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Abstract: We consider the planar motion of a car-like robot with a bounded derivative of
the curvature, with given initial and final configuration (i.e. positions, tangent angles and
curvatures). The tangent angle and the curvature of the path are assumed to be continuous.
When the distance between the initial and the final point is much greater than the initial and
final curvatures and the curvature’s derivative, we show how to construct a suboptimal path
(the cost is the path length). We admit a finite number of cusps in the path.
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Chemins sous optimaux du plan dont la dérivée de la courbure
est bornée

Résumé : Etant données des configurations initiale et finale (position, orientation et courbure),
on cherche un chemin les reliant le long duquel la dérivée de la courbure est bornée. Si les posi-
tions initiale et finale sont suffisamment éloignées, on montre comment construire un chemin de
longueur sous-optimale, régulier par morceaux et n’ayant qu’un nombre fini de rebroussements.
Ce probléme intervient dans la planification de trajectoires de robot mobiles.

Mots-clé : robot mobile, chemin (sous)optimal, clothoide, principe du maximum de Pontryagin
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1 Introduction.

The problem of constructing an optimal trajectory for the planar motion of a car-like mobile
robot between two given positions with given orientations (without obstacles), under more or
less realistic constraints, has been the object of several efforts recently.

The basic model of these investigations is an ”orientated point” moving in the plane along
a trajectory submitted to a bound on the curvature at every point.

In [5] Dubins proves that a unique optimal trajectory exists and is in fact a simple conca-
tenation of at most three pieces, each of which is either a straight line segment or an arc of a
circle of fixed radius. Cockayne and Hall in [4] consider the same model but from another point
of view: first, they provide the class of trajectories by which a moving ”orientated point” can
reach a given point in a given direction and they obtain the set of all points reachable at a fixed
time.

However these authors solve the simple problem in which the point cannot reverse and cusps
are not allowed (the trajectory is C'! everywhere).

The similar problem admitting cusps on the trajectory (simulating changes from front to
rear gear or conversely) is solved by Reeds and Shepp in [9]. These authors obtain a list of all
possible (namely — 48) optimal trajectories. These trajectories are again finite concatenations of
pieces which are either a straight line segment or an arc of a circle.

However, the very particular methods of their proofs seem very difficult to generalize, and
they are replaced in [1] and [10] by simpler arguments based on the Maximum Principle in
control theory (this principle is at first stated by Pontryagin in [8]). These arguments look like
a promising tool to solve more difficult models of car-like robots.

Finally, a complete synthesis for the Reeds-Shepp model is obtained by Laumond and Soueéres
in [6].

The next step seems to be the treatment of a similar model but now with a bound of the
derivative of the curvature, with or without cusps. The case without cusps is considered in [2].
Here we consider the case with cusps.

In §2 we consider the theoretical aspect of the problem, using the Maximum Principle. The
piecewise regular trajectories are shown to be concatenations of arcs of clothoids and segments
of straight lines. However it is not sure whether the optimal path is piecewise regular or not. In
any case it looks rather difficult to compute the optimal path explicitly.

Thus we concentrate our attention on the explicit description of ”suboptimal” trajectories.

§3 is devoted to some properties of clothoids. In §4 we construct suboptimal trajectories and
in §5 we prove that there exists a constant depending only on the parameter of the clothoid such
that the optimal path can be shorter than the suboptimal one by no more than this constant.

In §5 we consider a class of paths to which the suboptimal path belongs and in §6 (Appen-
dix A) we show that the optimal path belongs to the closure of this class (this is the proof of
Lemma 7).

Closer to reality is the problem of a planar motion with bounded both the curvature and
its derivative. In §4 we explain why the simpler problem which we consider can give abundant
information about this more realistic (and more complicated) one.
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2 Statement of the problem, existence of an optimal solution
and application of the Maximum Principle of Pontryagin to
the problem.

Consider the problem to find the shortest C'? and piecewise C® path on the plane joining two
given points with given initial and final tangent angles and curvatures along which the derivative
of the curvature remains bounded.

The problem has the following origin: consider the planar motion of a car which can equally
move forward and backward. One of the couples of wheels of the car is considered mobile, the
other is considered fixed. Call "front” the gear of the car which corresponds to the direction of
motion at the initial moment; the other gear is called "rear” (the definition of being front or
rear doesn’t depend on the one to be mobile or fixed). The angle between the mobile wheels and
the axis of the car defines the curvature of its trajectory at the given moment, if the direction
of motion is fixed; if the direction is reversed, then the curvature changes sign. We assume that
during the motion this angle can be changed continuously, with a bounded speed ( the speed of
the car is assumed constant in absolute value and equal to 1).

This imposes a bound on the derivative of the curvature of the trajectory with respect to
the natural parameter (i.e. the path length).

We allow cusps in the trajectory. The cusps are of such a type that at a cusp the tangent
angle has a discontinuity (it changes by 7) and the curvature is continuous (see Figure 1).

i

wy

Figure 1
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We denote by an arrow the direction of motion of the car. This direction corresponds to
the front (to the rear) gear of the car if the car has passed an even (an odd) number of cusps.
Introduce a variable which corresponds to the tangent angle and which changes continuously
along the path: denote by a(t¢) the variable which is equal to the tangent angle to the path
after an even number of cusps and to the tangent angle +7 after an odd number of cusps. This
variable a(t) is a piecewise C'? function, the curvature u(t) is a continuous and piecewise C'*
function.

We assume that at a cusp the car can stop for an ”infinitely short” instant; at this instant,
if 6 has been the angle between the mobile wheels and the axis of the car, then it is changed to
—6.

For our car it is not essential whether at the final moment the front wheels are in front or
not. Hence, we can correctly define the tangent angle to the trajectory at the initial point, but
at the final one we can define only the tangent direction (i.e. the angle modw, not mod2r). In
order to formalise correctly the problem, we consider both possibilities — at the final point the
front wheels are in front or not — and then compare the two paths thus obtained.

We have the following system (from now on we use 7" for ”d/dt”):
x((t? = cos((a((t)) + 5((t))7r)) e(t) € {0,1}
oo y(t) = sin(a(t) + e(t)m
X(t) = A1) = ult) (1)
i(t) = w(t) ()| < B

with initial and final conditions:
X(0)=(2°9°0%u"),  X(T)=(2",y" 0", u") (2)

We control the derivative of the curvature (control u’) and we allow changes between front
and rear gear or conversely at a cusp (control e, it ensures the continuity of the variable o
at cusps). We have (e(t),4'(t)) € U C R?, where U = {0,1} x [~ B, +B]. The control @’ is a
measurable, real valued function, the control ¢ € {0,1}.

We want to find an X (¢), satisfying (1) and (2), such that the associated control function
(e(t),u'(t)) should minimize the total length of the path:

ﬂaw:T:A%t (3)

Here the variable ¢ is both the arc length and the time because the point moves with speed
equal to 1.

At first we prove the controllability of system (1) with initial and final conditions (2). If
system (1) with e(¢) = 0 (without cusps) is controllable then system (1) with ¢(¢) € {0, 1} (i.e.
with cusps allowed) is also controllable. So it is sufficient to prove the controllability of the
following system:

= { 20 = o
a(t) = u'(1) 1W/(1)] < B

with initial and final conditions (2).
This system can be rewritten in the form:

X(1) = f(X)+dg(X)
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where

J(X)

Ccos 0
sin « X) — 0
m 9 g(‘ ) - 0
0 1

The Lie algebra £(f,g) generated by f and g¢ satisfies the Lie Algebra Rank Condition: for
every X € R*, L(f,9)(X) = R*. Indeed, for every X € R*,

0
0
W) =le. N0=1| 7 |
0
—sin «
) cos o
i) =[x = |
0
and the determinant
cosa 0 0 —-sina
sina 0 0 cosa _ 4
det v 0 1 0 = —1, forevery X € R".
0 1 0 0

The solutions to X = f(X) are periodic functions (they are circles). Thus, we can apply
Brockett’s theorem (see [7], Th.IV-5) and obtain complete controllability of (4) (and, hence,
obtain complete controllability of (1)).

We are going to use Filippov’s existence theorem for the system (1), (2) (see [3], Th.5.1.ii).
In order for the all requirements of the theorem to be satisfied we must consider convex ranges
of control. To this end rewrite system (1) in the following form:

Jc(t) = o(t) cos a(t) o(t)e{-1,1}
X(t) _ Z(? z Z((i))sma(t) (5)

xgt)) = t)) cos a((t)) lv(t)| <1

oo ) y(t) = v(t)sina(t

MO=Y a0 = ety )
a(t) = u'(t) lW'(1)] < B

with initial and final conditions (2).

Now ¢ is the time and the arc length s is defined by the equality ds = |v(¢)|dt. The integral
(3) now corresponds to a minimum time problem.

System (6) can be rewritten in the form:

X = F(X,v,4) X(t) e R? (v,u) €V
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For system (6) we can use Filippov’s existence theorem, all its requirements being satisfied:

— all scalar functions in the right parts of the equations (6) are continuous together with
their partial derivatives;

— the function under the sign of the integral in (3) is continuous;

— the control functions are bounded and the range of control (v, u’) is convex;

- X(t) € R* (R* is closed);

— the initial and final points (X (0), X(7")) are fixed by (2);

— one can verify that there exists a constant C' > 0 that for every X (¢) € R* and (v,u') € V
the following inequality is satisfied: X F(X) < C(]X|? + 1).

Thus we can assume the existence of an optimal solution and an optimal control for sys-
tem (6) and we are going to apply the Maximum Principle of Pontryagin to this system
to obtain necessary conditions for the control functions (v(¢),u'(¢)) and for the trajectory
X(t) = (x(1),y(t),a(t),u(t)) to be optimal.

Rewrite system (6), (2) and integral (3

)
v(t)cosa(t) z(0)=2" z(T)= xl lo(t)] <1
g(t) = v(t)sina(t) y(0)=1y° y(T)=y
a(t) = lo(Wlut)  a(0)=a® oT)= a
w(t) = u'(1) uw(0)=u® w(T)=u! |W(1)]<B
.fo(t) =1 .’Eo(O) =

Denote by ¥(¢) = (p,q, 3,7, €) the vector of "dual” variables; the Hamiltonian H is defined
by
H(t,X,¥,v,u') = pvcosa+ qusin a + |v|Bu + ru’ + €, for every t € [0,T]. (7)

We have the following adjoint system for every ¢t € [0,T]:

p(t) =0
‘ §(t)=0
V() =4 B) =

-.

p(t)v(t) sina(t) — ¢(t)v(t) cos a(t) (8)
E? —|v(1)|5(%)
t

So p,q,e are constant on [0,7]. Let p = Acosy, ¢ = Asing; here A = /p2+¢? > 0,
tan @ = ¢/p. Then we can rewrite the adjoint system (8) and the Hamiltonian (7):

p(t) = Acosg
q(t) = Asingp
0 =MD sin(at) - ¢) (9)

—lv()|B(

H(t, X, ¥, v,u') = v()A cos(a(t) = @) + [o(0)|B()u(t) + r(t)u'(t) + €o

Define
M(t,X,¥)= min H(t, X,V v,u)
"€ [-B,+B5]
€[-1,1]

where ¥, X, ' and v are considered as independent variables.
The Maximum Principle of Pontryagin ([8] Chapter I, Th. 1 and [3] Th.5.1i) asserts that if
(vs,ul) is an optimal control, then
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(a) there exists an absolutely continuous non-zero vector-function ¥(¢) (it is a
continuous solution to (9));

(b) for almost every fixed ¢ € [0,T] the function H(t, X, ¥, v,u’) of the variables
u' € [-B,+B]and v € [—1, 1] only attains its minimum at the point v’ = u,,v = v.:

M(t, X (1), ¥(t))= H(t, X(1),9(t),ul(t),va(t)) , t€]0,T];

(c) the function M (t) = M (¢, X(t),¥(t)) is absolutely continuous in [0,7] and
dM oH ,
D x w0y = 2 x ), w0, (0, o0
(d) at any time ¢ € [0,7] the relations ey > 0 and M (¢, X(¢),¥(t)) = 0 are
satisfied.

The function H can reach its minimum with respect to v only at the points v = 0,+1. If
v = 0 during a non-zero time interval then the car doesn’t move at all during this interval and
doesn’t change the value of the variable a, see system (6) (this has nothing to do with the
instantaneous stopping at a cusp when the sign of the angle between the mobile wheels and the
axis of the car is changed, see the beginning of the section). Hence, to minimise the time, there
must be no non-zero time intervals with » = 0. So we consider only the cases v = £1. Hence,
we have |v(t)] = 1 and ds = dt. Moreover, systems (5) and (6) are identical and we can rewrite
H as
H(t, X, 9, 0,0) = v(t)A cos(at) — ) + A(O)u(t) + r()a'() + eo (10)
To treat condition (b) with respect to u/() we consider two cases:
1) OH /ou' =0 for t € [t., te] C [0,T7];
2) 0H Jou' # 0 for t € (L., 1) C [0,T].

In case 1) we have from (10) r(¢) = 0, then from (9) we obtain that §(¢) = 0, hence
B(t) = 0 and a(t) = ¢(modr) for every ¢ € [t., %] (here the case A = 0 is impossible because
it contradicts (a)). Then a(t) = 0 and thus u(¢) = 0 and «'(¢) = 0 for all ¢ € [t., t.].

The corresponding solution is a line segment in the direction ¢.

In case 2) we have from (10) v’ = —Bsign(r(1)).

The corresponding path is a clothoid. Along a clothoid the curvature depends linearly on
the arc length and varies continuously from —oo to +oo. Thus u/(¢) = £B determines a single
clothoid (modulo the group of symmetries of the plane). The clothoid is defined by equation

a(t)=+Bt, te€ (—00,+00)

or, equivalently, by equations

{ o(t) = V2TB VP cos(r?)dr
(1) = +V27B VPP sin(r2)dr 1 € (=00, +ox)

A measurable control (v(¢),u(t)) and the associated trajectory X (¢) of (5) satisfying all
conditions of the Maximum Principle of Pontryagin will be called extremal control and extremal
trajectory.

A point X (¢5) of an extremal trajectory will be called a switching point if at ¢ = ¢, at least
one of the control functions v(¢), w/(¢) has a discontinuity; the time ¢ will be called a switching
time.

The preceding reasonings lead to:
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Lemma 1 If an extremal path of (1) is regular (i.e. the control functions have finitely many
points of discontinuity), then it is the closure of a union of open arcs of clothoids, corresponding
to u'(t) = £ B on an open interval of [0,T], and line segments in one and the same direction ¢,
corresponding to u'(t) = 0 on an open interval of [0,T].

It is not evident how to compute the optimal path explicitly. Moreover, it is not clear whether
the optimal path is regular or not. That is why in what follows we concentrate on the explicit
construction of a ”suboptimal” trajectory. Lemma 1 gives the idea to construct it from arcs of
clothoids and a line segment.

In the present paper we consider the case when the distance between the initial and the final
point is much greater than the initial and final curvature (u°, u!) and B (see the exact definition
in §4).

The suboptimal path which we construct is piecewise clothoid or linear, its curvature and
tangent angle are continuous and it has a finite number of switching points including cusps, see
§4.

Further we show that there exists a constant C' > 0 depending only on B such that the
optimal path is no more than C shorter than the suboptimal one (see §5).

To this end we prove some geometric properties of the clothoid in §3, and we consider in §5
a class A of piecewise clothoid or linear paths to the closure of which the optimal path belongs
(Lemma 7, proved in §6 (Appendix A)).

3 Geometric properties of the clothoid.

Consider a clothoid

{ #(t) = cos(B12/2)  z(0)=0
y(t) = £sin(Bt2/2) y(0)=0

Call B ”the parameter of the clothoid”. For simplicity we set B = 2 further in the text. So
we consider the clothoid
i(t) = cost*  z(0)=0
{ g(t) = £sint? y(0)=10

Here 2t is the curvature and at the same time ¢ is the natural parameter, i.e. the length of
the clothoid from the inflexion point.

Consider a half clothoid, i.e. ¢ > 0. Fix a direction a,(mod7 , not mod27) in R? and let
Py, P,,...denote the consecutive points on the clothoid with a tangent line at them of the chosen
direction (with t; < ¢5 < ...). Set P; = (24, %), z; = z(t;), yi = y(t;) (Figure 2); on Figure 2
we show a halh-clothoid corresponding to sign ”+” before sin ¢? in its equations.

Lemma 2 PﬁQ is the longest among the arcs ]52-732-4.1. Its length depends continuously and
monotonously on the choice of the direction a,.. We have

Pyl = O(1/Vi)

and

| |15273i+1| - |P;1\Pi| | = 0(1/(“/;))
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YA
Py
Py
Ps o
/7
7
0 r
Figure 2

Proof.

o Vaxtim
|PiPiyq| = / \/cos2 12 4 sin? 2dt = Vo, + it — yJa. + (i—1)r=

Voast+(i=1)7

Ly 1
Vo Fir Vo + (- D Vin JI¥ afin 4+ /1F (. — 7)/iT

T

= 0(1/V4)

= — v T
| [PiPipa] = [Pica i |

1 1

- \/Oé*—l—iﬂ'—l—\/a‘*—l—(i—l)ﬂ'_ Voot (i—Dr+ Voo + (1= 2)r

B \/E* ‘\/l—l—a*/iﬂ—l— I+ (o —mjit 1+ (ax —m) it + /1 + (ax — 27 im|

_ VT, 1 1
Vi L4 e+ 0(5) + 1+ 5570 4 0(F) 1+ 557 +0(m) + 14 %5727 + 0(3)
_ VT, 1 _ 1 _
Vi 124 8T 1 0(1/2) 24 22281 4 0(1/42)
VT 1 1
= - * 204—T ) - 2004 —371 ) =
/i |14 2 0(1/) 14 245222 4+ 0(1/i7)
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N3 20, — T 200, — 37 9
- 1- e B LI, TE § I
Wi * 44 t 44 +0(1/7)

VA
-

The first two statements of the lemma follow directly from the first chain of equalities.

(=1/2i+ 0(1/®) = 0(1/iVi)

Lemma 3 The sum

&0 —_—
§(an) = 3 [proje, PiPit |
=1
is finite and there exists a constant C > 0 such that Slax) < C for every a,. Here |proj,, PiPiy1 |
denotes the absolute value of the projection of the vector P; P,y on a line parallel to the chosen

direction o.

Proof.

(& cos o, + ysin a, )dt

Vastir
/ = Ii(a)

Voast(i=1)m

For convenience, we consider further a, to be a usual angle, a, > 0. Hence,

[proj, PiPiy1| = ‘

Vot ax+im _
Ii(a,) = ‘/ cos (1* — a,)dt| = / Wdr =
ax+(i—1)m axt(i—1)7 T

™ cos(r'+(i—Dm)
0 2V +a.+ (i— D)7

™ cos 7’ dr’
- /0 9/ 1 (i - D1 VIt (a. t(i-Dn)

7T cos T’ !

e v (e e e A e )

where
1 w
= — 14 —.
f(w) e 13
We have
d 1 1
[(w) _ +S>0  ifw>o0.

dw ~ a(JTtwp ' 2

Hence, f(w) is an increasing function of the variable w, i.e. it takes its maximal value if
" =1 and a. = 0 (because 7’ € [0, 7], . > 0). Thus

1 1 1
1)< e~ a0 (7)
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and
™ ! /d !
Ii(on) < cosT'd rleosTdr! N
0 a,+ (1 — 1) + (i —D7m)ac+ (i — D)r
T cos 1’ < 7" )dT/ <
0 2Va,+(i—1)r (i— )7
1 i 1 1
o o (3)-o(2)
TP R v sy ey s bl ) S RV ivi

The series .52, 1/(iV/4) is convergent. The lemma is proved.

Lemma 4 [proj,1 PiPiy | = O(1/+/i) and it is a monotonous function of . if a, is unders-
tood as a usual angle € [0,400). Also

| [proj,s Pig1Piyy | = [proj,e PiPigy | | = O(1/(ivi))

Both estimations are uniform for a, € [0,+00). Here proj, 1 ];iPi-l—l denotes the projection
of P;P;1 on a line perpendicular to the chosen direction o.

Proof.
Similarly to the proof of Lemma 3 we obtain the formula

axtimtm/2 _
/ cos(T a*)dr B dr| =
ax+(i—1)r+7/2 2\/F

D1 axtm/2 ! _ .
Iproj,s PiPiy1 | = / cos(T! — ay, + i)
o

w—T/2 2V

1
B AVAY:S

axtm/2 -
! o 2 !
/ cos(7" — ) <1 i + O(1/i )) dr

ax—1/2

a*+ﬂ-/2 ’ T/ O 1 -2 d !
/a cos(7' — o) <E+ (1/¢ )) T

w—7/2

:ﬁ(l‘ )20(1/\/2)

Then we obtain the second assertion of the lemma:

—_— —_
| [Proj,s Pig1Pigy | —[projar PiPia || =

e t7/2 cos(1! — ) 'l
=1 - 0(1/4* )d !
/a*_m SN L ( s s FOWE))dr

axtm/2 r_ !

ax—1/2 PAVAYS

O(1/ivi)| =

1 1
H\/iJrl 01/ - | 7= + 00/ :‘Wﬂ)n_m+

- ‘mmmwﬁ) ot/ (i”))‘ =0/

The lemma is proved.
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4 Construction of the suboptimal path.

We construct the suboptimal path in the case when dist((2°,4%), (2!, ¥')) > max(B, |u°|, |u])
(this means that there exist constants ¢ > 0, b > 0, ¢ > 0 such that dist((z°,¢"), (2!, 4")) >
aB + bmax(|u°], |u!]) + ¢). Remember that we set B = 2 for simplicity.

Without loss of generality we consider the case y° = y' = 0.

Assume that cosa® > 0 (if this is not so, then see below 4 D)). We are going to show that
one can construct a piecewise clothoid or linear path from (z°,0) to (z',0) with a finite number
of cusps and switching points where the variable a and the curvature u are continuous (the
initial and final values of the variable a and of the curvature u being respectively o, a! and
u’, ul). We construct the path from (2°,0) to (z!,0) from pieces of equal clothoids and a line

segment.

A) The tangent lines at all the cusps of the path will be vertical and the path will be the
graph of a continuous function on [2°, z1].

The curvature as a function of the arc length s (i.e. the natural parameter) will be piecewise
linear and continuous; the absolute value of the angular coeflicient is the same, i.e. every piece
of the piecewise linear function is of the kind u = +2s + 4g.

A

i

Figure 3

B) Construct the path from (2, 0) to some point (2, y') such that the curvature as a function
of the arc length s is of the form shown on Figure 3, i.e. linear on [0,&'] and [¢',n' + 2£'], zero
at the point (7' 4 2¢") (here & and 75’ are path lengths, 2’ = (7' + 2¢'), ¥’ = y(n' + 2¢')). We
impose the condition that all switching points in the interval (&', 7' + 2£’) are cusps (switching
points of v).

Let us remark at once that it will be impossible to "read off” the form of the path (which is
the part AW of the path shown on Figure 4 from Figure 3 without knowing the positions of the
cusps. The arcs Pﬁg, P/2733, ..., see Figure 4, are equal to the corresponding arcs of a clothoid
as shown on Figure 2.
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i

Figure 4

Denote the value of the variable a(t) at the point (z',y’) by o’ (the corresponding value of
the curvature is equal to zero).

The number 7’ is defined by «° (' = 0.5u°). Regard ¢’ as a parameter.

The curvature doesn’t change sign on [0, 7'+ 2£'] , suppose that it is positive (see Figure 3);
the variable o/ — a? is the integral of the curvature on [0, 7'+ 2£']:

0 n'+2¢’
o —a’ = / u(t)dt
0

Hence, increasing ¢ monotonously leads to increasing of this integral, i.e. of the absolute
value of the variable o’ — a®. That is why there exist d’ > 0 and d*, 0 < d* < d’ such that when
&' varies in [d*, d'] the value of the variable o’ at the point (z’,y") would assume continuously all
values from [—7/2,7/2] (mod27), hence, cosa’ > 0 (if u° is negative, then o/ — a°
as well and o varies continuously in [7/2, —7/2] (mod27)).

For d’ one can take the maximal length of an arc of half clothoid on which the tangent angle
makes a full turn (27). The existence of this maximal length is provided by Lemma 2.

Estimate the area where we can find the point (2/,y') if & € [d*, d].

is negative

Lemma 5 For & € [d*,d'] the point (2',y') remains within some disc D' of radius é'. For x°
and o fived the coordinates (z',y!) of its centre (which we assume to be the point (z',y') for
£ = 0) depend only on u°; &' doesn’t depend on any of the constants a°, u®
constant E' such that |y.| < E' for all values of u®,a®, z°.

When B is not fized then the radius ¢', the constant E' and the coordinates (z.,y.) of the
centre depend on B as well.

,z0. There exists a

Proof.

19, The absolute value of y’ is bounded (this follows from Lemma 3 with a. the direction
of the axis Oy).

The contribution of the interval [0, 7'+ 2¢] to the changing of ' is finite and can be estimated
by a constant depending only on Bj; this follows from Lemma 3 with a, being the direction of
the axis Oy (applied to each of the intervals [0,£'] and [/, "+ 2£]). That is why when £’ varies
from d* to d’ then the y-coordinate of the point (z’,y’) is bounded.

20, The contribution of the interval [0,2¢'] to the changing of 2’ can be estimated by a
constant depending only on B (because £ < d'). When ¢’ varies then the contribution of the
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interval [2¢', '+ 2¢] to the changing of 2’ varies as well, but it is bounded from below and above
by constants depending only on B. This follows from Lemma 4 and the detailed proof looks like
this:

YA
Py P
!
Q% P1
Py
O o /2 — ax
OI
T/2 — ax
OII
Py
P/l
1
Figure 5
The arcs Py Py, P, Ps, ..., see Figure 4, are equal to the corresponding arcs of a clothoid as

shown on Figure 2. Their projections on the axis Oz are monotonous functions of the tangent
angle at the point W (see Figure 4) where the curvature is 0, see Lemma 4. Really, W plays
the role of O on Figure 2, i.e. the tangent angle at W is equal to the difference between /2
and the tangent angle at P; on Figure 2 (see Figure 5). Denote by () the point of the path
corresponding to the point C' of Figure 3, i.e. the curvature at @ is equal to u°, and denote by
P, the point P; closest to @, see Figure 4. Denote by Py, PY, ... the points of a half-clothoid at
which the tangent lines are parallel to Oz (see Figure 2). Then the maximal length L,,,. of the
projection on Oz of the path QPs ... PiW can be estimated from above as follows: preserve the
lengths of projOZQ/JES and projOIP:ﬁ/ and replace the projections of ijj;-l-l j=1,...,s—1)
by their maximal possible values. These values are obtained (see Lemma 2) for PP, = OPp,
PyP3=POPY. ... P, P, =P’ ,P° . Hence

Lmaz < prOijOPIO + prOJOzPIOPQO +...+ prOjOm‘PsO—ZPsO—l + prOjOmQPS + prOjOzP w

The minimal length L., of projo,QFPs ... AW can be estimated {rom below if projoxéﬁs

and projo, AW are neglected and projy, P Pz, .. .,projOIP;l\PS are replaced by their minimal

values (see Lemma 2) that is by projo, PP Py, ..., projo, P2, PY. Hence
Lyin > projo . PP PY + ...+ projo, P2, PO
Hence

Lyaz — Limin < pr0jozOPY 4 projo,Q Ps + projo, PAW — projo, Ps—1 Ps < 3projg,O0 Py
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because projy,O0 P} is the maximal possible value for projOIPZ'/R\-_H, (i=1,2,...), projoggéjlsS
and projol?P:VV.

Construct in the same way the path from (z!,0) to some point (z”,y") (from the right to the
left). For this path we have a parameter {” and for this parameter we have the interval [d**, d"]
respectively. Similarly to the proof of Lemma 5 we can prove

Lemma 6 For £" € [d**,d"] the point (z",y") remains within some disc D" of radius 6". For
z' and o' fized the coordinates (z",y") of its centre (which we assume to be the point (z",y")
Jor £ = 0) depend only on u'; §" doesn’t depend on any of the constants a,u', x'. There exists
a constant E" such that |y"| < E" for all values of u', o', z'.

When B is not fized then the radius 6", the constant E" and the coordinates (z,y") of the
centre depend on B as well.

We remind the reader that the construction of the suboptimal path is performed in the case
when dist((z?,0), (21,0)) > max(B, |u°], |u']), see the beginning of the section; this condition
implies that D'N D" = @ and 2’ < 2".

C) Vary ¢ and £” so that the tangent lines at (z’,y’) and (z”,y"”) should be parallel. For
o =7/2, ¢ = —71/2 and for o/ = —7/2, &" = 7/2 the angles between the tangent vector
to the path at (2/,y’) and the vector ((z',y), (2", y")) have different signs. Really, we have
always 2/ < z”. Hence, for some values of £’ £"” which vary in the intervals [d*,d'], [d**,d"]
respectively, (remember that they don’t vary independently) this angle equals 0. This gives the
suboptimal path from (z°,0) to (z!,0) (Figure 4). One checks directly that it satisfies all the
initial requirements.

Remark 1. It is practically impossible to feel the presence of a switching point without
a cusp on the graph of the path (Figure 4), because the first and the second derivatives are
continuous there. On Figure 6 we show such a switching point between the clothoids C; and Cy
— the path M K L contains an arc M K of the clothoid C; and an arc KL of the clothoid Cs.

Cy

Figure 6
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Remark 2. In fact, a "suboptimal” path can belong to one of the four types of path, see
Figures 4, 7-9. It depends of the signs of u° and u!. On these figures we denote by an arrow the
direction of motion independently on whether this is a motion on front or on rear gear.

YA
wd >0
O z0 : | zl .
Figure 7
Yy
ud <0 ‘ ul <0
0 Lo \/ ‘ P! >
Figure 8

D) If cosa® < 0, then we construct a similar curve with an additional cusp, arbitrarily close
to (2%,0), see Figure 10, and we replace the point (2% 0) by a point (xol,yol) arbitrarily close
to it (this is sufficient for the purpose of this paper). At the new point we have cos a® > 0. The
tangent angle and the curvature at (2%, %) will be arbitrarily close to the ones at (z°,0).

If a® = 7/2 (mod27), v > 0 or a® = —7/2 (mod27), u® < 0 we can also construct a
similar curve with an additional cusp, as on Figure 10.

The cases @’ = 7/2 (mod27), u® < 0 and a® = —7/2 (mod27), u® > 0 are treated in the
same way as the case cosa® > 0.

E) Remark 3. The number of cusps of the suboptimal path is ~ |u®|? + |u!|? (here a ~ b
means that there exist constants ¢y, ¢z, 0 < ¢1 < ¢3 such that ¢1b < a < ¢2b).

Really, the length of the part of the suboptimal path from the point corresponding to the
point C (see Figure 3) to the point (z',y’) is equal to |u°]/2. Denote the number of cusps between



16 Viadimir Kostov FElena Degtiariova-Kostova

8Y

Figure 9
o0 (9,0) =
A "‘
N
Figure 10

these points by ¢’. The length of the arc A/#\Au-l—l is ~ 1/,/i (see Lemma 2). The sum of the

lengths of all arcs 14/;4“4_1 (p=1,...,¢) is equal to |u°|/2 and is ~ EZ,:1 1/\/iE ~ \/q'. Hence,
q' ~ |u®]?/4. Between the points (2°,0) and the point corresponding to the point C' there is no
more than one cusp. Hence, the number of cusps of the part of the suboptimal path between
the points (2°,0) and (2, ') is ~ |u®]?.

Analogously the number of cusps belonging to the part of the path between the points (z*, 0)
and (z”,y") is ~ |ul]?.

Hence, the number of cusps of the suboptimal path is ~ |u®|* + |u!|%.

F) Remark 4. There exists a constant ¥ > 0 depending only on B such that the length
of the suboptimal path ¥supep: is < 2! — 2% + F + (Ju°] + [u!])/2 < (1 + ¢)|z' — 29|, where
e € (0,7/2—1) is fixed. Its choice defines the choice of the constants a, b, ¢ which define the
condition dist((z?,0),(z',0)) > max(B, |u°],|u']), see the beginning of the section. It becomes
clear from the proof of Proposition 12 why ¢ € (0,7/2 — 1).

Really, the length of the suboptimal path from the initial point (2°,0) to the point corres-
ponding to the point C', see Figure 3, is estimated by some constant G' depending only on B.
Its length from the point corresponding to the point C' to the point (z',y’) is equal to |u®|/2.
Analogously for the final point we have the same constant G and |u!|/2.

For the length [ of the segment ((z',y'), (2",y")) we have

ZS |$//_$/|+|y//_y/| S |$1—$0|+F/

where the constant F’ (|y” — y'| < F') depends only on B.
Hence, for the length of the suboptimal path |¢supop¢| We have the following inequality:

|[Wsubopt| < ot = a®] + F'+2G + ([u°] + |u'])/2 < 1.1[a" — 2|
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because dist((z?,0), (z!,0)) > (max(B, |u’|, |ul]).
Denote by %,,; the optimal path. For its length we have the evident inequality:

|Yopt] 2 ! — 2

Hence,

|Qr/)subopt| < 1-1|’(/)opt|

In §5 we prove a better estimation:

|¢subopt| S |¢opt| + C

for some constant C' > 0 depending only on B.

G) Remark 5. Call Problem 0 (Problem 1) the problem of planar motion with bounded
derivative of the curvature (with bounded both curvature and its derivative). Evidently, the
optimal paths for Problem 1 are not shorter than the ones for Problem 0. One can construct
suboptimal paths for Problem 1 in a similar way as for Problem 0, the graph of the curvature
as a function of the path length being piecewise linear. The graph might contain one or two
horizontal segments with non-zero curvature if the curvature reaches its upper (lower) bound.
These segments correspond to arcs of circles which are parts of the suboptimal path. The proof
of the suboptimality can be carried out in the same way.

5 The path constructed in §4 is suboptimal.

Denote by A the class of paths from (z°,0) to (21, () (¢ is arbitrary, the initial and final values
of the variable @ and of the curvature u are respectively a®, u® or a!,u!) which are piecewise
clothoid or linear with at most a finite number of cusps and switching points, with continuous
curvature and with tangent angle continuous everywhere where the curvature is not zero and
there is no cusp.

Denote by B the class of paths of the class A which have at most one interval or point of
zero curvature. Clearly, B C A and the path constructed in §4 belongs to the class B.

Denote by C the class of paths whose coordinates ,y, the variable a and the curvature u
satisfy system (5) (for some measurable control functions v(¢),%/(t)) and satisfy the initial and
final conditions z(0) = 2°, y(0) = 0, a(0) = o, uw(0) = «°, 2(T) = 2*, y(T) = ¢ (( € R is
arbitrary), a(T) = o', u(T) = u'. Obviously, the optimal path for problem (5), (2), (3) belongs
to the class C.

Lemma 7 Every path from the class C belongs to the closure in the C! norm of the class A.
Hence, the optimal path for problem (5), (2), (3) belongs to the closure of A.

This lemma will be proved in §6 (Appendix A).

Lemma 8 Fvery path of the class A\ B is longer than some path of the class B which contains
a point with zero curvature.

Proof.
Consider any path of the class A\ B. Let (z*,%') and (2, y7) be the initial and final point with
zero curvature of this path. Hence, there exists a point (2%, y*) between them where the curvature
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is not zero. Change the path as follows: delete its part from (z*,y') to (27, y/) preserving the
rest, shift vertically (i.e. in the direction of Oy) the part of the path from (zf,y7) to (2',¢) so
that (2, y/) — (27,9%) (and, hence, (2',({) — (2}, { + ' — y/)), connect (2*,y*) with (z7,y*)
by a horizontal line segment.

The new path is shorter than the initial one (due to the absence of points like (z%,y®)) and
belongs to the class B. The lemma is proved.

Plan of the proof of suboptimality of the path constructed in §4.

We compare the lengths of the optimal path %, and of the one constructed in §4 (the
suboptimal one, denote it by %supept) Wwith the help of the path 4 constructed in A) (see
below). We show (see Corollary 11) that any path ¢ € A containing a point with zero curvature
is either longer than ¥4 or

[] > [¢a] = D1

where the constant Dy > 0 depends only on the parameter B of the clothoid. If a path ¥ € A
contains no point with zero curvature, then (Proposition 12) it is either much longer than the
optimal one or it can be replaced by a path of the class B containing such a point and by no
more than D; > 0 times longer than the path v, D/1 depends only on B.

The optimal curve belongs to the closure of the class A (see Lemma 7). Hence

|opt] > 04| — Dy — Dy.

We have from Corollary 13 that

|'¢A| > |¢subopt| - D2

where Dy > 0 depends only on B. Hence

|¢opt| Z |¢subopt| - Dl - D; - D2

and

|¢subopt| S |Qr/)opt| + Dl + D; + D2

where the constant Dy + D'1 + D, depends only on B.
A) Construct a path from the class B as follows: there exist points (z2,y?), (23,¢°), 2% <

2?2 < 23 < 2!, such that the curvature as a function of the arc length is linear on I; =

((2°,0),(22%,9?)) and I3 = ((23,9°),(z1,()), zero on Iy = ((22,9?),(z3,9®)). The line segment
I, is parallel to the axis Oz, see Figure 11. The curve is the graph of a function of z, i.e. there
is a vertical tangent line at and only at a cusp and/or (2°,0) and/or (21, ().

Denote by Ay, Ay, ..., As, B1, By, ..., B, the cusp points of this curve. Fix their positions on
the graph of the curvature as a function of the path length, see Figure 12; note the order of the
points A;, B;.

B) Consider any path of the class B (not necessarily the graph of a function on [2°, 2!])
which contains a point with zero curvature. Then the graph of its curvature as a function of the
path length is obtained from the one shown on Figure 12 as follows:

1) stretch the interval of zero curvature (this is not always necessary);

2) cut the segments [; and I3 into several pieces and at every cut insert the graph of a
continuous piecewise linear function (with equal values at the ends of the interval) as shown on
Figure 13
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v A

Figure 11

wY

Figure 12

wY

Figure 13
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We remind that it is impossible to construct the path whose curvature is shown on Figure 13
without knowing the positions of the cusps on it (if there are such).

C) Let Cq,...,C1, Dy, ..., Dy be the points of the path from B) (it belongs to the class B)
where it has a vertical tangent line (the points C; lie on I, the points D; lie on I3). We admit

that C/'ZE'Z»_H can be composed from several arcs as well, i.e. that it contains cusps.

Proposition 9 Every piece [C;,Cit1) (respectively [D;, D;y1)) conlains al most one of the
points A, (respectively B, ). For this new path the point A, is, in general, an ordinary point (the
tangent line at it isn’t necessarily vertical).

Proof.

Really, between A, and A,4; on the path constructed in A) the tangent angle makes a half
turn (i.e. 7); hence, on the one constructed in B) it makes not less than a half turn, because
while passing from the old graph of the curvature (Figure 12) to the new one (Figure 13) a
piece VK (which contributes to the increasing of the angle) might have been inserted. As the
difference between the tangent angles at C; and C;4q is 7, this proves the proposition.

The curvature at A, is equal to 2,/um + ¢* with |a*| < 7. As the curvature of a path of the
class B changes as a Lipschitz function, this allows us to compare the length of C/'Z'\CH_l with the
length of the arc A;;l:_H of the path constructed in A). We consider only the points A, and C;
(for B, and D; the reasoning is the same).

Lemma 10 Consider an arc d'\Ci-H of the path constructed in B) which contains the point
A, of the path constructed in A). Denote the length of the arc A#A#_H of the path constructed

in A) by v, and denote the projections of C/'Z'\C'Z-_H and A/“\Au-H on Oz by projog:C/'Z-\CZ-_I_l and
projOIA/u\AM_H. Then there exist pg € N and C > 0 such that for p > pg

[ |CiCigal = 7ul < Cu/ (11)
| [proio.CiCipal = Projo. Aud, | | < C/pyi (12)

The arc CZE_H, in general, isn’t a graph of a function. If several points project onto one and
the same point of Oz then the projection length is counted with the multiplicity.

The lemma will be proved in §7 (Appendix B).

Corollary 11 Let a path 1 of the class B contain a point with zero curvature. Then either 1 is
longer than the path constructed in A) (denote it by 1 4) or there exists a constant Dy > 0 such
that

(6] > [al - Dy. (13)

The constant Dy depends only on the parameter of the clothoid. Hence, inequality (13) is
true for any path 1 of the class A as well , see Lemma 8, and the optimal path .y isn’t more
than Dy shorter than 4 (because it belongs to the closure of the class A, see Lemma 7).

Proof.

The path ¢ is obtained from 4 as shown in B), see Figure 13. To obtain (from 74 ) a shorter
path one must decrease the lengths of the part Iy and I3 of the path ¥4 because its line segment
I3 is parallel to Oz and has the minimal possible length. The changes performed to obtain 1
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from 14 change the length of the arc containing A, (respectively B,) by no more than C/u,/u
(see Lemma 10). Its projection on Oz can increase by no more than C'/u,/i (see Lemma 10),
i.e. it can decrease the one of the line segment parallel to Oz by no more than C'/u,/i. The
changes performed on Figure 13 can add new arcs @i-}—l (respectively D/ﬁ)j_l_l), not containing
points A, (recpectively B, ), we ignore their effect because they can only increase the length of
the path . Hence, we obtain

[hal — ] <2C Y 1/(py/R) = constant = Dy

p=1

The corollary is proved.

Proposition 12 A path ¢ of the class A containing no point with zero curvature (suppose that
the curvature is positive ) is either longer than (1 + ¢)|zt — 2°|, where e € (0,7/2 — 1) is fizved,
(i.e.much longer than the optimal one, see Remark 4 in §4) or can be replaced by a path of the
class B containing a point with zero curvature which is no more than a constant (depending only
on B) longer than the path 1.

Proof.
Let u* be the lowest curvature of the path . There exists u** > 0 such that if «* > u**
then
[v] > (14 ¢)]a* — 29, e€(0,7/2-1) is fixed (14)

Really, we have

|pr0jol,A/M\A +1 | VBT \/WT‘HT/Q
m — - = lim / sin ¢ dt dt| =
i T A e \/T 7

= lim

BT gin T
dT
n

s

‘\/;ur + /2 um - 7r/2‘

I 7Tsm T—I—;L”l’ ‘ T
= lim =
p—co o 2T+ pm VET(V/14 7 /(2ur) 4+ /1 — n/(2un))
I 1 4 sin T T 2/r <1
= um = T
p=oo \/um | Jo 2\/1—|—T/,u7r ,/,u7r(\/1—|—1/2,u—|— V1—1/2u)

Hence, for the large values of u (i.e. for large values of the curvature) we have
9> Cla! —2°

where C' can be any number between 1 and 7 /2. Hence, such a curve is much longer than the
optimal one (see Remark 4 in §4).

Consider u* < u**. Consider on the graph of the curvature as a function of the path length
the initial and final point ((z;,v:), (z,yf) 2° < z; < 25 < 2') where the curvature is equal
to uw** (before the initial and after the final point it is > w**, between them it can be arbitrary
positive). On this graph (see Figure 14) the point N corresponds to the point (z;,y;), the point
M corresponds to the point (zf,ys). Change the graph as follows: from (2°,0) to (z;,y;) and
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C/:V

Figure 14

from (zf,ys) to (z',0) the graph isn’t changed, from (z;,y;) the curvature descends linearly to
0, then keeps equal to 0, then ascends linearly to «™* at (zy,ys); one might have to stretch or
contract the interval of zero curvature. The interval of zero curvature (between the points L and
K on the graph) corresponds to a horizontal line segment of the path as in A); we consider the
path thus changed to be the graph of a function of z between (z;,y;) and (z5,yy). By doing so
we increase the length of the path by no more than a constant depending on u**. Really, the
horizontal line segment (corresponding to the interval of zero curvature) does not increase at
all the length of the path. The length of the part of the path between the points corresponding
to the points N and L on the graph u as a function of s is equal to u**/2; analogously for the
points K and M. The descend from »** to 0 and the ascend from u** can increase the length
by no more than the sum of the lengths of the corresponding parts of the path (i.e. by u**).

If z; and s are so close each to the other that it is impossible for the curvature to descend
linearly to 0 and then to ascend linearly to w** again, then the path is again much longer (i.e.
a constant (e.g. 1 + ¢) times longer) than the optimal one. The proposition is proved.

Corollary 13 Let ¥sypopt denote the path constructed in §4 and let 14 denote the one cons-
tructed in A). There exists a constant Dy > 0 such that

|¢A| > |1¢/)subopt| - D2

The constant Dy depends only on the parameter of the clothoid (i.e. on B).

Proof.

Decompose the path ¢gypept into three parts corresponding to the intervals Iy, I3, I3 (similarly
to the decomposition of the path 14 into three parts corresponding to Iy, I3, I3), where I; is the
interval of zero curvature. Then the parts corresponding to I, I3 of ©gypops are no more than a
constant longer than the ones of 14, this is proved in the same way as the similar statement in
the proof of Corollary 11. The only difference in the estimation of the part corresponding to I,
is the fact that the points (2,y') and (2”,y"”) might have different y—coordinates, i.e. the line
segment of ©syupop 1 noOt necessarily parallel to Oz. But |y'|, |y”|, |2'[, |2”| are bounded from
below and above by constants depending only on the parameter of the clothoid, see Lemma 3,
Lemma 5 and Lemma 6. The length of the line segment is not greater than |z’ — z”| + |y' — ¥"|.
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Hence, the fact that ¥’ # y” adds no more than a constant depending only on B to the length
of ¥supopt- The corollary is proved.

Proposition 14 The path constructed in §4 is no more than a constant longer than the optimal
one. This constant depends only on the parameter of the clothoid.

Proof.

The curve constructed in §4 is no more than a constant longer than the curve constructed
in A), see Corollary 13. The infinum of the lengths of the paths of the class A is no more
than a constant smaller than the length of the curve constructed in A), see Corollary 11 and
Proposition 12. The optimal curve belongs to the closure of the class A (see Lemma 7). Hence,
the one constructed in §4 is no more than a constant longer than the optimal curve. All constants
mentioned above depend only on the parameter of the clothoid. The proposition is proved.

6 Appendix A (Proof of Lemma 7)

19, Fix some path P of the class C corresponding to some fixed value of (. Consider the graph
of the curvature u of the path P as a function f(s) of the path length s. Further we write s(z,y)
or s(A) for the length of the path from (2 0) to (z,y) (we set s(z°,0) = 0) and, respectively,
from (2%,0) to the point which corresponds to the point A from the graph of the curvature.
Then f(s) € Lip(2). Set b = max[g s(z1,¢); f(s). Suppose that b > 0 (if b < 0, then we consider
mingg 41, f(8) = max[g 4(z1,¢))(—f(s)) instead of b; the case f = 0is trivial).

20, Fix A > 0. We approximate a path from the class C by paths from the class A with
precision A. This means that we define a diffeomorphism of the axis Os : s — 7(s), dr/ds > 1,
and a new measurable control (v, u) such that

1)if f(s) and g(s) are the graphs of the curvatures of the old and the new path (f
is defined on [0, s(z!, ()], g is defined on [0, 5], s’ > s(z',()), then |f(s) — g(s)| < A
on [0, s(z", {)];

2) the distance between every point (z,y) of the old path and its corresponding
point (Z,y) of the new one (the correspondence is given by 7) is < A;

3) the tangent angles to the paths at (z,y) and (Z, §) are the same (for all points

(z,9))-

30, We say that the point B (sp, f(sB)) of the graph of the curvature is good if f(sg) > 0
and if the straight lines passing through any couple of points A, C sufficiently close to B (A is to
the left, C' is to the right of B) with angular coefficients (-2) and 2 respectively (see Figure 15)
intersect at a point D (sp,up) which is strictly below the graph of the curvature and up > 0.

Set ST = {s € [0,s(z%,()]|f(s) > 0}. According to 1°, we assume that ST # . Then either
ST possesses a good point or the set ST possesses the following characteristics:

1) St has no point of local (not necessarily strict) maximum (because a point of local
maximum in ST is a good point). Hence, there is no interval (s, s.«x) C ST such that u(s.) =0
and u(s.«) = 0. Hence, the set ST consists of at most two intervals such that the initial point of
the first interval is the point s(z°,0) = 0 and the final point of the second interval is the point
s(z',¢) (remember that we consider the interval [0, s(z?, ()]).

2) Denote by P an arbitrary point of the graph f(s) of the set ST. Then in the e-neighbourhood
of the point P the function f(s) can belong to one of the following types:
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Y

Figure 15

2(s —sp)+ u(sp) s € [sp,sp—¢)

a) f(s) = { ~2(s —sp)+u(sp) s€(sp—c¢,sp]

b) f(s) = —2(s —sp)+ u(sp), s€(sp—¢c,sp+e)
c) f(s) =2(s—sp)tu(sp), s€(sp—c,sp+e)

We leave the proof of 2) to the reader; use the fact that if the point B isn’t good, then B
lies on the union of the two segments AD U DC for all choices of A and C' sufficiently close to
B.

3) In fact, f(s) cannot belong to the type a) because in this case there exists a point of local
maximum in the set ST to the left or to the right of P. Hence, in the neighbourhood of P the
function f(s) can belong only to the types b) or c).

49, Consider the case when St possesses a good point. In the case when there is no good
point in St the changing of the graph f(s) of the curvature is described in 9°.

Figure 16

Let B € ST be a good point. Replace the part ABC of the graph f of the curvature by
the piecewise-linear curve ADEF (see Figure 16) so that the points C' and F' have the same
u-coordinate, the lowest u-coordinate on DF is the same as the one of D and F and

/:(C) f(s)ds = /S(F) g(s)ds

(4) s(4)
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where g denotes the new graph of the curvature. Hence, the tangent angles at the points corres-
ponding to C' and to # (from the old and from the new path) are the same. To the right of ¥
the graph of the curvature of the new path is obtained from the one of the old path (considered
to the right of C') by a translation. The control function v is unchanged to the left of A. To the
right of F' it is the same as the old one to the right of C'. Hence, the new path (considered to
the right of F’) is obtained from the old one (considered to the right of C') by a translation. On
ADEF the control function v is defined in 5° — 6°.

50. Suppose that the tangent angle to any point of the path corresponding to a part ABC
is not vertical. Then we define v to be constant on [s(A), s(#')] so that the z-coordinate of the
point of the path should increase. Prove that then the z-coordinate of the endpoint of the new
path should be > z! (this is equivalent, see 4%, to say that the point corresponding to F has a
greater z-coordinate than the one corresponding to C').

Let a1, ay be the tangent angles to the old and the new path and let the z-coordinate of
the old path be increasing with s. Compare the coordinates zp and z¢. We find them from the
following formulas:

s(F)
Tp = / cos ay(s)ds s(F) > s(C)
s(A)

Here the functions cos a1(s) and cos ay(s) are some continuous functions of s and ay(s) > az(s)
on (s(A),s(C)] (a1(s(A)) = az(s(A))). There exists an absolutely continuous and increasing
function 7* : [s(A), s(C)] — R such that for s € [s(A), s(C')] we have

cosag(T™(s)) = cosaq(s), T (s(A))=s(A), T(s(C))=s(F)

Really, @; and a3 are monotonously increasing with s. Hence 7%(s) > s, d7*/ds > 1 (this follows
from aq(s) > ay(s)). Compare zp with z¢.

s(C) s(C)
ro = / cosay(s)ds = / cos ag(T*(s))ds =
s(A)

_/S(F) cos a(T*)dr* - /S(F)
A dr*/ds s

The function 7* will define the change of coordinate 7 on [s(A),s(C)] (see 2°).

60. If on [s(A), s(C)] the tangent angle to the old path becomes equal to /2 (this can
happen at isolated points only, due to the constant sign of the curvature), then we perform the
same change of the graph of the curvature but the new control function » will change from 1
to —1 or from —1 to 1 at points corresponding to points of the path with vertical tangent lines.
Hence, the new path (on [s(A),s(#')]) will have a finite number of cusps corresponding to the
discontinuities of v. Denote thus obtained path by W.

79, Denote |s(C') — s(A)| by § and f(B) by d; d > 0. We choose C and A so close to B,
that u(D) > d/2, see Figure 16. Fix some small number §’ and divide the segments [0, s(A)]
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and [s(C'), s(z, ()] into intervals of length < é§’. We change the graph of the curvature on each
such interval, denote the new graph by h(s). This change is shown on Figure 17 (consider, for
example, the part of the graph f(s) between two points @), R): we replace the part QR of the
graph f(s) by the piecewise-linear graph (with angular coefficients +2) QQ'R'R chosen such
that

(i.e. the values of the variable o at the point R for the functions f(s) and h(s) are equal). Such
a choice of )', R’ is possible because fQQ,,Ru < fQRu <gr"R u. After such a change we don’t
change the curvature and the value of the variable a at (2!, (). Denote this path by Vs.

For ¢ fixed and ¢’ — 0 we obtain an approximation of the path W by paths Vs belonging to
the class A with the same z°, 4%, a°, 4!, a'. The z and y coordinates will be uniformly approxi-
mated, too. Thus for ¢’ sufficiently small the # coordinate of the final point of the path Vg will
be > zl.

To obtain the approximation claimed by the lemma set § — 0, 6’ — 0, §' < §, approximate
the control functions (v, u') as shown below and add two cusps (see 8°) in order the z-coordinate
of the final point of the thus obtained path from the class A to be equal to z?.

wA

wY

Figure 17

We approximate v by a piecewise-constant function (i.e. assuming only the values +1) at the
same time as u’ and this will give an approximation of (v, ') and of the corresponding paths by
paths with a finite numbers of cusps and with a piecewise linear and continuous curvature (the
curvature’s derivative in absolute value being bounded by 2). We don’t change v on the interval
[s(A), s(F)] after 6°.

80, Then we add two cusps as shown on Figure 18 (we replace the piece KNL first by
KNMP and then by KNMYS, N and M being cusp points, the arcs NL and PN, M P and

M S being symmetric to one another with respect to N and M) and obtain an approximation

of the class A.
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YA

sy

Figure 18

90 If the graph of f(s) where f > 01is like the one shown on Figure 12 (or like its left or right
part), then we try to perform the transformations from 1° — 7° with the set where f < 0. If we
fail there as well, then the graph of f consists of three linear parts, the one in the middle being
f = 0. Then we add a new piece to the graph, as shown on Figure 19, which doesn’t change
fos(zl’c) f(s)ds; we change the control function v on the inserted piece so that the z-coordinate
of a point of the path should be increasing there (hence, v will be piecewise linear there). Thus,
the endpoint of the changed path will have a greater z-coordinate than the endpoint of the
initial one. After this we approximate (u’,v) by piecewise constant functions as in 7° and add
two cusps like in 8° to obtain an approximation of the class A. The lemma is proved.

u A u A

Figure 19

7 Appendix B (Proof of Lemma 10)

19, Consider an arc of a clothoid ¢. Let the curvatures at the initial and final point of this arc
be equal to 24/a and 2v/a + b and the tangent angles a — to a+ ¢ and @+ b+ ¢. Then the length
of ¢ is equal to
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Vatb
/ \/cos2 (124 ¢)+sin? (124 ¢)dt = Va+b—+a (15)
Ja

The length of the projection of ¢ on Oz is equal to

Va+b
/ dr

a+b
cos(t2—|-c)dt:/ cos(T + ¢)
Va

a 2T

20, Tt follows from 1° that |C/‘Z\C'Z_|_1| is a finite sum of the kind

q
E(\/,mr +a* + b}, — \/,tur + a* + b))
k=1
where (pum + a* + b}, + ¢) and (pum + ¢* + b} 4 ¢) are the tangent angles at the ends of the arcs
of a half-clothoid belonging to @¢+1;

q
Yol = =7, B <7, B <7 (16)
k=1

We assume that g > 3 (i.e. we set yg = 3), that is why the expressions under the square
roots will be positive.
3%, We have from 1° that

— T

Yo =444, | = T t=
= AuA, Ll = Ver+ e+ 7 —/ur +a VIT ¥ @t 7T+t

It follows from 2° that

— a g b, — bl

(7. — * ! * " —
il = Y (\pm + a* + b, — Jum + = + ) =) — —
k=1 k:1\//ur+a —I-bk+\/,u7r+a + by

Hence, using (16) we obtain

— T
|CiCiga] <

T
- <« -5
2V/ur +a*+ 71 T 2/ur+a*—m

Thus, we can estimate

M =|[CiCip| = [A4A, | | < max(ay,a_)

where

T ™

2\/u7r—|—a*:t7r_\/uﬂ—l—a*—l—ﬂ—}—\/mr—l—a*

0s |

T 1 1
CVER g iy frpedey e

Hence, M = O(1/p./p) and formula (11) is proved.

4% The projection on Oz of the arc @i-l—l 5 A, (the tangent angle and the curvature at
A, being fixed) is minimal if the graph of the curvature as a function of the arc length is like the

VT

O(1/p)

3
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Sm Tm

wy

Figure 20

Sm Ty

“y

Figure 21
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one on Figure 20 and maximal when it is like the one on Figure 21. The points S, Sam, (Trn, Tnr)
correspond to the curvature at C; (at Ciyq1). Really, the curvature at A, is known. To obtain
the shortest (longest) projection, one must integrate the highest (lowest) possible curvature.
59, We have
a=r/2

|projo,CiCit1| = / cos a(t)dt
a=-—m/2
Let the indices M, m mean "maximal” and ”minimal” in the sense of Figures 20-21. Note
that at A, we have aps = oy, and dp = d,y,. Hence, the functions cos apr(?) and cos a,,(t) have
a contact of second order at A4,,.
The lengths of the intervals of integration (for M and m) are O(1/,/i), see Lemma 2, and,
hence, if I is the intersection of the intervals of integration (for M and m), we have

/I(cos ap(t) — cosay(t))dt = O(1/pu/p)

because [I| = O(1//p) and sup; | cos aps(t) — cos an,(1)] = O(1/p).
69. Let é,,,(A,) = ap(A,) = Vur + @ and apr(A,) = a,,(A,) = pr+a*+e. Let o, (Sy) =
pt 4+ a* 4+ ¢+ b and ay(Sy) = um + a* + ¢ — b. Thus, using formula (15) from 19 we obtain

—

SmA, =\ pr +a* +b— /ur + a*

and

S]\ﬂ“:\/,uﬂ—l—a*—\/mr—}—a*—b
Hence
o' = ||SmAul = [SmAull = O(1/ /1)
(see the proof of Lemma 2). Similarly we obtain that
0" = [T A, = [T Aull = O(1/py/i)

Here o/ and o' are the differences of the lengths of the corresponding intervals of integration
because { is the natural parameter, i.e. the arc length.

Hence the difference of the lengths of the intervals of integration is O(1/u\/1t).

79. Denote

Xm = |prOijSmA,uTm|7 XM = |prOijSMAuTM|

We have the obvious inequalities:

|projo.Sm ATy
We proved in 5% — 6° that
Xm — xml = O(1/uy/1t) (18)

Denote
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YA

Apgr

sy

Figure 22

Sm

St

Tm

Ty

Figure 23
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X = |projosApAutal, X" = [projosAu—14,]

We choose as a direction a, the direction of the axis Oy. Then for the points A,_1,A4,, 4,41
(see Figure 22) we can use Lemma 4 and obtain

X' = X" = 0(1/py/) (19)

On Figure 23 we show the relative position of the points of a clothoid at which it has the
same curvature as at the points A,_1,5m, Ay, T, Ayyr. On the right hand-side of Figure 23
we show the arc SprA,T,, as it looks on the path constructed in B) provided that there are no

cusps between Sy and 7,. For the points A,_1,5m,A,, T, Ay41 we can use Lemma 2 and
obtain

X' < [projo, Su AL | < X" (20)

Comparing (19) and (20) we get

1projoeSm A Tm| — X' = O(1/ /1) (21)

and

[p10j0, 53 A, Trn| = X" = O(1/ /1)

From (17) we have

| [Projo,CiCita| = [projos S A Tm| | < XM — Xl (22)
Thus we get (using (22))

| |Pf0jor.CiCz'+1| - X/| < | |Pf0jozCiCi+1| - |PT0jomSMAuTm| |‘|‘

+ | [projo, Sm A Trm| — X

+| 1projoe SmMALTm| — X'| < |xm — Xm

Hence, from (18) and (21) we obtain

| [P10j0, CiCipa| — [projo, AuA | | = O(1/p/i)

The lemma is proved.
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