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Abstract We sketch a dynamic programing type of theory for both contin-
uous time and discrete time non linear partial information min-max control,
using the “cost to come” function as the informational state. We use this the-
ory to derive conditions under which a certainty equivalence principle holds.
The condition derived is less powerful than what was known from direct in-
vestigation in the continuous time case, but more powerful in the discrete
time case.

Esquisse d’une théorie
de la commande min-max non linéaire
en information imparfaite

Résumé Nous esquissons une théorie de type programmation dynamique
pour la commande min-max en information imparfaite dans un contexte
général non linéaire. Nous utilisons cette théorie pour donner des condi-
tions sous lesquelles un principe d’équivalence a la certitude prévaut. Les
conditions obtenues ici sont moins générales que ce qui était connu dans le
cas a temps continu, mais plus générales dans le cas a temps discret.

1The author aknowledges the help of Alain Rapaport in preparing this article



1 Introduction

We investigate the most classical partial information min max control prob-
lem. The set up is as in classical stochastic control, but without probabilistic
hypotheses on the disturbances. Instead of minimizing the expected value of
a cost criterion, we minimize its supremum with respect to the disturbances.

According to Caratheodory [8], the “cost to come” function has been
introduced in the calculus of variations by Hamilton. Carathedory calls it
“Hamilton’s principal function”. The conditional cost to come has been
used in [3] as an auxiliary tool to solve in a recursive fashion the “auxiliary
problem”. It lead to the second (filtering) Riccati equation. Its central role
in min-max control has been first stressed, as far as we know, by Didinsky,
and used extensively in [9]. John Barras [2] has shown, using tools of large
deviation theory in the spirit of [12], that it should be considered as the
informational state. The idea of the present derivation is to apply Quadrat’s
morphism [12},{1] p 442, i.e. to mimic stochastic control, simply replacing
mathematical expectations by max operations.

In the continuous time case, problems of differentiability naturally lead
to an attempt at using the Fenchel dual of the cost to come, in the spirit of
[10], as a possibly more regular informational state, leading to a suboptimal
controller if the cost to come is not concave.

2 General framework

2.1 The problem
2.1.1 The dynamics

The general problem considered is as follows. A disturbed control system is
given as
&= fi(z,u,w), z(0)=zo, (1)

" or, in the discrete time case,
Tepr = filz,v,w), z(0) = zo. (2)

Here, t € [0, T} is the time, continuous or discrete, T a fixed horizon. z € R"
is the state, u € U C IR™ is the control. The control function is u(-) € U.
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Likewise, w € W C IR’ is a disturbance, the disturbance function is w(-) €
W.

As the initial state zo will also be part of the disturbance, we shall need
the notation

w=(zg,w(-)) € 2=R"xW.

In the continuous time case, we shall furthermore restrict U and W to mea-
surable functions, and the function f will be assumed to be of class C! and
to satisfy a standard growth hypothesis to insure existence of a unique state
trajectory for all (u(-),w) € U x Q.

2.1.2 The information and the strategies

The state z is not directly measured by the controller, but only an output
variable y € IR? :

y = h(z,w).
We let Y, = h(IR",W) denote the range of h;.

As we shall need causal dependencies, we shall use the notation
y'={y(r) |7 <t}
and likewise for all other time functions. Also, we shall use
w' = (zo,w') € Q'

In contrast, a subscript will always denote the instantaneous value of a time
function, and 2, will be a subset of .

In the continuous time case, the control will be allowed to depend in a causal
fashion on y(-), and the set of admissible controllers, or strategies, p € M is
that of all causal controllers such that the system obtained by placing

u(t) = me(y) = e(y’) (3)
in the dynamics generates for all w € 2 a unique admissible control function
u(-) € U, and thus a unique trajectory.

In the discrete time case, we shall rather let the admissible controllers, again
denoted as u € M, be strictly causal :

u(t) = w = ey’ ™) (4)
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(An apparently convenient way to avoid the difference between (3) and (4)
would be to put a strict inequality sign in the definition of y*. However, we
believe that this would introduce misleading notations, and we prefer the
current convention.)

2.1.3 Critetrion and optimality

A criterion or payoff function is given in the classical form, i.e., in the con-
tinuous time case as

J(u(-),w) = T))+/ (z,u,w) dt + N(zo),

and in the discrete time case as

" T-1
J(u(')’w) = M(:II(T)) + Z Lt(z’u’w) + N(.’l?o) .

t=0

As stated above, we are interested in finding a strategy p* € M leading
to

maxJ(u yw) = mﬂmeaxJ(p, w). (5)

We shall make use of the usual definition of the hamiltonian of the prob-
lem:
Hi(z, )\, u,w) = L(z,u,w) + (A, fi(z,u,w)) .

In (5) and in the sequel, we write min and max as if they were always
reached. We only claim a theory of sufficient conditions. So this is permissi-
ble. Specific assumptions could be made to insure the existence of some or
all of these extrema.

In the continuous time casethe real issue is the regularity of the three value
functions U, V, and W below. And we do not tackle this issue.

In the discrete time casethings are simpler. One might assume continuity
of the functions defining the problem and compactness of the set of initial
states Xo = {z € R" | N(z) > —oo}. But this would not account for the
linear quadratic case. One might use convexity concavity hypotheses, but
this would not account for most nonlinear examples. So we chose to stick
with this incomplete formulation.



In none of the two cases do we pretend to give a finished theory, as the
title of the paper implies.
We shall write

min, max, max, for min, max, max
u w z uel weW  z€R"

respectively.

2.2 Conditional cost to come

As stated above, we shall use the “conditional cost to come” function that
we now define.

Let u™ and y” be fixed. Introduce the subset (2, of disturbances that are
compatible with these data

Q,[u,y7] = {w € Q| Vt < 7, hy(@e,we) = e} (6)

Here, of course, z(-) is the state trajectory generated by u(:) and w. In
this set of conditional disturbances, we define the subset Q,(€) of those that
furthermore drive the state to £, in the continuous time case at time 7 :

Q[ y")(€) = {w € Q,[u",y7] | 2(7) = £}, (7)
and in the discrete time case, at time 7 + 1:
Q[u”,y7)(§) = {w e Au”,y"] | 2(r +1) = £} (8)

We shall oftentimes omit the arguments in square brackets above, as there
is no ambiguity in doing so. But it should always be remembered that Q,
and Q,(z), for instance, depend on u' and y*, and thus also the cost to come
function defined with them.

The conditional cost to come function W{u",y"] is now naturally defined.

In the continuous time case :

W. (&) = Jmax [/OT Lz, u,w)dt + N(xo)] .

It should be understood that

VEI Qu(8) =0, W) = —o0.



We shall make use of the following hypothesis:

Hypothesis H1 There exists, for all t, u*, y!, a well defined cost to go
function Wy(-) defined over R" into R U {—00}. In the continuous time case,
we further assume that it is differentiable with respect to ¢.

We may have the following further hypothesis:
Hypothesis Hla The function W is of class C!.

If W is of class C1, it satisfies the forward dynamic programming equa-
- tion: (remember that u' and y* are fixed)

Vz, Wy(z)= N(z), (9)
V(t» m)a ot = w|h.(r2?{3()=y, H:(f, __—aa: 3ut’w) = Ft[Wt,ut’yt](x) .

(10)

Let w = z/:t(Wt,:v,ut,y,) be a maximizing w above.
In the discrete time case, we have similarly
t—-1

W:(¢) = max gL:(w,u,wH N(zo)] ,

(again, the maximum over an empty set must be taken as —oo.) We use
the same hypothesis H1, and the discrete forward dynamic programming
equation. We introduce to write it in a readable fashion the following set
(again, u* and y* are fixed)

Zy(z,u,y) = {(&,v) € R* x W fi(&,u,0) =z, hi(z,v) =y},
and it reads

Wi(z) = max [Wi(€) + Li(&, us,v)) = Fi[Wh, ue, y4) (11)
(&v)eli(zueyt)

together with (9). Let (&,v) = ((W,, z,u,,y;) designate a maximizing pair

above.

2.3 Cost to go

We shall refer to state feedbacks u = ¢;(z) and discriminating feedbacks
w = Y(x,u). We assume that a consistent framework as been defined (see
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for instance [4] or [5]) with admissible sets of such feedbacks, within which
we have the following property:

Hypothesis H2 The full information game has a unique upper saddle-point
(¢*,v*) leading to an upper value denoted Vi(z), of class C in the continuous
time case.

Under hypothesis H2, V satisfies Isaacs equation :

Ve, Vy(z)= M(z) (12)
and, in the continuous time case,

Vi(z) aVi(zx)

V(z,t), E + ilyglrune% H(z, s ,u,w) =0 (13)
or, in the discrete time case,
Vi(z) = minmax [Viq (fi(z,u,w)) + Lz, u,w)] . (14)
uGU w€W

It should be pointed out that, because we have introduced the term N({zo)
in the payoff, the actual (upper) value of the full information game is

m¢in max J(¢,w) = I'o = max[Vy(z) + N(z)].

3 The continuous time problem

3.1 Dynamic programming

Notice that equations (9) and (10) behave as a filter : (10) can, in principle,
be integrated forward in real time from Wy = N, with u; and y, as forcing
terms in the right hand side. Let W be the space of all functions from IR"
into IR that can be reached by W, for all ¢ and all (u(-),w) € U x Q.

Let U; be a function from W into IR. Assume it has a derivative with
respect to t, denoted 9U,;/dt, and a Gateaux derivative with respect to its
argument W € W, denoted DU,. Actually, it suffices that the directional
derivative DU(W).dW be defined for all (W,dW) € W x W. The dynamic

programming equation is as follows.

OU(W) + minmax DU(W).F,(W,u,y] = 0, (15)

Vt,VW € W,
at uGU yGY(

6



where F} is defined in (10), and the terminal condition
YWeWw, Ur(W)= mxax[M(:c) + W(z)]. (16)

Notice first that if such a U exists, the minimization over u in (15) defines
a control u depending only on t and W. Let u = f1,(W) be such a minimizing
control. Likewise, let y = #,(W, u) be a maximizing y. We shall further need

the notation ¢(W, z,u) = ¥ (W, z,u, H(W, u)).

We can state the following result.

Theorem 3.1 (Main equation) Assume hypotheses Hl and Hla hold. If
there ezists a function U from IR x W into R satisfying the main equation
(15)(16), and corresponding strategies u, = i, (W,) and w, = % (W,,z,u)
well defined and admissible when used with (9)(10), then i is an optimal
strategy for the problem at hand, and the optimal cost is Up(N)

Proof As a matter of fact, everything has been cast into the hypothe-
ses, so that the proof is very simple, and similar to that of the classical
Isaacs’equation.

Assume first that we play according to u, = fi,;(W;). Since, as we have
pointed out, W, only depends on u' and y!, this is a causal strategy. Pick
a fixed @ € Q. Together with /i they generate trajectories {z;}, {v:}, and
{W,} evolving according to (10). By (15), we know that

aU(Wy)
ot

As a consequence, U;(W,;) will be a decreasing function of ¢, so that

+ DU(Wy). Fy[W,, 0 (We), 3] < 0. (17)

Ur(Wr) < Up(Wo).

Let us use (16) and the definition of Wr as cost to come to rewrite the left
hand side of the above inequality

T
Ur(Wr) = max [M(:z:) + wg)g)(( (/0 L;dt + N(a:o))} .

Hence

Ur(Wr) = max [M (x1) (/ Ledt + N(mo))]
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Now, Q7 in the above max is that generated by the sequences u”, y7 gener-
ated by @. Therefore, @ € Q7. Thus, using also (9) we get

J(t,0) < Up(Wr) < Up(N).

Assume now that w plays according to w, = zZA),(W,,a:,u). On the one
hand, because for every (W, z,u,y), hi(z, (W, ,u,y)) = y, this strategy
will generate as output variable y; = (W, u,). Therefore, together with f,
we have the equality in (17), and thus Ur(Wr) = Up(N). On the other hand,
w being everywhere maximizing in (10), we have, for such a disturbance,
J(g,w) = M(z) + Wr(z). Finally, by the hypothesis Hla, W is nowhere
—oo over IR", i.e., all z’s are reached by maximizing trajectories, so that the
right choice of z¢ leads to J(4,w) = Ur(Wg) = Uo(N), which is thus the
max,, J(f,w).

Assume now that any other admissible strategy u is chosen by u. Let
again w use wy = &,(Wt,x,,u,). The same arguments as before show that
along the trajectory generated,

oU(Wy)
ot

Therefore Ur(Wr) > Ug(N). And again, there is a choice of zg such that for
the w thus generated, J(g,w) = Ur(Wr) > Up(N). This ends the proof. B

+ DU(Wy). Fy(Wy, ug, ) > 0.

3.2 An example

The present example is the same as in [7], where a direct derivation of the
min-max strategy can be found. By several features it does not fit exactly
the previous theory. These features are interesting in that they give hints on
how to extend the general theory.

The system is of dimension 2. We call the state variables r and y, and y
is also the output variable, i.e. the minimizer’s measurement. The dynamics
are

t = —cu+bcosw (18)
y = —a+bsinw (19)

The constants a > b > ¢ are parameters, the control is u € [~1,+1] and the
disturbance is w € [0,2r], and x¢ on which we have an a priori information
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zg € Xo = [mo — €o,mg + €o]. Since y is observed, so is yp, which is always
positive.
Final time is 7' = min{¢ | y(¢) = 0}, and the payoff is

J(u(-),w) = [z(T)].

Two features at least do not agree with the above theory.

On the one hand, final time is not given, but is a function of u(-) and
w. But we shall see that knowledge of W allows one to decide whether the
game is terminated or not. Therefore it is trivial to extend the above theory
by letting (16) hold for any W such that the game be terminated.

On the other hand, there is a constraint on the allowed initial state xq.
We may remove it by introducing a term N in the cost, defined by

0 if z € Xo s
N(z) = { —00 otherwise.

But now, N is no longer of class C! nor will W be. Therefore we cannot use
(10), and we shall adapt slightly the theory.

Because of the simple form of the problem (and we shall come back to
that point later), we see from its definition that the function W; will always
be of the form

0 ifzeX,andy=y,,
—oo otherwise.

Wi(z,y) = {

where X, is the set of possible z,’s given the observations up to time t. Given
the observation process, this set is always of the form X, = [m; — &, m, + £,].
And recall that the second component of the state, y;, is known.

Therefore, the space W is three dimensional, and W € W is entirely
characterized by the three variables m, ¢, and y. It is straightforward to see
that the filter is now given by

m = —cu

= (G- ap

remembering that
y = bsinw —a



and the main equation now reads
Ur(m,2,0) = |m| + ¢

and

% + muin mué}x[—cquUt + b(D,U;| cosw| + D Uy sinw) —aD, U] = 0.
Because of the symmetry with respect to the plane m = 0, we may look
only at the half space m > 0. As a matter of fact, we may use a classical
method of characteristics to solve this classical Isaacs equation. We see that
the problem being stationary, OU,/dt = 0, the minimaximizing controls are
given by

u = signD,U
. D,U
cosw =
V(DeU)? + (DyU)?
.. DU
sinw =

V(DU + (D,U)?
The adjoint equations are
D, U= DU =D,U=0.

In the field of trajectories that reach the terminal plane y = 0 at m > 0, the
transversality conditions give

D, U=1, D/U=1,
and the main equation gives D, U as the positive root of the equation

—c+by/1+ D,U? —aD,U = 0.

This root is thus

. —ac+ \/a2c2 + (a2 — b?)(b% — ¢?) (20)

a2_b2
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In that field, one has @ = 1, and W given by the above formulas, and this is
a certainty equivalent controller with 2 = m + ¢.

By placing these controls back into the dynamics in m, ¢, y, one sees
however that the field of trajectories leaves a void between those trajectories
that reach y = 0 at m = 0 (with a negative slope in m) and the symmetry
plane m = 0. That void may be filled with trajectories reaching the ¢ axis.
But there U is not differentiable in m, and the transversality conditions no
longer hold. One sees that all trajectories reaching the same point on the
¢ axis will lead to the same Ur, therefore have the same U. And they live
in a plane parallel to the m axis, so that in that field, D,,U = 0. Thus u
is arbitrary as long as it drives the state to the ¢ axis without leaving that
field. The adjoint D,U is now the positive root of

/14 D,U? —aD,U =0,

b
ViR
leading to a different w. It can be seen that the slope of the corresponding
trajectories is such that this new field can in fact intersect the first one. One
should devise a dividing surface, in fact a plane, which is a dispersal plane in
the language of differential games, given by the equality of U in both fields.

The above construction synthesizes a Value function given by

let us call it

S =

(21)

U(m,¢,y) = max{|m|+ £+ ry,{ + sy}

where r and s are the constants given by (20) and (21) respectively.

This analysis gives back the same solution as found in [7], with that
difference that there we proposed a particular choice of % in the singular
field, while we see here that u is arbitrary as long as we do not reach the
edge of the field. (The dispersal plane.)

3.3 Certainty equivalence

We can derive from the new theory the following certainty equivalence, which
is similar to that of [9], but weaker than that of [7].
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Define the auziliary problem as follows. Let again t, u', and y' be fixed,
and as usual let (), be (),[u’,y'] as defined in (6). Consider the maximization
problem

t
max [V,(:r(t)) +/ Ly(z,u,w)ds + N(xo)] .
w t 0
Notice that this problem is equivalent to

max [Vi(x) + Wi(a)] . (22)

In a sense, the auxiliary problem defines a candidate worst case disturbance
or, in its second form, worst case current state. We shall call it z,.
We have the following fact.

Theorem 3.2 (Certainty equivalence) Under the hypotheses of theorem
3.1 and hypothesis H2, if furthermore the auxiliary problem has, for everyt
and every (u',y'), a mazimum leading to a unique worst case current state
Zy, the optimum controller of theorem 3.1 is a certainty equivalent strategy

u, = @;(24).
Proof The proof uses the following fact

Lemma 3.1 Under the assumptions of the theorem, the function
UAW) = max{Vi(z) + W ()] (23)
is a solution of the main equation.

Proof of the lemma Notice first that (23) defines a function that clearly
satisfies (16). The hypothesis says that for every W € W, the max in (23)
is reached at a unique Z. Let us calculate a directional derivative of U, as
given by (23). Let dW € W, and

U(W + 0dW) = mf,x[Vt(m) + W(z) + 0dW (z)].

The maximum in z being reached at a unique point Z,, it follows from Dan-
skin’s theorem that

a ~
S5V (W + 0dW)omo = dW (i0).
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Therefore, U; has a Gateaux derivative given by
DU, (W).dW = dW (z,).
We also use Danskin’s theorem to calculate the partial derivative

oU (W) _ oVi(2y)
o ot

Placing this back into the main equation (15) with F; given by (10) yields

Vid) oW,
T +f‘nellr}myax nl},?y'\Ht xt,—w(xt),u,w =0,

l.e.
oW,
minmax H, | z;,, ———(&,),u,w | =0.
uel weW t( b (').r( ),

Notice that since £, maximizes in (23) and both V, and W, are assumed C!

(both are defined over R™),

OWi(a,) _ OVi(3y)
7
and thus the previous equation is just Isaacs equation (13). This ends the
proof of the lemma.

Let us turn back to the proof of the theorem. The last two equalities
show that indeed the minimizing u, = d,(W,) is just u, = ¢*(2;). We see
also, using (23) and (9), that in that case, the minimax value of the criterion
is

Us(N) = mf.x[%(:t) + N(x)] =T

as in the full information game. B

Remark If one only assumes uniqueness of the certainty equivalent con-
trol ¢;(Z;) rather than that of &, itself, the above derivation can easily be
extended to show that the main equation is still satisfied with the partial
derivative in time replaced by a right derivative, and the Gateaux derivative
replaced by a directional derivative. The regularity hypotheses on U then
have to be adapted in consequence to let one integrate by parts and reach
the same conclusion.
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3.4 A dual formulation

In the example above, the payoff is purely terminal, and as a result the cost
to go W, is the characteristic function of the set X, of conditionally reachable

states defined as
0 ifzreX,,

—oc otherwise.

Wi(z) = {

If X, is convex, this is a concave function. Clearly it is not of class C!, but
its support function may be, and might be used to characterize W.

More generally, if W is concave u.s.c., it is entirely characterized by its
Fenchel dual W* from IR" into IR defined as

W*(p) = mrin[(p,a:) - W(z)|. (24)
More precisely, the bidual
W™ (z) = min{(p,z) = W*(p)]

is the smallest concave u.s.c. function larger or equal to W, and is thus W
whenever the latter is concave u.s.c.

We shall obtain a meaningful result using W™ even in the case where W
is not concave.

We need three more hypotheses :
Hypothesis H3 The minimum over x in (24) is reached at a unique point
for every W e W.
Hypothesis H4 The observation process is with no reappraisal, i.e. new
information comming in as time goes on cannot invalidate a possible past
disturbance. Thus, if we let

Q = {(wo.w") | (xo, () € N},
our new hypothesis states that

V(u(-),w), 4 =0Q%.

Hypothesis H5 For all 2.w on any maximizing trajectory of the auxiliary
problem, the jacobian matrix dh,/dw is of full row rank.

14



The last two hypotheses are satisfied, for instance, if for any (¢, z), the
map w — hy(z,w) is onto. But this is a more restrictive condition than
needed. Observe for instance that it is not satisfied in the example above,
while it does satisfy the hypothesis H4, and it shall be a simple matter to
formulate it in such a way that H5 be met too.

One should also notice that the fact that the observation process be non
anticipative implies that

V(u(-),w), we &wel.
We have the following fact:

Lemma 3.2 Under hypotheses HI, H3, Hj, and H5, W™ satisfies the fol-
lowing dual forward dynamic programming equation:

oW (p) oWy (p) _
—ar + r{ulgch(a—p, —pu,w) =0

where the notation w | y* should be understood as

Wt
(o] (T ) = ).

We shall write the above formula for OW;*(p)/0t as F[W;, u, v
Proof Replace W, by its definition in (24):

-W;(p) = max [(—p,:r) + wg(\)z‘x(xx) </0t Lyds + N(:co))]

Recalling the definition (7) of Q,(z), the above expression yields

—Wr(p) = max [(-—p, ) + /0‘ L,ds+ N(:z:o)] .

WEQ(

Notice that the expression being maximized in the right hand side only de-
pends on w'. According to Hypothesis H4 and to the remark above, we may
therefore rewrite the preceding as

—W;(p) = max [(—p,;zrg) + /Ot L,ds + N(:ro)] .

wENT
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According to Danskin’s theorem, we may compute directional derivatives in ¢
and p, that will involve the supremum of some expression over all maximizing
w in the max above. But these expressions depend on w only through z,,
which is assumed to be the same &, for all, and on w, for the partial derivative
in t. We thus find that W;" has a right derivative in ¢ given by

_BEV, = sup{(—=p, fi) + Le)(Z¢, wp, wy)
¢ we

where the sup is to be taken among those w, that belong to maximizing
disturbances. Thanks to hypothesis H5, we may apply standard necessary
conditions locally at final time to the constrained maximization problem,
and conclude that the optimal w’s maximize the hamiltonian under the con-
straint. Therefore, the above simply reads

ow;
ot

= IBF';X[(—P» ft) + Lt](-’iuuts w)-

Similarily, Danskin’s theorem yields

owr
ap = —X.

The last two equalities yield the resuit. B
Therefore, we have a filter type of equation to integrate W=, the initial
condition being of course

Ws(p) = N(p).

Finally, let W* be the space of all possible functions W}".
Now, the main equation may be replaced by the following one. (We use
the same letter U for the value function, which is a slight abuse of notations)

U (W~)
ot

Ur(W*) = maxmin{(p, z) + M(z) — W*(p)] (26)

Vt,YW* € Wr, + min max [DUW*).F W=, u,y]] = 0. (25)

Again, call g,(W~*) a minimizing control in (25). We have the following
result ;
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Theorem 3.3 Under hypotheses H1, H3, H{, and H5, if there ezists a func-
tion U satisfying (25),(26), and a corresponding control ji,(W;) generating
an admissible strategy, this control guarantees a performance no worse than
Uo(N~), and if Wr is concave, this controller is optimal.

Proof The proof is completely similar to that of the main theorem, up to
the fact that, by playing u, = 1, (W), we get

Ur(W71) < Us(Wg)
with the equality possible for some w, and the reverse inequality for some

w for any other admissible controller. We end up by noticing that for any
control,

max J(u(-),w) = max[M(z)+ Wr(z)] < max[M(z) + W7 (z)]
= max{M(z) + minl(p, ) - Wi (p)] = Ur(W;)

And if Wr is concave, the only inequality above is an equality.

3.5 The example : dual formulation

To apply the above theory, we convert the measurement process into one
that satisfies hypothesis H5 by pretending that our measurement is y. The
constraint now reads

—a+ bsinw = y;.

Let us apply the above theory, with (p, q) as the dual variable. (p in the
general theory.) It gives, first for W*:

W5 (p,q) = pmo — |pllo + q¥o,

and .
_6;‘:: — w]brsri]nau)/;z}:(pcu — pbcosw + ga — gbsinw),
le. .
agt/' = —pcu — |p|\/b? — (y: + @)% + q¥: -

This is a particularly simple P.D.E. which yields
Wi(p,q) = ap + yq,
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with
ap = mg — sign(p)fo

& = —cu — sign{p)y/b? — (y + a)?.

This last equation leads to

and

ay = py — sign(p)As
with

At

t
eo+/ /B2 — (3, + a)? ds,
0
t
He = mo—c/ us ds.
0
The main equation (25) is now converted into

AU(W™)
a1

and if the space W* is made up of functions of the form above, time T is

defined by dW*/3q = 0, and the final condition on U is

+ minmax DU,(W?).[-pcu + |pcosw| — ga + gbsinw] = 0.

Ur(W*) = max mpin[pm —arp+ |z|].

It is a simple matter to check that this gives
Ur(W=) = |pr| + Ar.

We may now check that the function

o aw* oW
U(W") = max { ap (=1,0)+r Bq (-1,0),
1 [oW"™ ow* ow™
ow* ow=



or, in a simpler form, »
U(W*) = max {|u| + A + ry, A + sy}

is indeed a solution of the main equation. One has to identify the Gateaux
derivative of that function and apply it to Fy'[W*, u,y](-) as given previously,
a simple matter again in this case, as one can see that each of the three terms
in the big max above is a linear operator on W*, and should therefore be
applied unchanged on F;{W*,u,y](-) in the region where it holds.

4 The discrete time problem

4.1 Dynamic programming

The “filter” F; is now defined by (11), with the same initial condition (9) as
in the continuous time case.
The dynamic programming equation now reads :

Uy(W) = min max Ui (Fi[W,u,y)]) (27)

with the same end condition (16) as in the continuous time case:
Ur(W) = max{M(z) + W(z)].

If such a function U exists, the above minimization leads to a control
u; = f (W) depending only on W. Notice also that if W; is computed
according to (9)(11), it only depends on past u’s and past y’s, up to time
t—1. It is therefore possible to choose the minimizing control as u; = ﬂ,(Wt).
Let us call that strategy u = p*(y). Let again y = (W, u) be a maximizing
y in (27).

One should notice that equations (16) and (27) imply that if [—oo] is the
constant function equal to —oo, then Uy([—o0]) = —oo0. As a consequence,
7¢(W, u) always has an inverse image by h,, with an z component such that

Wi(z) > —oo.

Theorem 4.1 Under the hypotheses H1 and H2, the above strategy is min-
tmaz among the strictly causal strategies. It leads to a performance

max J(1 w) = Up(N).
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Proof Assume the strategy p* is used. Pick a fixed @. Together, they
generate sequences {y;} and {W,}. Along a trajectory, the main equation
(27) gives,

U(Wy) 2 U1 (W) . (28)

Therefore, Ur(W7) < Ug(/N). As in the continuous time case, this results in
J(i,&) < Up(n).

Consider the sequence {Wt} generated by (9) and (11) in which we place
Uy = p,(W,) and y; = m(W,,p,(W )) (and not y; = h(z¢, w;): at this stage,
we have not specified a w,.) Let @7 be such that

Ur(Wr) = max[M(z) + Wr(z)] = M(%.) + Wr(i7).
From this, construct the backward sequence
(&6, 80) = ((Why &g, (W), e (Way (W)

By construction, this generates a feasible trajectory, generated by 4 and a
@ = (%o, {tw¢}). On the one hand, the output generated by this trajectory
is precisely y; = n,(W,,y,(W,)), Wthh was used to construct the filter. As
a consequence, along that trajectory, we shall have an equality in (28), and
thus Ur(Wr) = Up(N). On the other hand, because (%,1;) maximize in
(11), we get

J(f,&) = M(i1) + Wr(dr) = Ur(Wr) = Us(N).

Thus this is the max in w of J(ji,w).

For any other admissible strategy u, consider likewise the sequence {W,}
generated by u; = gy, y¢ = (Wi, pe). It will cause U1 (Wiy) > U(Wy),
hence Ur(Wr) > Us(N), and as above, we may exhibit an w which yields
precisely that sequence y, = 7,(W,,w,) and J(g,w) = Ur(W7). This ends
the proof.ll

4.2 Certainty equivalence principle

We define as previously the auxiliary problem in either its extensive form

t—1

max |V (z(t)) + Z Ly(z,u,w)+ N(zo)| ,

wellt s—0
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or in its equivalent form (22). We also let

Si(z,u) = meawx[Vgﬂ(fz(.r,u,w)) + Ly(z,u,w) + Wy(z)] .
We have the theorem:

Theorem 4.2 Under hypotheses H1 and H2, if furthermore V(u(-),w) € UXx
Q and Vt the function S, has a saddle-point

in S(: = mi Si(z
mxaxirglrjl (T, u) runellr}mrax Wz, u),

then the certainty equivalent controller v, = ¢*(2;), where &, is a current
worst case state in the auriliary problem, is unique and optimal.

Proof As in the continuous time case, we show that the function (23) is a
solution of the main dynamic programming equation.

Lemma 4.1 Under the assumptions of the theorem, the function
UAW) = max(Vi(z) + W(c)
is a solution of the main equation.

Proof of the lemma Assume the above form for U,. The left hand side
of the main equation (27) can be rewritten using Isaacs’equation (14) to
substitute for V, :

U(W,) = max min mgx[V,H(f,(r, u,w)) + Li(z,u,w) + Wi(z)].  (29)

The right hand side requires some more work. We have, assuming the
special form for U4,

max U1 (Fi[Wy,u, y))

= max max {Vgﬂ(x) +  max  [W(¢&) + L,({,u,v)]}
v z (Ew)€li(z,uy)

= nggx{‘/t'*'l(fl(é’uav)) + ‘/Vl(f) + Ll(ﬁauvv)} :
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Equivalently, changing the name of the mute variables from (¢,v) to (z,w),
we obtain

muin max U1 (Fi[Wy,u,y]) =
minmax max[Vey1(fi(z,u,w)) + Wi(z) + Li(z, u, w)] (30)

The comparison of (29) and of (30) yields the result of the lemma.
Unicity of the certainty equivalent control follows from the following :

Lemma 4.2 Under hypothesis H1, existence of a saddle-point to S implies
that the certainty equivalent control ¢7(%,) is unique.

Proof of the lemma If the current worst case state Z; is unique, then since
we have assumed uniqueness of the optimal feedback strategy ¢*, the result
follows. Assume that at some time instant, &; is not unique. Let therefore

&' and Z? be two states that maximize in (22), and thus also in (29) above.
Let ¢*(2') = v' and ¢*(&?) = u?, and

max rrLin Sz, u) = Sy(3'u') = Sy (2%, u?) =T,.
Since the optimal feedback strategy ¢* is unique, it follows that
Yu # u’, S.(2',u) > T,.

Thus if min, max, Sy = [, it can only be reached at u = u'. But if u' # u?,
the same uniqueness hypothesis yields

St(.’ig, 'lll) 2 Ft .

Thus necessarily u? = u!. This ends the proof of the lemma.

The proof of the certainty equivalence theorem follows. As a matter of
fact, the optimal u is that of (30), but it then coincides with that of (29),
which is just ¢;(z,). I
Remark As far as we know, this is the most general statement to date of a
condition under which a discrete-time certainty equivalence principle holds.
The first such principle ever seems to have been in [13], but was restricted
to the linear quadratic case in its approach. In [6], we gave a proof with
convexity concavity hypotheses that hardly hold in any case without at least
linear dynamics. In [3], we hinted at the possibility to extend the linear
theory of the book to a nonlinear setup. But without a detailed statement.
An interesting feature of the condition given here is that it implies uniqueness
of the certainty equivalent control rather than of the worst case state.
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5 Conclusion

It is not clear that the above theory is of much practical use as such. One of
its merits is to give a more general framework within which to understand the
certainty equivalence principle, and also to clarify the said principle in the
discrete time case. Other particular cases might be interesting to investigate.

We want to make a remark concerning the value functions U, : they
are always max-plus linear (m.p.l.) in the sense of [1]. That is, given two
functions W! and W? from IR" into IR and given a real number a considered
as the constant function from IR” into IR equal to a for all z, we have, for all
t,

Umax{W', W?}) = max{U(W?),U(W?))},
Ula+ W) = a+U(W).

One should be careful, however, that the max in the argument of the
first equation above is to be taken in the sense of the partial ordering of real

functions :
W'<W?evreRY, Wl(z)< W¥z),

and may not exist. This is not to be confused with the function
max{W*', W?} : 2 — max{W'(z), W¥z)}.
Let us first prove the claim:

Proposition 5.1 In the continuous time case, under the hypotheses of the
main theorem, the function U, is m.p.l. for all t. In the discrete time case, a
function satisfying the main equation (27), (16) is m.p.l.

Proof We consider the two cases in the reverse order.

In the discrete time case, notice first that the formula (16) for Ur is trivially
m.p.l. Now, take the recurrence formula (27) and assume that U,;, is m.p.l.
Replacing W by a larger (in the partial ordering of real functions) function W
in F, as given by (11) clearly gives, for any (u, y) a larger function F,[W,u, y],

and therefore U,(W) > U,(W). Similarly, adding a constant to W in F; adds
that constant to F;[W,u, y], and by the recurrence hypothesis also to U,(W).

23



In the continuous time case, it would be nice to derive the m.p.l. property
directly from the functional differential equation (15), as the terminal con-
dition is the same as in the discrete time case, and thus m.p.l. also. This
seems less easy to do though. However, under the hypotheses of the main
theorem (3.1), the function U; has an interpretation as

U(W) = ‘r‘renj‘r} (xTS()F)) [.M xT) +/ s(Tsy Uy ws) ds + W(zy)

under the constraint (1). This is again clearly m.p.l., as replacing W by a
larger W again clearly increases U, (W), and adding a constant to W adds
the same constant to U,(W). 1

This shows that there is still some unexploited structure in that theory,
and thus a hope to exploit it further.
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