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1 Introduction

This paper is an attempt to extend to higher dimensions some methods and
results pertaining to one- and two-dimensional Toeplitz operators (sce [1]).
To this end we consider a very special multi-dimensional Toeplitz opera-
tor, namely, the discrete Laplacian. Here, we leave aside possible physical
and probabilistic applications. Our main results are an explicit inversion
formula for the Laplacian based upon the Bergman - Weil integral repre-
sentation and the analytic continuation of the resolvent to a multi-sheeted
Riemann surface. Besides. we develop some homological mashinery. thus
providing an alternative approach to the above problems. As a whole the
paper provides vet another evidence of might of homological and algebraic-
geometrical methods. It seems plausible that, converselv. Toeplitz operators
can play an important role in geometry. Some indications of this kind pro-
vides Tate’s approach to residues and duality in algebraic geometry. It is
tempting to suspect that by means of Toeplitz operators one can achieve
fruitful interaction of the Connes noncommutative geometry with the usual
commutative one.

2 Laplacian inversion and decomposition of holo-
morphic functions

Let Op(¢) be the Toeplitz operator related to a function o (s¥mbol of the
operator). The function ¢ is continuous and defined upon the torus 7" =
{z € C".|zj| = 1}. while the operator Op(¢) acts upon the Hardy space
of analytic functions H2(D") (where D™ = {z € C".|z| < 1} is the unit
polydisk) via the composition f — fi — Pfo where P is the standard
orthogonal projection L2(D™) — I?(D"). We are interested in the operator
Op(Sh, =+ 71— X) or ratherits inverse Ry = Op(S2/, 5, + 7' =A™ =
Op(wr)~!. It is clear that the equality Ryf = u, where f.u € H?*(D")
means exactly that

sr= L+

where f; does not depend on z;, f; € H3(D"). According to the Hilhert
Nullstellensatz or rather its analvtic version this equation is equivalent to

Z1ecaf(z) = —Z(:l...3,...:,l)fz(:l.....5,....:,;) (2.1}



for z € ViN D", where

Vi={ze C .5, (d (2 + 271 — A) = 0.

=1
In other words we have to solve the following problem. Let

Vi={:eChz...2;,() z+:7' =N =0z <1}

and let g(z)(= z1...2,f(2)) be a holomorphic function on 1" which vanishes
as z; = 0 for some 7, We must represent ¢ as a sum

g(z) =3 ag.(2). (2.2)
where g; is holomorphic on V*, does not depend on z; and vanishes as soon
as z; = 0,Vj # i. By using new coordinates u; = z, + z7' we arrive at

the following problem. Let Q@ = {u € C™.5 7L, u;, = A.Yi.u, ¢ [=2.2]} (it
is an isomorphic image of the analytic set 1" with coordinate hvperplanes
z; = 0 deleted), fis an analytic function on € that tends to zero as v — x
(that is as some z; — 0). One needs to expand [ into a sum f(u) =
S filwy, .o Uiy ... uy) wheref; are holomorphic in Q. do not depend on u;
and, moreover, decrease at infinity,

3 Integral representation

A solution can be obtained by means of the (slightly gencralized ) Bergman-
Weil representation.The onlv problem is that this representation can not be
applied directly to unbounded domains. Here we overcome this diffcaliy by
using decreasing of the funct ion f at infinity. The resulr takes the following
form.

Theorem 1 Let z € Q. Then

fz) = > /i (3.1)
~ 1 n-— .~ ‘) .
filwn o) = (5 / FlC) e (3.2)
n JTT,
where
i = dlog{¢y — )AL A (llog,(z,'\~ WA oA dlog(C — uy, ) (3.3)
I, = {(eQ¢el[-2.2.)#1} (3.0



Here, the cycles T'; should not intersect each other, or what is the same
A ¢ [-2n.2n]. Tt is clear that u; — 20 as z; = 0 and the differential form
dlog(¢; — u;) tends to zero. Therefore, the function s fi doin fact vauish as
5 =0,Vi# k.

4 Proof of the integral representation

We sketch here a proof of the integral representation (3.2) for v = 3 cuse.
following the classical paper{2] by A.Weil.

Theorem 2 Let @ = {u € C*,u; +up +us = 0,u; € D;}. 1), being u
smooth bounded domain in C with boundary K;, f € O(Q) be a holomaorphic
function in Q .Suppose that Ky x Kax K3 does not interscct with arQ. Then.
if z € Q we have

1
f(z) = W g/a, flu)dlog(u; — z;) A dlog(u, — =) (1.1)
o; = {(€Q €K,z €K} (1.2)

Proof. Put ¢;(u) = dlog(u; — z:), vi; = @i A;. Then we have ideatites
fondamentales of A.Weil

wi; + i = 0,0 + ik + ¢k =0

or, in other words, we get a Cech cocycle.Denote by 7 the right hand side
of (4.1). We claim that if z ¢ Q then 7 = 0. In fact,without loss of generality
we may and do suppose that z; ¢ D, while z; ¢ N,,¢ # 1.Then. duc 1o
Weil-Cech relations we have

Pi; = €1~ Y1y
On the other hand we have for
o; =02 = {3 €N,z € 1\.1}

the followng geometric identity do; = }_; o;;.Moreover. the form 2y, i reg-
ular on ;. Therefore,

Z[,U Crf = /30 e = /U d(z1if) = 0.



Here the second equality is just the Stocks theorem and the latter equality
follows from the fact that ¢;f is a holomorphic form of higher degree and
is, therefore. closed. Now by summing the identities just obtained and again
taking Weil-Cech into account we have 7 = 0. So our claim is proved.

By using it we deform our domain € into a polvdisk. thus reducing
everything to the Cauchy formula. More precisely, let z € Q. Counsider
J = J(Dy....,D3)as a function of the domains D;. Let all domains /1),
save for D) be fixed and we write simply J = J(Dj).It is clear that the
function D — J(D) is additive:J (D) = J(D') + J(D") if D is a disjoint
union of D' and D”. Now if we take a small polydisk {|z;| < ¢.|z2] < ¢}
for D', then J(D) = J(D’) because of our previous claim . It remains
to note that the case D;,7 = 1,2, D3 = C (strictly speaking Ds should he
taken as a disk Br with sufficiently large radius R ) coinc ides with the
(two-dimensional) Cauchy formula.

The integral representation (3.2) can now be obtained by applving the
above theorem to the following situation:

D; = Br\ [-2,2],

where X. stands for e—neighbourhood of X. Then. the integrals over
“outer” bo undary dBpr tend to the zero as R — oo because of vanish-
ing of the function at infinity, while the remaining part of the integral (:1.1)
converges to the integral (3.2) as ¢ = oo.

5 Homological approach

Here we describe another, more abstract approach to above problems. It
enables us to obtain existence and uniqueness results concerning inversion of
some Toeplitz operators.However, at present, this approach does not provide
sufficiently powerful tool fo r analytic continuation problems.

We begin with introducing some notations. Let I be the closure of the
surface {3 z + 27" = A} in P! x...P'. There is a group G = (Z/2)"

n
1

generated by transformations &; : z; — z7 ,z; — 2;,Vj # £ which acts on
V.PutU;={z€V,|z| <1} and U;. = <(U;) for € € G. Then U = {I; .}
is a G-invariant open covering of the space V. Here we suppose as above
that A ¢ [—2n,2n] or, what is the same,that V' does not intersect with the
torus T" = {z € C",|z;| = 1Vi}. Consider the Cech complex (" associated
to the covering 4 and the structural sheaf Op and its subcomplex * of



G-invariant cochains. Recall that C is the sequence of abelian groups 7
equipped with differentials 8 = &, : C'7 — C9*! defined as follows:

C? = (i) TV, O)
where

Uio...i = Ufo n...N U,'q

and I stands for the space of sections ( of the structural sheaf ).
S o). . = vk
(dq‘ﬁ)xo...zq“ = Z( 1) "Jio...ik...iq“'

where ¢, ;. € I'(Ujy.j,. O) are components of the cochain .

[t is not hard to understand that vanishing of homologies of the com-
plex C° means exactly that some decomposition problem for holomorphic
functions admits a solution. For instance, if H*~1(C"") = 0 then the decom-

position problem
9= Z 9is

where ¢ is a holomorphic function on V= = Uy g pid = Uria N N0
and g; are also holomorphic on V" and do not depend on z; is solvable.
Similarly, if H”'Q(C") = 0 then if 3" f; = 0, where f; are holomorphic on
V> and do not depend on z;, these f; can he represented as

fi=Y (=1)'gi;.
J#i

where g;; are holomorphic on V* and do not depend on z;. z;.

We show here. following Grothendieck’s ideas [3]. that H/(C") = 0 as
t> 0. In fact:
a) Hi(C") = H{(C)C = H(V,0)C, since the covering /4 turns out to be
acyclic with respect to cohomologies of the G-sheaf 0.
b) the cohomology group H'(V,Op)® can be calculated at least in two
ways: either by direct calculation of H'(V, O) with G-action. or by equality
HY(V,0:)¢ = H‘(\_"/G.OV/G). It is not hard to sce that V /G = P! x
P! and we are done. Now we state explicitly some consequences of this
cohomology vanishing .

Corollary 1 The Toeplit:z operator O])(Z::? 2 +:l_1 — A) has right ineerse
as soon as A ¢ [~2n.2n].



Corollary 2 Under the same assumption the Toeplitz operator
t=n
Op(z z + 3;1 - A)
=1

has zero kernel.

We sketch here a proof of this second corollary for the simplest n = 3 case .

What we have to prove is that if 3" :Z} f; = 0, where f; is holomorphic
on V* does not depend on z; and vanishes as soon as =, = 0.j # /. then
f,' =0.

In fact, according to above considerations. we obtain
filzgy26) = g5(25) = gr ().

where ¢; are analytic in V™ and depend only on z;. (However. unlike f;
these functions g; do not necessary vanish if their argument vanishes) Now.
if we put z; = 0 in the preceding equality we obtain 0 = ¢,(0) — gs(=4).
Thus, the functions g are in fact constant and . moreover. do not depend
onk. It means just that f; = 0.

6 Matrix elements of the resolvent

Let f,g € H*(D"). We define a scalar product < f.g > by

1 _ ., dz dz,
< f,g>= (T)"/ flzre o ooz)0(5 1._....:"1)~—/\.../\§—
w1 n

~1 ~1i

which differs from the scalar product in H? by transformation g — ¢. where
§(z) = g(Z) and the bar in the right hand side of the last equality stands
for complex conjugation. Thus, < f,g >= (f.§). where (-.+) stands for the
standard scalar product in [72(D™). We prefer using < -.- > instead of (-.-)
since the former is “more algebraic”.

In the rest of the section we suppose that f and ¢ are polvnomials.

According to section 1 Ry f can be written out as follows:

1 -
R\f(z) = P\(:)(:l...:nf(:) =Y filzme ). (6.1)
where Py\(z) = 21 ...z, (0 (=i + 3,'—1) —A).
I =) = ; . C () ).
fi(*l--'”.*la"""”l)"' ('27ri)7l_l /r'gl...(nf(ﬁ)m. (()2)



where

—

@i = dlogluy —uv))A...Adlog(u; —v)) A . Adlog(u, — v,) (6.3)
wi o= GHG = ntE! (6.1)
Fi = {(61--06)=CeC™PA(C) =0,[¢l =1,) # i ]G] < 1}.(6.5)

Thus, < R\f,g > can be rewritten in the form

_ 1 f(z)g(z7!) 1 - f,’(.].‘){j(.?'_l)ﬂ
<= S P T G § m P(v)  «

=TI(A) =) L.
i=1

The integral I;(A),in turn, can be rewritten as an integral over a cvcle on the
surface { P\, = 0} due to the fact that f;(2) does not depend on x,. Namely.
by using the residue formula we obtain for |z;| = 1,Vj # i

_l_/ g(a:l“l,...,xi"l,....x,jl)(lwi__ glx™h)
210 J)ri|=1 P\(x) a2 (9POv) (1)

(6.6)

where = (21,...,%;,...,2y) lies on the surface V\ = {P\ = 0} and |+,| >
1, |x;l = 1Vj # 4.

The minus sign in (6.6) is due to the fact that 2, lies outside the circle
|z;| = 1. To explain why only one summand is present in the right hand
side of (6.6) we recall that
a) the equation P\ = 0 has a single root z;, |z;| > 1 for fixed a;.j # /.

b) g(x) is a polynomial and,therefore, g(x~') is nonsingular if |x,| > 1.V.
The formula (6.6) can be rewritten in a more invariant form

_1__/ gla”) dai __g(x7") <A r) (6.7)
2mi Jjz, =1 Pa(2) @ Ty (1.771...2\1:,-...([.1',,. '

where
dxy...... dx,,

dP\(x)

is the canonical differential of higher degree on the surface V. We obtain
from (6.7) that

wy =

P S R A P T -
) = ~(5-) /E‘('\)———wﬂ.\(.l). (6.9)



where z outside brackets is abbreviation for a; ..., and
Si=Si(A) ={z eV |z =1-Vj#i|v;]| > 1}

Here, 1— means 1 — ¢ with sufficiently small ¢ > 0. We replace | by | — ¢
because the Bergman-Weil representation for f;(2) becomes singular as rap-
proaches the boundary of the domain V* C V. When substituting (6.2).(6.3)
for f; in (6.8) we obtain

1 _ . 1y — - .
I;(A) = —(2—7)2n l/ FOC - Cagla™Nart o T (¢ ) ().
m C.xT,
(6.9)
where
Q = dlog(uy —vi)A...A (llog(/zzr— v) AL A dlog(u, — ) (6.10)
wi = GHhu=zni+ ! (G.11)
I: = {(CeVnIGl=1i#416Gl <1} (6.12)
The final formula for < Ry f, g > takes the form
x -1
<R\f,g> = (2—;7)"]7-,. LLP)—f((Z—)—l(lx+
+ (F)7ER fsar, F(OCo(a™ T (¢ w)w ().
(6.11)

where &;.T'; are the “dual” cycles defined in (6.13), (6.12). ©; is defined in
(6.10),while w = wy is defined after (6.7).

7 Analytic continuation of the resolvent

The integrals involved in (6.14) are well investigated by Poincare. Leray,
Griffith among others. On the basis of the corresponding theory one can
understand. for instance, how the matrix element < R\ f. g > depends on A,
Roughly speaking if A € P}, Vi is a good family of algebraic varictios.y is a
good family of meromorphic differential forms on Vy,y\ € I1.(V\ = Sing <))
is a cycle no t intersecting the singular set for wy. then the function

p(A) = / o

is holomorphic outside the set D C Pé (the discriminant or bifurcation
set) which corresponds to varieties Vy — Sing wy in nongeneral position.



By applyving these arguments to the integrals (6.14) we obtain that the
dicriminant locus D in this case consists of A € P! such that on the surfaces
Vi = {P\ = 0} there arise singular points different from « = 0. T'he final
statement is as follows.

Theorem 3 The function A 5S< Raf.g > is holomorphic on the universal
covering PV — D, where D = {00,2k,k € Z,k = n(2).|k| < n}. Singulari-
ties of  in the vicinity of a point A € D takes a form

D (2= A)*(log(z = A)™ei(z = )

where the sum is finite,o; € Q,n; are natural integers, while ¢;(z) are holo-
morphic in the neighbourhood of the zero.

The latter assertion of the theorem is not a special feature of our problei
but just express the regularity of the Picard-Fuks differential equations ( or
the Gauss-Manin connection) and the Landman theorem on (uasiunipotence
of the monodromy operator.
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