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Optimisation du Marquage et
Parallélisme des Graphes d’événements

Résumé : Le but de cet article est de fournir une formalisation de la no-
tion de parallélisme d'un graphe d’événement qui soit exploitable par une
simulation parallele. Nous montrons qu’il existe un point de départ optimal
pour les simulations équationnelles qui leur confere une vitesse d’exécution de
I’ordre de la séquentialité du systeme. De plus, la modification du marquage
ne modifie pas le régime stationnaire du systeme, sous des hypotheses assez
faibles et naturelles. Nous présentons également un algorithme pour calculer
ce marquage initial.

Mots-clé : Réseaux de Petri, Parallélisme, Simulation
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1 Introduction

Marked graphs constitute a good formalism to model manufacturing systems
combining parallel tasks and synchronizations. they have been extensively
studied either in the deterministic or in the stochastic context [9],[2]. These
systems were shown to have a linear behavior if considered in the semi-field
(max,+) and this property was the starting point of an extensive ergodic
theory developed by F. Baccelli [2] and of a new method of parallel simulation
based on recursive equations introduced in [9] and used in [3] and [12]. These
parallel simulations of marked graph are of a new kind: they is not really
event driven as in [13] or [16] but rather, equation “driven”. The evolution
is described by the successive application of linear transformations to the
state variables. The aim of this paper is to improve the efficiency of these
simulations by changing its starting state which is the initial marking of the
graph.

Marking optimizations have been obtained in the deterministic case [18].
Here, we introduce the marking M* which allows one to run parallel equatio-
nal simulations more efficiently. Indeed, the cost of these algorithms depend
on L(M), the longest path without tokens in the marked graph under the
initial marking M. The marking M* will be chosen so that L(M™*) is mini-
mum. We show that L(M™*) roughly equals the intrinsic sequentiality of the
system so that little hope of increasing the speed of these algorithms is left.
We also provide an algorithm to compute the couple (M*, L(M*)). Then, we
show that changing the starting point of the system (i.e. its initial marking)
will not alter the stationary behavior of the system, provided that the system
is stable of course, under few assumptions on its topology.

In section 2, we give some preliminaries, in section 3, we give a formal
meaning to the notion of intrinsic parallelism of a marked graph. In section
4, we define the marking M™* and we derive a computation of this marking. In
the fifth section, we show that the evolution of a stochastic marked graph that
satisfies the conditions of stability does not depend on the initial marking.
This result is true for strongly connected graphs and for open systems with
a single input. In the last section we apply the notions introduced in sections
3, 4 and 5 to give the optimal starting point for a parallel simulation of a
marked graph.
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2 Preliminaries

In the preliminaries, we will describe the model of marked graph that we will
use in the following. This model is more precisely presented in [1].

A marked graph is a Petri Net where each place has at most one input
transition and one output transition. We will denote it by £ = (P,T,A)
where T' is the set of transitions, P the set of places and A is the set of
the links included in P x T" U T x P. We denote by =(p) the transition
preceding place p and by = (¢) the set of the input places of transition t.
The vector M denotes the marking of the net; M; represents the number
of tokens in place p;. We will denote the graph along with the marking by
G=(E,M)=(P,T,A,M).

Now we introduce the temporized model. Only the transitions will have
associated temporization. We denote by o;(n) the duration of the n-th firing
time of transition ¢. The places have a null holding time. This simplification
does not induce any loss of generality. A marked graph with temporized places
and transitions can be emulated with a marked graph with temporizations on
the transitions only. The semantic of firing times is given in [1] for example.

All the marked graphs considered in the following are connected. We will
distinguish two classes of graphs. Strongly connected marked graphs will be
called closed systems and usually model a device with no outside constraints.
Non strongly connected graphs can model open systems with inputs. The
inputs from the outside world will be represented as input transitions (with no
incident arc). Their firing times follow a slightly different semantic than the
one for regular transitions. An input transition with temporization (u(n))nen
sends one token in its output places for the ith time at the epoch u(1)+---+
u(1).

We make some basic assumptions on our model.

FIFO Assumption:

First, all the transitions and are assumed to be FIFO. For every transition
t, the n-th firing completion (token departure) of ¢ corresponds to the n-th
firing that ¢ has started. A simple condition for a transition to be FIFO is
to be recycled (i.e. it is the output and the input transition of a place with
one token in the initial marking, as is shown in Figure 1). A transition with
a constant holding time is FIFO too. In the following, the transitions are
always recycled. The place recycling transition ¢ is denoted p.

Initial Conditions:
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Figure 1: A token in the place recycling each transition guarantees the FIFO
discipline.

e Once the initial marking Mj is given, a non-timed net is defined by
(E, My). We denote by R(M) the set of all the markings reachable
from M. It is well known that M € R(M') is parallelism relation if F
is a marked graph [21].

e The initial tokens in places are not immediately available for the firing
of the transitions. They remain in the places for a minimum duration
which is called the lag-time. The lag-time of the ¢-th initial token in
place p is denoted by Y(p, ). The lag times must verify two conditions
to be weakly compatible ([1] p. 70): first, the lag times must respect
the FIFO feature; second, lag times of tokens in place p cannot exceed
the firing time of the transition = (p). In the stochastic case, the lag
time must belong to the support of the distributions of the firing times
of the transition. Note that the lag times in the places recycling the
transitions (there is only one token in these places) are not constraint
by the first condition of weak compatibility. This remark will be useful
in the following.

Stochastic Assumptions:

All the random variables considered here are defined on a common pro-
bability space (2, F, P).

The holding time sequences are sequences of non-negative real random
vectors:
{oi(n), - 7U|T|(n)}nel\7

We make the following assumptions ( see [2] for further insight on these
assumptions):
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e Stationarity and ergodicity:

The sequences {o4(n)} are ergodic and stationary for all t.

o [ntegrability:

The random variables o4(n) are integrable.

o Coupled ergodicity:

If the system has several inputs with temporizations (ui(n), - -, ux(n)),
all the variables (u;(n)) , (u;(n) —u;(n)) are jointly ergodic and statio-
nary for all 7, j.

Finally, a Timed Marked Graph is defined by: S = (F,X,Y, My) where
E is the topology of the system, ¥ = (o1(n), -, o|(n))nen is the tempori-
zation in the transitions, Y is the vector of the lag times and M, the initial
marking.

We denote by m(S,t) the marking in the system S by time ¢ and by
m(p,t) the marking in place p at time ¢.

3 Parallelism in a Marked Graph

Measures of parallelism for discrete event systems are presented in [4], [14].
However, we are looking for a parallelism exploitable by parallel equation dri-
ven simulations and we present notions useful in this particular frame. Since
the efficiency of parallel simulations depends on the availability of sufficient
parallelism in the model itself, we present the notion of sequentiality of a
marked graph. It will be further related to the complexity of the simulation
algorithm we are interested in. In other words, we will see that the sequen-
tiality is an appropriate measure of the parallelism present in the marked
graph.

3.1 Graph of Precedence

In this section we consider a marked graph without the timings: G = (F, My).

We introduce a different structure based on the dependance relations
in the marked graph. This graph is also called the developped graph and
is presented in [7] for example. However our view is slightly different since
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Figure 2: A marked graph and its associated graph of precedence. Since all the
transitions are implicitly recycled, each column of 7 is a total order.

we are not interested in analyzing the performance of the system but in
discovering the available parallelism present in it.

The notion of parallelism present in a marked graph will be independent
of the temporizations of the transitions and only be based on the precedence
relations between the firing epochs.

In that purpose, we construct a graph of precedence 7 which can be
constructed in the following way. The graph 7 has 7' x IN U {L} as the set
of vertices. The vertex L is special and represents the “initiation” of the
graph of precedence. 7 has an edge between the vertex (¢,n) and the vertex
(t',n’) if the n'-th firing of transition ¢’ uses a token produced by the n-th
firing of transition ¢. We also put the edges ((L),(¢,1)),---, (L), (¢, m(t))) for
all transition ¢, where m(t) = max,en()(Mo(p)). Figure 2 depicts a marked
graph and its graph of precedence.

We establish a few properties that help to see the relations between the
two structures.

Proposition 3.1 The graph 7 does not essentially depend on My but rather
on the class R(My).
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Proof:

Let M; be a marking in R(My) and 71 its associated graph of precedence.

We show that 7 and 7y are nearly isomorphic. Consider the firing vector
(n1,--+,nyr)), where n; denotes the number of times transition ¢; has to be
fired to go from marking My to marking M;.

We construct the transformation :

1
(ti,n — m) lf n>n;
1) if n<n

(
(L)

Ll

f is nearly an isomorphism between 7 and 7;. Indeed, only a finite number
of vertices are contracted into L. [

This proposition reinforces the fact that 7 is a good model to study the
parallelism of the marked graph. Indeed, the parallelism present in a marked
graph should not depend on the starting point of the system but only of the
overall “ dependencies” between the events taking place during the evolution
of the system.

Proposition 3.2 The marked graph G is life if and only if T is acyclic.

Proof:

Suppose that 7 contains a cycle ((¢1,n1),- -, (tk, nx)). This implies that
(t1,---,t) is a cycle in the Marked Graph G. By definition of 7, this means
that the ni-th firing of transition ¢; depends on the nith firing of ¢, which
depends on the ny_;—th firing of ¢;,_; and so on. Eventually, the ny-th firing
of transition ¢; depends on the ni-th firing of transition ¢;. This imply that
the cycle (¢, - - -, 1) does not contain any token which means that the marked
Graph is not live.

Conversely, if GG is not live, then it must contain a cycle with no to-
ken, denoted tq,---,tr. In the graph of precedence we can exhibit the cycle

(t1,1),- -, (Tk, 1). ]

Remark: In the following, the marked graph will be live and 7 may be
considered as a partial order as a consequence. We will refer to antichains



Marking Optimization and Parallelism of Marked Graphs 7

(anticliques of 7 ) and chains (totally ordered subsets), following the usual
notations and definitions (presented in [11]).

We define the level n in 7 as the set {(¢,n),t € T'}. A chain up to level n
in 7 is an oriented path from L to any element of the level n.

3.2 Degree of Parallelism

The degree of parallelism of a system is usually defined by the number of
events than can take place in parallel in the system.

Definition 1 The degree of parallelism 6 of a marked graph G is the length
of the maximum antichain in 7.

This definition is equivalent to the usual one. Indeed, one can note that é
is the maximum number of enabled transitions that can occur in the marked
graph under any reachable marking, independently with one another ( these
transitions can all fire at the same time).

In the general case, 6 is computable. Indeed, it could be formulated as an
integer linear programming problem which matrix is unimodular (see [21]).
However, some trivial bounds on ¢ are easy to find. |T'| is an upper bound of é
since (t,n) <, (¢, k) whenever 0 < n < k. This will happen to be good enough
for parallel simulation of marked graphs on massive parallel machines as the
Connection Machine. Indeed, for most systems, it is possible to allocate at
least one processor per transition.

3.3 Sequentiality

We introduce a dual notion of the degree of parallelism which will be of
interest in the following.

We consider the longest sequence of totally ordered firings during an
evolution of the marked graph up to the level n in 7. The longer this sequence,
the less parallel the marked graph. To get a finite value, we take the ratio of
this sequence over n, the level in 7. To get rid off the influence of the initial
part of the graph 7 that depends on the initial marking, while it does not
essentially depend on it ( see proposition 3.1), we take the limit to infinity.

Definition 2 The sequentiality s(G) of a marked graph G is defined by:
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s(G) = lim sy,

n—oo

length of the longest chain in + up to level »

n

where s, =

We will show in the following that this limit exists. However, it is easy to
see immediately that s, < |T| for all n, so that s is bounded.

We define the critical cycle C, in the marked graph (G, My) as the cycle
with the maximum average length, where the average length of a cycle C' is
its length {(C') divided by the number of tokens it contains w(C'). We call A
the average length of the critical cycle in (G, My).

Proposition 3.3 The average length of the critical cycle of a marked graph
is equal to the sequentiality of the associated graph of task

s(G) = A.

Proof:

Let us add temporisations in the transitions of the marked graph G .
Each firing of each transition is assumed to last for a time unit. Therefore
the length of the longest chain in 7 starting with 1 and ending with the node
(t,n) equals the time it takes in the marked graph to reach the nth firing of
transition ¢, denoted X;(n).

But now, if one uses the language of marked graphs developped in [1] ,
one can use the periodicity result shown in [9] and write for any transition ¢,
Xi(n) = kA+ Xi(n—k),n > ng for some bounded k and for ng large enough,
in the case (G is strongly connected. In the general case, one can also write
max; X¢(n) = kXA 4+ max; X¢(n — k), n > nq.

In terms of the graph 7, this last equality can be rewritten

5a(7) = nlsnl(r)%—)\(n—nl)7 (1)

n

where n; is bounded and defined by : ny = n — k|(n — ng)/k|. Finally
when n goes to infinity in the equality (1), we get s(7) = A. [
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Proposition 3.4 If M' € R(M), G = (E,M) and G' = (E,M'), then
s(G) = s(G").

Proof:

In marked graphs, the number of tokens remains constant in all the cycles
( see [21]). Therefore, the critical cycles are the same in both G and G’. Since
the sequentiality of a marked graph equals the average length of a critical
cycle ( proposition 3.3), we get the equality, s(G') = X' = X = s(G). [

Remark: The sequentiality of a marked graph does not depend on the
actual initial marking My but rather on the class R(Mp).

3.4 PRAM Model

In this section, we consider a parallel algorithm which graph of task is 7 and
that would run on a PRAM machine. This sort of models are studied in [§]
for example, based on notions first introduced in [17].

The typical method to do so is to allocate one processor per “column” of
7 (corresponding to one transition in ). Since the degree of parallelism ¢ of
the system is smaller than |7'|, this allocation is optimal.

Now the time it takes to compute the firing epochs up to level n is pro-
portional to the longest path in the graph of task, that is proportional to
n.s(@).

In the following we will compare the complexity of real implementation
of the simulation of the marked graph with this theoretical performance.

4 Shortest Longest Path Without Tokens

We introduce yet another notion: the longest path without tokens. Let M €
R(My). L(M) is the length of the longest path in the marked graph (£, M)
with no tokens. L(M) is finite because (£, M) is live.

Definition 3

L* = M&l(%o)(L(M))

and M* is a marking such that L(M*) = L*.
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Figure 3: This is the form of a critical cycle in the graph under the marking M™>.
Forall 2, L, = L* or L* — 1.

Note that a marking M achieving the equality L(M) = L* is not unique.
However we will denote by M™* any marking verifying this equality.

Proposition 4.1 L* = [s(G)] — 1

Remark: This proposition establishes the relation between the sequen-
tiality of the marked graph and the longest path without tokens under the
appropriate marking.

Proof:

We will prove that L* = [A| — 1 which is equivalent to the result using
proposition 3.3. The proof of this proposition will come from a way to com-
pute L*. We will show that L* is obtained in a critical cycle which will be of
the form shown in figure 3.

Let M* be the marking in R(My) achieving L* as rarely as possible.
Consider a path of length L*. The first transition ¢ on this path is enabled.
Consider the paths preceding ¢t. At least one of these path is of length at
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least L* — 1 otherwise, the firing of ¢ would reduce the number of paths of
length L*. We apply the same argument with this path and we can find at
least one path of length at least L* — 1 before at least on of these paths and
so on. Eventually we get a cycle formed with such paths.

If none of these cycles contain the original path, we fire all the enabled
transitions on all the cycles. All the paths in the cycles remain of the same
length. However the paths at the “beginning” of the cycles have their respec-
tive lengths reduced by one. So we have paths which lengths go either from
L* to L* — 1 or from L* — 1 to L* — 2. If one of these paths is in the first
case, the number of paths of length L* decreases. If all the paths are in the
second case, we can fire the transitions at the end of these paths and get the
same problem with the preceding paths and so on until the length of a path
of length L* decreases by one. This is a contradiction with the choice of the
marking M*.

Eventually, we get a cycle of the form depicted in figure 3.

Now, this cycle C has say k tokens and has a length greater than k +
(k—1)(L*—1)+L*.SoA>14L*—1+1/k = L*+ 1/k. On the other
hand, assume that A > L* + 1 4+ « with a > 0. The critical cycle has say m
tokens so its length is m + mL* 4+ ma. As a > 0 and ma is an integer, then,
ma > 1. But now, this means that one path without token in the critical
cycle is longer than L* which is impossible.

Finally, we have shown that L* + 1/k < A < L* 4+ 1. This implies that
L*=[X —-1=[s(G)] - 1. [

Note that proposition 4.1 says that L* is the integer approximation of the
sequentiality of the system. This remark gives an insight on the reason why
the complexity of the MIMD simulations of a marked graph are linear in L*
in the best case. See section 6 for a detailed discussion on this topic.

4.1 Computation of (M*, L*)

The previous proposition of L* allows one to derive an algorithm to compute
a couple (M*, L*).

Suppose M is a reachable marking but not a marking M*. Then, using
the previous characterization of the cycles containing a path of length L*
in M*, there exists a sequence of transitions belonging to some cycle that
can be fired so that either L(M) is reduced or the number of paths with no
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token of length L(M) is reduced. One can also see that this sequence is the
following one: always fire all the transitions at the beginning of the longest
paths.

On the other hand, if we can fire all the enabled transitions in the cycles
containing the paths of length L(M) without reducing L(M), then the mar-
king is M™.

In order to describe the algorithm, we define the class C(t) of transition
t by: C(t) = [ if the longest empty path ending in transition ¢ is of length .
We introduce K = |T'].

The algorithm is now the following:

The procedure P consists in the 3 following steps:

1 Update C(t) for all t € T'.

2 Construct the set Ey of all the transitions which are at the beginning
of a path of length L(M). Start with Epnny = {t/C(t) = L(M)} and
construct iteratively :

Er1={t,C(t)=k —1 and 3’ € Fj s.t. the place (¢',t) is empty }.

3 Fire all the transitions in .

The algorithm repeats this procedure until L(M) has not been reduced
in the last K iterations. Figure 4 shows an application of this algorithm to a
small marked graph. The constant K could be improved ( i.e. reduced) fairly
easily. This would allow one to stop the algorithm earlier ( as it is done in
figure 4). However the gain is not substantial because only the number of
computations made in the last marking is reduced.

Another possibility for the stopping test would be to compute A using its
definition (average length of a critical cycle) and then L* using proposition
4.1. We stop the procedure when L(M) = L*. Unfortunately, the extra step
that is required in this case (compute the critical cycle) could be quite long
to perform and could outweight the gain obtained by improving the stopping
test.

A detailed and parallelized version of this algorithm is presented in [6].
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Figure 4: This picture shows the evolution of the marking of a marked graph
when the algorithm of marking optimization is applied on it. Labels on the tran-
sitions denote C'(t), the class of transition ¢. The transitions belonging to Ey
are represented in dashed line. One can see that after three iterations without

decreasing L(M), the algorithm must stop. The stopping bound (3 iteration wi-

length of the critical cycle
L(M)

thout reduction of L(M)) is given by max which is

equal to g in this example.
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5 Insensitivity To the Initial Marking

In this section, we show that for systems with a stationary regime that does
not depend on the initial lag times, the initial marking does not alter this
stationary regime.

For technical reasons, we distinguish two case: strongly connected net-
works and open networks. However the results will be similar in both cases.

5.1 Strongly Connected Networks

A marked graph £ is strongly connected if there exists an oriented path
from any transition of £ to any other vertex. In the following we will denote
strongly connected marked graphs by SCMG.

The following theorem has been shown in [10].

Theorem 5.1 Let Gy = (E, My) and Gy = (E, M3) be two live SCMG which
differ only in their initial markings. If My € R(M,), then by blocking an
arbitrary transition t, Gy and Gy will reach the same marking M where no
transition but t is enabled.

Now we consider a temporized system S = (F,X,Y, Mg). In [19], a ne-
cessary and sufficient condition of stability of closed network is established:

A Pattern of a stochastic matrix A is a deterministic matrix A which
belongs to the support of A (which is considered as a random variable in
[RJX‘]).

We can construct a sequence of stochastic matrices A(n) that describes
the evolution of the system. (see [9], [1])

Theorem 5.2 [f there exist an integer k and a matric C' which is a pattern
of A(k—1)®---® A(0) with a unique critical cycle and verifying C™ = pC™*
for some p, then the SCMG is stable and admits a unique stationary regime
regardless of the initial condition Y.

Note that most of the real systems verify this stability condition. For
example if one transition has a firing sequence with an unbounded support
distribution, the system is stable, see [1]. Only few and classified systems
admit several stationary regimes depending on the initial lag-times (see [20]).

Now, we can formulate the following theorem:
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Theorem 5.3 Let S; = (E, X, Y' M) and Sy = (E,X,Y?* M) be two
SCMG with weakly compatible lag-times and the same joint distribution of
the sequence of the service times. Assume that the service times form jointly
stationary and ergodic sequences of integrable r.v.’s and that the sequences
of service times at different servers are mutually independent. Assume that
one transition has an unbounded support firing distribution. Then, condition
of stability are satisfied. If My € R(My) then the stationary regimes of the
two systems are identical.

Proof:

Consider the systems S; = (F, %, Y/, M;) and S}, = (E,%,Y;, M) where
Y/(p:) = Y)(p:) = oo for a transition ¢ with unbounded firing distribution
support and Y{(p) = Y'(p), Yy (p) = Y*(p) Vp# p:.

According to theorem 5.1, these two systems will reach the same marking
M. We denote by k]l and kf the numbers of times transition j has fired in 5]

and S respectively before reaching the marking M.
We define Ty and T by:

kj My (p)
To=> > 0,0+ > > Yipl),
JeT =1 p#£p: (=1
k] Ms(p)
To=2_> 0i)+ > > Yipl,
JET I=1 p#p: (=1

and finally 7o = max{Ty,T3}.

We consider the systems S} = (E,%,Y/", M;) and S) = (FE,X,Y,), M)
where Y{'(p;) = To, Yy'(p)) = To and Y{'(p) = Y'(p) Vp # pi, Yy'(p) =
Y?(p) Vp # p;. T is chosen large enough so that we obtain m(Sy,Ty) =
m(Sy,To) = M. Now, systems Sy and S} have weakly compatible lag-times.
Furthermore, theorem 5.2 allows one to say that S} and S} are stable and
that they have the same stationary regime than S; and S, respectively.

We just have to show that Si" and S} have the same stationary regime.

Since the sequences of firing times are mutually independent and statio-
nary, we can couple the service times in ST and S¥ in the following way:

0']1-(71 + k]l) = Uf-(n + kf) VieT, Vn>0.
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P P2 P3 Pa Ps Ps

Figure 5: A circuit marked graph.

These sequences are also mutually independent and stationary. Under such
coupling, one sees that

m(Sy,t) =m(Sy,t) Vt > T,.
This implies that the two systems have the same stationary regime. =

We have run some experiment to give an idea of the speed of coupling.
Indeed, the theorem 5.3 does not say anything on that feature.

Figure 5 depicts a petri net consisting in a single circuit. Figure 6 shows
the evolution of the average number of tokens in the place pg, for two diffe-
rents simulations. In one, six tokens were assigned to place p; and 0 to the
others, and in a second simulation the six tokens were assigned to the place
pe- The firing times of all the transitions are i.i.d. exponential variables with
the same parameter.

5.2 General Networks

If a marked graph is not strongly connected, it is decomposable into strongly
connected components interlinked by an acyclic oriented system (/). There-
fore, the components can be partially ordered by /. In figure 7, the order of
the components is Cy <; Cy <; Cs.

In particular, we call input components the minimal components accor-
ding to I.

5.3 Networks With a Single Input

In this subsection, we give the theorems corresponding respectively to theo-
rems 5.1, 5.2, 5.3 in the case of a marked graph with a single input.



Marking Optimization and Parallelism of Marked Graphs 17

1.1 I I I I I I I I
A -
B -
1.05 -
N(;(T) 1
0.95 _
0.9 | | | | | | | |

0 10000 20000 30000 40000 50000 60000 70000 80000 90000
T

Figure 6: Stationary distribution of tokens for the graph depicted in Figure 5.
A is the evolution of the marking in ps with My = (0,0,0,0,0,6) and B with
My = (6,0,0,0,0,0).
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First we extend theorem 5.1 to open networks with a single input com-
ponent.

Theorem 5.4 Let G = (E,M) and G' = (E,M') be two connected and
live marked graphs and Cy be the initial component of E. If one blocks any
transition tg € Cy, then if M € R(M'), G and G’ reach the same marking
M,

, where no transition can fire but 1y.

Proof:

Since the graph E is connected, for any transition (¢t # to) in £, there
is an oriented path from ¢y to ¢. Let us consider the path from ty to ¢ that
contains the smallest number of tokens under the current marking M. This
path is simple because, since G is live, all the cycles contain tokens. However,
it may not be unique. In this case, we choose the path with the smallest
indices of transitions and we denote this path W;. We shall denote by M; the
number of tokens on such a path under the marking M.

Now, block transition ¢q. It is easy to see that transition ¢ cannot fire
more than M; times before blocking. Indeed when a transition distinct from
to or t is fired no token is added or removed in W;. If ¢ is fired, tokens are
removed from all the simple paths from ¢y to ¢ and in particular from W;.
This implies that after some firings, the whole network will eventually block
(no transition is enabled except o).

Now, we will see that ¢ blocks after exactly M; firings, which means that
the path W; is empty when ¢ blocks. Let us say that the network reaches a
complete deadlock under the marking D. Under D, let us follow the longest
path without token which ends in transition ¢. This path begins in transition
to otherwise some transition in the net would be enabled. Now this path from
to to t is empty and by the token cycle conservation law in marked graphs,
this path contained M; tokens under the initial marking so the path W; is
also empty.

We construct a subgraph S of E in the following way: For each transition
t,t # tg in G we only keep one empty path from ¢, to ¢, the path W;.

1) The graph S is a spanning tree of G:

e S is connected: Each transition has a least one path which links it with
to mm F.
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e S contains no cycle: The existence of a cycle in S would mean that
some transition in (G is linked to ¢y by more than one path.

2) S does not depend on M. If we construct S’ starting with another
marking M’ € R(M), we would get the same spanning tree, i.e. S = 5"

Let ¢ be a transition in G. Let ¥; and X, be 2 path from to to t. M'(¥;) —
M'(¥3) = M(X1) — M(X3). So the minimum path W; is the same in both
marking.

The next step is to describe the marking D. All the places in S are empty.
Now, we add one place of F to the spanning tree S. We create a cycle. If
this cycle is a circuit C' then all the weight of the circuit M(C) must be
put in this place. Otherwise, if the edge is (¢1,%2) consider the paths from g
to t; and ¢, respectively W, and W,,. In the original marking, we know by
construction of S that M(Wy,) + M(t1,t2) > M(W,,). So there must be a
non-negative weight M(Wy,) + M(t1,12) — M(Wy,) on the edge (t1,t2). This

marking is the same for any starting marking in R(M). ]

Now, we give the conditions of stability of an open system. These condi-
tions are established in [1]. Here we give only the conditions of stability of a
system with a single input.

Theorem 5.5 If the input component verifies the condition of stability when
considered in isolation as a strongly connected system given in theorem 5.2,
and if for any components C; and C;, C; <; C; vmplies that the cycle time of
C; (isolated) is bigger than the cycle time of C; (isolated), then the marked
graph is stable and its unique stationary regime does not depend on the initial
lag-times.

These two results allow us to derive the insensitivity of the stationary
regime for open networks with one initial component. The formulation of the
theorem is similar to theorem 5.3 as well as its proof.

Theorem 5.6 Let S; = (E, X, Y, My) and Sy = (E,X,Y? M,) be two MG
with one input component and with the same joint distribution of the sequence
of the service time. Assume that the service times form jointly stationary
and ergodic sequences of integrable r.v.’s and that the sequences of service
times at different servers are mutually independent. Assume also that the
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system satisfies the conditions of stability and that one transition in the input
component has an unbounded firing distribution. If My € R(My) then the
stationary regimes of the two systems are identical.

Proof: The proof is the same as for theorem 5.3

Consider the systems S; = (F, %, Y/, M;) and S}, = (E,%,Y;, M) where
Y{(p:) = YJ(p:) = oo for some transition ¢ with an unbounded support for
its firing distributions and Y (p) = Y'(p), Y, (p) = Y*(p) Vp # p:.

According to theorem 5.4, these two systems will reach the same marking
M. We denote by k]l and kf the numbers of times transition j has fired in S}
and S respectively before reaching the marking M.

We define Ty and T by:

k My (p)
To=> > 0,0+ > > Yipl),
JeT =1 p#£p: (=1
k] My (p)
o= > 0+ > > Yipl,
JET =1 p#p: (=1

and finally 7o = max{Ty,T3}.

We consider the systems S} = (E,%,Y", My) and SY = (FE,X,Y), Ms)
where Y{'(p;) = To, Yy'(p)) = To and Y{"(p) = Y'(p) Vp # pi, ¥y'(p) =
Y?(p) Vp # p; .These two systems have weakly compatible lag-times. Tj is
chosen large enough so that we obtain m(Sy,Ty) = m(SY,To) = M. Further-
more, theorem 5.5 allows one to say that 57 and SY are stable and that they
have the same stationary regime that S; and S5 respectively.

We just have to show that Si" and S} have the same stationary regime.

Since the sequences of firing times are mutually independent and statio-
nary, we can couple the service times in 57 and S} in the following way:

0']1-(71 + k]l) = U?(n + kf) VieT, Vn>0.

These sequences are also mutually independent and stationary. Under
such coupling, one sees that

m(S{,t) = m(Sy,t) Vt > .

Therefore, the two systems reach the same stationary regime. [
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Figure 7: Open system with three components Cy < €7 < (5. All the transition
are recycled with places containing one token but this is not shown in the figure
for simplicity.
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Figure 8: Evolution of the number of tokens in the place pg with two different
initial markings. For A, we used the initial marking (0,0,0,0,2,0,3,0). For B
we used the initial marking (1,1,1,1,1,1,1,0).
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The convergence is illustrated by an example depicted in figure 7. Figure
8 shows the evolution of the average marking in the place between transitions
4 and 5 with two different initial markings. For A we used the initial mar-
king (0,0,0,0,2,0,3,0). For B we used the initial marking (1,1,1,1,1,1,1,0)

which is reachable from the previous one.

5.4 Open Systems With Several Inputs

Let us recall that the theorem 5.6 applies only to open systems with one
input component. However, for a system with several input components, the
stationarity of the system depends of the coupled ergodicity of all the inputs
that could be interpreted as a common dependency on a preceding phenome-
non. Thus, under the right point of view, any stationary open systems can
always be considered as a marked graphs with only one input component.

However, if we want to construct the detailed transformation, suppose
that a system has two input sequences u(n) and v(n). We construct a sys-
tem with entry w(n) = min(u(n),v(n)) and two places with temporizations
max(u(n),v(n)) — v(n) to get u(n) and max(u(n),v(n)) — u(n) to get v(n).
See figure 9 for an illustration of this transformation.

Unfortunately, the firing times in some places are now strongly correla-
ted and the theorem 5.6 are not applicable because the assumption of in-
dependance of the firing sequences is not satisfied. If we examine the proof
of theorem 5.6, we can see that the coupling is done between the variables
oi(n 4+ k}) and o?(n + k?) for any transition j. If we impose the initial mar-
kings in the systems S' and S? in the input places to be the same, then,
the coupling relation for the transitions in the input section of the system
becomes 0']1-(71 + k)= U?(n + k), where k is the same in the 2 systems and is
equal to the number of tokens from the input to transition j. This coupling
relation respects the correlations between the firing times presented in figure
9 and the result of theorem 5.6 holds under this restriction on the initial
marking in the two systems.

From a practical point of view, we can try to modify the initial marking
by firing any transition but the input transitions. The marking of the input
places will not be changed and the stationary regime will remain the same
with the new initial marking. However, we do not know how to compute a
marking M that would verify the constraint on the input places marking and
that would minimize L(J\Nf). One can verify that in some cases, no marking
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System

-0 S

Figure 9: Transformation of a system with two inputs into a system with only
one input. The firing times of the transitions are written on the figure.
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M~ verifies the constraint on the initial marking. In such case, L(M*) <

L(M).

6 Optimal Marking of Marked Graphs

In this section we discuss the practical interest of the markings M™* for parallel
simulation of marked graphs.

6.1 Equational Simulations

Marked graph can be very efficiently simulated using massive parallelism (
see [3] and [12]). We describe briefly two kinds of equational simulation of
a marked graph which is supposed stable with at most one input. In both
cases we show that the complexity is linear in L(M) and is close to the ideal
case of a PRAM model.

The evolution of a Stochastic marked graph can be described by a linear
system in the semi-field IR(max, +):

X(n)=A(n).X(n—-1).

The parallel algorithm developed in [3] uses these equations to compute
the vector X(n) of the firing times of the transitions. The computation of
A(n) involves L(M) operations of cost log(|T'|) if made in parallel on a Con-
nection Machine. Then, the matrix vector multiplication is done in parallel in
log(M.|T|) where M = max, M(p). The complexity depends heavily on the
initial marking. it is of the form O(n.L(M).I(|T|)) with [ being a logarithmic
function. Theorems 5.6 and 5.3 allow one to choose the marking which gives
the best running time of the simulation, without altering the results of the
simulation. This marking is a marking minimizing L(M), i.e. a marking of
type M™.

This first algorithm only makes algebraic manipulations of the equations
and ignores the underlying structure of the marked graph. A different ap-
proach uses the topology and the marking of the marked graph to establish
an order on the utilization of these equations. The transitions are distributed
in the L(My) classes , C, = {t/C(t) = k}. All the equations associated with
places in a same class are used in parallel. The simulation algorithm consists
in:
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for (n =0 to N)
for (i = 0 to L(My))

fire all the transitions in C;.

In this approach, each transition is assigned to a different processor. “fire
a transition t” means the application of the equation involving X; which re-
quires d operations, d being the entry degree of ¢ (i.e. #x(t)). The complexity
is yet again linear in L(My): n.L(My).d where d is the max of all the degrees
of the transitions. Once again, the marking M* is the best initial marking of
the system.

In both cases, the complexity of the algorithm is very close to the cost of
any PRAM algorithm which graph of task is 7 when started with a marking
M*. This seems to leave little hope for substantial improvement in this type
of simulations (i.e. conservative) of marked graphs.

6.2 Applications

These results can be used in two different ways during a simulation of a given
system. First, someone can choose an initial marking of type M* that will
satisfy the property L(M*) = L*, to start the simulation. Second, sometimes
it is hard to find such a marking M* by hand and furthermore, this marking
may not correspond to the natural initial state of the system modeled by a
marked graph. In these cases, the simulation may begin by a pre-computing
step providing M*. This initializing optimizer is available in the package
MAGMAS© presented in [5] that provides simulation tools of marked graphs
on a Connection Machine.
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