2*} is connex. By (i) and (H 1) each of them is isolated.
It follows that the sequence converges.

We now prove that (OS) is satisfied under the additional assumption (H3). If 2 -z
then there exists (A, i) such that (z, A, ) verifies the first-order optimality system of (P)(z)
by (i). We have to show that fiyz) > 0. With Lemma 2.2 (iv) and (H3) we deduce that

{AF} converges to A, hence by (2.2) we have p**+! := — 1, X7 2d* converges to ji. Let ¢ € I(7)
be such that ji; < 0, then d¥ = —(2¥)2u5*1 /1 > 0 for b large enough, and this contradicts
the fact that :vf" — z; =0. : [

3 Acceptation of the unit stepsize

In this section we perform a local analysis around some point z, local solution of (P). We
seek conditions implying that, if Z is a limit point of {x*}, the sequence a* converges to
and p* =1 is accepted. We need a few definitions.

-1



Assuming that  satisfies (H3), it follows that to ¥ is associated a unique pair (A, g) such
that (OS) holds. Define the set of strictly active constraints as

J(@):={i e {1,...,n}; ju >0},
and the extended critical cone as
T:={deR"; Ad=0; d; =0, 1€ J(2)}.
We say that T satisfies the strong sccond-order condition (see Robinson [19]) whenever
(550QC) there exists a; > 0; d'V?f(z)d > a;]|d||*, Vd € T.

This is a sufficient condition for the strong regularity, as defined by [19], of the associated
optimality system. It has proved to be useful in sensitivity analysis as well as in the study
of convergence properties of algorithms (see e.g. [13], [4], [3]).

Given d in ker 4, we now define dr, dy as the orthogonal projection of d onto T and N,
where NV is the orthogonal of T in ker A4, i.e.

N={:€kerd; z'd=0,VdeT}

of course d = d7 + dy and ||d||? = ||d7||* + ||d~]|?. Similarly, to d* we associate d% and d,.
Last but no least, we define the sufficient curvature condition as

there exists g0 > 0, if ||z¥ — Z|| < o then

(5CC) .
(dp)*Mid} 2 5—— (dr)'V2f(z)d} + eolld7||*.
2—7

We briefly discuss this condition. Specifically, we check that if M} is close in a weak sense
to V2f(z), and condition (SSOC) holds, then (SCC) is satisfied. We consider the following
condition:

(dr) Midy = (d7)*V* f(2)dr + o([|dz||*). (3.1)

To see that (3.1) implies (SCC), note that (2—7)~! € (0,1) and (d%)'V2f(z)ds > a,||d5||?
by (SSOC). This and (3.1) imply

1 (4492 (2)df + (1 = (2= )b I + ol 517)

from which (SCC) follows. In particular, (SCC) is satisfied if (SSOC) holds and M; =
Vif(z*).

Condition (SCC) is similar to a condition recently used in the analysis of successive
quadratic programming algorithms [3]. There it is checked that, in the case of unconstrained
optimization (then actually d% and d* coincide), this condition is very weak in the following
sense: assuming the second-order sufficient optimality condition to hold (V?f(z) > 0), a
necessary condition for the acceptation of the unit step, for z* close to z, is

(d5) Mydh >

(d5) Mydh >

— () @)+ ol 5
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Theorem 3.1 Assume that {M;} is bounded, & satisfies (H3). (SSOC) and that (SCC) is
satisfied for z* close enough to T. Then there exists ¢ > 0. if, for some ko, ||2* — 2| < e
then d* — 0, p* =1 for all k > ky and a* — 7.

We need a few lemmas (Lemma 3.1 is stated in [3], we give its proof for the reader’s
convenience):

Lemma 3.1 For all ¢ > 0 and for all n x n symmetric matric M there exists N > 0 such
that
dsMdr > d'Md — <||dr||* — K||d~|*, (3.2)

d'Md > deMdy — <|ldr|? — K|ldx]* (3.3)

Proof As d = dy + dx it follows that
d'Md = d5Mdr + 2d5Mdy + diyMdny,
hence
|d'Md — dsMdr| = |2d5Mdn + dyMdn| < ||M||2|ldz)|-lldn || + ||dn||?)-
Using the inequality 2ab < a? + % with a = \/e||dr|| and b = ||M||||dn]|/VE, we get
(40 d — di Mdg] < elldr|* + ML+ [8]/o)ldn],
from which the conclusion follows with

K = M1+ [ M]/e).

Lemma 3.2 There exists K > 0 such that

lznll S K D |ail, V2 € ker A
i€J(z)

Proof We have zy = z — zr and (z7); = 0,1 € J(Z). Henceforth z; = (zn);,2 € J(Z), and
it suffices to prove that
<K Y Jal Vze N,
1€J(z)
As both sides are positively homogeneous it suffices to establish the inequality when ||z|| = 1.
Then the existence of A’ amounts to say that the problem

min Y |z|; 2 €N, |z = 1;

1€J(x)
has a positive infimum. If this were not the case, as this problem has a solution by compact-
ness arguments, there would exist z € N, ||z|| = 1, with z; = 0, ¢ € J(z) ; hence z € T (by
definition of T'), i.e. z € TN N = {0}, a contradiction. ]

Lemma 3.3 Assume that {M,} is bounded and & satisfies (H3). Then, for all K > 0, if *
is sufficiently close to z, the relation below holds:

ve(d¥)' X 72 > K |dy|) (3.4)




Proof Denote p**t! := —, X 2d*. ;From (H3), Lemma 2.2 (iv) and (2.2), we deduce that
for any subsequence of {z*} converging to Z, the associated subsequence of {u*} converges
to ji. Hence if z* is close enough to Z onec has d¥ < 0 and u¥ > /2, i € J(2). Denote

0 := min{j;/2, i € J(T)}.

It follows that

l\JIr—

VX 20 3 () 2 g 3 a2 0 3 (3.5)

1€ J(x) €J(x teJ(z)
(2

Also, as |d¥| < |zF|/6 it follows that |d¥|, i € J
taking z* close to z. It follows with (3.5) that

) can be made arbitrarily small by

vi(d* ) X2dE /YD |dE))® (3.6)
zEJ(z)

We conclude with Lemma 3.2. (|

Lemma 3.4 Under the hypotheses of Theorem 3.1, for all Ky > 0, a; > 0 being given by
(S§S0C), if z* is sufficiently close to T then

(d*) ( My + 20, X7D)d* > ua{‘n2 + Ko||d% 1% (3.7)

Proof By Lemma 3.1, choosing € = €¢, and (SCC). if k is large enough and z* is close to
Z, then

(d*)' My d* >

1
— (&) 9 @)y — K1

<

As (2 —5)7! > 1/2, using (SSOC) we get
(d) Mid* > —Ild 1> = Kldx |1,
. . (03] :
= S - (R4 S
The conclusion 1s obtained with Lemma 3.3. ]

Proof of Theorem 3.1 a) We first prove that @¥ — . We use the fact that ||d*|| is small
whenever 2* is close to  as a consequence of Lemma 3.4 and (2.6), and that 7 satisfies
(SSOC). The latter fact implies that 7 is an isolated critical point of (P) (see [19]). As (H3)
necessarily holds in a neighborhood of 7, it follows that ¥ is the only limit point of {z*}
in sone neighborhood V of . We now just have to prove that z* remains in V for k large
enough. We can take V of the form

Vei={r € Fi|le -7 £ <}

10



Note that ||@*]| < /2 whenever z* € V., for some €; > 0 small enough. We may assume
g1 < €/2. Tt follows that, if z¥ € V,,, then ||z**! — z|| < ||z* — &|| + ||d*|| < . In other
words, z¥*! is in V, whenever z* is in V,,.
On the other hand we also know that f(z**') < f(z*). So, define
f=inf{f(z); 2 € V.-V, ).

As & is a strict local minimum of (P), reducing ¢ and ¢; if necessary, we may assume
that [ > f(z). Now assuming that f(z*) < fand z* € V.,, it follows that f(z**!) < f and
x**1 € V, ; using the definition of f, we find that z*+! is in V., again. This implies that the
sequence {z*} remains in V,,, hence that z* — .

b) We now check that p* = 1 for k large enough. Define
1
Hy = 2/ (1—0)V2f(z* + od")do.
0

Then
F(2¥) = (o + %) = ~V(a¥)d — 5(dh) Hydk

If z* is close enough to Z, as already observed d* is then close to 0, hence Hj is close to

V2f(z). We deduce that
—(d) Hid* 2 —(d)'V2f(z)d" = a7,
with € given by (SCC). As a consequence

e = f@* +d) = —Vf(e)d" - 5(d) V(@) - 2

= () pld) + 5(d (M~ VR (@) - 2

[N

|

So by (2.1) the unit step will be accepted if
1, . . £ .
(1= )(f(z") = ou(d")) + (@) (M = V2 f(2))d" = ][> > 0. (38)

Using (2.6), Lemma 3.1 with € = ¢¢/2 , where ¢, is given by (SCC), and Lemma 3.3 we get

Fa) = puld) = S(d) Madt + e8],
> () Madh — 257 — Sk + i,
> S @~ P + S+ st
2 ooy V@ + ot

11



Similarly

éMWMh—WﬂﬂW’ZéMWMh—WﬂﬂM“~4MH—IHMW,

<

Y-

- d '2 Odk 2.
L I+ 22

(d7)' V2 f(2)dp — K

Combining this and using Lemma 3.3 again, we get

(1—wumh—¢umn+§men R
> (1= )58 = (K" + D)k |> 2 0.

We have proved (3.8) as required. It follows that the unit step is accepted, hence d* vanishes,
as was to be proved. [

We now check that, if M; is close to V?f(2) in a very weak sense (see (3.10) below) then
the following holds:
(=" =z + 1A = Al + [ = &l]) < oo. (3.9)
3
Theorem 3.2 Assume that the hypotheses of Theorem 3.1 hold, and in addition that I
satisfies the strict complementarity condition. If z¥ — Z (hence p* = 1 by Theorem 3.1)
then there exists ¢y > Q0 such that
I(My — V2 f(z))dz]| < exlld”| (3.10)
implies (3.9) holds.
Let us note that Newton’s method satisfies (3.10). Note that if we assume My, —

VZ%f(z), since V2f(Z) need not be positive definite, then we may violate the positive defi-
niteness requirement on M.

Proof Denote

[:=1z), I:={1,...,n} - L.
The proof is based on the mapping

(V=) + AN,
P(z,A) := { x — b,

Xy.

It follows easily from (SSOC) and (H3) that 1(z, A) has an invertible derivative at (&, A),
hence there exists some «a; > 0 such that

125 = | 4 1A = Al < allap(2™, A (3.11)



L]

a) Let us prove that
there exists Ky, Ky ; || (2" N < nKyviyy + n K 4 |25 = 28 /(4a)).  (3.12)

;Indeed, from the convergence of {a*} to 7 and (F3). using Lemma 2.2 (iv) and (2.2), it
follows that (A*, *) — (A, ). Now multiplying (2.2) by Xy. and reminding that v || X7 d*|| =
vibr, we get

I Xe(VF @) + Med® + AN = 06y

Using the strict complementarity hypothesis and the relation |z;| < ||z||, we obtain for
some I{; > 0
Y<Ky i€l (3.13)

(Y f(2*) + Mpd* + ANHY | < Ky, ¢l (3.14)

Now choose ¢; in (3.10) as ¢; = 1/(8a;n). We have

Vi) + Md* = Nfa*)+ ¥ (2)d" + (M = V2 f(2))d",

= V@Y 405 4 (M — V2 f(2)d", (3.15)
where the term r*, for 2* close to Z. satisfies:
Il < ¥/ (Barm). (3.16)
Also by (3.10) and as {A,} is bounded we get for some K > 0

My = V2f ()| < (M — V2f(2))ds|| + Ko|ldS |,

< NN/ (8ayn) + Kol|di |- (3.17)

Using (3.15), (3.16), (3.17) and Lemma 3.2 we obtain for some K3 > 0

IV f(2%) + Md* — (@) < |||/ (4awn) + K35 |dE]. (3.18)
J€el
Now we prove (3.12). As ji = — kliT ] z/ka—Qdk, using the strict complementarity hypoth-

esis, for k large enough and for all j € I we get d¥ < 0, hence [d5| < 2¥. So, combining with
(3.13), (3.14) and (3.18) we get for some Ky >0

[(VF(2*t) + AN < Ky + ||d¥||/(4aqn), @ & 1(Z). (3.19)
So, by (3.13) and (3.19), we get (3.12).

b) On the other hand, by (2.6), the linescarch rule and the fact that p* = 1, we have

F(@F) = f(&**) > v (f(2F) — pr(d)) > vnél,
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henceforth, as 6, > 6 > 0:
vi=Y v < oo (3.20)
k=1

Hence using (3.11) and (3.12) we get

k k

: . 3 , . 1 :
> (l*F = z| + AR =) Saln(]\1+[\4)u+z > |lz* — 2.
k=ko k=kg

Now using

1 & o1& _ ) o & 1 )
DI AR D DI e N Ea I D E e N A
k=ko k=ko = k=kg
we deduce
k ) 1
Do (2™ =zl + A = All) < 2ain( Ky + By + 5[la® = 2.
k:ko o~

Finally we obtain (3.9), noticing that by (2.2)

P =i = Ot — a4 I = A+ ).

= O(lz™*" =zl + [la* = 2| + A" =~ Al).
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