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Abstract

We consider LIFO queue with several customer types, batch ar-
rivals and batch services. We get necessary and sufficient conditions
for this queue to be ergodic, null reccurent and transient. These
are given in terms of positive solutions of finite system of equations
pi = Fi(p1y -, pr),t = 1, ..., k, where F; are polynomials with positive
coeflicients.
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1 Introduction.

We recall main definitions from [1]. Consider a discrete time homogeneous
countable Markov chain £ with the set of states

In other words. the states of this Markov chain are ordered r-symbol se-
quences (strings) @ = T,...x,2; € {1,.... r}, of arbitrary length n =
n(a) = |a]. We denote @ an empty string ( of length 0). For two arbitrary
strings @ = T,...71.3 = Ym...y1 we define their concatenation (of length
m + n)

af =&n... T1Ym --- Y1

For the one-step transition probabilities p, s, a — (,we assume the fol-
lowing conditions.
Condition B (boundedness of jumps): for some d < oo
Pa.s # 0 only if ||a] — [B]] < d:
Condition H (space homogeneity):
Let Ja| > d and a = yp,3 = 6p for some ~v,8,p with |y| = d,]0] < 2d.
Then p, 5 does not depend on p but only on v and §. So we can denote this
transition probability by ¢(v,8) : we delete v from the left and append 8
instead.
Condition ND (nondegeneracy ): for any strings v,0 : |y| = d,|0] <
d, q(v,0) > 0. We assume also positivity of all transition probabilities
pap for la| < d, 8] < |al+d.

Then all states are essential and the Markov chain is irreducible, aperi-
odic. Note that Condition ND is assumed only to simplify the formulations.

The goal of the paper is to give necessary and sufficient conditions for
this Markov chain to be ergodic, null recurrent or transient.These conditions
are given in terms of maximal eigenvalue of some finite matrix A. To give
the main ideas we consider first in section 2 the case d = 1. In this case the
matrix has matrix elements which are linear combinations of some ¢(v, ). In
case d > 1 matrix elements of A are given in terms of some positive solutions
of a fundamental nonlinear algebraic equation. We study this equation in
section 3. Classification for the case d > 1 is considered in sections 4,5.
In section 5 we get also convergent (exponentially fast) algorithms for the
desired solutions of the fundamental equation.



There was a lot of activity concerning close problems in the algebraic
situation. Consider the free group G with [ generators a,,...,aq; and put
a_; = a7'. The papers [7] , [8] , [6] , [9] are concerned with the product of
independent random variables with values in G. Ergodic case cannot occur
here (and mostly transient cases were considered in those papers), so for our
purposes this situation is not interesting but some ideas are relevant (see
Remark 6 at the end of section 3).
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2 Linear recurrent equations: case d = 1

In this section it is always assumed that d = 1. Let a(t), ¢t =0,1,2,... be
the state of the process at time t. Put

7, = min{t : |a(t)| < |¢p|,a(0) = ip},1 € {1,...,1}

The distribution of 7; does not depend on p. If the process is ergodic, then

ceey

E: = q(i,0) + 3_q(i,5)(1 + E;) + 3_q(i, jk)(1 + E; + Ex)

Ik

=1+ q(i,5)E; + _q(i, jk)(E; + Ex) (1)

Jok

We can rewrite (1) in the matrix form as
E=T+AE 2)

where ﬁ is the vector (E; :1=1,...,7), A is a positive matrix.Then A has
the unique maximal positive eigenvalue A. The equation (2) has a positive
finite solution iff A < 1. So, if the process is ergodic, then A < 1. However.
far more than this is true.

Theorem 2.1 The process a(t) is
(i) ergodic iff A < 1,

(it) null recurrent iff A =1,

(iii) transient iff A > 1.

Proof:

We will give the proof of the theorem by constructing appropriate Lyapounov
functions.
Let
(o) = min{t : |a(t)] = 0,a(0) = a}

be random time to reach the empty string @, starting from a # 0. Then

n

T(a) = Et(a) =)_ E,,
k=1



if

a=x,...T,

Put f(a) = YF_, €z,. where {e;} are the components of the eigenvector
e = (e1,...,e.) corresponding to the maximal eigenvalue A, i.e.

Xei =Y q(i,g)e; + Y q(i, jk)(e; + ex) (3)
E ik

By Perron-Frobenius theorem e; > 0 for all 7. We need the following lemma

Lemma 2.1
(i) if A > 1, then there exists € > 0 such that

E{f(a(t +1)) = fa(®))|a(t) = a] > ¢

forala:|al 21
(ii) if A = 1, then

Elf(a(t + 1)) = f(a(t))la(t) = o] = 0

foralla:|a| >1
(iit) if A < 1, then there exists € > 0 such that

E[f(a(t+1)) = fla(t))la(t) = o] < —¢
foralla:la] > 1

Proof:
It is just a computation for |a| > 1. Let a = ip, then

E{f(a(t +1)) = f(a(t))la(t) = o] =

=—q(i,0)ei + Y q(i,7)(e; — €) + Y q(i,jk)(e; + ek — &) =
j ik

= —€ + Zq(isj)ej + ZQ(i’jk)(eJ +ex) =

J Ik

= (/\ - 1)6,’

4



The lemma is proved. B
To prove the theorem note that
a) for all o
fla) >0, f(a) = 400 when |a] = oo,

b) there exists L > 0 such that

{f(a) — f(B)] > L implies pap = 0.

Now Theorem 1 follows from the well known criteria (see Appendix).®

The associated branching process.
Let us introduce the following set of probabilities {p;}

pi = P(Ti < OO),
they satisfy the following equations

pi = q(4,0) + ) q(i, 5)p; + Y q(i, jk)p;pa-
i 3.k

Looking at this equations we get an idea of a branching process which is
associated with our string. Consider the branching process with r particle
types where a particle of type ¢ dies with the probability ¢(z,0), gives one
offspring j with the probability ¢(7, ) and gives two offsprings 7, & with the
probability ¢(z,7k). Then the previous equation can be interpreted as the
equation for the probability p; that ,starting from a particle : the system will
ever die. Then as it is known from the branching processes theory the matrix
A governs the behaviour of this process: if A > 1 then the process dies with
a probability less than 1 ( this corresponds exactly to the transience of the
string ), if A = 1 then the process is critical ( this corresponds to the null
recurrence of the string ), if A < 1 then we have subcritical region and the
string is ergodic.

Simplest queue.

Let us consider the simplest and well-known example of LIFO queue,
when the customers of type ¢ arrive with intensity A; and are served with
intensity u;.The well known ergodicity condition here is

Ai

> — <1

i

5



This condition can be easily proved with the following heuristic argu-
ments. During time T' approximately A;T customers of type ¢ arrive. The
mean time necessary to serve them is approximately ST (p)™t. But it
should be less than T. We get from this Z

Here we shall show how this condition follows from theorem 2.1. Instead
of the continuous time LIFO network consider the discrete time Markov chain
with parameters

q(1,1) =1 — e(pi + Ai)
q(1,0) = e
q(2,23) = ek
qli,kj) =0 if k#i
where ¢ is sufficiently small so that each g(z,7) > 0.
Then our matrix

A= (aij), a;; =6+ e(—pidi; + Aj).

Note that theorem 2.1 can be reformulated as follows.
Theorem 2.1°
Our Markove chain is ergodic iff there exists a positive vector e = (e, ..., €,)
such that
Ae < e, 1.e. for alli (Ae); < e

null recurrent iff there exists a positive vector e = (ey, ..., e,) such that
Ae = e;
transient iff there exists a positive vector € = (ey, ..., e,) such that
Ae > e, | i.e. for alli (Ae); > e;.
Let e be a vector with components €; = 1/y; then

Ae=e+c(zﬁ—l)

fek

so from the Theorem 2’ we have the above result.



Now we want to discuss the above heuristic arguments for more general
case.
Let us consider the case when arrival of type 7 depends on the type of the left
end of the string, i.e. if a = i then j arrives with intensity A;;, u;is again
the service time of type ¢ . Let the Markov chain be transient, then there
exists the limiting stationary disribution =; for the state of the left end of the

string. So during time T approximately 3_; m;A;;T customers of type 7 will
Z midiy T

mu,

arrive. The mean time necessary to serve them is approximately 3°;

and it should be greater than T. We get from this 3_; Lﬂ% > 1. The
condition of this form can be obtained if we take the left hand eigenvector

v = (v1,...,v,) of the matrix A correspondings to the maximal eigenvalue A
of A. If 3",v; = 1 then it is easy to show that A <,=,> 1iff }°; PBLELA <

mu,

,=,> 1 correspondingly.

3 The fundamental nonlinear equation: case
d> 1.

For our Markov chain a(t) put
a(0) =vp, Il =d, lypl =n.
Let 7, be the first time when the length a(t) becomes less than n, i.e.
Tyn = min{t :| a(t) |< n}

Note that the distribution of 7, , and E, = Er, , does not depend on p and
on n. Introduce the following notation

7 =1{p(7,8): vl = d,16] < d} (4)
P(7,8) = P(7y,n < 00,0(Ty,n) = dpla(0) = 7p) (5)
If the Markov chain is recurrent then
Y op(v,8) =1 (6)
§

To get equations for the vector 7* we need the following definition.

7



Definition 3.1 Ordered pair of strings (a,fB) is a matching pair if a =
o, 17| = d,8 = 8p,|6] < d, for some p,v,6. For such a and B we put
ple, B) = p(7,9).

Definition 3.2 A sequence of strings I’ = ay,...,a, is called a path, if each
(ai,aiy1) is a matching pair.

Let S be a set of strings and I'(a, S) be the set of paths [' such that:

i) the first element a; of I is a;

ii) the last elementa,(I') = a, of " belongs to S and is the unique element
of I',belonging to S. Let S, be the set of strings with length less than n

S, ={a:]|a] <n}

and put

n—-1

Pr= H plo, @it1) (7)

=1
for I' = ay,...,a,. It is easy to see that the following system of equations
P(7,8) = (7, 8) + > a(,0) > Pr (8)
16124 TEr(8,Sa):an(T)=5

holds. We can write this system (8) as

7 =F(P) (9)

In the following sections we shall use some positive solutions of the fun-
damental equation (9). At least one such solution of (9) always exists. It
is the vector of probabilities p(+,d) as defined above. The following lemma .
shows that other solutions can exist as well.

Lemma 3.1 For any Markov chain satisfying conditions B, H, ND there

exists a posttive solution ? of system (8) such that for any string v

2.0 (1,8)=1 (10)
13



Remark 1. It follows that in transient cases there exist at least two
positive solutions of the fundamental equation.

Remark 2. For the case d = 1 Lemma 3.1 is trivial, because (8) takes
the form (we put p; = p(i.0))

pi = q(i.0) + 3 _q(i.j)p; + 3 (i, jk)ppe (11)
J Jk

and it is easy to see, that p7 =1 is a solution.

Proof of Lemma 3.1:
Let

=2 - - -
A={p" ={p(r.0}:hl=d|6] <d.p(7,6) 2 0,¥yD_p(7,6) = 1}
s

Let us prove that F': A — A, then the statement of Lemma 3.1 follows by
the fixed point theorem . If § = F(?), ? € A, then

> 9(v.8) = > lav. )+ D a(v,0) > Pr] =

151<d 151<d 161>d Fer(6,54):an(T)=6
=> qv.8)+ > q.0 > P (12)
I81<d 161> d rer(6,5,) ,

As 7 € A we can interprete p(y,d) as transition probabilities of some
Markov chain to jump from the state yp to the state §p. In this case
2 r(e.s, Fr is the probability to reach the set Sg, starting from 8 . It is
equal to 1. From (10) we get

Yo9(1,8) = qv8)+ Y q(r,0)=1m

|6]<d |8)<d 16|>d

Minimal solution of the equation F(p) = p.

In many places in this section, it will be convenient to be able to compare
vectors of R™ element by element. This we may do by means of the natural
( or component-wise ) partial ordering of R*: for p,v € R* p < v iff
pi<v, t=1,...,nand p # v.

Definition 3.3 Let A be a subset of R*. Then a mapping G : A C R* - R"
is tsotone on A if G(p) < G(v) whenever p < v, p,v € A.

9



Clear that F' ( sec (9) ) is isotone on {p > 0} = R.

In the remainder of this section, we shall use the notation p* 1t p, k = o0,
to mean that p°® < p' < ... <p, lime,, p* = p.

The following lemma is a variant of the Kantorovich lemma (see (5] )

Lemma 3.2 Let G : Ri — R% be such that

G is 1sotone and continuous on R} (13)

and for some u > 0,u € R*, G(u) < u. (14)

Then the sequence GF(0) = G(G*-1(0)), k = 0,1,...,G¥(0) T p so
that G(p) = p and for any other solution p > 0 of G(p) = p

p<p

Remark 3. Note that F'(p) satisfies condition (14) if we take u equal to
the probabilistic solution.
Proof:

By isotonicity we have

0<u,
0 <G(0) £G(u) <,
0 < G(0) < GP(0) < u, etc

0<GO)<...<GW(0) < u.

Hence, the monotone sequence {G*)(0)} has the limit p < w.
Clearly, as G is continuous, then

p=G(p)
If p > 0 is another solution, we can put u = pand thenp<p . B

10



We shall call p the minimal solution of G(p) = p.
Now we shall prove that the minimal solution coincides with the proba-
bilistic solution.

Lemma 3.3 The vector of the probabilities p = {p(v,8} (defined in (5) ) is
the minimal solution of F(p) = p.
Proof:

Let p* = F()(0), p* = {p*(7,8)}. We can consider p* as the sum over
some trajectories, i.e.

pk(’)'a 6) = Z Pag,or " Pay,an * o+ " Pan_yan
(ag,..- an)esk(’y,sd):an(l‘)=6

It follows that

p*(7,6) T p(7,6) as k — oo

Remark 4. We can rephrase all this in the following way. Write our
system as

Yo = qo + Fo(¥0), %0 = p

where qq is a constant and Fp(0) = 0. The positive solutions of (9) correspond
to the solutions yo > qo. Putting yo = y1 + qo we get

n=q+ Fi(y),n =20

By induction we get y,,¢, and F,. It is clear that 322 ) ¢, is the minimal
solution and any solution can be represented as the sum of the minimal
solution and the solution of the equation

z2=Fo(2),Fp = nll'rgo F,.

Again F, is the polynomial of the same degree and F,(0) = 0.
Remark 5. For d = » = 1 we have the simple random walk on Z,
(denote g the probability of (—1)-jump) and the fundamental equation is

p=F(p)=q+1~-qp"

11



In this case we have exactly two positive solutions for ergodic and transient
cases, but only one positive solution for the null-recurrent case.

Remark 6. There was a lot of activity concerning close problem in the
algebraic situation. Consider the free group G with [ generators ay,...,a; and
put a_; = a7 *.The papers [7] , [§] , [6] , [9] are concerned with the product of
independent random variables with values in G .It means that probabilities
w,t = 1,...,0,—1,...,—1 are given for the transition ¢ = ai,a € G. Note
that words with adjacent a; and a_; are not allowed and it is a particular
case of our problem. To see this put

q(¢,0) = u_i,q(s,15) = uj,q(3,k5) =0 if k#1.

Ergodic case cannot occur here, mostly transient cases were considered. This
activity was started in ([7]), in this paper the similar fundamental equation
was derived in this case with

pi =i +pi ) ukpk
k#—i
It appeared that this equation could be explicitely solved and many subse-
quent papers used this fact. In our case there is no explicit solution.

Remark 7. From lemma 3, chapter 5 in [10] it follows that for the case
d = 1 there exists only one solution of the fundamental equation satisfying
the condition 0 < p; < 1. Unfortunately the proof cannot be generalised to
prove the following important statement:the solution p* € A is unique. This
1s an important statement and we hope to come back to this problem in the
next paper.

Remark 8. Let Q = {g(v,6)} be the parameter space (disregarding the
jumps near the boundary).We want to prove that our Markov chain cannot
be null-recurrent only on a subset of Lebesgue measure zero on the parameter
space.

Assume that for the parameters {g(,8)} £ is null-recurrent and p~ is a
solution of the fundamental equation. Then we can consider the following
small perturbation of the parameters q.

Let us fix some sufficiently small ¢(-y, 8) > 0,for all v, d such that |y| = d, 8] >
d. We want to find the other ¢(y,4) such that p* remains a solution of the
fundamental equation for the parameters

q(7,0) = q(~,0) + (v, 9)

12



q(7.98) + €(v,6) > 0

€(y,d) can be found from the following equation (define for brevity ['(4,4) =
['(0,Sq): a,(T) =6)

P (7.8) =q(v.8)+ > q(v.0) > Pr=

16]>d Ter(6.5)
gy 8+ D (7. 0) +€(1.0) —€e(1,0)) Y, Pr=
16]>d Ter(8.,8)
=q(v.6) = D e(v.0) 3. P+ Y (¢r.0)+e(n,0) > A=
16]>d Ter(6.6) 6]>d rer(o 8)

so we have

((v.0)==2 er,0) > K

161>d rer(s,s)

It is clear that for the matrix A(p*) (see in the next section equation (22))
defined by § we have A(p") > A(p"). Then it follows that the Markov chain,
defined by q, is transient.

Similarly we could fix €(v,0) > 0, for all 4,8 such that |y| = d,(8] < d
and get ergodicity.

4 Criteria via Lyapounov functions: case
d > 1.

Similar to the case d = 1, we get criteria of ergodicity, null recurrence and
transience, using the maximal eigenvalue of a positive matrix A, depending
howevever (this is the essential difference with the case d = 1) on the solution
p*(7,98),defined in Lemma 3.1.

Assuming the Markov chain to be ergodic, we get now the equations similar
to the equation (2) of the section 2. Introduce

E"/ = E[T"/,nla(o) = //)]7 I’yl = d7 l7pl =n, (15)

It was mentioned in the section 3 that E. does not depend on p.
For a = vp,|y| = d we set E, = E, and

13



T(a) Er(a,d) (16)

where 7(a,d) is the time to reach Sy, starting from a. We put T(a) = 0 for
a:lal < d. It is easy to see, that

T(vp) = Ey + ¥ p(1,6)T(60) (17)
5
or
T(vp) =Y p(v,8)(Ey + T(ép)) (18)
§
Then from (18) '
T(ag= >, PFrEr (19)
rel(e.Sq)
where
N
Er = Z E., (20)
=1

for ' = e ...an. Now we can write for F,
Ey=1+3% ¢.0)T0) =1+ > q(+,0) > PEr  (21)
16124 161>d rer(,s,)

or in matrix terms

E=T+APE (22)

In case d > 1 the matrix A depends on the vector of probabilities ? from
(5).

Now, let us go over from ergodic to the general case. Now we can formu-
late the main criteria.

Theorem 4.1 Let 7?. be any positive solution of (9), eristing by Lemma

3.1, and satisfying (10). A be the mazimal eigenvalue of the matrix A([?).
The process a(t) is ergodic. null recurrent, transient iff A < 1,2 =1,A > 1
accordingly.

14



Proof.
We use Lyapounov functions. Similar to the case d = 1, we try to find
a Lyapounov function f as the mean time to reach the set S; (see (18)).
Define the function f by the following recurrent equations

flap) = gp'(v,J)(f((S/)) + &) (23)

f(6)=0 for é:|8| <d,

where {e,},j=4 are the components of the eigenvector corresponding to the
maximal eigenvalue A | i.e.

e, = Z q(~v,9) Z Pt (24)

16]>d rer(s,s,)
and by the Perron-Frobenious theorem for all v

ey >0 (25)

Note, that from recurrent equations (23) it follows, that

forall 6,p: 0| > d

fl6p)=3_ Piler+ f(ép)) (26)

rer(6,8q)

Here er is defined by € with the following formulas ( similar to the definition
of Er, see (20):

N
er:Zeal for'=0o,...an
=1

Lemma 4.1 Let f is defined by (23), then the folowing statements hold
(1) if A > 1, then there exists € > 0 such that

Elf(a(t +1)) = fla(t)la(t) = o] > €

for all a,|al > d and for all t;
(it) if A =1, then

E[f(a(t + 1)) = fa(t))la(t) = o] = 0

15



for all a,la| > d for and all t:
(1ii) if A < 1, then there exists € > 0 such that

E{f(a{t + 1)) = fla(t))la(t) = o] < —e
for all a,|a| > d and for all t.

Proof:

[t is a matter of computation

E[f(a(t + 1)) = f(a(®)la(t) = 7o) =

= 3 a0+ 3 a(1,0)f(6p) - f(vp) &

(sl<d 1834
= g, 8)f(Ep)+ D qa(v,0) > Y. Pller+ f(8p)] - flrp) =
1Sl<d 16]>d 51<d CE€r(8p,{60})
=Y féoag(vO)+>, Y. P+ D q(n.0) >, Prer—f(yp) =
18]<d 181>d T (60,{80}) 181>d Ter(8,54)

using the fact, that ]? is a solution of (9), we can continue in the following

way
= Y fp)p (1,8 + X a(1,0) T Prer — f(vp) &
181<d 18] rer(s,sq)
= 3 f(8p)p"(7,6) + dey = flp) &
[6]<d

= e, —e,=(A—1)e, ]

To use the criteria of the appendix it is necessary that the function f satisfy
the following properties.

Lemma 4.2
(i) flay—> 00 if |a| = o0
(it) There exist L > 0 such that the inequality

—_
1S
~1

~

|fla) — f(B) > L implies pog =0

Proof:

16



The first property easily follows from (23) and (10).The second is more
difficult. We will prove that there exists ' > 0 such that for all a,é;,4, :
|6:] < d, 1| < d

|f(d12) = f(b20)] < K. (28)
Then (27) follows from Condition B (boundedness of jumps ), (23) and
(28).
Let

M, = m2§ fléa), my = lrgiu<r{}f(5a), Ay, = M, —myg.

Our goal is to prove the following inequality.
There exist a > 0,1 > b > 0 such that for all o = vp,|y| = d

A, <a+bA,. (29)
So we will get
Ay <a+bla+b..)=a(l+b+b+..)=K <

and we have (28) . Let us prove (29). From (26) we have

f(ba) = f(8vp) = 3_  Prler + f( xr)) (30)

FEF(JO.SIQI)

where «r is the last element of T'. _ o
From the condition I' € I'(da, S}4)) it follows that «r = Jp for some 4 : [d] <
d. So we can rewrite (30) in the form

f(6a) = a(8y) + Y p,(5,8)f(3p)

8]<d

where

a(dy) = Z Prer

FEF(50,3|Q|)

a3 = ¥ P
rer(8a,{5p})
Let us remark that
2n}saxa(57 =a< oo
Y
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> p(83) =1

[6]<d

This fact can be proved similar to Lemma 3.1. We have

minp,(6,8) =€ > 0
8,v,8

It follows from Condition ND (nondegeneracy ).
So we have the following

|f(81v0) — fSap) < a+ | Y po(61,8)f(Bp) — 3 p(82,8)f(8p)| =

I51<d §l<d

=a+]| Y [p+(6:,8) — €l f(8p) — 3 [p+(62,8) — €} f(8p)| =

|81<d Bl<d
= a+{ 30 [p+(81,8) = {f(80) = mp} = 3~ [p(62.8) — {f(8p) = m,}| <
8l<d 18]<d
<a+ max Z [P ( 51’5) - €]{f(5p -m,} <
v ? fl<d
<a+(l- E e]{M, — m,}.
|51<d

Putb=1- Zl3\<d6 we get (29); =
Now the statement of Theorem 4.1 follows from Lemmas 4.1,4.2 and the
theorems of the Appendix.

5 Classification via the minimal solution

If we can find the minimal solution of the fundamental equation then we have
the following classification criteria.

Theorem 5.1 (i) The Markov chain is recurrent iff the minimal solution
p(v,9) satisfies the property

Y o pr ) =1
é

18



for all 5.

(i) Assume that our Markov chain is recurrent. Then it is null recurrent
iff the spectral radius ( mazimal positive eigenvalue ) of the matriz F' =
(%(ﬁ)) is equal to 1.

Note that (i) is trivial.The proof of (ii) is contained in the following lemmas.
To make these criteria practically handable we also provide exponentially
fast iterative algorithms to find the minimal solution.

Lemma 5.1 Let G : R} — RY, satisfy (13), (14),

G(p) >0, p>0, (31)
and G has the derivative D = (Z_f;(ﬁ)) such that
D >0 ,ie foralli,j Qﬁ(ﬁ) > 0. (32)
p;

Then the spectral radius of D, R(D) < 1.
Proof:

Suppose that R(D) > 1, then for some v € R*,v > 0, we have Dv > v.
It follows that there exists € > 0 such that p > u = p — ev > 0 and
Gu)=p—eDv+o(e) =u+¢e(v—Dv)+o(e) <u

we get
0<Gu)<u<p.

On the other hand p < u (see the proof of Lemma 3.2) represents a contra-
diction. Thus R(D) < 1. =

Lemma 5.2 Let G satisfy (13), (14), (31), (32) and

. 0°G; .
» > 3
for alli,j,s 6pj3ps(p)>0 ifp>20, p#0. (33)

Then
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a) R(G'(p)) <1 f p<p,p#p,
b) R(D) = 1 if there exists the unique positive solution of
G(p) = p ( then this solution is p ).

Proof:
a) (33) and (13) imply that

0<G'(p) < G'(5) = D.

Hence,

R(G'(p)) < R(D) <1
b)=

Suppose p > 0,G(p) = p is another solution, then p > p,p # p (see
Lemma 3.2). (33) ensures that G is strictly order-convex (see theorem ?? in

[5]) te.
G(z)2Gy)+G'(y)z~y) if z—y20, 0r 2—y <0

and the inequality is strict if z # y.

Therefore
p=G(p) > G(p) + D(p — p) or
p—p>D(p—p)
Hence R(D) < 1.

Lemma 5.3 (a) If the Markov chain is ergodic or transient then R(F') < 1.
(b) If it is null recurrent then R(F’) = 1.
(c) In the recurrent case the positive solution of the fundamental equation,

satisfying 3 s p(7,0) = 1 s unique.

20

tr,



Proof.

Cases (a) and (b) and null-recurrent case (c) were proved above. In
ergodic case (c) the minimal solution p satisfies this condition. For any other
solution p,p > p.So Y sp(v,6) > 1.

Lemma 5.4 Let G satisfy (13), (14), (31), (32). (33) then
a) if R(D) < 1 then there exist ¢;,c; > 0 such that

15— GRO) < cre=*
b) if R(D) =1 then there exist ¢y, c; > 0 such that

S5 = g™ &
. <llp =GOl < £ (34)
Proof:

a) It follows from Theorem 5.2.

b) We first prove the case n = 1. From the conditions
(13)- (33) we have

Gp)=p+(p-p) +bp—p)*+ollp—5*), b>0
Denote G*)(0) by p* we obtain

pr =P+ b(pt !t = )2 + o(lp* T - B1?)

k=1 _ =2 kel 2
i"—lpk ) ﬁ—lp"-‘ B b((pp“ :z;)? ;L:((llﬁ—l __;;'2)) = b+ 0" ~ 7).
Consequently

= : - =b-k+o(k)

p—p

and (34) follows directly.

Now, let n > 1. As in the case n = 1
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G(p) =7+ Dlp =) + 5B =7)- (=) +ollp=7)  (35)
where .
B(y) = (bi,j(y))’ bi.j(y) = Zs bf,)_ac;,-(ﬁ)ys

Let 7 be left eigenvector of D with eigenvalue 1, then

>0 (36)

and

mp* = mp* "t + 7 B(p* =) (P = B) + olllp ~ BII).

From conditions (33) and (36) it follows that there exist by, b, > 0 such
that

2 o~ 4 1 02
by (r(p*' = ) < 7BRFT = 5) - (05 = B) < be (7 (pF! - B))
therefore (34) follows in a manner analogous to the casen =1. &

Theorem 5.2 The chain L is

a) ergodic or transient iff there exist ¢y, c; > 0 such

that

15— FPO) < ere™* (37)
b) null-recurrent iff there exist c;,c; > 0 such
that

= <Ip-FYO) < S (38)
Proof:

First of all we will prove that

R(F'(p)) = R(A(P)) if p> 0 and for all v, x| =d D p(r,86) =1 (39)
s
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Let v = {v(~v,§)} be an eigenvector of F’(p) corresponding maximal eigen-

value 0 < A = R(F'(p)). In coordinate form we have
(F'(p) }:q v,8) Y Prop = Av(7,9)
rer(e,a)
where

N . .
‘UI: = Z v(‘Yta 61) lf = ((70,(50),. . .,(7N,5N)).
1=0

(7, 6:)
If 9(y) = L5 v(y, ) from the property 3 5 p(7v,5) =1 we obtain
2 (F'(p)v =2 409) > Prir = i(y) (40)
§ Tel(,5q4
where
N

or =3 5(%) if T'=((70,%),. -, (7, 0n)).

1=0

In matrix form (40) is

A(p)v = Ap,
and we have (39).

Let us assume p = p. It follows from the Theorem 2 that if £ is null-
recurent R(F'(p)) = R(A(p)) =1 and if £ is ergodic R(F'(p)) = R(A(p)) <
1.

Let us consider the transient case.

Lemma 3.1 and Lemma3.2 give two different solutions of equation F(p) = p.
Those are p* and p. If (33) holds for F(p) then from (5.2) we would have
R(F'(p)) < 1. In fact (33) does not hold for F.But it holds for

G(p) = FO(p).
p* and p are solutions of G(p) = p too, therefore

R(G'P)) < 1 (41)
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but G'(p) = F'(p) - F'(p) . Hence
R(F'(p)) < L.
Therefore in the ergodic and transient cases
R(F'p) < RUF'(F) <1 for 0<p<p.

a) follows directly.

Let us prove b).

Since because of F*¥)(0) is monotone sequence, it is enough to prove (38)
for F{¥)(0) = G™)(0). For the least (38) follows from (5.4). m

Theorem 5.3 Let G: R* — R™ and (13), (14), (31), (32), (33) hold, then
the sequence p* .k =0,1,... is well defined by

p° =0, p"*' = H(p*)
where for 0 < p < p H(p) = (E - G'(p)) " (G(p) — G'(p)p)
P 1D, k—oo,p*<p

and the rate of convergence is exponential i.e. there exist ¢;,c; > 0 such that

—kca

15 — p°|l < cre
Proof:

If R(D) < 1 (see Lemma 5.2 )then Theorem 5.3 follows from standart results
(see [5]). Therefore we assume R(D) = 1.

Lemma 5.5 Let 0 < p < p, G(p) > p, then

y=H(p)<p
y > G(p) (42)
y < G(y) (43)

Proof:



First of all H(p) is defined, since because of R(G'(p)) < R(D) = 1 (sec
Lemma 5.2) E — G'(p) is invertible.

It is clear that y > p because

y=(E-G' ) (G(p) -G Ppp) =p+(E=G(P)HGK) - G'(p).

y is also the solution of the equation S(y) = y where

S(y) = G(p) + G'(p)(y — p) > G(p)

and we have (42).
G is strictly order-convex then

G(z)> S(z)if 2> p, = £ p.
Hence p > y.

For G is isotone

p2>Gly) (44)

and again from order-convexity it follows

G(y) > S(y) = v, (45)
we obtain from (44) and (45)

y<Gly)<p ®m
From Lemma 5.5 it follows that sequence {p*} is well defined and p* 1 5.
Lemma 5.6 There are an open neighbourhood U C R® of 0 and 0 < ¢ < 1

such
that for allp <0, pe U

Hp+p)=p+C(p)-p
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where C(p) is a positive matrix continuous on UN{p < 0} and R(C(p)) <

Proof:
From (35) we have

GG+ ) = 5+ (D + 5 B() +ollpl) - p (46)

(33) yields that

Ipll = O B(p)ID).-
So that (46) becomes

G(5+p) =5 +(D +5B(p) + ol B - p
For G'(p) we get

G'(p+p) = D+ B(p) + o(| B(p)ll),
and for H

Hp+p)=p=(E-G@F+p) " (GE+p) -G F+p)B+p)—p=
=(E-G'@+p) " (GF+p)-p—G (B +pp) =

= (E = D = Bp) + ol BRI (~5B() + ol B -p = Clop

M

C(p) is continuous on p < 0 and positive on some open neighbourhood of

0 for —=B(p) >0, :f p<O.
Let U be an open neighbourhood of 0 such that for p < 0, p € U

D + B(p) > 0,
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then

C(p)=—-(E-D-B(p)"' B(p) >0if p<0, peU.
We will prove that R(C(p)) =1forall p< 0, pe U.

Really, let v be eighenvector of D

Dv=v, v>0
then

C(pjv=(E—-D—-B(p))"' (D-D—B(p))v=

= (E~D-B(p))" (E—D - B(p))v=v.
So that v is the eigenvector for é(p)

We get also the estimate

. _ max,v
0<¢c;< —

min, v,

Therefore C'(p) is uniformly bounded on p <0, pe U.

For C(p) we have

C(p) = 5C(0) + OUI BRI,

Hence C(p) is uniformly bounded, continuous, positive and R(C(p)) < 3
on some open neighbourhood 0 € U for p < 0.1t follows we can continue C(p)
onUN{p<0} m

The end of the proof:

Let C = C(0). From Lemma 5.6 we have R(C) < 1. Let ¢ > 0 be such
that R(C) + € = ¢ < 1. There exists a norm ( see [5])]| - || such that

ICll < R(C) + =

Let 0 € U be an open neighborhood such that
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IC-C(p)l <=z peUn{p<0},

then

ICPI<NCI+IIC-Cpl <e<]

As we know p* 1 p then there exists ko such that for all k > ko p~p € U.
It follows that

I = Bll = 1HE") - Bl = IC(" ~ ) - (0 — Bl < cllp® -~ 5
Theorem is proved. B

Corollary 5.1 Let G = F® then the sequence H?** converges to vector of
probabilities p = {p(v,6)} (see 5) exponentially fast.

6 Appendix

Here we remind the theorems which were used in sections 2 and 3. We give
them in a simpler form than in [3] , [4]. Let £ be a discrete time homogeneous
Markov chain with the countable state space A = {a;,7 = 1,2,...}. The
one-step transition probabilities will be denoted by p, g. L is supposed to be
irreducible and aperiodic. The state of the chain at time ¢ is denoted by &;.

Theorem 6.1 The Markov chain L is recurrent iff, there exist a positive
function f(a),a € A and a finite set A, such that
(i) Elf(&+1) — f(€)|€ = 0] <0,Vai ¢ A

(i) flai) 200 if i— 00

Theorem 6.2 The Markov chain L is ergodic iff there exist a positive func-
tion f(a),a € A, a number € > 0 and a finite set A, such that

(i) E[f(ftﬂ) = fl&)lée = ai] <—eVo; ¢ A

(it)  E[f(&41)lé = ou] < 00,Va; € A
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Theorem 6.3 For the Markov chain L to be non ergodic, it iz sufficient that
there ezist a function f(a).a € A and constants C, L, such that
(i) E[f(&41) = f(&)|& = @i} 2 0,Ve,; € {f(a) > C}, where the sets
{f(a) > C} and {f(a) < C} are not empty
(ii) E[f(ftﬂ) - f(ft)|§t = O‘i] <LVai€ A

Theorem 6.4 For the Markov chain £ to be transient, it is sufficient that

there exist a positive function f(a),a € A and constants ¢,C,L > 0, , such
that

(1) E[f(§t+1) — f(&)& = ai] 2> €,Va; € {f(a) > C}, where the set
{f(e) > C} is not empty;

(ii) the inequality |f(a) — f(B)| > L implies popg =0
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