N

N

Min-max certainty equivalence principle and differential
games
Pierre Bernhard, Alain Rapaport

» To cite this version:

Pierre Bernhard, Alain Rapaport. Min-max certainty equivalence principle and differential games.
[Research Report] RR-2019, INRIA. 1993. inria-00074652

HAL 1d: inria-00074652
https://inria.hal.science/inria-00074652
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00074652
https://hal.archives-ouvertes.fr

ConHX‘J(

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

%I iNRIA

Min-Max Certainty
Equivalence Principle
and Differential Games

Piecrre BERNHARD
Alain RAPAPORT

N° 2019
Septembre 1993

PROGRAMME 5

Traitement du signal,
automatique et
productique

Yl g apport

\ de recherche
%Mmﬁm%éﬂﬁ;.:;s*-.:.~£:‘.;;}1::;::,z~m‘a:a.

1993




Min-Max Certainty Equivalence Principle and
Differential Games

Pierre Bernhard and Alain Rapaport
INRIA Sophia-Antipolis

July 1993

Abstract

This paper presents a version of the Certainty Equivalence Principle, usable for nonlin-

ear, variable end-time, partial observation Zero-Sum Differential Games, which states

that under the unicity of the solution to the auxiliary problem, optimal controllers

can be derived from the solution of the related perfect observation game. An exam-

ple is provided where in one region, the new extended result holds, giving an optimal

control, and in another region, the unicity condition is not met, leading indeed to a
" non-certainty equivalent optimal controller.

Principe d’Equivalence a la Certitude Min-Max
et Jeux Différentiels

Résumé

Cet article propose une extension du Principe d’Equivalence & la Certitude, dédiée
aux jeux différentiels a somme nulle, non linéaires, a horizon variable et partiellement
observés par I'un des joueurs. Les controleurs optimaux sont obtenus & partir de la
résolution du jeu en information parfaite, et a condition qu’un certain probleme auxil-
iaire admette une solution unique. Un exemple, ou dans une région de l'espace d’états
le principe s’applique, et dans une autre un controleur non equivalent a la certitude est
optimal, est présenté.



1 Introduction

It has already been pointed out by Isaacs in 1965 (chapter 12 of {Isa65]) that differential
games with incomplete information are worth being studied, but a general theory seemed
to be out of the scope of the simple calculus of variations. For players perfectly knowing
the state, the optimal controllers exhibited by the Isaacs/Breakwell theory are pure state-
feedbacks. When at least one of the players is denied the complete knowledge of the state.
the history of past observations and controls is extremely relevant and, as a consequence,
the structure of optimal controllers may be radically different. Since then, the literature has
rather been concerned with linear games and convex information sets (see for instance the
chapter XV of [KS77]), or stochastic modelizations where typically, disturbances are mod-
elized as gaussian variables, and the criterion is replaced by an expectation. This leads to
‘stochastic control’. But, very few progresses have been attempted in the deterministic non
linear min-max area.

The certainty equivalence principle, originally discovered by Bernhard in 1990 [Ber90a],
was motivated by H* robust control problems. In the state space approach, the game
theoretic view point leads to an easy determination of the equations of the H*-optimal
controllers via the well-known Riccati equations, considering the disturbance as another
player’s control (‘worst-case design’). For this purpose, the principle is used with linear
quadratic fixed terminal time problems, and [BB91) was the first book completely devoted
to this approach. It has already been pointed out by Bernhard that the principle holds
for non-linear problems {Ber90a]. Nevertheless, two difficulties were met for using it with
Isaacs’ differential games. The proof needed the surjective behavior of the observation map:
Vz,v — y = h(z,v) must be onto, which does not allow simple observed outputs such as
y = h(z). Didinsky, Bagar and Bernhard [DBB93] have proposed an extension where the
unicity of the worst disturbance is replaced by the unicity of the worst state, on the condition
that the set of compatible states is open, and some extra regularity of the ‘cost to come’
function is met. Terminal time should again be fixed, and so here also, we cannot use these
results in the scope of Isaacs’ differential games. This paper proposes a generalization of the
principle overcoming these difficulties. It can be used for a larger class of classical zero-sum
differential games (where terminal time is defined as the first entrance inside a target), where
one of the players has a partial knowledge of the state, even if the set of compatible states is
not open, but on the condition that no barrier exists in the related perfect information game.
Nevertheless, for the qualitative study of a game where a barrier exists, we show that the
principle holds with a somewhat different criterion, if the boundary of the target is smooth
enough. In this paper, we also exhibit an example, which shows that when the unicity of
the auxiliary problem is not met, the value of the game can be far from verifying Isaacs’
dynamic programming equation.
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2 The perfect information problem

Let us consider a zero-sum differential game, as in [Isa65] defined by the following compo-
nents:

e A dynamical system

dx
- t3 y Uy
S(to,d}o,u,v){ dt f( ne v)

l‘(to) = o

I

where t € [tg,+00), z(t) € X = R", 29 € Xo C X, u(t) € U, closed subset in IRP, and
v(t) € V, closed subset in IR?. Admissible open loop controls will be the sets i/ and V
of measurable functions from [t¢, +00) into U and V respectively.

o A capture set
T is an open subset of R x X.

e A criterion
J(to, o, u,v) = M(ty, z(ts)) + /:I L{t,z(t), u(t), v(t))dt + N(zo).

We will consider two kinds of terminal time t;. When (to,z0) ¢ 7 and z(.) is solution
Of S(th Zo, U, 'U),

1 .
tf(t03 Zo, u,v) - tl;ltf; {(t’x(t)) € T}’

t2(to, zo,u,v) = Arg rtgit?{M(t’x(t)) + -/t: L(r,z(7),u(7),v(r))dr + N(:ro)} ,

and will note the criterion J* if ¢} is used (i € {1,2}).

Typically, in pursuit-evasion games, one may be interested in the qualitative or quan-
titative problem (game of kind or game of degree). If the capture occurs, the criterion
associated with M =0, L =1 and t; = t} gives the minimal interception time. If the
target is described by the sign of a function C(.): T = {(t,z) € R x X | C(t,z) < 0},
then the sign of the criterion associated with M = C, L = 0 and t; = t} provides the
qualitative result: capture or evasion. Other mixed criterions may be of interest.

e Sets of admissible controllers

We will consider classes ® and ¥ of admissible feedback strategies u(t) = o(t, z(1))
and v(t) = (¢, 2(t), u(?)) satisfying the following properties:

— Open-loop controls are admissible: f C ® and V C V.



— & and ¥ are closed by concatenation.

- Y(¢,¢) € ® x ¥, the system (S) admits an unique solution x(.), leading to admis-
sible controls u(.) = ¢(.,z(.)) € U and v(.) = ¥(.,z(.),u(.)) € V.

Thus, 9(.) is a discriminating feedback. It is known, though, that if ‘Isaacs’ condition’
i1s met, the optimal ¥* is in fact a simple state feedback. These properties do not
uniquely specify the pair (®,¥), but we know that such pairs exist, and the above
assumptions suffice to justify Isaacs’ equation (see [Ber87]).

According to the kind of terminal time, let us now introduce the following problems:
Problem P(tg, Xo) (¢ € {1,2})
If the initial condition (¢, zo) € ({to} X Xo) \ 7, does a Isaacs’ Value function:

Vi(to, $0) = ¢m€inq) ¢m€2l)fll Ji(th Zo, ¢, 1/)) - N(l’o)

exist?

For the following, we will need some assumptions to bound the terminal time:

e For problem P!, the system will be assumed to be capturable over (t9, Xp), in the very
strong sense that:

3T1(t0, ,0) < 400, Ju € Ll, Vzo € Xo, Vv € V, t}(to,l‘o, u,v) < Tl(to,Xo).
This is satisfied if, for instance, 3T! such that [T, +00) x X C T.
o For problem P?, we will assume that:

3T2(t0, Xo) < 400, Vzo € X, V(u,v) cEUXYV, 3t§(to,a:0,u,v) < Tz(to,Xo).
Let us stress that problem P? reads:

minmax min T v r,z(7),u(7),v(7))dr + N(z9)] .
qujtfﬂﬂ% mD+A)u (1), u(7),v(7))dr + (d]

Let us also recall the classical Hamilton-Jacobi-Isaacs theorem [Ber87].

Proposition 1 If there ezists a C' function V over ([to, T'(to, Xo)] x X)\ T, solution of
the partial differential equation:

ov )
—_— = min max H(t,.’l,‘,—',u,v)
ot uelUvevV Jz

Vit,z) = M(t,z)if (t,z) € 0T



where H(t,z, A, u,v) = L(t,z,u,v) + A f(L,z,u,v) is the Hamiltonian of the system, then V
is a solution of the problem P'(to, Xo). Moreover, any admissible (¢*,¢*) such that:

o"(t,x) € Arg min H(t,x,g‘i,u,'y’)'(t,x,u))
uelU 66‘1}

Y*(t,z,u) € Arg max H(t,z,—,u,v)
ngV ( Oz

are optimal state feedbacks.

Proof

e Let us consider a controller ¢(.) € ®, and u(.) be its open loop representation against
y"*. Then, from Isaacs’ equation:

av oV .
v, o (G e(t) + 5=t 2(1))- St 2(8), u(t), ¥7(E, (1), u(t)) +

L(t, z(t),u(t), ¥*(t, z(t),u(t)) > 0.
Thus,

Vit > to, V(t,z(t)) — V(to,z0) + | L(7r,z2(7),u(7),¥"*(r,z(1),u(r)))dr 2 0,

to

where z(.) € S(to, Zo, u, ¥*).
At t; = t}(to, To, u,¥"), we conclude:

V(to, z0) + N(z0) < M(ts,2(ts)) + fi! L(r,2(7),u(r), $*(r,z(r), u(r)))dr + N(zo)
= Jl(to, zo, b, ’l/")-

e Changing the role of ¢ and 3, we obtain symmetrically the other saddle-point like
inequality:

V(to, 3?0) + N(il?o) Z Jl(t07 Lo, ¢"w)’ V’l’() € v
0

A similar version of this proposition for the problem P? is:

Proposition 2 If there ezists a C' function V over ([to, T*(to, Xo)) X X) \ T such that:
V(t,z) € ([to, T*(t0, Xo)) x X)\ T,

V(t,z) < M(t,z),



: av av
uné”b ma. {at + H(t,x,— 5 v)}

ov av
t =
V(t,z) # M(t,z) = urrélrbvmea)‘(/{ T + H(t,z, Sl v)} 0,

V(g ¥) € @ x U, 3t < +oo | V({,2(1)) = M({,z(1))
when z(.) € S(to, Zo, 9, ),
H(t,z,\,u,v) = L(t,z,u,v) + A f(t,z,u,v) is the Hamiltonian of the system.

Then V is a solution of the problem P?(ty, Xo). Moreover, any admissible controller satisfy-

ing:
av

Qs‘(t,.’t) € Al'g rl'éanH(t, g—‘;’u’w‘(t’x’u))
Y*(t,z) € Arg rrgu‘(/H(t 1Ty U u,v)

are optimal state feedbacks, and an optimal stopping time is:
t*=min{t > ¢ | V(¢,z"(t)) = M(¢,z"(¢))}

if z*(.) € S(to, 0, ¢™,¥").

Proof

Let (to,x0) be an initial condition,

e Let ¢(.) € @ be a u-controller, (u(.),v"(.)) the open-loop representation of the pair
(¢,¢™), and z(.) the related trajectory when the game is played along with (¢,y*).
Then for all ¢ > tg, we have:

%(t’m(t)) o (t x(t)). f(t, z(t), u(t),v™(t)) + L{t, x(t),u(t),v™(t)) >0

= Vit > to, V(t,.z( - V(to,xo) +/ L(r.z(7),u(7),v"(7))dr > 0

= Vt > to, M(t,z(t)) + L(T,a:( Y, u(T),v*(7))dr > V(to, xo)

to
and so:
V(to, .’Z‘o) + N((Lo) S Jz(to,;lfo, u,v').

o Let ¥(.) € ¥ be a v-controller, and u*(.), v(.), z(.) defined in a similar manner as
previously,



- If V(to,l‘o) = M(to,;l)o), it is clear that:
V(to,zo) + N(zo) > J¥(tg, To, u",v).

— If V(to,x0) # M(to, o), then as long as V(t,z(t)) # M(t,z(t)) we get:

ov ov

—5¢ (b2(t) + 50t 2(1)). £ (8, 2(2), w™(t), 0(2)) + L(t, 2(2), u'(t), v(1)) < 0

= V(t,z(t)) + /t: L(7,z(7),u*(7),v(7))dr < V(to, z0).
At T = min {t | V(t,x(t.)) = M(t,z(t))}, we get:

)
Vito,20) 2 M(E,(®) + [ Lir,a(r),u’(7), o(r))dr
0
and so, a fortiori
V(to, 1:0) + N(.’Do) Z Jz(to, Zo, u', ’U).

With these two inequalities, we conclude that V(to,z¢) is the value of the game when
a pair of controllers (¢*,%*) min-maximizing the Hamiltonian is played, and that t* is an
optimal terminal time.
O

We can now propose a generalization of the notion of the target for both problems P!
and P?:

Definition Let 7! = 7 and T2 = {(t,z) | V(t,z) = M(t,z)}.

3 An imperfect information structure

For the following, we will not write the indices of J, V, t; and T when a definition is shared

by both problems P! and P2.

For a given pair (to, Xo), let us write T = T(to, Xo), U = U|pe.1)s V = Vlptot)y w =
(z0,v) € 0 = Xo x V, S(to, u,w) = S(to, xo,u,v) and J(to, u,w) = J(to, zo, u,v).
Instead of a perfect knowledge of the state, let us consider an observation scheme for the
player u, which to each pair (u,w) € U x Q makes correspond a family of subsets Q) € F:

Qi [te,T] — P(0)
t — Q, € FrCP(Q)

such that u knows, at time t, that zo and the control of its opponent v(.) belong to the
subset {2; (We shall give more concrete examples shortly).



Let us also introduce truncated information sets:

ut = {r——u(7), 7 <t} elUt,
vt = {rr—o(r), <t} eV,
w‘ = (Il?o,vt) € Qt,

and define:
Q= {w' |wen}.

Hypotheses H1
Hypothesis Hla The process §)() is consistent:
Vt € [to,T], w € Q.
Hypothesis H1b The process () is perfect recall:
Vt' > t, Qp C Q..
Hypothesis Hlc The process {1 is nonanticipative:
w' e N = we,.
Typically, an observed output: y(t) = h(t, z(t),v(t)) leads to such a knowledge. Thus,
Q = {(zo,v) € Q| for z(.) € S(to, zo,u,v), V7 < t, y(r) = h(r,2(7),v(7))}

is the equivalence class of all disturbances w that together with u’ lead to the same observed
output history up to time t: y'.

We shall need the following restricted observation sets for the problem P*:
Qo= n{w|Vr<t o(r)¢T'}.

Proposition 3 (), satisfies Hypothesis H1 up to tf,.

Proof
Consistence up to t} is by definition, the decreasing character is preserved by intersection

of two decreasing subset families, and the same holds true for the non anticipative character.
O

As a matter of fact, in the sequel we shall only use Q. and thus omit the ~, meaning that
we have included the restriction into the definition of §2,.



Finally, let us define a class M, 1} of admissible controllers
p: [t T)xF — U
(t,€2) — u(t, ) el
such that Vw € Q, the pair (u,w) generates a well defined unique trajectory. Remark that

due to the definition of €, it is indeed a class of nonanticipative controllers.

4 'The imperfect information problem

4.1 The problem
Problem Py(to, Xo) (i € {1,2})
If for every zo € Xo, (to,z0) € T, does there exist a controller u attaining:

min max_J*(to, #t,w)
14 € M[to,Ti]w € Q

and if yes, how to build one?

4.2 The auxiliary problem

e The auxiliary function G

Hypothesis H2 The problem P*(ty, Xo) admits a saddle-point (¢*,%") and a value
function V* of class C!.

Under this hypothesis, for all admissible (u,w) € U x Q, we define:
. t
Gi(u,w) = Gy(u',wt) = V(¢ z(t)) +/ L(r,z(7),u(r),v(r))dr + N(z0)
to
where z(.) is solution of S(tg, xo, u,v).
e The auxiliary problem Qq(u'. )

max G (u®,w').
w' e

We shall write &; = (Zo,,%;) for a maximizing disturbance and 7y(.) for the induced
trajectory.



e The controller

Hypothesis H3a For any (u,Q)) € U x F, and any t € [to, T, the state at time t
Z,(t) is unique among all the state solutions S(to, Zo;, u,?;) at time t. Z,(t) represents
then the unique ‘worst state’ at time t, compatible with the past observations, and will
be simply written Z(t).

We wish to define g as fi(2, ;) = ¢*(¢,Z(t)). As a matter of fact, Z(¢) also depends on
past u's (i.e on u'), therefore the above definition is actually a fixed point, that can be
made explicit as follows.

Let us define for any 7 € [to,t], ui(7) = ¢*(7,Z(7)) where ¢*(.) is the u-optimal feed-
back for the problem (P*), and Z,(.) is the solution, restricted to [to, t], of S(to, To.. u, ;).
Then consider the causal application A: (u!, }) — u;(¢). This defines in a natural
way an application A : U x F — U. The strategy fi(., Q()) will be defined as a fixed
point of the application A, for any t > ¢, as long as {Z(7) € T*, VT € [to,t]}-

Hypothesis H3b  is uniquely defined and admissible.

Computing u(.), knowing the solution of the game in perfect information and getting
Q) consists in solving, for each time t, an auxiliary problem Q.(@‘, ), which gives
the value of @ at time t, if an unique worst state is met. Choosing fi(.) amounts to
playing as if the real state of the system were Z,(t). This is the reason why we shall
call i a ‘certainty equivalent’ controller.

5 The Min-Max Certainty Equivalence Principle

Here again, we will not distinguish between problems P} and P? when parts of the proof are
common.

5.1 The principle

Proposition 4 Under the hypotheses H1-H3, ji(.) is an optimal controller and it guarantees:

max_J(to, I,w) = max_ [V(to,z0) + N(z0)] = I'(to)..
w € ) To € .\’0

Proof

For a given @ = (ZFo.7) € (. let us call U(.) the open-loop representation of the controller
i, ty the corresponding final time. and €2 the information process. Any other w € 2, would
produce the same @*. Then, let us define, for any t in [to, /],

G(t,w) = Gy(T*, ).

10



Notice that although G is defined as a function from [tg,2;] x Q into IR, it actually only
depends upon the restriction w! of w to [to,t]. Thus, using also hypothesis Hlc, we get

I'(t) = max G(t,w)= max G,(",w').
w € Qg wt (= Q;

Let us also notice that I' is well defined, because Q, is never empty, thanks to the hypothesis
Hla.

We are now going to prove that the function I'(.) is nonincreasing over [to,ts]. To each
time instant t, associate the function:

Te(7): 71— max G(r,w).
w €

where the constraint bearing upon w has been frozen at w € ;. For t in (#5,%5) and h > 0
such that ¢t + h < t; and t — h > t,, we have, according to the hypothesis Hlb:

T(t—h) < Ty(t—h),
I@t) = Tu3),
T(t+h) > Tut+h)

So, the upper Dini derivative of I" verifies:

D*T(t) = lim supw < lim sup w

et t—1 Vst t—t
Thanks to Danskin’s theorem [Ber90b], I';(.) has left and right derivatives I'}(.) and T}(.):

0G(1,)

ar [f(r) = max aG(T’w)-

Q or

I‘:(‘r)= min
0 w e Y

wEQ,

When 7 = t, these last expressions depend only on the restriction of Q, to the interval [to, t]-
For each &' = (%o, ") realizing the maximum of the problem Q.(@*, Q}), the generated state
z(.) € S(to,Zo,u,v) at time t is the same, thanks to the hypothesis H3a. Let call it Z(t).
For any maximizing &', we have:

PEED) — Pn3(0) + T (1, 2(0)-5 (4,20, 70, 50) + Lt 20, (D), 5(0)
av ov

= 3 (t,z(t))+ H (t,i(t), e (t,2(t)) ,ﬁ(t),-ﬁ(t)) .

For the problem P}, according to Isaacs’ equation and the choice of i, this last expression is
non positive. For the problem P?, the Isaacs’ equation also holds thanks to the definition of

11



Q(.). One concludes that the Dini derivative of I' is non positive, and therefore I is decreasing
(see Appendix). So, T being the solution of S(to,%,w), and by Hla, @ € Q(,, thus we have:

J(to, 1, @) = M(t;,%(ts)) + /t:’ L(7,Z(r),u(r),0(r)dr) + N(xo) < I'(t5) < I'(to)

This bound being uniform in @, we get:

max_J(to, #,w) < [(to).
weN

Conversely, for any controller y(.), a possible w is

w' = (:r(', = Arg max_V(to,z0) , v*(.) = zj)"(.,:z:‘(.),p(.)))

o € Xo

along the trajectory z*(.) and then, according to the other saddle-point inequality of Isaacs’
equation:

max_J(to, tt,w) > J(to, u,w™) = [(to)-
weN

Hence, fi is a min-max controller, and even a saddle point controller, and the theorem is
proved.
O

We recall also the following result:

Proposition 5 If Y(u,Q()) € U x F, there exists 7* € (to,T) such that sup G,.(u,w) =
weQ,.
+o0, then Yu € M, sup J(u,w) = +oo.
weN

Proof

For the proof, we refer to [Ber90a], [BB91].
O

This is important to notice because it is to get this result that we constrain w to Q.

6 The case without unicity

When the auxiliary problem admits an unique solution and the principle holds, the value
of the game is the same as in the perfect information case, and so Isaacs’ equation is also
verified. For the general case, it seems to be reasonable to look after a kind of dynamic

12
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programming equation, where the maximization in v may be replaced by a maximization in
w. Unfortunately, only one inequality can be proved, and we give further an example that
shows that we may not expect something better. When the certainty equivalence principle
does not hold, none of the trajectories compatible with the observation may be an extremal
of the problem in perfect information.

6.1 A dynamic programming inequality

Assume there exists an optimal controller /i solution of the problem Pj(o, Xo) when N(.) = 0.
We shall call U(%o, Xo) its value function. For any w € Q, let () be the information process
observed when u plays u“(.) = ji(.,Q(,)). Then, let us write 2*(.) the solution of the system
S(to, u”,w). We claim the following property:

Proposition 6 If Vt € [to,T], Vw' € Q!, the problem Pj(t,{z*'(t)}) admits a solution
U(t, {z¥'(t)}), then:

Vi€ (10, T, Ulto, Xo) 2 _max { /,t L, (), w (), 0% ()dr + UL, (= (0)))
Proof

Let @' = (z0,v”) be an element of ¢, for any v € V|, 14, define w = T.v = (20,07 .v)
(where T.v defines the concatenation of T and v).

U(to,Xo) Z max Ji(to,ﬁ,wt.v)

v e vl[t'TI]
t —t =t =t ; ot
= max [/ L(t,z% (7),u” (7),v" (7))dT + J'(¢,z* (t),ii,v)] .
v € V| Yo

Thanks to the hypothesis Hlc of the nonanticipative behavior of the observation process
£(), the first term does no longer depend on the future disturbance. So,

t

U(to,Xo) 2 [ L(r,a™(7),u™(r),v" (7))dr + max J'(t,27 (t),},0)
to ’UEV|[¢'T-']

> | CL(r, 27 (1), 6 (7),07 (1))d7 + U(t, {27 (1))

0

t

()
6.2 An example
Let us consider the following problem in the plane:

r = —cu 4+ bcosv a>b>c>0
—a + bsinv ue€[-1,1] , v € [0,27)

y

13



with the end-point condition:

y(O) > 0, y(tf) = 0,

and the objective:

min max |z(t;)l.
uGUvevl (f)l

6.2.1 The perfect information solution

When & and ¥ are admissible state feedback classes, one can easily derive a saddle point
solution thanks to Isaacs’ differential game theory.
Let us write the Isaacs’ equation:

(&)« (5) -
(I Oz Jy

V(z,0) = |z|,

ov

Ox

LA

oy

and check that:
V(z,y) = |z +rty,

where 7t is the positive root of
bWl4+r2—c—ar=0

is a solution of (I) in the viscosity sense.

It is immediate to verify that V is a C?! solution, except on the r = 0 axis, where sub
and superdifferentials are:

o~V(0,y) = 0
atVv(0,y) = [-1,1] x {r*}

and we have to check only.one viscosity inequality:

Voe[0,1] . H(pr*) =by/p? + (1) —cp—art <0

HO,7*) = (b—a)rt < 0

r+\? r¥
H(p,v*) = plb 1+(———) —c—a—| < 0
p p
So,
—ac+ y/(ac)? + (a% — b?)(b? — ¢?)
V(z,y) = 2]+ \/ a? _ b2 Y
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is the value function of the problem.

Notice that when zq # 0, there exist optimal (saddle-point) open loop strategies:

° Ifﬁl)0> 0,
u* = +1

ﬁ (sinv*,cosv*) = ( i ! )
L VI+ ) Vs ()

o If zy <0,

u” = -1

(sinv*,cosv*) =

rt -1
{ (\ﬁ+(r+)2’\/l+(r+)2)

If the initial state stands at o = 0, two symmetric trajectories are possible. Whatever is the
choice of u, v can force the state to definitely go to one side of the y axis: It is a dispersal
line for the maximizer.

15



Figure 1: Vectogram and semi-permeable directions

Figure 2: Extremals field
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6.2.2 An imperfect information scheme

Assume now that the player u has only the knowledge of 2(0) = x¢ and {y(.)}[to'” at time t.
Here, the information scheme is:

Xo = {(70,%0)}

& = {((l‘o,yo)sv(-)) | V7 € [0,¢), sinv(r) = 3](7)b+a}

We are looking for an optimal controller u(zo,2(,)) against the worst v(.).

Proposition 7 The open-loop controller:

u*(t) = sgn(rg) 05t <L Jﬂf?o|
u'(t) = 0 t> zol
c
is optimal.
Proof

Let v* be a disturbance realizing max against u*. Then the final time is defined as:
wu.

t
/0! (a — bsinv™(7))dT = yo.
Two cases have to be considered:

|zol
o ;< —
s C

Then,
ty
z(ty) = zo —sgn(zo)cty + b/ cosv*(71)dr
o

t
sgn(zo) [|zo] — cty] + b/o ! cos v*(7)dr.

So,

max |z(ts)] = maxsgn(zo)z(ty).

v(.) .
The control v* is necessarily solution of this last one player optimal control problem.
Thanks to the open-loop saddle point solution of the game in perfect information:
(upr,vpr), and the fact that up; = u*|o4,], v* = vp, is optimal.

So, J(u™,v*) = J(up;, vp;) which is optimal, corroborating the certainty equivalence
principle.

17



Notice that the current theory accounts for that fact, not any previous one: beyond
the variable end time, which is of little consequence here, the theory of [Ber90a] does
not apply because the observation function is not surjective in v, and that of [DBB93]
does not either because X is not open.

o]

o iy >
c

Let u(.) be a controller, and consider the open-loop control v=(.) = 7 — v*(¢). It leads
to the same final time ¢; and the same function of time y(.) than v*(.), when it is
played against the same p(.) (i.e. it always belong to the same set §2; as v™). Let us
write u(.) the open-loop representation of u(.) played along with v=(.) or v*(.).

t t
z(ts) = 2o — c/o, u(r)dr + b/ofcosv(r)d'r.

where v may be either v* or 7*. So,

4

t t
xo—c/()fu(r)dr-{- b/ofcosv'(r)dr

}

= J(u",v") = max J(i,v)

J(p(),v(.)) 2
r;l@( (1(.),v(.)) maX{ | |
To — c/ ! u(r)dr — b/ g cosv™(T)dr
0 0
lxo —cfy! u(T)dTl + b‘fot’ cos v'(T)dT’
/Otf cosv*(7)dT

> b

and the result is proved.

o

6.2.3 Calculation of the value

Two cases are possible:

e u*(.) is constant until ¢

Then, the value is the same as in the perfect information scheme:

—ac + \/(ac)2 + (a? — b?)(b% — ¢?)

J1(z0,Y0) = |zo + JORgT Yo
on the condition that:
Yy T
t(yo) = —o— = L — < 2ol

a—bsinv; aq-—b——
14(rt)?

18



u*(.) switches to 0 before ¢

Determining the worst v(.) against u*(.) is a one-player optimal control problem, with
a non-autonomous non-continuous differential system. Let us transform it into an
autonomous one, introducing the variable m(.):

m(0) = zg, m = —cu.

The system can then be re-written, for a positive zq:

£ = bcosv—c t = bcosv
f-: y = bsinv—a fe: y = bsinv—a
Th = —=C 7’;'1. = 0

with the commutation surface S : {m = 0} from f_ towards f,. Classically,

H* = b/A2 + /\3 — Az —ady — cAp,
Hy = b/A2+22—a),

The transversality condition at the crossing of S imposes only a discontinuity of Ap,.
So, the optimal v;:

Az
COSs ‘U; = ﬁ'—
A2 + A2
y
: * Ay
A2 4+ A2
v
is constant along an extremal. The final condition on the target imposing |A;| = 1,
= 1s the solution of H* = 0:
Y a? + b *
22 — b2
|cosvy] = ———
a
sinv; = -
a
from which one can deduce:
" — Yo _ a y
d a—bsinv; a?-b bo
ty
33 ,: fomnd b / ‘d = =
JQ(a'O yO) A COs vy, aT myo
on the condition that: 2ol
Yo To
tr(yo) = - > )
12(¥0) a—bsinvy — ¢
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It is easy to check that sinv] < sinv}, and so t;, < t;,. When |2o] € [cty,,cty,], both
hypotheses are valid. The worst v(.) is the one which leads to the greater cost. The
switching line is defined by Jy(zo,y0) = J2(z0, Yo)-

As a conclusion, the value function verifies the:

Proposition 8

—act+ flal ¥ (@ B ) b
Ueno) = feol + 2tV A o it0 < (mpms =) oo
a?—b a’ — b?

b
U(ro,yo) = \/—a—z——j;yo otherwise
Proof

We just have to show that, whatever are a > b > ¢ > 0, J1(zo, yo) = J2(o, yo) is reached
by (zo, yo) such that:

|0
tn(yo) < P < ts(yo)-

. X
e Ji(xo,yo0) cannot be strictly greater than Jz(xo, yo) when the condition ty (yo) = [_CO_l

is met. Otherwise, J; and J; being continuous with respect to yo, there exists € > 0
such that Jy(zo,yo + €) > J2(zo, Yo + €), in a region where it has just been proved that
the strategy 2 is maximizing.

e When the condition ty,(yo) = Izl 1s met, the strategy 2 presents a maximizing trajec-
c

tory without switching, which is obviously worse than the strategy 1 according to the
trajectory slopes.

a

This example shows that in the region where the certainty equivalence principle does not
hold, the value function does not follow a classical dynamic programming equation. Inside
the area 2 of the state space, U depends only on y, but whatever are the choices of the players,
y is strictly decreasing. So, U is never invariant along any of the trajectories compatible with
the observation.



*

certainty
equivalent

certainty
equivalent

]
]
t

Figure 3: Partition of the domain of the value function
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Appendix

Lemma 1 If fis a function from IR to IR such that:

Ve R, D*f(t) = limsup LT M) = /(1)

<0
h—0 h

then f is strictly decreasing.

Proof
Let us choose a < b, then

Vi € [a,b], 36: >0 I Vt’ € (t — Ct,t + Cg),
' >t= f(t') < f(t)
t'<t= f(t') > f(t).
Otherwise the hypothesis of the lemma would not hold. The compact set [a, b] is so covered

by open sets:
[a, 6] U(t — et + )
t

from which one can extract a finite covering {(¢; — €,,%; + €,) }ier (the t; are ordered in an
increasing sequence). Then there exists a sequence (a;) such that: '

4

ag = a
an = b
§ a; € (tisti +€,) N (tig1 — €1y tigr)
a; < aigy
| flai) < ftisr) < flais)
Thus f(a) < f(a1) < ... < flan—1) < f(b).

a

Lemma 2 If fis a function from IR to IR such that:

Vvt € R, D* f(t) = limsup fle+ hz = f() <0

h—0 3

then f is nonincreasing.

o
o



Proof

If f strictly increases from a to b > a, let us define:

_ f(b) — f(a)
g(t) =ft) =t —a)————
over [a,b]. Then,

D*g(t) = D+ - LUZ1E

and so, according to the previous lemma, g is strictly decreasing. But, g(«)

a contradiction.
()
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