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La regle de saturation pour la stabilité des réseaux de files
d’attente

Frangois Baccelli* et Serguei Foss!

31 aout 1993

Résumé

Cet article étudie la stabilité de réseaux de files d’attente ouverts sous des hypothéses station-
naires ergodiques. On définit un ensemble de conditions, appelé hypothése séparable-monotone, sous
lesquelles la région de stabilité est donnée par la régle suivante: saturer les files d’attente qui regoivent
des clients du flux d’arrivée; soit u 'intensité du processus des départs du réseau ainsi saturé; alors
le réseau est stable si A < u, instable si A > u. Lorsque cette condition de stabilité cst satisfaite,
on montre qu'il est possible de construire un régime stationnaire minimal pour certaines variables
d’état associées au réseau. Cet ensemble d’hypothéses contient deux propriétés trajectorielles, la

monotonie externe et la séparabilité, qui sont satisfaites par de nombreux types de réseaux. L’outil

)

mathématique principal pour la preuve de cette régle est la théorie ergodique sous-additive.

Mots Clés: Réseaux de files d’attente ouverts, processus ponctuels stationnaires, séparabilité, mono-

tonie, théorémes ergodiques de premier ordre et de deuxiéme ordre, théoréme sous-additif ergodique,
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Abstract

This paper focuses on the stability of open queueing systems un-
der stationary ergodic assumptions. It defines a set of conditions, the
monotone separable framework, ensuring that the stability region is
given by the following saturation rule: ‘saturate’ the queues which
are fed by the external arrival stream; look at the ‘intensity’ u of the
departure stream in this saturated system; then stability holds when-
ever the intensity of the arrival process, say A satisfies the condition
A < p, whereas the network is unstable if A > p. Whenever the stabil-
ity condition is satisfied, it is also shown that certain state variables
associated with the network admit a finite stationary regime which is
constructed pathwise using a Loynes type backward argument. This
framework involves two main pathwise properties, external monotonic-
ity and separability, which are satisfied by several classical queueing
networks. The main tool for the proof of this rule is sub-additive
ergodic theory.

Keywords: Open queueing network, stationary point processes, monotonic-
ily, separability, first and second-order ergodic properties, subadditive er-
godic theorem.
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1 Introduction

A folk theorem of queueing theory states that the stability region of an open
queueing systems can be obtained as follows: ‘saturate’ the queues which
are fed by the external arrival stream with an infinite customer population;
if 4 denotes the ‘intensity’ of the departure stream in this saturated sys-
tem, then the system is stable when the intensity of the arrival process, A,
satisfles A < u. This engineering rule, which we will refer to as the satu-
ration rule, was initially designed for Markovian queueing systems, where u
could be obtained by computing the steady state of a Markov chain of smaller
dimension than that of the initial non-saturated system (see for instance [8]).

The aim of the present paper is to set a natural framework in which this
rule can be rigorously proved when dropping the Markovian assumptions
and replacing them by standard stationary ergodic assumptions, namely the
arrival point process is a stationary ergodic marked point process of finite in-
tensity. The conditions required by this framework consist of easy-to-check,
pathwise properties of the system under consideration. The two main con-
ditions are external monotonicity and separability, although two other mild
conditions called causality and homogeneity are also assumed.

For any queueing system within this framework (to be defined below),
we will denote X, the time of the last activity to take place in the system,
whenever one starts with n customers, all arrived at time 0 in an empty
system. This notion of time to inactivity, turns out to be the adequate
way of implementing the saturation idea for non-Markov systems. The main
result is then:

Theorem 1 The sequence {X,} satisfies a SLLN:

lim& =~(0) as.,
non
for some non-negative constant y(0); this constant will also be finite if the
input marked process satisfies natural integrability conditions. Whenever the
intensity of the input process satisfies the condition A < v~'(0), then the
system is stable, whereas it is unstable if A > v71(0). ’



The stability here means that the time to inactivity (usually the time to
empty the system) when it is fed by the restriction of the point process on
(—o0,t) admits a finite steady state regime. This usually implies most stan-
dard acceptations of stability. This stationary regime is constructed pathwise
using a backward argument of the same nature as the argument of Loynes in
the G/G/1 queue. If A > 471, the system is unstable in the sense that the
time to inactivity tends to oo in probability.

Several classes of queueing systems for which the stability is an open
question (at least in the stationary ergodic case) fall within this framework,
like for instance Jackson type queueing networks. It also contains other
classes of discrete event systems like certain classes of Petri nets. Various
examples and counter-examples are discussed in the final section.

2 The Monotone Separable Framework

Arrival Point Process Let N be a marked point process with points
{Tn},cz and marks {{.}, .z, where & € (K,K). This point process is not
assumed to be simple (nor to be stationary at this stage). We only assume
that T, < Tyh41, for all n. We shall use the notations 7, for T,y — Ty, c+ N
for the point process {T, + ¢} and ¢N for the point process {cT,}, where
¢ € IR. In what follows, we shall not adopt the usual renumbering rule for
point processes, and the n-th point of N + ¢ will be T}, + ¢ by definition.

First Order State Variables For all m < n € IN, let X (V) be the
time of the last activity in the network, when this one starts empty and is
fed by the [m,n] restriction of N, namely the point process {Ti}m<i<cn. We
assume to be given a set of functions {fi}, fi : IR' x K! — IR, such that:

Ximn)(N) = facme1{(T1, &), m <1< n}, (1)

for all n,m and N. We assume that the functions f, are such that the
following properties hold for all N:

1. (causality): For all m < n,

X[m,n](N) > Tn;
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2. (external monotonicity): For all m < n,
Ximml(N') 2 X (N),
whenever N’ % {T"} is such that T > T, for all n;
3. (homogeneity): Vce€ IR, Vm<n
Ximnj(c + N) = Ximn)(N) + ;

4. (separability): If, for all m <1 < n, Xm(N) < Ti41, then
Ximm)(N) = Xppa,n)(N).

In words, property (4) simply states that if the arrival of customer [ + 1
takes place later than the last activity for the arrival process [m, ], then the
evolution of the network after time T}, is the same as in the network which
‘starts empty’ at this time.

Properties of the State Variables Let
Zimn)(N) & Xim)(N) = T = Xpmm) (N — T).

Note that Zj, ») (V) is a function of {£,} and {71} m<icn-1 only. In particular,

Zn(N) & Zinn)(N) is not a function of {7,}.

Lemma 1 (internal monotonicity of X and Z) Under the above condi-
tions, the variables Xy n) and Zpy n) satisfy the internal monotonicity prop-

erty: for all N _ |
X[m-l,n](N) > X[m,n](N)v Z[m—l,n](N) 2> Z[m,n](N) (m < n)

Proof Consider the point process N’ with points:

{Tj—Zm_l(N) for j <m -1,

I_
;= T; forj >m.

J

Since the [m, co] restrictions of N and N’ coincide, Ximn)(N) = Xim,n)(N').
The separability assumption implies that Xpn_1,4)(N') = Xim,n)(N'). Finally,
the external monotonicity implies that X,_1 (V') < Xim-1,n)(V). 8]
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Lemma 2 (subadditive property of Z.) Under the above conditions,
{Zimn} satisfies the following sub-additive property: for all m <l < n, for
all N

Zimal(N) € Zm)(N) + Zigg1,m(N).

Proof Introduce two auxiliary point processes N! = {le} and N? = {]J?}
defined by
T! — T; for j <

T; + Zimy(N) for j>1.

J

and

T2 =

T; — Zimy(N) for j <
T; fory > 1.

So T? = T} — Zimy(N), for all j. Then, using assumptions (1)-(4) of our
framework

Ximm)(N)

fles IA®

Xl (NY) = Xipyr,m(N?)

X412 (N?) + Zpm ) (N) = Xpg1,)(N) + Zm g (N).

Therefore

Z[m,n](N) = X[m.n](N) -1, < X[H'lvn](N) —Tn+ Z[m'I](N)
= Zps1,0)(N) + Zm g (N).

3 Proof of the Saturation Principle

Stationarity Assumptions Assume the variables {r,,¢{,} are random
variables defined on a common probability space (2, F, P°, 8), where 8§ is
measure-preserving shift transformation, such that (7,,£,) 00 = (Tat1,&ny1)-
For instance, this space is the Palm space of a stationary ergodic point pro-
cess. The following integrability assumptions are also assumed to hold:

E°r, e\ < o, E°Z, < .



First-Order Ergodic Property Kingman’s sub-additive ergodic theorem
gives:

Lemma 3 There exists a finite non-negative constant v such that the a.s.
limits
EOZ[lyn]
m——— =
n

Ll
1im[_'_1]
n

hold P°-a.s.

= lim

Blioncy _ oy i) _
n n

Corollary 1 Under the foregoing assumptions

lim —X[I’"]

=~+ A1
noon

0-1 Law Let A be the event A = {lim Z|_, g) = o0}.
Theorem 2 Under the foregoing ergodic assumption, P°(A) € {0,1}.

Proof Note that A4 = {lim Z_, _;j = oco}. But owing to the sub-additive
property, Zi_n 1} 2 Zj_n0 — Zo- This and the integrability of Z, imply that
#A D A. Since 6§ is ergodic, the proof is concluded. O

Scaling Factor For all 0 < ¢ < oc, the sequences

X (eN) ¥ fasim{(c- T, &);m < 1 < n}
and
Z[m,n](cN) = X[m,n](cN) —C- Tn

satisfy all the monotonicity and sub-additive properties mentioned above. In
addition, for all n

(a) Zj—n,—1)(cN) is decreasing in ¢;

(b) X[1,n)(cN) is increasing in c.
Thus

Lemma 4 For all c > 0, there exists a non-negative constant vy(c) such that

lim ————Z[-"’-l](CN)

=~v(c) a.s.;
n

v(c) is decreasing in ¢ while y(c) + cA™' is increasing in c.



Second-Order Ergodic Property The main result on the stability region
1s:

Theorem 3 IflimZ_,q(N) = o0 a.s., then Ay(0) > 1. If Ay(0) > 1, then

lim Zj_n0 = 00 a.s.

Proof We first prove the second assertion. Let () be the point process with
all its points equal to 0: T,(Q) = 0 for all n. For n fixed, let N™ be the point
process with points T = T_,, — Tg, for all 5. Then

2
Z[_n'O](N) = Xinq(N)—To 2 X[_n,o](N")
2 Xieno)(@) + Ton = To = Zi2nq)(Q) + T-n — To
and e N
liminf—[_—n—’;—]—(——) > ~(0) = 27! >0,

which concludes the proof of the second assertion.

We now prove the first one. For each integer [ > 1, let K; be the random
variable
Ki=min{n 2 1: Zi_aq(N)>T — T},
which will be P° a.s. finite if Zj_, 0] tends to co. Owing to the sub-additive
property, for all n,[ > 1

l
Z[—n,l] < Z[—n,O] + Z[1,1] < Z[—n,O] + Z Zh

i=1

where the random variables Z; = Zy 0 6' do not depend on the inter-arrival
times and are integrable. For all n > 1, let N™ be the point process with
points

;=

Fn T; —To for 3 <0;
Zi—nof(N) for j >1

and let N be defined by

~

T} = Z{-ng), forallj.
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Then

X (N")lnzk, N
X[Ll](Nn)lnzK, = X[l,l](Nn)anI\",
(Z[—n-Ol(N) + X[l,l](Q)) lo>k,

(Zino)(N) + Z[l,l](Q)) Ln>k,-

(Xi—n ) (N) = To)1n>k,

Heo |la {A®

Therefore

(X[—n,l](N) - Tl) Lk,

Zicay(Nlapk, = .
< (Zwa(N) + Zpa(@) = T+ To)lus-

Finally,
Z-n(N) = Z-nq(N)
= (Zinit(N) = Z1na)(N)) [Lncr + Lazwi]
< (Xl: Zi) Inck, + (Z[l,z](Q) -Ti+ To) ln>k,
= \I’ﬁld} + Zpa(Q) =T + To, (2)
where

!
b SNZi— Zpng(Q)+ T —To
=1

is P%-integrable. By méking use of the relations Zj_, ;) = Z_,_iq © ',
Zi—n-10) 2 Zj-n) and E°Z[_,_; 0 < 00, we obtain from (2) that

0 < E°Zjng) = E°Zjng) < E°{$ilnck} + E°Zpp(Q) — N1,

If K;is a.s. finite for all {, the right-hand side of the last equation tends to
E°Z14(Q) — IA™! as n — oo. Therefore

E°Z 3(Q)

> 27!
l p— b

for all . Finally, when letting [ go to infinity and when making use of Lemma

4, we obtain
EZpy(@) o 1

7(0) = lim ] >



Thus if Ay(0) < 1, the random variable
Z ¥ lmZ g as.

is P°a.s. finite and it provides a minimal stationary regime for the time
to inactivity, which is defined as the time to the last activity in the system
when subject to the [—o0, 0] restriction of V.

4 Examples and Counter-Examples

The G/G/1 Queue. Here X[, , is the departure epoch of customer n,
when there are n+1—m customers with arrival epochs T; and service times oy,
m < | < n; Zpy ) is then the sojourn time of customer n. The computation
of v(0) is trivial, by the strong law of large numbers.

The G/G/s Queue. X, is the last departure time from the queue with
customers arriving at T;, m <[ < n, that is

Z["‘v"](N) = ma'x(w[in,n](N) + On, W[in,n](N)),

where Wiy, o)(N) = (W[}n,n](N), o s W (V) is the ordered workload vec-
tor at time Ty, —, for this arrival process (we assume that the queue is initially

empty). We have
Iim Z;,(Q)

=~(0) as.,
n n
as a consequence of Lemma 4. The computation of the constant +(0) is

immediate from the relation

w?
lim%@ =4(0) as. (1<j<s). (3)

Indeed since .

Y oi= ;wli,n](@,

=1

the relation v(0) = E°(o)/s follows by an immediate limiting argument.

.
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Proof of (3) The property for j = s follows from the relation Zp;,)(Q) =
W[sl,n+1](Q)- In order to prove the property for all j, it is cnough to show

that
def

An = W 4(Q) — Wi 1(Q),
is such that A, /n tends to 0 a.s. Let

def def .
Up = Max(on,...,0n4s-1), and Up = min(on,...,0n4s-1)-
By comparing the original queue and the queue with workload

(vv[ll,n](Q)v st W[i,n](Q))

at time T,— and with constant service time u, over the interval n,n +
1,...,n+s—1, we see that

Wint(@) 2 Wi (@) + 1y, (n20).
Similarly, when considering the queue with workload
(Wi (@), Wi (@), -, W (@)
at time T,,— and with constant service time U,, we obtain
W[sl,n-fs](Q) S max(W[i,n](Q)a W[ll,n](Q) + SUn) (Tl Z 0)

Thus
Anys S max(sUn, Ap —uy,), (n>0).

The solution {Di} of the equation
DLH = max(sUks41, DL — Ukspt), (M 20, 0<1<s),

with initial condition D§ = Ay, is such that Ak,yy < DL for all k£ and L.
Posing C}. = D}, — sUk_1)s+1, We see that {C}} satisfies the Lindley equation

Crir = (Ck + 8Uk—1ystt — $Ukori — urst) ™,

and so C}/k tends to 0 a.s. for all /.



FIFO Kelly-type Networks Customers are given a route through the
network upon arrival (namely the route of customer n is a mark associated
with point T,). Then the external monotonicity property is not satisfied.
Note that the conditions stating that the traffic intensity be less than one at
each queue is not sufficient for monotonicity, even in the FIFO case (see [6]).

Kelly-type Networks with Synchronization Constraints These net-
works were defined in [2]. The routing is mechanism is the same as above,
but the service discipline is such that, on a given queue, service requirements
brought by the n-th external arrival can in no case be served before all the
service requirements brought by the n — 1-st external arrival have been com-
pleted. There, X[, ) is also the last departure epoch from the system with
restricted arrivals as above. The constant 4(0) is the (max, +) Lyapunov ex-
ponent of a sequence of stationary random matrices defined from the routing
and the service times (see [1] for the notions pertaining to (max, +)-Lyapunov
exponents).

Jackson-type Networks Whenever the routes and the service times are
stationary ergodic sequences associated with stations (namely, the n-th cus-
tomer to reach station j requires the service time o7, and is routed to station
¢’, where {02}, and {¢’}, are stationary ergodic sequences, then the net-
work falls in the monotone separable framework. The stability region is given
by the condition p; < 1, for all queues, where p; is the traffic intensity at
queue j (see [3]).

Stochastic Petri Nets Open FIFO stochastic event graphs fall in our
framework, namely they satisfy the four conditions of the framework (see
[1]). The constant ¥(0) is also the (max, +) Lyapunov exponent of a sequence
of random matrices defined from the topology of the network and the service
times.

For general open stochastic Petri nets with switching, also defined in [1],
take X, to be the epoch of the last firing time of whole net for the [m,n]
restriction of the arrival point process. Conditions 1-3 of the framework are
always satisfied. The validity of condition 4 of the framework 1s discussed in

[4]. |

10
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A Non-separable Network for which the Principle Does Not Hold
Consider an assembly queue with two independent Poisson arrival streams
with the same intensity A/2. The system starts empty. Whenever there are
customers of both classes in the queue, service is provided at rate y. The
completion of a service consumes one customer of each class. Whenever the
queue has no customers of either class, it i1s blocked. Let consider as input
stream the superposition of the two Poisson processes properly marked. If
one saturates the system with an infinite customer population, the (Markov)
departure rate is g. Similarly, if one takes the viewpoint of letting n cus-
tomers of this input stream arrive at time 0, the last activity of the system
takes place at time p~'n/2 +o(n). A naive application of the saturation rule
would suggest that if A < p, the system is stable. However, such queues are
always unstable (see [1]), whatever the values of A and u. Note that this
system does not satisfy the separability property.
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