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Motion of points and lines
in the uncalibrated case

Thierry Viéville and Quang-Tuan Luong?
INRIA, Sophia, BP93, 06902 Valbonne, France
vthierry@sophia.inria.fr

Abstract
In the present paper we address the problem of computing structure and motion, given a set point
and/or line correspondences, in a monocular image sequence, when the camera is not calibrated. We
first describe an algebraic approach of the problem, and then relate the different equations to a specific
geometric construction which allows to solve the motion problem. An implementation is proposed and

experimental results are provided.

Mouvement de points et de droites
en ’absence de calibration

Abstract
Dans ce papier on s’attaque au probléeme de calculer le mouvement et la structure d’une scéne, étant
donnés un ensemble de correspondances entre points et/ou droites, au sein d’une séquence d’images,
quand le systéme n’est pas calibré. Nous présentons d’abord une approche algébrique de ce probléme
et relions les différentes équations a une construction géométrique spécifique qui permet de résoudre le
probléme du mouvement. Une implémentation est proposée et des résultats expérimentaux sont fournis.

!University of California, ECCS, Cory Hall, 211-215, Berkeley, CA 94720
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1 Introduction

In the present paper we address the problem of computing structure and motion, given a set
point and/or line correspondences, in a monocular image sequence, when the camera is not
calibrated.

Most of the earlier or recent studies in the field assume that the calibration of the system is
known (a far from been exhaustive bibliography being [16, 15, 20, 9]), except for [6, 26, 25, 28].
However, these authors have studied only the case of points correspondences, and have restricted
their approach to the case where the intrinsic parameters of the camera are constant, while only
2 or 3 views have been taken into account. The generalization to the case where points and
lines are given has not been made (except [11] for some results), and the problem of considering
non-constant intrinsic parameters has also not yet been addressed.

This is however an important challenge. In particular, in the case of active vision, the
extrinsic parameters and the intrinsic parameters of the visual sensor are modified dynamically.
For instance, when tuning the zoom and focus of a lens, these parameters are modified and must
be recomputed at any time. It is thus relevant to attempt to determine dynamic calibration
parameters by a simple observation of an unknown stationary scene, when performing a rigid
motion.

The facility in a motion paradigm is that we can assume the disparity between two frames to
be small, leading to easy solutions for the correspondence problem. These correspondences can
efficiently been established (Token-Tracking) [2, 24]. The problem is thus, given correspondences
between points or lines, to recover, the motion, structure and calibration of the system.

This paper is divided into three parts :

In the first section, we attack the problem from an algebraic point of view, deriving the
equations related to the motion of lines and points, for a system of cameras without calibration,
and obtain two different algorithms to estimate these parameters.

In the second section, we attack the problem from a geometric point of view, and generalize
the epipolar geometry used for points to a new construction, called trifocal geometry, which
allows to solve the motion problem in three views, considering lines or points.

In the final section, we propose an implementation and report some experimental results.

2 The motion of lines and points : algebraic approach

2.1 Setting the equations

Camera model and frame of reference. We use the standard pinhole model for a camera,
in a position indexed by i, assuming the camera performs a perfect perspective transform with
center C; (the camera optic center) at a distance f (the focal length) of the retinal plane.

It must be noted, that the pinhole model can still be used for a zoom lens if the object-to-
image distance is not considered as fixed [14]. This is the case here, since we will adapt the
camera metric for different object locations.

All coordinates are related to an affine frame of reference R; = (Ci,x;,yi,2;) attached to
the retina, z; being aligned with the optical axis, x; and y; being aligned with horizontal and
vertical axis in the image. The retinal plane is thus perpendicular to the optical axis C;z;. All
quantities attached to frame 7 are indexed by i also.

We represent a 3D-point M; = C;iM = (X;,Y;, Z;)T using Euclidean coordinates. Points
onto the retina, with horizontal and vertical coordinates (u;, ;) in pixel will be represented as
homogeneous 3D vectors : s m; = s Cim = (s u;, 8 v;,8)T, corresponding to lines of a given
direction passing through the optical center (2D projective space). Algebraic developments will
thus involve 3D vectors in both cases 2

2We note vectors using bold letters and matrix using capital letters. X Ay = X - y denotes the cross-product,



In this study, we must not assume the system is caltbrated. On the contrary, we consider the
following well established model for a camera, using a A-matrix :

Z: us G 7 U 0 X;
v 5 0 a, v 0 s
Zim;=| Zyv = 0 Ov 10 0 . )Z/' = A; - M; (1)
Z: o | i
! A Ue{0,1}

Please note that we assume that the intrinsic parameters are different for each camera posi-
tion, although we have not indexed the A-matrix components for simplicity.

This corresponds, if ¥ = 0, to the usual equations v = a, X/Z + ug, v = a, Y/Z + vp. See
[27] for a recent review. In particular det(4;) = a, o, = 7"; is proportional to the inverse of the
square of the focal length.

For points not at infinity, we have 4 = 1 and Z; corresponds to the Euclidean depth with
this model. Equation (1) is still valid for “points at infinity”, i.e. vanishing points, with & = 0,
but Z; does not correspond anymore to the depth of the point.

Considering points and line as tokens.

Point are represented by their 3D coordinates. The 2D information, i.e. what is measured in
the image, corresponding to frame ¢, is m; and the 3D information, i.e what must be estimated
to recover the 3D Euclidean structure -knowing the calibration- is Z;. Such quantities will also
be called the “uncalibrated structure of the point”, since we will see that it can be estimated
without recovering the calibration parameters.

Lines are represented by their Plucker coordinates as follows. Let D be a 3D line. We
consider the unary vector L;, with ||L;|| = 1, which is aligned with the 3D line direction, and
the vector : .

N; =C;M AL (2)

for any point M € D, as illustrated in figure 1. It is straightforward to verify that N; is
orthogonal to L; and does not depend on M (see for instance [4]). Moreover, the magnitude of
N;, |IN;]], is equal to the distance from D to the origin C;. Then, 3D lines are represented by
two 3D-vectors (L;, N;) with the two quadratic constraints LY -L; = 1 and LT - N; = 0, yielding
a parameter space of dimension 4, as expected.

Given two points M® € D and M® € D with M® # M® we have, up to an € = £1 :

- Mb-Me

Li = €pp-aa
(3)

N: = ¢ MaaMb

- a

' IMP—Me]|

as the reader can easily verify.
A 3D line D projects onto a line d; in the camera indexed by ¢. Let P; be the projection
plane containing D, the origin C; and the projection d;. Obviously N; is normal to this plane.
We write the equation of a 2D line d;, projection of a 3D line D, in the camera indexed by ¢ :

Tni=0 4)

‘"med; © . m
the vector n; is an homogeneous vector.
Moreover, to the 3D line direction corresponds a point at infinity, i.e a direction in the
Euclidean space; let us write }; the this point at infinity. Using equation (1), and the previous
definitions, we immediately obtain :

o AT ny=N; ; Bili=41 (5)

the dot-product being written as xT - y. The identity matrix is written 1.

4
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Figure 1: Elements used in the definition of lines in motion

We choose o; = ||A7!T - N;|| and 8; = ||A; - L;|| to have ; and n; unary. In fact, a; and g; are
related to the “uncalibrated structure” of the 3D line. This means that these two parameters
corresponds to quantitics which are not measured in the image but must be estimated to recover

the 3D structure of the line.
If m; is a point on the 2D-line, the parametric representation of the line is very simply :

m; + A L; for A € R.
Given two points m® and m® on the 2D line d;, projection of two points M® € D and M® € D

we have, from eq. (3) and (1), up to an €= £1:
(. = ¢
' 1M — Me|| B;
S ——
4 . €70 2 - (6)
i o= m
Jle - Me|| a; det(A;)

\ Pi

[Zb mb _ 7o ma]

as the reader can easily verify again®.

Representation of rigid displacements. We consider only the motion of a unique rigid
object or the ego-motion of the camera observing a stationary scene, in the discrete case. We

thus represent motion through rigid displacements.

3We make use of the following relation: [M -x]A[M -y]'=det((M) M™'T .[x Ay]
———

M*



It means that the tokens in the scene are undergoing a rigid displacement parameterized by
a rotation matrix R;; and a translation vector t;; :

M; = Rij - Mj + ti; (7)

This equation defines the 3D correspondence, for a point, between two frames. The reverse
relation is M; = R? - M; + tj; and we obviously have Rj; = R? and t;; = —R;; - t;;. Moreover
rotations and transfations form the well-known group of rigid displacements for which we have
Rij = Rix - Ri; and t;; = t;x + Rix - txj, while B;; =T and t;; = 0.

Applying this equation to the Plucker representation of a 3D line allows to compute the 3D
correspondence, for a line, between two frames. Combining equations (2) and (7) yields after a
few algebra (see for instance [7]) :

Li=Ri;-L; ; Ni=Ry;-Nj+4; AL (8)

This equation defines the 3D correspondence, for a line, between two frames.

2.2 Using the Qs-representation to analyze retinal correspondences.

Generality of the approach. Having a precise definition for calibration, tokens and motion,
we have to relate these parameters to what is measured in an image sequence : the 2D corre-
" spondences, for points and lines. This is going to be done using a special representation, the
() s-representation.

But before doing this, let us emphasis why our model is very general : in most of the
artificial vision problems or “paradigms”, four quantities are to be manipulated (see figure 1) :
the projection from the 3D world onto the camera, the correspondences between tokens in two
cameras (either at different locations in space such as for stereo, or at different times such as
for motion analysis), the rigid displacement (either in space or time) and the 3D-structure.
We summarize, for different paradigms, what is given to the algorithm (input)* and what is
estimated by the algorithm (output) :

Paradigm Projection | Correspondences | Rigid Displacement | 3D Structure
Structure from Motion input input input output
Stereo Matching input output input not used
Stereo Reconstruction input input input output
Pose determination input input output input
Motion Computation input input output not used
Token Tracking not used output expected small not used
Off-line Calibration output input? input input

In every algorithms, only one quantity is output, whereas all others are input or not used.
However, we do not think this is the write way. On the contrary, these quantities are in deep
interaction. We thus would like to treat the problem in the following manner :

Paradigm Projection | Correspondences | Rigid Displacement | 3D Structure

Motion Without Calibration output input output output

This corresponds to what is usually called “auto-calibration”.

Definition and properties of the ¢ s-representation. Considering the 2D correspondences
between two points m; and m; in two different frames, we obtain, combining equation (1) and

* In the case of “off-line calibration,” a correspondence means a correspondence between the 2D point in one
image and the 3D model used for calibration.
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equation (7):

Zimi=127; Ai- R - A;l m; + Ai - t; 9)
y s
Q5 &

o The quantity Q);; corresponds to the “uncalibrated rotational component of the rigid dis-
placement”. In fact, this matrix corresponds to the collineation of the plane at infinity
from frame j to frame i, as easily established considering any vanishing point, or remem-
bering that for points at infinity (in practice at the horizon) the translational component
of the motion is not to be taken into account (in practice is negligible). H the calibra-
tion parameters are constant, i.e. A; = A; = A then det(Q;;) = 1 but in any case

det(Qi;) = 2—3{% ~ (%)2 is directly related to the variation of the focal length of the
system, i.e. the “zoom”.

This matrix is in fact related to the affine geometry of the scene, because the displacements
of 3D line directions, i.e. vanishing points, are entirely defined by @;;. For instance the
reader can easily verify that two 3D lines are parallel if and only if their intersection in
the frame j is mapped onto their intersection in frame ¢ by @Q;;.

e The quantity s;; corresponds to the “uncalibrated translational component of the rigid
displacement”, also called “focus of expansion” by some authors. In fact, this vector
corresponds to the epipole in frame ¢, i.e. the projection of the optical center of frame j
onto the retinal plane R; of frame t, since it is the image of the quantity m; = (0,0,0)".
However, despite the fact it is in relation with an homogeneous quantity, the magnitude
and direction of this vector is entirely specified.

Considering the previous definitions, and the relation between rotations and translations, we
have the following obvious relations between collineations and epipoles :

Q=1 ; 8;=0
Qij = Q5" 5 8 =—Qij -8ji (10)
o Qi =Qik Qi 5 8ij = 8ik + Qik - 8k

Then, in an image sequence, as soon as the @) s-representation between two consecutive views
is known, any other ()s-representation can be estimated.

This representation is defined up to two scale-factors as it is easily seen, when making explicit
equation (7)° :
1 Q?;) u,'+Q?; u,‘-i-Q??-f-zlLs?j

U =
' QF wHQY vi+QF + 4 8

{ |, = G0utelwiQlidrs) (11)
' Q% u;+Q%! v,+Q?}+7l-; 8%
1 1
Zi QF ui+Q7) v QT 47 8

1
Z;

If we multiply every depth Z; and both Q;; and s;; by a constant factor A in these equations,
the quantities are left unchanged. This “expansion” factor control the relative scale between
frame 7 and frame j. This indetermination disappears if the determinant of @);; is known, that is
if the variation of the focal length if known, because this expansion corresponds to the “relative
zoom” between two frames. It is - a priori - not known if the calibration is not known.

In addition to that, if we multiply every depth Z;, Z; and s,; by another constant factor u
in these equations, the quantities are also left unchanged. This “scale” factor corresponds to
the usual scale factor indetermination observed in a monocular image sequence.

There are thus two kind of scale factors : ‘

®We represent the components of a2 matrix or a vector using upper subscripts from 0 to 2.

7



o Local scale factors control relations between two consecutive frames and vary from one
pair of frames to another. The “expansion” factor identified previously is one example.

o Global scale factors are unique for the whole sequence and correspond to a global at-
tribute. The “scale” factor identified previously is one example.

Reciprocally, because these equations are linear with respect to ¢ and s, these are the only
transformations which leave these equations unchanged, considering a enumerable set of generic
points. S0, 9Q_components + 3s—components — 2scale~ factors = 10 parameters if considering only two
views, but when considering an image sequence, relating the depths between two consecutive
views, only one scale factor remains, the other being global for the whole sequence.

These remarks can be summarized in the following proposition :

Proposition 1 In a sequence of N +1 views, the 2D-correspondences between points are defined
by 10 N parameters tf the representation is local, considering correspondences between pairs
of consecutive views only. When considering correspondences in the whole sequence, the 2D-
correspondences are defined by 11 N — 1 parameters.

In order to avoid this indetermination we can choose different constraints, depending on the
nature of the problem. For instance, if the intrinsic calibration parameters are constant, i.e. if
A; = A;, we have det(Q;;) = 1. Moreover, if we choose ||s;;|]| = 1 both indeterminations are
avoided.

Let us compare with the Euclidean parameterization of the rigid motion. When the system

is not calibrated, considering N + 1 views, we have N set of parameters related to the motion
between two consecutive views and N + 1 set of parameters related to the calibration, but the
motion is known up to a scale factor. So, the retinal displacement is a function of :
(3 N)SD-rotation + (3 N)SD—translation + (5 (N + 1))intrinsic paramelers — (1)scale factor = 11N +4
parameters. We then have more unknowns than for the @) s-representation, and it is generally
not possible to recover the rigid motion of a set of points, when the system is not calibrated.
This negative result can be stated as follows :

Proposition 2 When studying the motion of points with an uncalibrated system having vari-

able calibration parameters, we cannot recover the calibration and FEuclidean motion 11 N + 4.
parameters from the observation of the retinal disparities unless some additional information is

known.

Relationship between the (Js-representation and the F-matrix. If we eliminate Z; and
Z; in equation (9) we obtain :
my [8i; - Qij]-m; = 0 (12)
————
Fij

The matrix Fj; = §,;-@Q,; is also called the “essential matrix in the uncalibrated case” consid-
ering the original Longuet-Higgins equation [16], now generalized . There is a deep relationship
between the @ s-representation and the fundamental matrix defined by [18, 19).

Let us analyze this relationship. A F-matrix is defined by 7 parameters (The matrix has 9
coefficients but is defined only up to 1 scale factor and is subject to 1 constraint det(F;;) = 0).
However, in our case we have entirely defined the F-matrix using (12) and with this definition
the scale factor is known. It is however not measurable (local scale factor).

As for the @) s-representation, using equations (10), we have the following relations between
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a

.

F-matrices in an image sequence :

Fe =0
F.'j = det(Q;j) F:I‘:
Fj = det(Qi) |QF - Fij + FE - Qi (13)

= det(Qix) |QF - [Bkj — 8k - Qi
—~ ) 8ix . T,_8
- det(Q'k) detsQ.'k) : Q'J - F1 ‘ det ijk ]
from which we deduce the fundamental relation :
sa-ﬂj-sjk=0@sﬁ~Fj;-s,~k=0 (14)

since s;; A ik = Fij - Sjk-

If we consider N + 1 views we can define M]—lel F-matrices and N (N + 1) correspond-
ing epipoles. However, considering equation (14) for any indices, we generate ]MLI—QM
constraints, obviously not all independent.

Let us determine the exact number of parameters which determine a set of F-matrices in an
image sequence.

In fact, since from equation (12) we observe that all F-matrices are generated by the Q)s-
representation we have, from Prop. 1 at most 11 N — 1 parameters.

If we want to understand the relationships between the F-matrix and the @) s-representation,
we need the following decomposition of a J-matrix, given the corresponding s-vector :

T, S §2
Qi; = Sij +s4j - rg with S?;-S,'j =0 & ;= ;Q—"l—% ; Sij = —-—'15 - Qij (15)
|Iss;l] ESE
In this decomposition, the image of the s-vector through the transpose of the J-matrix has been
made explicit. In other words, the transpose of the @-matrix is decomposed into its restriction -
to the vectorial line generated by s;; and its restriction to s}j, represented by S;;. The reader
can easily verify, from (15), that this decomposition is one-to-one.
There is thus a one-to-one correspondence between F-matrices and S-matrices since we have :

g‘J .
I1si;12

Moreover, although in this equation, both quantities are defined only up to scale factor, if we
use the following two constraints : ||s;;]|2 = 1 and |)S;;]|2 = 1, in addition to the 3 constraints
given by sg -Si; = 0, we have a (3—1),_yector +(9—3—1)s_matriz = 7 parameters representation
of F;;, as expected [18]. A local parameterization of the F-matrix based on these relations will
be proposed in a next section.

Knowing the S;; matrix, we can estimate the related s;; vectors since s,~T]- - 5;; = 0. We also
can estimate s;; and Sj; up to a scale factor, since from equation (10) we have :

0 = S,'j * 854 i
.. .. 8ji T . z..
SJ —det(Q,J) “E’l'-ny . St] * 85
If only two views are given there is no way to recover the Q-matrix from point correspon-

dences, since only S;; and s;; are measurable, whereas r;; is not. But considering S-matrices
and s-vectors in an image sequence, we can relate all r-vectors by the following crucial relation,

Fj =855 ; 8 85;=0 5=~ Fj ;s F;j=0 (16)



obtained by making explicit the r-vectors in the formula Q;; = Q;k - @&; and using some useful
relations between this elements®

(stk S,k) S k Si5 + (Sg . S"k) ST
( Y] S‘J) (s;’k sik) - (S?; . Sik)Z

(17)

Ti; = Tis + Qijk 5 Qijsk =

Please note that this expression is coherent with respect to the different scale factors inde-
terminations as follow. If Q;; = S;; +s;; r ; is defined up to a scale factor A;; and s;; is defined
up to a scale factor y;;, as discussed prevnously, Si; is defined up to A, ry; is defined up to

%”- and Fj; is defined up to A;j ui;. Introducing these scale factors in equation (17) it appears

that q;;x is defined up to a scale factor % like r;;. Moreover it is clear that we these scales are

not independent because we must have pu;; = ;\'\—;‘-’J- pk; in coherence with the discussion of the
previous paragraph.

From this relation, we can - knowing rg; - recover r;;, thus @;; and Qx; and Q;x, and
from frame to frame all @-matrices. Finally, we have established that all r-vectors are entirely
determined from the knowledge of the S-matrices or equivalently the F-matrices, up to one of
them, say rp;. This means that all F-matrices defines all () s-representations, except 1 r-vector,
so define at least 11 N — 4 parameters, and at most 11 N — 1 parameters.

Can we recover the 3 last parameters corresponding to the ultimate r-vector ? The answer
is no, and this can be easily shown by induction : let us assume we have recovered all r-vectors
considering N + 1 views and S-matrices and s-vectors, having 11 N — 1 parameters in this
representation. Therefore, considering the N-first views we also must have been able to recover
all r-vectors since we have at least 11 parameters less, in this case (a @-matrix and a s-vector,
up to a scale factor are undefined). By induction, for two views, i.e. N=1, we must have still
11 N —1 = 11 parameters, which is not the case, a F-matrix being a function of 7 parameters,
i.e. {11 N —4}n41=2, only. Therefore, 3 parameters, are indeed “missing”.

Finally :

Proposition 3 In a sequence of N + 1 views, the 2D-correspondences between points, when
the depths have been eliminated, are defined by 11 N — 4 parameters when considering corre-
spondences in the whole sequence. One r-vector of the Q)s-representation is undefined, in this
case.

As a consequence, we must not only compute F-matrices between consecutive frames (i.e.
Fo1, Fy2, Fys, etc...) which would provide no more than 7 N parameters, but also F-matrices
between non-consecutive frames (i.e. Fp2, Fo3, Fis, etc...), although very complex algebraic
relations between these matrices occur. Therefore the representation of the motion using F-

6 This algebraic construction is a very rich structure since we have, for instance :

ri-s5i=—1
8! 8
Tl s = 's s,,

I=5;- S,.+—¥?:;L

[1— ,,,S ] s.,_S.k Sky

(S.~,~ S.k) Sy;-Six3i;+(87;8i5) ST, i
(87.8,;) (8T, Bin)— (sT Bix)?

Txy = sk_, Tik —

all these relations being easily obtained introducing the S-matrix and s-vector in the relations of equations (10).
They will be used for some technical developments, in this paper.

10



«1

matrices is not always optimal in an image sequence. On the contrary, the {Js-representation
up to some indetermination seems to be much simpler.

2.3 Application of the Qs-representation to other tokens

Using the @s-representation for lines. Let us now compute the 2D correspondence be-
tween the two projection of a 3D line, in frame ¢ and j. The 2D lines d; and d; are represented
by their normal vectors n; and n;. In fact, the same computation can be performed combining

equation (5) with equation (8) rewritten in the reverse form : N; = R -N; +t;; AL;. We thus
have, performing a few algebra :

85 A l_,' (18)

ns = _Bi
ajn; = 0 Qi+ o det(4;)

Similarly, we have from L; = R;; - L
Bi ki = B; Qi; - 1 (19)

So, in both cases (points and lines), the 2D correspondences between features related to the
projection of a rigid object can be easily represented usmg the projection of the 3D features,
and the () s-representation.

Let us analyze these equations. From equation (18) and (5) we obtain :

A7 T - Nj| det(A;)
——
oy
|4; - L|| (sT; - my)
By

L=

[Q.'T,' “n; A nj] (20)

and replacing in equation (18) yields

0= [aj (s.,T,~ ‘n;) + o (S.~T,- . ni)] [Q£ R S n:’]

In other words we only recover 1; up to a scale factor and a;/a; from these equations.

Now, considering equations (18) and (19), we parametrize the line structure using a; and
¥, = B;1;, with 0 = (17 - n;) (thus using 3 parameters), we parametrize the motion using Q;;
and s; = WIA_,S 8;; (12 parameters) and obtain the two following normalized equations :

oajn; = o QL -n;+s; AL
[ = Q-

It is then obvious, using the same mechanism as for the motion of points, that due to the
bilinearity of the equations, these unknowns are invariant upon several scalar transformations.
Multiplying ai, aj, I} and I} by the same scale factor does not change the equations. More
exhaustively the following scalar transformations leave the equations invariant :
1| kaj k a; kL kL
ko  ko; ks

k ay k Q,‘j k l; k* l(
’C aj k Qij k S"I-‘- k l:
l/k Oy kQ;j ksgi l/kl;
1 / k 2 7 k Q.’j k l:

ksy 1/k¥ 1/kY

B K=zl KAl e 2 )

11



This list is exhaustive. In order to avoid those indeterminations let us constrain our repre-
sentation. Considering the scalar transformation number 6 in the previous table, we see that
each frame 1 is subject to a “local” indetermination, which is canceled if we fix the scale of the
Q-matrix, for instance with : det(Q,;) = 1. Reciprocally, with this constraint, the indetermina-
tion 3, 4, 5 and 6 are canceled. The other indetermination 1, 2 and 7 are global for the whole
sequence, since they affect both quantities in frame : and j and thus must be propagated in
the whole sequence. Moreover, to fix only one value of either « or ||I'}} is not sufficient to avoid
these three indeterminations. But reciprocally, if we fix one value of ||s’ ||, say ||soll, indetermi-
nation 2 and 7 are canceled. The first indetermination remains, but it is not dependent upon
the motion parameters, whereas it is only related to the structure of the line. So, considering
an enumerable set of generic lines, we have 12 ~ 1 parameters for the Qs-representation and 1
global scale factor. As a consequence, Prop. 1 is also true for lines, since the 2D-correspondences
between lines is defined by 11 N — 1 parameters also. In addition, we are in the same situation
as for Prop. 2. However, the parameters related to the structure of the line are defined up to a
global scale factor and are not directly function of the Euclidean structure of the line.

We thus can conclude :

Proposition 4 Prop. ! and Prop. 2 are also true for line correspondences. Moreover, the
parameters related to the uncalibrated structure of the line is defined by 3 N + 2 parameters,
while N + 1 parameters where sufficient for points.

It is clear, that there is a deep analogy between the motion of points and lines. Let us
analyze in more details the reason of this analogy.

We consider 2 points m® and m® on a 2D-line d. In frame i the point m{ is in correspondence
with a point in frame j of the form m? + A? 1;, for some unknown A?, since we can not locate
its correspondent on the 2D-line, because we know it up to dxsplacement on this 2D-line. We
thus must consider a “sliding” point. Similarly, a point m! is in correspondence with a point of
the form m% + A® 1;, for some unknown A°.

Let us now assume that we know these two “partial” correspondences. This corresponds to
taking only the normal displacements of these points into account. We thus can constrain Q;;
and s;; since we can apply eq. (9) rewritten in the form :

{Zg Somg o= Z¢
b _
Z?Qij my = Z;’

m? + A° lj — 83
mg + b l_.,' — 8j¢

But from eq. (6) we have n; = p,(m“ A m?) while |; = ki(Z2 mb — Z¢ m?). using these
relations, we can combine with the previous equatlons and obtain after some manlpulatlons

a 7b b Ab_Za ra)x. a e
{ [ZJ. Zj(l+(Zipjb Z3 X ) J)] n; = [Z Z%d t(Q,. ] Q n; + [Z‘b b — Z:, AS — ;‘17] sji /\]j-
L=kQijl;

which, in turn, can be identified with equations (18) and (19), after some additional algebra.

In other words, if we know these two “partial” correspondences, we can predict the “uncal-
ibrated” retinal motion of the line. One important consequence is that when considering any
line we can replace its contribution to the evaluation of the uncalibrated motion by two normal
correspondences between two points of the line. We, for further use, will summarize this result
as follow :

Proposition 5 The retinal motion of a line is entirely determined by the normal displacement
of two points of this line.

The planar case In order to emphasis the generality of this approach, let us briefly develop
the planar case. This will also help us understand some key ideas developed in the sequel.
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In some situations, we can assume that all points belong to same 3D-plane S. We parame-
terized this plane con51der1ng its normal N, with ||N;|| = 1 and its distance to the origin d;,
these quantities being taken in frame j. We can write the plane equation as (4] :

MePo MTN; =d; (21)

Combining this equation with equations (1) and (7) leads to :

AT ON;
Zim; = Z; [Qij + 85 nﬂ ‘mj ;oM = JTi (22)
N’ J
Hiy

With this relation, we obtain the well-known fact that the retinal displacement of the projection
of a planar patch is entirely defined by a collineation, and explicit the relations between this
collineation and the Q) s-representation. The n; vector of this paragraph, resumes the information
about the structure of the plane and corresponds to the “uncalibrated” plane equation since if
m is the projection of a point of the plane P we obviously have n;frm = 1.

As a consequence, using equation (22) and the first relation in footnote® for any collineation :
Hij-sji = — 855

All these relations prove that collineations are constrained by the motion parameters, as already
used by [23].

Using this equation we can derive some useful relationships between the collineation and the
fundamental matrix. We have :

8ij - Hij = 8i;-Qij = Fj (23)
for any collineation H;;, while :
—det(Qj:)

is a skew-symmetric matrix as already used by [23]. And finally using the previous decomposition
of a Q-matrix we derive :

i

Hij = Sij + s - [rij + ] (24)
This last equation is very important because it clearly shows, that given any collineation cor-
responding to an unknown plane, we measure r;; + n;; only, and therefore the r;; vector is not
measurable in an independent way.

For the plane at infinity, IIl,' = 0 and : H;; = Q;; as expected. Reciprocally, if @;; is known,
the location of the plane at infinity is known since we can determine given point correspondences,
whether they belong to this plane or not. This could also have been seen in equation (9),
considering points with huge depths.

Moreover, we can provide a geometric interpretation of the r;; vector, since the quantity
ri; + n;; is just equal to r;; for the plane at infinity. Therefore this vector simply characterizes
the affine structure of the plane at infinity.

Finally the S-matrix can also be interpreted as follows : because §;; is singular, it is not
a collineation, but still a correspondence between the two retinas induced by a plane, which
contains one optical center (this explains why the transformation is singular). The image of a
point m; in the frame j is m; = A s;; A F}; - m; in other words, the intersection of the epipolar
associated to m; with the line és,; of equation m € é5,; & m? .s;; = 0. However the underlying
geometric construction is out of the scope of this paper. :
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Considering now equation (23) we can make the following remark : this equation corresponds
to the “motion equation for planar patches” in the sense that we have eliminated the parameters
related to the structure and have summarized all information about motion, and independent
of the structure of the plane, in this equation. This leads to the following conclusion :

Considering correspondences between coplanar structures does not allow to recover the Q-
malriz but only the fundamental matriz. We thus must obtain local correspondences between
features in these planes.

On the reverse, the @) s-representation being known, it is very easy to recover the uncalibrated
structure of the plane since :

T.g. _po =
MG s |18 @l o
M= T s, " TG Hall (25)
8i; * Sij 185 - Hijl|

Moreover, combining equations (1) and (7) with equation (21) we calculate the evolution of

the parameter related to the structure of the plane and easily obtain :
T .
n; = v M
A . s?_; e ng
Therefore, as for points and lines, the uncalibrated parameters related to the structure of the

plane are entirely defined by the Qs-representation.
From these relations and equations (10) we immediately deduce :

Hi =0
Hji=Hj
CHig - Hi; = Hy;

It is not a surprise that Q-matrices behave like all collineations (see equation (10)), because
(-matrices are particular collineations.
This digression about the planar case illustrates two key ideas of this paper :

1. Using the (Js-representation we can derive the equations about (1) motion, (2) structure
from motion or (3) evolution of structure parameters as in the calibrated case, but using
the “retinal projection” of the Euclidean parameters. We conjecture that this can be done
for any set of primitives”

" Although this is not the purpose of this paper, we can offer to the reader -for instance - the formulas in the
case of a planar conic. A planar conic is defined by the intersection of a plane and of quadric, say :

MT . Ni=d; plane equation
MT.C,-M+ d!-M +e¢; =0 gquadric equation

It can be easily shown that the retinal projection of this conic is in homogeneous coordinates :

T -1 T III IJI IJ: -1
5. AS - |C; i — i— . — | "oy =
m; - A; [ +d : +e ; ) A7 m 0

~ -

v

r;
. . . A7'T-N, . . .
‘The T, matrix represents, with n; = ———— the “uncalibrated” structure of the conic, the former being the

2D information (what is measure in the image) and the latter the 3.D information (what should be estimated
to recover the scene structure). The geometrical interpretation is that I'; defines both the retinal image of the
conic and a 3D cone which contains the 3D conic, this curve being the intersection of the 3D cone with the 3D
plane defined by n,. Therefore the structure from motion problem is to recover n; as developed in this paragraph.
Moreover, the prediction of I'; from one frame to another is given by the following formula :

Iy =Q?,--I‘.~~Q.~,—+Q?,~~I‘.<-s.»,-n,T+n,~-s?J'~-I‘.<-Q.~,~+n,<-s.~T,-~I‘;-s.~,~-n,~T

and thus entirely defined by the Qs-representation, again.
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2. Not all the parameters of the (s-representation are computable from motion equations,
but a subset, sufficient to predict the disparity between two consecutive frames, i.e. the
correspondences between tokens in two consecutive frames. This corresponds to the pro-
jective parameters of the scene.

2.4 Using the ()s-representation to analyze the scene structure.

Structure from motion using the @s-representation. In order to increase our under-
standing of the potentialities of this representation, let us explicit a very useful, but oversimple
result. The formula is obtained from equation (7) very easily :

Proposition 6 Using the Qs-representation, the 3D affine depth of an image point can be
directly recovered, without an ezplicit knowledge of the intrinsic calibration (which can change
at any time) and of the Euclidean displacements, since :

Z; Qi - m; Amg] +[si; Ami] =0

This result means that we can directly build a depth map, the @-matrix and s-vector being
known. Since we obtain two equations for the depth from this equation (related to a cross-
product, thus only defined in two directions of the space), the estimation can, in practice be
weighted considering some knowledge about the 2D correspondence. In particular, if the retinal
displacement d;; = m; — m; is only known in one direction, as it appears along curves for which
only the normal displacement can be recovered, one can - in general - still evaluate the depth.

This result is very useful in practice for the following reason : if we are interested in build-
ing a depth map, we can deal with this (Js-representation, without recovering the Euclidean
parameters of the system, which is generally not possible as given in Prop.2. '

However, one must understand that we do not recover the Euclidean structure of the scene,
since the depth Z; is a function of m; and not of M;. We must recover the A-matrix, i.e. the
intrinsic calibration parameters, since m; = A A - M;, to reconstruct the Euclidean depth map.
If not, we only reconstruct the depth map, up to an affine transformationof the image, given by
the matrix A, and this corresponds to an affine transformation of the 3D space.

If we do not known the @-matrix but only the related S-matrix, as when considering F-
matrices, we can decompose the Q-matrix and obtain :

Proposition 7 When the r-vector of the Q)s-representation is not known, the 3D depth of an
tmage point can be directly recovered, up to a collineation of the depth map, without an explicit
knowledge of the intrinsic calibration (which can change at any time) and of the Fuclidean
displacements, since :

Z;
1+2; (xf; - m)

-~

]

[S.'_,' -m; A m;i] + [S,'j Aml =0

The quantity (; is related to the Euclidean depth through a special collineation. The cor-
responding coefficients are functions of the retinal location. In such a case we reconstruct the
depth map, not only up to affine transformation of the image plane, but also up to projective
transform of the depth. These transformations have been already made explicit [3], in the case
of a stereo rig. Therefore, we can design the following strategy :

e compute a precise 3D reconstruction, up to an affine/projective transformation, without
calibration, and then
¢ minimize the previous transformation from the knowledge of the calibration parameters

More generally, considering equation (9) and following the same method as in [13], when
calibration was taken into account, we can make the following count of equations. Given N + 1
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views of a monocular image sequence and P points, the problem of recovering the depths up to
a scale factor can be solved only if we have more equations than unknowns, more preciscly :
11N -1

((1 + N) P)depth + (11 N - 1))QS—paramcters _(3 N P)equations S 0P > IN — 1

— e

unknowns

Let us explicit the minimum number Pp;, of points to solve equation (9) :

N+1]3] 4 5 [6]..] x
Prin |7]7-217-%]6]..]6-1

We mention this result here because we now know it is a mistake to assume that with 2
views and 10 points (as given by the formula) one can recover the depths, whereas we will show
in this paper, that using at least 3 views, it is. Good to know.

One application of this method is that for P > Py, there exists some internal relations be-
tween the coordinates of the points, neither dependent on motion nor on depth, thus invariant.
It is known that given more than 8 points in 2 views, there exists invariants [11]. The previous
count allows us to conjecture that given more than 7 points in 3, 4 or 5 views or more than 6
points in 6 views or more, there exists invariants. These invariants, are related to the rigidity
constraint, i.e. they are verified if and only if the points belong to the same rigid object.

Can we generalize Prop. 6 counsidering lines 7 Yes. But this is less obvious. Let us explain
how.

It is easily seen from equation (20) that it is not possible to recover L = AJ-‘I -1; and
the distance from the line to the origin |{|N;|| - which would have characterized the Euclidean
parameters of the line [30] - from the equations, without knowing the A-matrix. We, in fact,
recover 1; only up to a scale factor.

However, we can write for a point m; on the line d; that there is a correspondent mg- on the
line d; with m} = m; + A 1; for some unknown A. Replacing in equation (9), using equation (20)
and eliminating Z; and A we derive, after some straightforward simplifications, the depth Z? of
a point m{ € d;, as :

Z? [me-Q;]wnj] + [ng~nj] =0
This equation, as expected, corresponds to the use of the retinal disparity in a direction normal
to the line. Finally, we thus can compute the depth of any point on a 2D line, using only

the Qs-representation. Again, we recover the location of the line, up to a transformation, as
discussed for points.

Relation between the (Js-representation and Euclidean parameters The Q-matrix is
in deep relation with intrinsic parameters, the A-matrix, and the rotational component of the
displacement. Let us explicit this relation.

If we write that R;; = A7' - Q,; - A; is an orthogonal matrix we obtain, after some algebra :

- T - T =1 »=1 .
Q,'J' . l‘j . Q,]J =N, & Qij - /\1 . Q,’j = I\,» \‘26)
where : ) \ )
a, +7 +tuy; upvo+ya, U
T b bc '
Ki=A;-A; = | wvg+7yay a? + 2 Vo (27)
R — N——’
be by
Uo Vo 1

is a symmetric positive matrix in one-to-one correspondence with the A-matrix since :

be — ug v .
ay = \/by— v} ; ‘7=————ca00 ;o = \fby —ud — 72 (28)
v
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which is unambiguous because o, > 0 and a, > 0.

This matrix defines, in fact, the retinal image of the absolute conic at infinity which equation
is 0 = mT . K~!.m, that is the angular relations between each optical ray, or in other words,
the intrinsic calibration or the Euclidean geometry of the system [19].

Then, if we know the matrices K; and K; we can calculate A; and A4;, then R;; = Ai'l ‘Qij-A;
and t;; = A;! -s;;. We thus obtain intrinsic and extrinsic (motion) parameters.

But the matrices K; and K; depend linearly on @;;. More precisely equation (26) provides
5 equations on the intrinsic parameters, because it involves an equality between 3x3 symmetric
matrices, thus yielding 6 equations, but up to a scale factor. Usually @ is known up to a scale
factor, but K is also defined up to a scale factor; therefore this indetermination does not affect
the equation.

This is a very important fact that we can compute the intrinsic calibration parameters using
a linear algorithm, while it was not the case in earlier works [18, 19]. In practice these equations
are to be solved using a statistical framework and a model of the evolution of the parameters
since we have more unknowns than measurement equations, as discussed now.

If we consider the system of equations, for N + 1 views, because for any 1, j, k, we have :

Qi K; Qi =Ki ; Qi Kx-Qjx=K; = Qu-Ki Qf=Ki (29)

we obtain, if generic at most 10 linear equations in the 15 unknowns. By an obvious induction,
it is clear that for N 4+ 1 views we will generate at most 5 N equations while we have 5 (N + 1)
unknowns in the general case. We thus are left with 5 unknowns in coherence with Prop.1 and 2.

However, if the initial values of the parameters - say K, - are known, we thus can compute,
using equation (29), K, from @9, K, from @2, etc... In other words, we have a positive result
to oppose to Prop. 2, i.e. :

Proposition 8 When studying the motion of points with an uncalibrated system having vari-
ables calibration parameters, we can recover the calibration and motion parameters from the
observation of the retinal disparities if the initial values of the calibration parameters are known.

It appears that we can recover the intrinsic parameters with the ¢ s-representation in an
apparently simpler way, than using the projective representation using the F-matrix [19, 6)]. -
Where does it comes from ? A very deep reason. As explained before, the @-matrix corresponds
to the collineation of the plane at infinity. From the section on the planar case, we see that if
we know the collineation, we have the equation of this plane. But knowing the plane at infinity,
means knowing the affine geometry of the scene [29]. In other words, the Qs-representation
is an intermediate representation of the motion in which the affine geometry of the scene has
been made ezplicit. A projective representation would have involved F-matrices only. A Eu-
clidean representation would have involved rotation matrices, translation vectors and calibration
parameters. An affine representation, now, involves ¢ matrices and s-vectors .

Moreover, it is possible, for a rather large class of real scenes, to infer the collineation of the
plane at infinity, considering points “at the horizon”, that is with a negligible depth [29]. This
segmentation process, although not rigorous is quite efficient .

Let us finally discuss the case where calibration parameters are constant. In that case
K; = K; = K; = K while det(Q;;) = 1. The equation Q;; - K - Q?J'- = K provides 5 linear
equations in the five unknowns (uo, vo, by, by, bc). In fact, this equation can be solved explicitly,
but, unfortunately, this does not allow to recover these five parameters. Let us explain why. Let
us represent the rotations using the exponential of a skew-symmetric matrix, that is :

Ri; =€

where r is a vector aligned with the rotation axis and which magnitude is equal to the angle of
the rotation (see for instance [4]).
We can write :

5 £ . .a—1 Y
Qi;=A-Rij-A1=A. .41 = eATi AT = Koy
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with p;; = m“:‘%y. This relation is only valid if K; = K; = K. This relations allows to compute
L;; = K - p;; as the one logarithm matrix of Q;; considering only the unique real solution, since
L;j = K - pij is a real matrix. Moreover it is clear that we cannot all components of K but only
in a direction orthogonal to p;;. Therefore we must perform at least two rotations around two
non-parallel azes to recover the intrinsic parameters. Reciprocally, with two such rotations, if
we can compute the corresponding @;; matrices, and thus the corresponding L;; matrices, we
can recover K from the two equations L;; = K - p;;. This is coherent to what has been observed
by [28].

So we can recover the intrinsic calibration parameters as soon as three views are given, and
we have an overdetermined linear system, solvable in a statistical framework again.

Auto-calibration from motion Let us now discuss how to recover the calibration parameters
of the system, when the @-matrix is not entirely known.

This means that we do not have an affine geometry but only projective quantities.

If we assume that we know the F-matrices, i.e. S-matrices and s-vectors, we have to recover
r-vectors and K-matrices. This problem can be analysed as follows.

Considering equation (29) in which we explicit the S-matrix, r-vector and s-vector, we obtain,
after some simplifications, the following set of equations :

[ %% .K...(I_ﬁ;_’h)

S.'j-KJ‘-Sg

- 8~~S.‘,‘

he. (30)
- 8iy 855 3¢y
Sij- Kj-ry; = (I- S_T_J...j-s.’j K- S_T_J_‘j~8.'j

since we have 1',TJ -K;-r;; = s?j - K; - si;.

These two equations allow to perform auto-calibration, let us explain how.

The first equation provides 3 linear homogeneous equations for the K-matrices. Because the
matrices are symmetric, we have 6 equations, but this matrix expression is null in the direction
of s;; so 3 equations are always verified.

It is true that S;; is known up to a scale factor only but K; also, and this scale factor could
be integrated in the definition of K since this matrix is only defined up to a scale factor, and
the equation is coherent.

Finally, it is easy to remark that the matrix K; cannot be recovered in the direction of s;;
since if we write : K; = &; s;; - s:[j + A; the quantity «; disappears in the equation. Similarly,
K; cannot be recovered in the direction of sj;.

The second equation provides, if r;; is known, an additional set of 2 linear homogeneous
equations for the K-matrices, because this vectorial expression is null in the direction of s;;.
The scale factors are coherent with respect to the first equation. If generic these 34+ 2 = 5
equations are independent. We obtain in fact the 5 equations (29) again.

If r;; is not known or partially known, but K; has been estimated, the second equation
provides a set of 2 linear homogeneous equations for this quantity. We have only 2 equations
since this vectorial expression is null in the direction of s;;. Moreover, r;; can not be recovered in
the direction K- s;i. We only have homogeneous equations since the K-matrix and S-matrix
are defined up to a scale factor.

Let us now apply these equations when the 3 motions between 3 views is given. From the first
equation of (30), using So1, S21, So1 and s9;, we obtain 6 equations to determine the K-matrices.
In particular, if Ko = K; = K, = K the problem can be solved. More generally, having a model
on the evolution of the intrinsic parameters, i.e. of the K-matrices one can combine it with this
6 measurement equations.

From the second equation of equations (30), using the estimation of Ko, K and K, we
recover rg; up to a scale factor and not in the direction s, = A . 501, i.e. a vector qg such
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that Ag qo = ro; + poSg;. Similarly, we recover a vector gz such that Ay q2 = roy + pg K5 1.5y
N —

2
But we also have recovered qg;2 = A; q; up to a scale factor, i.e. we can write A\; q; =
roi; — ra; for some A;. Using the relation r;; - s;; = —1 we can eliminate these scale factors and

finally obtain :

4 sl sl sl
' la, TTar g Tgl ’q;. 7T gT g7 I
rogp = - ’sm - 81 ,'812 801 810 925y 2} 12 ,Sm _ ?o
- T o S 8 T o 7
8o, 8 8,78 QT s
o1 10 —TD-L——;;]&— —792——74; 01 310 10
< IQ1,501 81, Q58),'q; 8], s,Ts, !
8! 8! s/
IQIl TT ol T(~S' :sT 87 U l
8 801 80 Y0 %10 521812 8o 8l _ 8y 2
S N e e i, e
21 812 q - , - 21 812
\ ’smT's;o Q5 810'q3 8y, 8,78,

We thus can recover the r-vectors from the knowledge of the K-matrices, without an explicit
recovery the Euclidean motion and the calibration parameters.

Since we also have recovered S and s up to a common scale factor, we have entirely recover
the @-matrix up to a scale factor. Unfortunately, it appears that we must compute the Euclidean
calibration (i.e. the K-matrix) to obtain the r vectors.

Unfortunately again, this process is feasible if and only if, either the K-matrices are constant,
or some other hypotheses are available on the calibration of the system.

2.5 Motion of points and lines in three views

Let us now study the problem of computing the motion parameters S;;, s;; and q;;k, considering
points and/or lines correspondences.
In this section we are going to study the case of three views in detail for several reasons :

1. It is known that for lines, when calibration is given, 3 views are needed [15, 9], while we
now know that at least 3 views are also needed considering point correspondences when
calibration is not given.

2. We are going to derive linear and non-linear algorithms in this simple case, in order to
analyze how complex would their implementations be.

3. As a control, we would like to verify that the results obtained in the previous sections are

indeed valid, and we derive them again in this case.

. The geometric approach will focus on the three views problem.

. In the literature, most of the results are derived considering 2 or 3 views only, and this

will allow to compare with previous works.

[SL B

As discussed previously these quantities depends on : (9+9)Q_matrices + (3 + 3)s—vectors = 24
numbers but up to 3 scale factors and the indetermination of one r-vector, thus yielding 18
parameters.

Motion equations for points and lines. To obtain these equations, we simply eliminate
parameters related to the 3D structure of the scene.

When point correspondences are given, eliminating Zp, Z; and Z; in equation (9) and using
equation (13), we have :

m{'§XO'Q10’TnO=0 ; m{-§12-Q12-m2=0 ; mg'Qfo'[glz—§10]'Q12'm2=0 (31)
N, s - 7

Fio Fy Fy

Please note that these three equations are independent, as already shown [18].
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The two first equalities can be written, equivalently® :

0=m A [|s10A[Q10°mo]| A [512 A[Q12 - ™2] (32)
Fio-mo Fiz2-m3
and the last one :
| [@10 - mo), 812, [@12 - m2] | = | [@10 - M0], 510, [@12 - M2] | (33)

This means that given a point correspondence (m0 < m2) in two views, one can - knowing
the ¢)-matrices and s-vectors - predict the location of the point in the third view. This means
that we can perform “trinocular stereo, when the system is weakly calibrated” [22, 23], that is
without recovering explicitly the Euclidean parameters of the system.

These results, considering point correspondences were already known. The corresponding
results considering lines are not, and we derive them now.

Similarly, eliminating a4, a9, a; and de’(}‘—J in equation (18), written for (j = 1,7 = 0) and
(7 = 1,1 = 2) we derive :

Q%1 - 1o _ Q% - ma
(sg1-mo)  (s3;-m2)

0=mnm A [ (34)
Then each line correspondence provides at least two equations, as in the calibrated case,
while knowing a line correspondence between two views allows to compute the location of the
line in the third view. Again, this shows that correspondences can be verified without recovering
the Euclidean parameters.
This equation can easily be decomposed in the two equivalent scalar equations :

T T
T T lIn1 A Qo -mo|| _ |Ini A Q3 - myl|
ny, Qo - Moy, @y M2l =0 ; = 35
l 1, Y01 1 w21 2‘ L (sg‘1. ) (Sg; 'n2) ( )

which correspond to the two equations found by Liu and Huang [15] in the case where calibration
is given. They are now generalized.

In the Euclidean case, the geometrical interpretation of the first equation is that the three
normals of the three projection planes are coplanar [30], and using the Qs-interpretation we
can easily verify, that this interpretation is still valid. In the Euclidean case, the geometrical
interpretation of the second equation is that the distance from the line to the origin, computed
by triangulation using view 0 and 1 is the same as the distance from the line to the origin,
computed by triangulation using view 2 and 1 [7], but this interpretation is no more valid
because the concept is only Euclidean.

We can permute the indices 0, 1 and 2 in equation (34) and obtain two other equations which
relate ng, n; and n,, but contrary to the case of points, we will show that they are equivalent.

A first result on points and lines motion. Introducing the decomposition of a @-matrix
from equation (15) in equation (34) yields :

5% -n ST .n

01 " Mo 21 "2

O0=mA | - =F +ro1 —r2
SOl'no 521-112 — p———

Qo12

In fact my AX = 0 € m; = XX for some . Therefore, m, is entirely defined from the correspondence mo
and m3, using (32), since it is an homogeneous quantity, as obtained in {22].
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This shows that we cannot recover all parameters of the Q-matrices, but only the expected
quantities.

This leads to the following result :

Proposition 9 Considering correspondences between lines, the Q s-representation is a function
of at most 18 parameters, and only two equations are available for each line correspondence.

Proof

Let us multiply Q;; by Ai; and s;; by us; in equation (34) such that %ﬂ-}- = %:,1 The equations
are not modified. Therefore Qg1, Q21,801,821 are only recovered up to three scale factors, leaving three
parameters unknown.

Moreover the equations on lines are only function of qg;2 = rg1 — rz; whereas the sum of these two
vectors can not be found. Yet another triplet of parameters unknown. We thus do not have an explicit
dependency with respect to 24 parameters, but at most 24 — 3 — 3 = 18.

Let us now show that equation (34) is equivalent to any other equations relating ng, n; and n;. Since
the only way to generate an equation about the motion of the line which is independent of the structure
of the line is to eliminate the parameters related to this structure, 1.e. a; and §;, the only way to generate
an equation about the motion of line between three views from equation (18), is to generate an equation
of the form of (34), up to a permutation of the indices.

Let us consider, for instance, the equation :

Q’f‘g ‘m ng - Ig ]

(5T2 -m) - (S’tj)'z - mg)

0’:112/\[

obtained after a permutation of the indices. Any other permutation could have been chosen.
Multiplying on the left by Q2 yields

A slhn
T T . A _ %0210
An;=aQ; n+bQ; -np ; T

b si,-m

But (s3, - no) = (s - Qg; -mo) — (sip - @3, - mo) and A (s, - m1) = b (s7; - QF; - mo) + a (s - QF, - mo).
We thus obtain § = —g&*:—‘; and as a consequence equation (18). But this derivation is true for any
21

permutation of the indices, thus can be done in the reverse way. These two equations are equivalent, and
so are any equation about the motion of lines using three views.

End Of Proof

The demonstration of the reverse is given in the next sections, in Prop. 12.
More precisely since each line provides two equations, at least 9 generic lines are required to

recover the motion parameters, from a set of 18 quadratic equations obtained from equation (34)
and 6 constraints :

0 = QF -so1+QF -sn
1 = [|Qull?
1 = ||Qul)?

lIsoall> = |lsza|f?

in 24 unknowns. -

This results leads to several comments : applying the Bezout Theorem means that we can find
at most ... 224 solutions !!! This must certainly be improved. The last constraint states a result
known in the case of a calibrated system [30] but still valid here : when studying the motion of
lines, the relative scale of the translational component of the displacement is measurable, whereas
the scale indeterminate is present but for the whole motion only. This is also the case for points,
as visible in the last equation of (31).

Let us now state the results for points, in coherence to what has been found by [19] :

Proposition 10 Considering correspondences between points, the 8 fundamental matrices are
functions of at most 18 parameters, and only three equations are available for each point corre-
spondence.
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Proof If we have to estimate 3 fundamental matrices, defined by 7 parameters each, this in-
volves 21 parameters at most. But there exists three constraints between these matrices, coming from
equation (14) :

sT, - Fio-802=0 ; s, - Fip-800=0 ; s - Foz-521=0
Therefore we have at most 21 — 3 independent parameters for this representation also.

We do not re-build the proof of the independency of the three equations, since this has been already

established [18, 19]. End Of Proof

The demonstration of the reverse is also given in the next sections, in Prop. 12.

Thus, at least 6 generic points are required to recover the 18 parameters of the motion.

Let us now consider correspondences between points and lines at the same time. Are the
dependencies with respect to the motion parameters complementary ? In fact no, because we
can map one set of parameters onto another, as made explicit now.

Proposition 11 Considering correspondences between points and lines, the motion parameters
are functions of at most 18 parameters.

Proof Let us assume we have computed the motion parameters from line correspondences. In
t.ha.t case we have estimated Sp;, Sa1, so1, 821 and q; up to some scale factors. We thus can compute
k F,o = Fo1 = 8p1 - So1 and k F{, = Fay = 85 - S21 but also 852 and S since :

0 = Fo-si2
{sn = kpdun . ST - (36)

812

Now it is quite painful to establish, but easy to verify, that :
Sg2 = So1-s12+ (qgl2 -812) So1

N o |7 (37)
02 = 5802 |So1-Si2ts0- [5/11'2 "qo12 + §g’l'.’sj]

These equations define Fyo up to a scale factor,_and are coherent because (1) Sp; and sg; are recovered
up to the same scale factor and (2) Si» and ETé?st also. Therefore, we can obtain the 3 fundamental
. . . . P .
matrices knowing the motion parameters estimated from line correspondences.
Reciprocally, knowing the 3 fundamental matrices allows to recover, for (i,7) € {0, 1,2}, S;;, sij,
up to some scale factors. Now, using equation (17), we can recover qoj2, as expected. Therefore we can

compute the 18 parameters related the motion of lines from those related to the motion of points and do
the reverse computation also.

As a consequence, when computing motion parameters from point correspondences and line corre-
spondences, the same set of 18 parameters is estimated. End Of Proof

It is not an exaggeration to say that this proof, although perfectly valid, is painful and not
very instructive. On the contrary, a geometrical construction will leads to the same conclusion,
in a much more elegant way. However, we will see that this construction was mandatory to
derive an effective algorithm of estimation.

Anyway, we can conclude that, considering three views and line and point correspondences :

1. The 3 fundamental matrices can be recovered considering either point correspondences or
line correspondences or both. More precisely, the following minimum numbers of tokens
in generic positions needed for the estimation are®

Number of Lines |0 1 2 3 4 5 6 7 8 9
Number of Points {6 | 6—% [5-2]4[4-2]4-2]3[2-2]1-1]0

Loing
king

and we note that,surprisingly perhaps, a line correspondence leads to 2 equations only,
whereas a point correspondence leads to 3 equations, all this in the general case.

®The fractional numbers mean that among the three equations provided by a each point correspondence, one
or two is not mandatory.
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2. The 2 Q-matrices cannot be recovered considering either point correspondences, line corre-
spondences or both. This is not surprising since this quantity corresponds to the structure
of the plane at infinity which is not known from motion, but depends on the affine cali-
bration of the system. More precisely, we have the following hierarchy of parameters :

Projective Motion Computation | P=18 parameters (P = 11 N — 4 for N + 1 views)
Affine Motion Computation A=P+3 parameters
Euclidean Motion Computation | M=A+5 parameters

The 3 and 5 “missing” parameters in the affine and Euclidean representation have the
following geometrical interpretation :

o The affine calibration corresponds to the identification of the plane at infinity. A
plane is defined by 3 parameters, as expected. This is represented by the r-vector in
our equations. As soon as this quantity is known in one view, it can be predicted in
the whole image sequence.

¢ The Euclidean calibration corresponds to the identification of the image of the ab-
solute conic in the plane at infinity. The planar equation of a conic is defined by 5
parameters, as expected. This is represented by the K-matrix in our equations. As
soon as this quantity is known in one view, it can be predicted in the whole image
sequence. Knowing the K-matrix the r- vector can be computed, we thus do not have
5+ 3 independent parameters.

About linear algorithms for the motion of points and lines. Let us improve our knowl-

edge about the algebraic nature of this problem. Equation (18) can easily be written in the
form!?

vie {1,2,3},0= Z ni‘ chuT;k n) n'z‘ (38)
Ry gk
By doing this, we make explicit the fact that the parameters related to the motion of lines can
be collected in a 3 X 3 x 3 tensor of 27 components.
' In the case of points, considering two views, the similar algorithm is to estimate the nine

components of the fundamental matrix as given is equation (9) under the constraints that F;;
is defined up to a scale factor, while det(F;;) = 0 [18].

If we write : Q;; = (q}j, a%, qf‘J) , i.e. explicit the columns of the Q-matrix this tensor can be
seen as the concatenation of three matrices T, T?, T3 with :

T = 931 . sg‘l — 801 q§1T (39)

This equation has been simultaneously found by {11].

Of course, this tensor is subject to 27 — 18 = 9 constraints which can be easily found, by
summarizing the previous results to this new notation :

e (1) T is defined up to a scale factor,
¢ (2,3,4) for each matrix T*, det(T*) = 0,

1°The Eddington (or Levi-Civita) symbol is defined by the following relations

0 if i=j or s=k or j=k
€ijx = 1 if i<j<k or k<i<j or j<k<i
-1 if s<k<j or k<j<i or j<i<k
It is an antisymmetric tensor of type 3 and obviously w = u A v can be computed as w; = Z:

fo — out
Uik = 2'. Eiyall .

]
i eipu‘v?, while
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e (5)let fi;,i = 1,2,3 be the 3 vectors of the kernel of T* T, i.e. £ -T* = 0 : these three
vectors are coplanar, i.e. |f);,f3,£3,| = 0; moreover we have sZ, - fi, = 0 which allows to
determine sg,. Moreover, the fundamental matrix is directly related to these vectors since,
from equation (39) :

( so1 A Q. So1A Qs S0 AQy )
FQ] = N N N e

M f(;l A2 fgn A fgl

This equation is due to [11]11.

o (6) let f},,i = 1,2,3 be the 3 vectors of the kernel of 7%, i.e. T*-fj; = 0 : these three
vectors are coplanar. i.e. |f};,f%,f5,| = 0; moreover we have sJ, - fi; = 0 which allows to
determine s;.

o (7,8,9) for each matrix T%, sI, - T* - 53; = 0.

This result also allows us to recover, knowing the tensor 7" the components of the @s-
representation, and yields the following linear algorithm :

1. Given at least 13 lines, estimate the tensor T up to a scale factor, using equation (38) as
a linear measurement equation.

2. For each matrix T find the closest matrix T* which determinant is zero. This can be
easily done using a singular value decomposition of T* 2. The vectors £}, and f}, define
the kernel of T* and 7" Tand are thus given by the computation of footnote (12).

3. Apply the same procedure on the matrices Fy = (£};,13,13,) and F, = (f},,13,13,), since
these two matrices must have a zero determinant, because the three vectors are coplanar.
Computes the kernel of ¥y, generated by sg; and the kernel of F;, generated by s;;. These
two vectors are obtained, at this stage, up to a scale factor.

4. Compute the pb; = A0 (g, + A* s01) and ph; = A%(gh; + A s21) from the linear equations :

i B ) .
{jockiom = shoomdy sk dh
AT -so1 = $21°S01° 401 — So1 ° S01 90

in which A%, = 0..3 are undefined.

"' The author uses this relation to recover the fundamental matrix. Since he obtains the column vectors of Fp;
up to a different scale factor for each, he briefly mentions a method which involves the computation of Fg, thus
requires also the computation of two other tensors, while the present method will provide a direct estimate of two
fundamental matrices, using only one linear estimation. The difference is due to the fact we have made explicit
the algebraic constraints verified by the T-tensor.

12 Let us write : r

[« 2] 0 0
M= |(uj,uz,u)|-| 0 e 0 ]-]|(vi,va,v3)
e 0 0 o3 S —

U v

withU.UT =0T U=LV-VI=VT.V=Tand oy > 00 > 03 > 0. This decomposition, called singular
value decomposition, is unique and can be efficiently estimated numerically [21]. The reader can easily check that

a1 0 0

the matrix M* =U - ( 0 o2 O ) - V7 verifies det(M*) = 0 and minimizes ||M — M*|| considering the norm
0 ¢ 0

[|M|| = supjjuy=1||M - u||. Moreover us is the vector generating the kernel of M*7,ie. u - M* =0 and v; is

the vector generating the kernel of M*, ie. M* - v3 =0
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5. From Sp = (pd,, P3;, P3;) and S, = (pl,, P%,, P3;) which is obtained up to a scale factor,
common to all the three columns vectors, we can estimate Sy; and S;; up to a scale factor,
thus Fy; and F5, from equation (16). And we obtain also qgy2 up to a scale factor since
we have :

So=A° [501 + 1 so °qg12] ; Sy =20 [521 — K sy 'qg12}

We first must notice that this “linear” algorithm does not require more lines than in the case
where calibration is given [15].

However, as in [15], we have no guaranty that the estimation of T' will verify the expected
constraints, given a set of uncertain measurements. But the way we have enforced T to verify the
constraints is not innocent. We have acted by successive reprojections, i.e. we have looked for
“the closest” value which verifies the constraints. More generally, it has been demonstrated that
an alternative to the non-linear statistical estimation of a quantity is to perform a submersion
of the parameter space in a Euclidean space, in order to get linear equations, then find the best
estimate in the Euclidean space under the constraints defining this parameter space [1]. This
mechanism is equivalent to first find an unconstrained estimate, then reproject on the parameter
space, as done here. We thus have an application of the general schema given in [1].

However, beside this practical application, the representation in terms of the tensor T" allows
us to establish that at least 18 parameters are required to parametrize our representation, as
done in the next section.

Let us now compare with the case of points. Equation (9) is linear with respect to the
components of the F-matrix, and having an estimate of the F-matrix from at least 8 point
correspondences, we can find the closest matrix which determinant is zero as it is explained in
footnote (12). However, in the case of more than 2 views, the F-matrices are not independent
and integrating the constraints given in equation (14) is far from being obvious. In fact, we
conjecture that when using linear algorithms to estimate motion from point correspondences
in a sequence of N + 1 views, the 7 ﬂw —~ (11 N — 4) constraints are untractable because
relations between F-matrices in the image sequence occur.

This was not the case when using only line correspondences, since the S-matrices, s-vectors
and g-vectors are only locally constrained but not constrained all over the image sequence. For
instance, the previous algorithm manages these constraints. However, if we want to use both
point and line correspondenceslinear algorithms must be avoided. Let us now turn to non-linear
algorithms, and -in parallel- terminate the analysis of our equations.

A parametric representation for the motion of lines and/or points. Let us now turn
to the reverse problem, that is the fact we need at least 18 parameters for our representation.
To show this point, we are going to construct a local parameterization of our representation.
This parameterization will be very useful in some implementations, since it will allow to build
a chart of the set of unknowns.

Let & = (6o, ¢, ao, bo,co,do,eo,f0,02,¢2,ag,b2,c2,dg,eg,fg,a,ﬂ)T be a set of 18 numbers
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such that :

[ soir = (cos(fo) cos(¢p),sin(fo) cos(¢), sin(o))”
cos(f) sin(¢op) a \ T — sin(6p) do \ 7]
Qo = ( sin(fp) sin(¢o) ) . ( bo ) + ( cos(6g) ) : ( €o ) +501 Q012
—~ cos(¢o) o 0 fo |
So1 r
$ sy = (cos(B) cos(¢z),sin(,) cos(dhz),sin(¢p2)) ] (40)
cos(f,) sin(p2) az \ 7 — sin(f;) dy \ 7T
Qu = ( sin(62) sin(@2) ) . ( ba ) + ( cos(f2) ) y ( €2 ) —S21 " Qg1
— cos(¢2) c2 0 f2 |
S
( qoiz = (cos(a) cos(B), sin(a) cos(B),sin(B))T

It is easy to verify that |[sg1|| = 1, ||s21]] = 1, {|go12]| = 1. These three constraints avoid the
three scale indetermination, found in Prop. 9. We also have s;; - §;; = 0 as required.

This parameterization has been constructed from a well known representation of unary vec-
tors which is of the form : u = (cos(a) cos(8), sin(e) cos(8), sin(8))", singular if and only if
u = (0,0,1)T. In such a case it is straightforward to find another parameterization by a permu-
tation of two coordinates. This allows to build a chart of the sphere with two maps. A similar
construction, modifying the parameterization of sp;, 521, Qo12 when these vectors are close to
(0,0, 1)T allow us to construct a chart of our representation using 2 X 2 x 2 = 8 maps.

When correspondences between points are given, the following parameterization also applies
to F-matrices, since we have :

[ — sin(6p) ao T cos(fo) sin{¢p) do TT
oy = ( cos(fp) ) . ( bo ) - ( sin(fp) sin(¢o) ) . ( €o )
0 co —cos(¢o) fo

[/ —sin(8,) ax \T [ cos(8s) sin(4) dy \ T
K = ( cos(6y) ) . ( b, — | sin(8;) sin(@2) |- | e
i 0 ¢ — cos(¢2) f2

while the parameterization of Fps is obtained from :

a2 dg
sia=k | b2 JA| e i S12=K 812- Fy (41)
c2 f2

and using equation (37). However, the last matrix Fp, is quite a huge expression because, as for
the linear algorithm, it is quite heavy to constraint these three interdependent F-matrices.

It might be surprising that in eq. (41) the F-matrix appears as being parameterized by 8
parameters, when 7 parameters are expected. In fact, this is (ag, bo, co, do, €0, fo) are defined up to
a scale factor, and this scale factor is determined by the fact we have constrained ||qoj2}| = 1. It
ensures that det(F;;) = 0. Anyway, it is clear that this parameterization is not unique. We have
make this choice for some reasons of simplicity, and we will use a very similar parameterization
in the final implementation.

Despite this problem, we can build “non-linear” algorithms to estimate our representation.
Given a set of measurements, we try to find the vector & which minimizes the sum of any positive
function of the measurement error (least-squares, robust estimators, etc...). If one component
of the representation becomes close to a singularity, the algorithm must perform a “change of
map”. This is a very common procedure (see for instance [4], for vision applications), so not
detailed here.
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We now can express the tensor T as a function of ®, and the three fundamental matrices
also. Doing this, we obtain :

Proposition 12 The rank of the Jacobian of the functions :

¢ . R]S — R27

d — T(Q)
and
¢ . R]S — R27
For(®)
Q — FQ](Q)
Foo(®@)

are 18 almost everywhere.

Do not panic. The proof has not been established by hand, but using the following piece of
MapleV.2 code. The quantities Qoi, So1, @21, 521, Qo12, F21, Fo1 and Fpz have been defined
using the previous equations. We obtain :

# Definition of T as a 27 components vector
T:=array([’’’Q01[j,i]*s21[k]-Q21[k,i]*s01[j] $i=1..3°$j=1..3°$k=1..3]):

# Definition of the vector of parameters Phi
Phi:=array([alpha,beta,theta0,phi0,a0,b0,c0,d0,60,£0,
theta2,phi2,a2,b2,c2,d2,e2,£2]):

# Computes the Jacobian of the function

J:=map(proc(x) simplify(x) end, jacobian(T,Phi)):

# Computes the rank of this matrix for a subset of points

# (we restrict to this set, for Maple to be able to calculate)
r:=rank(map(simplify,subs({theta0=0,phi0=0,theta2=0,phi2=0,alpha=0,beta=0},
op(I)));

18

# Definition of FO01-F21-F02 as a 27 components vector
F:=array([’’FO1[i,j]’$i=1..3°$j=1..3,7 F21(i,j1’$i=1..3°$j=1..3,
12F02[1,j] " $i=1..3$j=1..3]):

Computes the Jacobian of the function

:=map(proc(x) simplify(x) end, jacobian(F,Phi)):

Computes the rank of this matrix for a subset of points
:=rank(map(simplify,subs({theta0=0,phi0=0,theta2=0,phi2=0,alpha=0,beta=0},
op(IN));

H % %

18
This formal computation establishes that, for a subset of the map, the two functions have a
rank equal to 18. Then :
Proof Since the rank is 18 in a particular subset, it cannot be less than 18 everywhere. So the
rank at a generic point is at least 18. Of course, for some particular values of the parameters, a lower

rank can occur. But these singularities, if generic, are a set of null measure. So, the result is true, almost
everywhere. End Of Proof

This last proposition is a complement of Prop. 10 and Prop. 9 and demonstrates the reverse.

2.6 Conclusion on the three views motion problem

We now have the certitude that exactly 18 parameters are needed to estimate the motion of

lines and/or points, 3 views being given, in the general case, where no calibration is given.
When establishing this resuit, we have also build two algorithms (one linear, one with a -

minimum set of parameters) to estimate this representation. We have made obvious the fact that

it is very difficult to manage linear algorithms in this case, because the estimated parameters
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verify a important number of complicated constraints. Previous studies on the computation
of motion from point or line correspondences, when no calibration, do not integrate all these
constraints [6, 11] although the existence of these constraints has been already established and
used for point correspondences {18].

Although a non-linear parameterization is easily usable for three views, its generalization
to a sequence of views is not obvious since token correspondences between non-consecutive
frames must be taken into account, as established for three views. This means that, at the
implementation level, we must try to avoid this level of complexity and build the algorithms on
local correspondences only. This will be discussed in the last section.

But we had two other goals, considering this algebraic approach, one good, one bad. The
good one was to obtain a much better understanding of several aspects of the motion of lines
and points in the uncalibrated case.

The bad one was to illustrate how algebra developments are boring, as the reader must be
convinced of, now. The situation is even more complicated, because we have omitted a lot of
intermediate but trivial calculations, focusing on the results. Is there any possibility to avoid
this tragedy ?

There is. No algebra any more, just geometry.

3 The motion of lines and points : geometric interpretation

In this section, although we will try to maintain the notations as coherent as possible with the
previous section, we define again cach object, and will not rely on any existing result.

Notations : we use the operator + to define the geometrical object generated by two or three
objects, i.e. if P, @ and R are three points and D is a line P + @ is the line generated by P
and @, P+ @ + R the plane generated by this three points and P + D the plane generated by
the point and the line; we use the operator N for intersection, for instance D N P is a point,
intersection of the line D and the plane P. The equality between two quantities is written =
since it corresponds to an algebraic equality, up to a scale factor, between homogeneous vectors.

From the epipolar to the trifocal geometry. Let us consider a system of three cameras, in
general position as shown in figure 2. Each camera is defined by its optical center C;, ¢ = {0,1,2}
and its retinal plane R;. We use the usual pinhole model for the camera.

Let us now consider the plane T = Cy 4+ C; + C,. This plane is called the trifocal plane. It
has been materialized using dashed lines in figure 2. This plane intersects the retinal planes R;
along lines ¢; = 7 N R; called the trifocal lines. The intersection of the line C; + C; with each
retinal plane defines the epipoles s;; = (Ci + C;) N R; and the tripoles sgx = (Ci + C;) N Ry,
when ¢ # k£ # j. For instance, looking at figure 2 and considering the line Cp + C; one can see
that the intersection with the retinal planes Ry, Ro and R are : sy; which is a tripole and sq,,
so, which are two epipoles.

From this construction it appears that all the trifocal lines, the epipoles and the
tripoles belong to the trifocal plane. Moreover, it is straightforward to establish, combining
the previous definitions, that in each retinal plane the epipoles and the tripole belong
to the trifocal line, or, using our notations, s;; € d; for : = {0,1,2}. In particular :

Vie {0,1,2} , t;=s;1 +sio+Si2 ; |si1,Si0,8i2| =0 (42)

and these three points form a projective basis of the trifocal line. As a consequence, the trifocal
lines are defined by the knowledge of the epipoles.

Of course, the epipoles defined here correspond to the epipoles defined, in the case of the
motion of points, in the epipolar geometry.
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Figure 2: The trifocal geometry, see text for a complete description.

Let us finally explicit useful transformations from one retinal plane to another. We consider
the special collineation, H,;, from the retinal plane R; on the retinal R; which is a perspectivity
through the optical center C;. By definition, the image of a point m; € R; is the point m;,
intersection of the line m; + C; with the retinal plane R;,i.e. m; = R;N(C; + m;) = H;m;. It
induces a dual transformation H;; I which maps lines of R; onto lines of R;. By definition, the
image d; of a hne d in R; is the set of points of R; which images through H;; belong to d,, i.e
d; = HTd

TheJdual of this perspectivity can be decomposed as follow. Given any plane I1* containing
C; and any pairs of lines d; € R; and d; € R; with d; = HTd the present perspectivity induces a
collineation h® between ¢! = II*N R; a.nd =1 nR by takmg the restriction of the application
to these two lines, i.e. for pi € t7 and p; G t; = (Hij(pi + ¢)) N1}, g being a generic point
not in t?. Reciprocally, given two planes H“ and H" containing C; a.nd two collineations h*®,
z = {a,b} from t¥ = II* N R; to t; = II” N R; the dual of the perspectivity is entirely defined
since d; = Hld; = (h*(d;in1f)) + (hb(d n tb))

In our s1tuat10n, if we consider Ho; and Hp,, it appears that to decompose these two per-
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spectivities we can take the trifocal plane II and any other plane II* # II containing both Cp
and (5. This corresponds to choosing a plane IIy in the pencil of plane containing Co + C»,
thus defined by 1 parameter. With these choices, the two perspectivities are entirely defined
by 4 collineations hgy : tg — t1, ha1 : &2 — 13, h()\] : t(’} — 1, hé\l : t§\ - ti‘ given as above and
involving 3 parameters each. Therefore, Ho; and Hy; are defined by 1 + 4 x 3 = 13 paramelers.

Because the epipoles and tripoles belong to lines passing through the optical center, and
because the trifocal lines contain those epipoles, it is straightforward to see that these quan-
tities are related through the previous perspectivity. If we consider Ho; and H2; we obtain
immediately :

so1 = Hoisio

st = Hysya

so2 = Hoisn

's0 = Haisni (43)
ty, 3 H(;‘IISOO
t] ) H2_11822

from which we deduce : .

ty, = H to (44)
t] = H21t2

Epipolar correspondences for a 3D point. Because we have to analyze also the motion of
points, let us briefly review the epipolar geometry. We consider the correlation F;; which maps
a point m; in the retinal plane R; onto a (epipolar) line d; in R;. This line is the intersection of
the (epipolar) plane, containing the optical ray m; + C; and the other optical center C;, with
the retinal plane Ry, i.e. d; = (m; + C; + C;) N R;. This corresponds to the projection of the
optical ray in view j onto the retinal plane ¢, and this transformation is obviously undefined for
any points on C; + C; such as epipoles and tripoles. From this construction, we easily see that
the epipolar line defined by a point m; contains (1) the epipole s;; since it is the projection of
the optical center in R;, i.e. s;; = (C; + C;) N R;, (2) and the inverse image of m; through the
perspectivity Hj;. We thus have : :

Fyjm; = H3'm; +si; (45)
and we can easily verify that for any point of the trifocal line :
met; >t =F;m

while by construction Fi; = FJT,
The projection of a point m; € R; must belong to the epipolar line defined by its correspon-
dent m; which yields the fundamental equation :

m; € Fyjm;

Trifocal correspondences for a 3D line. Let us consider a 3D-line D, as shown also in
figure 2. The projections d; of this line onto the three retinal planes R;,7 = 1,2,3 is defined by
the intersection of the “projection” plane P; = D + Cj, defined by the 3D-line D and the optical
center C;, with the retinal plane R;, i.e. d; = P, N R;.

Let us construct the projection of the line in one retinal plane, say R, from the projections
in the two others.

Because, by definition, these three planes meet in a line, presently D, their intersection with
any plane P is a set of 3 concurrent lines, the intersection point being m = PN D. For instance
if we consider the retinal plane R,, the intersections of the three projection planes with R; are
dy = RinPy, di = RiNP; and dy = RN Pa. These three lines thus meet at a point m. Moreover,
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by construction, d} is the image of dy through the dua.lqp rspectivity Hd, i.e. dy = Hl dy, and
d, is the image of d; through the dual perspectivity H3,, i.e. d) = H] d,. We can express the
fact these three lines are concurrent through :

|dy, HY dy, HYdo| = 0

This equation is nothing else than the first equation of Liu and Huang [15] on line motion,
but given now in a general case, as in equation (35).
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Figure 3: The trifocal plane geometry, see text for a complete description.

On one hand, we have a point m which belongs to dy, on the other hand, we can also calculate

the intersection, p;, of d; with the trifocal line ¢,, since we can derive the following relations
considering the geometry of trifocal plane, see figure 3 :

P = (Hjhdo)Nt

ﬂ2 = (Hledg) Nt
Co = (soz + 520) N (501 + S10)
Ci = (sio+8s01)N(s12+521)
C: = (s21+812) N (820 + 802)

p = (po+ Co)N(pz +C2)
n = (Ci+p)nty

all these relations being defined only considering the perspectivity Hg;, the perspectivity Hyo
and the 6 epipoles.
By doing this we entirely defines d;.

This equation is nothing else than the second equation of Liu and Huang [15] on line motion,
but given now in a general case.
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In the projective case, this corresponds to a trilinearity which relates the intersections of the
lines dy, dj, and d), with the trifocal line ;.

We can explicit this trilinearity if we choose coordinates for the quantity given in the retinal
plane R;. Let us take : t; = (0,0,1)7, sy; = (0y,1,0)T, H1d; = (-1,1;,0)7 and p; = (1, 1,0)T.
In that case equation (34) corresponds to the following relation :

W= _ =i
w—0o -0z
0

which relates v;,¢ € {0, 1,2} through a trilinear relation, as expected.

The trifocal and epipolar geometries are defined by 18 parameters. From the previous
developments we obtain immediately the following three results :

1. The correlations F;; are entirely defined, through equation (45), by the two perspectivities
and the epipoles.

2. The two perspectivities are defined by 2 x 8 — 3 = 13 parameters.

3. All epipoles and trifocal lines are defined, through equations (43), by the knowledge of the
two perspectivities, the epipoles 8,9, 812, and the tripole s;;.

4. The three points s;g, 812 and s;; are defined by 3 X 2 — 1 = 5 parameters since these 3
points are collinear.

Finally, the trifocal and epipolar geometries are defined by 5+ 13 = 18 parameters. What about
a simpler result ?

4 Implementation and experimental results

4.1 Implementation of the motion module

Let us now discuss the implementation of a module which takes point and/or line correspon-
dences as input, and output an estimation of the affine motion parameters.

Thank’s to several other developments in the field such as [17, 30, 24, 20, 29] we do not have
to discuss again how to implement such a module in great details but simply can base our work
on previous experiences. The main features to be taken into account are the following :

¢ Point and line correspondences are always defined with a certain uncertainty, often repre-
sented by a covariance matrix, and estimation criteria must weight their estimates using
this uncertainty.

o It is always more robust and reliable to have a criterion based on a retinal measurement
error (i.e. a retinal disparity or a image related quantity), even in the uncalibrated case
[17], because this quantity corresponds to the physical measure. Obviously, when the
retinal disparity has been canceled, all information about the motion has been extracted.

¢ It is always possible - and sometimes more efficient [30; 12] - to compute motion and
structure at the same time, instead of eliminating structure parameters to estimate motion
and then structure from motion. We will follow this track here.

Using retinal disparities as measurement error. Let us consider a set of P point corre-
spondences in a sequence of N + 1 views. We index the points with k € {1..P} and the different
views with i € {0..N}.

The main source of error, considering such point correspondences, is related to the uncer-
tainty in the pixel localization and the uncertainty in the correspondence, the latter being more
important than the former. A simple way to represent this uncertainty is to consider for each
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point m¥ that the value of m" is given with a certain uncertainty corresponding to a covariance
A,x. The uncertainty is “thus carried by m] , while m* is taken as a deterministic value,
k)

neglecting its localization error in the image, i.e. A, ¢ =0 and A,, 5 A" Such a model

corresponds, for instance, to the uncerta.mty of a correlatlon operator [5]
More precisely, when the covariance is used to weight the contribution of a local correspon-
dence in a criterion, we use the inverse of the covariance, also called information matriz :

-1 Lo I
Ak) — ( uy uv )
( 7 I‘U‘U I’U'U
and, moreover, we not always assume that this symmetric positive matrix is definite i.e.

invertible On the contrary, if the retinal disparity is defined in only one direction, say

= (cos(s), sxn(c)) whereas in the orthogonal direction t¥ = (- sin(c), cos(s))” the reti-
na.l correspondence is undefined, we can integrate this constralnt very easily by defining an
information matrix of the form :

-1 1
AF) = nf.ntT (46)
( .‘I) (0;9)2 E

which interpretation is that the variance of the measure in the direction where the retinal
correspondence is undefined is undefined is infinite (notion of generalized inverse) [4].
We are going to apply this powerful mechanism now.

From line or curve correspondences to point correspondences. Let us consider a 2D-
line d; with equation m € d; & 0 = niT - m; represented by an homogeneous vector n; in
correspondence with a 2D-line d; represented by an homogeneous vector n;. We can reduce this
equation on line correspondences to equations involving points correspondences, using Prop. 5,
as developed now.

| ' | - _ Moo 1
' t ! mO0 ==
¢ 1 ! "
[} 1 1 1 |
[} ’ 1 | , 1 t
( ( ( mO .
i m | ' ) '
1 n t ] -~ ~l ]
] ] ’
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Figure 4: Using correspondences between non punctual primitives; A : correspondence related
to the normal motion of a curve, B : correspondence related to a line segment

Let us choose two points mg and m; on this 2D-line. In practice, we are going to detect line-
segments in an image. It has been shown [29] that we better choose the center of the segment
mg and the direction of the segment, or point at infinity m; = my,. This will minimize the
covariance of the measures. However, any other pair of points could be used.

Each point is in correspondence with a point for which we cannot determine the exact
location but only its location up to a displacement on the line, i.e. a “sliding point”.

In other words, if we have a line correspondence, constraining the collineation using the
equation on the line parameter n or using the normal correspondences between two points on
this line is equivalent. We thus do not need to implement specifically the case of lines, but can
limit our calculations to the case of points, with appropriate information matrices.

Similarly, a 2D-correspondence between a point m; on a 2D-curve and another point m;
on the corresponding 2D-curve after a retinal displacement can be integrated in our framework.
Along a curve, the tangential displacement is generally ambiguous (aperture problem) [4], except
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for points with a high curvature (corners, junctions). Let t", ||tk|| = 1, be the tangent of the

curve on m, and n , ||n"|| = 1, its normal, as illustrated in figure 4.

In this sxtua.tlon the plana.r Euclidean displacement é m is obtained in the normal direction
only, written 8 = (nk T.§m), whereas (tk T.s m) is undefined. The uncertainty for this equation
is easily computable. Since only the dxspanty in the dlrectnon of n influences the measure, we
can calculate the uncertainty as : (o] )2 = n;‘T A" J, where Ak is the covariance of the
correspondence.

We can integrate this situation in our framework, by simply choosing a information matrix,
as given in eq. (46).

The case of line correspondences is a particular case for whnch only two correspondences are
to be used.

As a conclusion, we do not need to integrate specifically line correspondences in our algorithm
but can simply use point correspondences. In addition to that, we could also have integrated
local correspondences along any curve as studied in [8).

Dealing with local correspondences. What we have implicitly assumed from now on is that
each point has been matched all along the sequence. This is by no-means a realistic assumption
and we must be able to integrate the fact that a point correspondence is valid only during a few
frames.

This is very easy to do, using our information matrices again. Let us consider that the point
correspondences have been established from view j; to view j, only, then we set (A¥)~1 = 0
for all § < j; and j > j2 and the related equations, which are undefined, will not be taken into
account because their weight is zero.

This allows to carry on our study, considering P points in the N 4 1 views but with suit-
able information matrices which integrate the fact that for each the correspondences are not
established all along the sequence. ‘

In any case, it has been established that we need at least three views for a correspondence
to constraint the @) s-representation, if it corresponds to a sliding point on a line.

Parameterization of the uncalibrated motion and structure Let us consider again a
sequence of N + 1 views and P point-correspondences in this sequence.

We are going to represent the uncalibrated motion in the sequence by Q-matrices and s-
vectors between two consecutive frames, i.e. Qi1 and si4;1;. All other @Q-matrices and s-vectors
are entirely defined by these quantities, using eq. (10).

As discussed in this paper, the @ s-representation is not entirely determined in the image
sequence but is only determined up to :

1. A global scale factor for the image sequence. We fix this scale factor by setting ||s10|| = o5,
i.e. by constraining the uncalibrated translation in the two first consecutive images.
A reasonable default value is 0, = 1. This corresponds to a reconstruction of the depths
up to a scale factor as always the case in a monocular i 1mage sequence.

2. One r-vector in the sequence. We fix rjp = (00,01,02)
A reasonable default value is (09,01,02) = (0,0,1). This corresponds to assuming that
the plane at infinity is fronto-parallel, an affine retinal frame of reference being taken into
account.

3. An ezpansion factor between each pair of consecutive frames. We note the expansion factor
between frame ¢ and frame ¢+ 1 : {Z;}1:}izo.N~1-
A reasonable default value is Vi, Z;,,; = 1, especially when the camera is not performing
a zoom, since it corresponds to assuming that the relative scales between two consecutive
frames are left unchanged.
As a consequence of this last indetermination, we have seen that :

o The twelve components of each Q)-matriz and s-vector are only defined up to a scale
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factor. In order to avoid this scale factor indetermination we will simply choose

#.,;=1,ie. fix the last component of each Q-matrix. This constraint is not far
from the reality since in an image sequence we expect the rotational component of
the motion between two frames to be rather small and the calibration matrix not
to be much modified. As a consequence, the matrix Q;y1i = Aij4+1 * Riy1i - A;l is
expected to be close to the identity.

We can either determine these parameters from other perceptual processes (Euclidean cal-
ibration, odometric cues, etc...) or set them to the proposed default values. In that case, we
are not going to estimate the “true” parameters but the depths and displacements up to some
affine and projective transformations as discussed in this paper.

These N + 4 parameters will be called ezternal parameters in the sequel.

If we take these N + 4 parameters as inputs of our algorithm, we must parametrize our @s-
representation such that Q,o and s,g verify the previous constraints, and such that ?il,- =1.
Following these requirements, we can parametrize the motion as follows :

Let us consider the first view.

For n=0 : po= (6o, ¢o,a0,bo,do, e, fo)T € R”
such that :

([ 810 = 0, (cos(fp) cos(¢o), sin(fo) cos(go), sin(o))”

cos(6g) sin(¢o) ag T —sin(fo) do T oo T
Qo = ( sin(fp) sin(¢o) ) . ( bo ) + ( cos(fp) ) . ( €o ) +s10- ( o1 )
W — cos(¢o) co 0 fo o2

- g

o

S0

. 0204 81N -1
{ with c0 = == 4:"
as obtained using equation (40).

This parameterization does not cover all configurations and is undefined if 89, = s}, = 0.
But if we use two-other maps obtained by permuting the trigonometric factors in the definition
of 8,9, we parametrize all configurations as already discussed in this paper.

This mechanism also provides a parameterization of the F-matrix, as been made explicit in
eq. (41), and we have :

— sin(fp) a;, T cos(6p) sin(¢p) do
Fyp= cos(fp) ]-| bo — | sin(6p) sin(¢o) | - ( €o
0 co — cos(¢p) fo

T,
As expected, Q32 =1, s1, - S10 = 0, ||s10|] = o, and %gg;?ll’g = r10 = (90,01,02)T. We thus

verify the required constraints. Please note that c0 as been chosen so that Q%3 = 1.
Let us now consider the other views.

F N - _ (5?+1.',s}+1.', S?+1.'
or 0<n< Hn = 00 01 02 10 1 12 20 21 )T c R11
4142 D414 V4190 Ci4+10) Ui4+16 D416 D418 Cs414

while again Q77,; = 1.
By doing this we use 7+ 11 (N — 1) = 11 N — 4 parameters as expected and verify the
constraints of this representation.

The structure of the scene is very simply parameterized by the inverse of the affine depths
of the points, called prozimity, .i.e :
gl
) Z'lg

for a point k € {1..p} in frame ¢ € {0..N}.
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A criterion to estimate the (Js-representation. Let us now define the measurement equa-
tions. As stated in this papers, all measurement equations, considering point correspondences,
are given by eq. (11). In this equation we have decomposed the equations in (a) a prediction
of the retinal disparity and (b) a prediction of the depth. This is exactly the decomposition we
need, since we would like :

1. to minimize the retinal disparities, between consecutive frames :

00 4100 . y4Q02. 41 g0
Qi1 wWitQiy, i vit Qi i+ oF 8ipai
]

Us41 —
k( k) ‘+ Q%1 wi+Qi,  vi+QT .‘+_IE 87414
€, Wy )=
o i Ty -+1- “'+Q-+1 § ”'+Qu+1 .+‘T .+1 i

Vs -
vH Q%1 witQl, vi4Q, .‘+;§ 87414
L]

weighted by the inverse of their covariances (A¥)™1,
2. but also the errors between predicted and estimated depths, i.e. :

1 1 Zi1i
| 7k p20 21 . 22 1.2
Z.+1 Z; Wt Qi+1.‘ v + Qi+1.‘ + ZF 514

dc(/"i’ 7";!:1-17 7rtk)

in which we have mtroduced the zoom factor 24, this last quantity being welghted by
its information V3! e computed as follows!3 :

T &
-1 _ or* -1 Or
Vo = a—c"”T Var ot
-1 _ ky-1_ 8¢}
rf - 5_% (A‘ .5;%
onk Q 21 ' “'+Qn+l ] v'+Qi+l a+—‘ sl+l ]
8_? - 3._“' = . 0 .. \
PR srorve=rr: sy rerd (1 SIS )
O} Q%1 W, vitQ, .'+§'.,k' 8+1i \ Bi414 — Vit1 84
vk
so that, finally :
1
-1 kT ky-1
Vf.k Z 4 ) (At)
¢ 1+1s

Combining these measures we obtain the following criterion :

N-1 P N-1 P
J({iYizo.N-1, {75} r=1.Pi=0.N) = Z Z T (AH . F 4 E Z kvt
1=0 k=1 1=0 k=1

The problem of computing motion and structure in a monocular image sequence when no
calibration is given has been reduced to the present optimization problem.

3In an equation of the form y = f(x) we can compute the inverse of the covariance of x from the inverse of
the covariance of y from the well-known formula obtained applying the Implicit Function Theorem :
ofT _, of

-1
A = o Ay o
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Implementation of the minimization process. In order to proceed to the minimization
of this rather huge criterion, we decompose the minimization into two subproblems :

o Motion from structure : We minimize with respect to the motion parameters {;}i=o.N-1,

the structure parameters {wf}kﬂ”p,;:o,,}v being constant. In that case the previous crite-
rion is the sum of N independent terms :

J({l‘i}i=0..N—1a‘{'"',k}kzl..P,i=0..N) = Z Ju.(#n{ﬂ’ Yr= 1 .P,i=0. N)
Jui (i {75} =1, Piz0.N) = k-lf T.(AH)1- ¢ +§k 2 &k

and - considering {wf}kﬂ__p,;:o_w is constant, the problem reduces to the independent
minimization of the N sub-criteria J,,,. This corresponds to a minimization of the sum of
3 P terms'* with respect the parameters of ;, either 7 (for < = 0) or 11 (for i > 0). Such
a minimization is quite easy to perform.

e Structure from motion : We minimize with respect to the structure parameters
{7*}k=1.Pi=0.N, the motion parameters {u;};—o.n—1 being constant. In that case the
previous criterion is the sum of P independent terms :

']({u'l }i:O..N—l, {ch}kzl..P,t'zo..N)

Zi, 1 Ju({#z}s =0. N—1,{7|‘ }:—0 N)
I ({#t: Yizo.N -1, {75 }iz0.N)

T-(Ah - rebvyl ek

and - considering {u;}i—o0.N—1 is constant, the problem reduces to the independent min-
imization of the P sub-criteria J,,. This corresponds to a minimization of the sum of
3 (N — 1) terms with respect to the N + 1 parameters {r¥};_o_n. Such a minimization is
again very easy to perform.

Obviously, this decomposition is sub-optimal, but dramatically simplifies the amount of
calculations. In order to limit this drawback and to accelerate the convergence of the estimation
process, we used a very common strategy (see for instance [30]) in which we decompose the

estimation process into two phases, a (1) boot-strapping phase and several (2) steady-state
phases :

¢ During the boot-strapping phase, we attempt to obtain a initial estimate of a subset of
the parameters in order to start the minimization as close as possible to the final estimate.
We must obtain an estimation of motion, without any knowledge on the structure, which
corresponds to the estimation of the fundamental matriz Fyo(po). The corresponding
criterion can be derived exactly as the previous one, and we have, very briefly :

J(uo) = TiL&Vg'6+Tineivy'e
gk = mT -Fio(po)-mo
0 \/(Fm(uo) mo)T-U-(Fio(no)-mo)
V-1 — 1 — _(Fio(so)- -mo)T-U-(Fio(so)-mo)
28 any. 28" Frolm)ma) (A (Floluo) mo).
my t m ) :
k = m; -Fio(us)-mo
& V(Fio(p0)T-m1)T -U-(Fio(s0)T-m;)
v-l! — 1 — (Fio(#0)T-my)T-U-(Fio(p0)T m,)
34 2 an. 2 T = Fro(wo)Tm1)T-(AF)-(Fio(u0)T-m1)
o \ i/ Bmg
1 00
with U={01 0
0 00

UEach correspondence provides 2 equations (eventually 1 vanishes) for the disparity and 1 for the depth
prediction.
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following the method developed and discussed by previous authors [17, 18]. These qua.n-
tities can be interpreted as follows : (a) We have chosen as measurement errors £§ and -
¢% which are the Euclidean distances from a point to its expected eplpolar line, (b) in
a symmetric way, since we have average the previous quantity in both views, (c) and -
weighted these quantities by the uncertainty of each correspondence. Please refer to [17] B
for a discussion. o
In any case, please note that this estimation cannot be done usmg line correspondences -
(we use 2 views) but point correspondences only. This appears in the fact that we use the k.
covariance matrix (A¥) and not its inverse which is undefined for normal correspondences:
This is a limitation of the present implementation that we do not use line correspondences ,
for the boot-strapping phase, although a straightforward implementation of the prevrous
equations and a mechanism using three views is indeed possible. v
The estimation of the fundamental matrix Fyo(po) provides an initial estxmate of the
motion parameters between view 0 and 1. From this initial estimate we can obtain-a .
first estimate of the structure parameters from the “structure from motion” pa,radagm, S
minimizing the criteria J, ({#i}i=o0.N-1, {7r }i=0..N') with respect to {7r }i=o..n for all k.

¢ During the steady-state phases, we re-estimate alternatively “motion from structure”
and “structure from motion”, first considering frame 0 only, then integrating frame 0, 1, .
etc... T
When this mechanism has been executed up to view N, the estimation is finished. V L

This finally leads to a non-trivial architecture, illustrated in figure 5. We must report that
we have tried and experimented several alternatives and variations of the proposed paradigm
in order to obtain an efficient algorithm, for which we are going to report some experimental
résults in the next paragraph. This version of the implementation seems to be a good compromise
between several constraints, not all being easy to formalize.

We conjecture that several other possibilities must also been experimented in the future, but
this is - for sure - out of the scope of this a.lrea.dy very long paper. Let us simply describe an
alternative.

Fast implementation of the algorithm. In the proposed implementation, each minimiza-
tion is performed using a comprehensive algorithm for finding the minimum of a sum of squares
(10]. No derivatives are required, which is an advantage (less computations, adaptive estimation
of either the Gauss-Newton directions or the Newton directions depending on the numerical -
stability of the algorithm, etc...) with respect to methods requiring the analytic gradient. The
method is designed to ensure that steady progress is made whatever the starting point, a.nd to
have a rapid ultimate convergence, i.e. super-linear.

However this mechanism is not adapted to a real-time implementation for instance, but we
can modified a bit our criterion to obtain a linear algorithm. Let us expla.m how

If we consider the quantity :

k(,,. —k 20 ke, -~k
&5 (pis ;) ( i+1i“v+Q'+1avt+Qa+1. zF s+1a> € (Bi, ;)

2 . 21, 22 1.2 . 00 .. o1 . 02 10
G QL v+ Qi t ZF Siv1e ) Uit1 Qv ¥+ Qipri vi + @iy + ZF Bitti -

- 0 .. 102 1 O22 1.2 . 10 ..ol 1.1
i+ Qi v+ Qi + ZF Siv1i) % - Q1w+ QN v+ QM + ZF Sitri

we can observe that this error is linear with respect to @, s and the proximity # = 1/Z. Similarly,
if we consider the quantity :

~k _ ~ 20 A ~21 . 22 1 =2
V= ( 1 W+ Qi v+ Q@ + 7F Si+1e)
k
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Figure 5: Architecture of the minimization process

estimated a-priori, i.e. the value of #¥ is not determined by the algorithm, but input and
constant, using a-priori information on motion and structure, the quantity :

N . : 1 1
C(W'+1, k) - (Qﬂ-ls u' + Q;+11 ’0. + Q‘+ll Z[; s?+li) §l (l‘" l+1’7r ) - s Z - [7{ Z.'+1,]
141 s

is no more dependent on the motion, but only on the structure and is linear with respect to
proximity.
As a consequence the modified criterion :

' | k)1 N e
J'({#i}izo..N-l, {W.l‘}kzl.y,.':o..N) 2‘—0 zk—1 & kT %l))_z‘ : 5? + Z;:B.l Zf=1 Cf % Ctk "

IZ . ( k)2 +2.—o Zk—l C;k —i—ng

Ji. (ue,{f"}k_1 .P, i—o..N)
-1

V.
C kT | ‘ k k&
= Tia Z k)2 G (752

k
G

I, ({75 izo..n)

is, on one hand, quadratic with respect to the components of the ¢ matrix and s vector
and, on the other hand, quadratic with respect to proximity. Therefore, the minimization
of Ji, (ui, {wf‘}k=1,_p,;=o,,N) and J,’rk({7r,l‘},-=0_'N) leads to linear normal equations.

With this strategy, each step of the minimization corresponds to solving a linear system of
equations, except for ug because of the trigonometric functions. Nevertheless, in this last case,
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the equations are linear with respect to (ag, by, dy, €p, fo). As a consequence we can avoid using
non-linear minimization except for one module and use only fast algorithms.

In reality, we will verify, that considering the experimental results, the quantity #¥ is not far
from 1 so that the proposed approximation is valid. It is so true, that even the original crite-
rion yields “almost linear” normal equations. Therefore, the non-linear minimization algorithm
converges in one or two steps.

We are not sure, depending on the application, that using linear equations is always a good
choice because, although each step is rather quick to execute, the local minimization is less
efficient and the global convergence might be affected, if we are far from the minimum. This
problem is thus data dependent and will not be further discussed here.

4.2 Experimental results

Using a method to control the obtained values. We have chosen a monocular sequence
of 9 frames containing 128 point correspondences. We had to choose an image sequence for
which the results of the computation of the motion parameters (rigid motion + calibration) and
structure parameters are computable using another well established method. Therefore we have
chosen a sequence of views containing a calibration grid, for which all these parameters can be
easily computed as often used in the past [22, 18].

A typical image sequence is shown in figure 6, for three consecutive images. The order of
magnitude of the disparity between two frames is 2 to 4 pixels, corresponding to rotations of
the object of about 5 deg. This corresponds to an acquisition at video rate.

Figure 6: Three images of the sequence used for the experimentation

For each frame, we have computed the usual calibration parameters, i.e the 3 x 3 matrix P;
and 3 x 1 vector p; which defines the projection of a 3D point M, given in an absolute frame of
reference onto a retinal point m; = (u;,v;, 1)7 using the relation [4] :

Zimi=F-M+p;

If we write R; and t; for the rotation matrix and for the translation vector from the absolute
frame of reference to the retinal frame of reference, we immediately verify that :

Pi=A;- R ; pi=4Ai-t
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and the P-matrix must verify the following constraint-( P;- PT)?? = 1, since P;- PT = A;-AT = K;
while K22 = 1 from eq. (27).
Now if we eliminate M in these equations taken in frame ¢ and j we obtain :

Qij:Pi'Pj_l ; Sij = Pi — Qi - P;

In fact P; can be considered as the collineation between the plane at infinity and the retinal

plane corresponding to frame i, as easily verified considering a point M = ||M||ﬂ%” for huge
{|M|}. The evolution of these parameters is also governed by our ) s-representation, since :

P = Qi -F

pi = Qi Pj+si;

as obtained from the previous relation.
As a consequence, we have an estimate of all the motion and structure parameters using a
well established method and can compare these results with the outputs of our module.

Experimental measure of the external parameters. As discussed in the previous sec-
tion, we can estimate all parameters in this situation, and in particular estimate the external
parameters which are inputs of our algorithms. We have obtained :

lIs10l| = 17406.948594

r1o = ( -3.3e-06 -5.4e-05 -0.001 )

{Ziy1iti=o.7 = {0.999 0.989 1.035 0.992 0.994 0.997 0.992 0.970 0.986 }
which yields the following comments : (1) as expected, the zoom factors are very close to 1

(there were no zoom durmg this experimentation) and (2) the direction of the r-vector is very
close to (0,0, 1)T also, since the plane at infinity is - in standard conditions - almost a fronto
parallel plane. The magnitudes of sjo and rjo are of-course very far to one, but that was also
expected.

These magnitudes are well explained if we observe that a typical value of the Qs-
representation is :

( 0.959767 0.009758 -27.106785) ( 23802.317544)
Q_{08}=( -0.005585 0.945462 19.148278) s_{08}=( -20696.781141)
( 0.000068 0.000002 0.981526) ( -58.490636)

and it is obvious that the normalization based on the constraint Q?2, ; = 1 does not modify
the order of magnitude of the obtained quantities.

However it appears that the obtained quantities have not the same order of magnitude and
this can lead to some numerical instabilities in the algorithms. We have avoided such a problem
by taking this order of magnitude into account in the numerical routines so that quantities
expected to be very small or very high have been roughly normalized.

Let us now verify if our assumption about the fact that, considering a fast implementation,

‘der ¥ = (020 ; :
we can consider ¥ = ( B iw+ QR v+ QH, i+ —,; s‘H,) as almost constant is valid.

Here are the values obtained along this typical image sequence :
& = +0.000021w"* — 0. 000021v* + 0.999955 — 5.6e + 017*
5F = 40.000045u* — 0.000003v* + 0.989326 — 9.3¢ + 007*
75 = —0.000189%* + 0.000017v* + 1.035403 + 5.0e + 017*
vk = 40.000022u* + 0.000008v* + 0.992263 — 4.2¢ 4 007"
vk = +0.000026u* — 0.000004v* + 0.994453 — 1.5¢ + 007F
,;} = 40.0000174* — 0.000007%* + 0.997433 — 9.0e + 007*
7E = +0.000033%* — 0.000003v* + 0.992366 — 1.8¢ + 017*
7% = +0.000092u* + 0.000020v* + 0.970632 — 1.2¢ + 007"
for values of 7 of about 103, while (u*, v*) € [0..512[x[0..512[. It is clear that this quantity,
although not constant, has a value very close to one so that the modified criterion proposed in
as a fast implementation of our original criterion is realistic.

%
1
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We thus have verified that the different assumptions made in this paper on the order of
magnitude or the approximate values corresponds to what is effectively measured in a real
monocular sequence.

Performances of the algorithm.
our implementation.

The “motion from structure” modules converges in about 16 iterations for uo, and only 2
to 3 iterations for the other motion parameters pu,,n > 0 and the convergence is obtain, from
scratch, in about 1.5sec CPU-time on a Sun-II for 9 views and 128 points.

The “structure from motion” modules converges in about 5 to 10 iterations and the con-
vergence is obtain, from scratch, in about 4.5sec CPU-time on a Sun-II for 9 views and 128
points.

When activated together these two sets of modules take about 3 to 5sec CPU-time on a
Sun-II for 9 views and 128 points (quicker because we never compute from scratch except the
first module) for each iteration and the global convergence is obtained after 5 to 10 calls to each
modules. In fact if we iterate a huge amount of time, we still gain something but this is peanuts.
If we start close to the expected value (as in a steady-state mode) the convergence is obtain
after 2 to 3 calls.

As a consequence, it is clear that the fact we have used an almost quadratic criterion for all
parameters except the pg yields to a very fast convergence, even-if to maximize the robustness
of the estimate we have not used the fast implementation.

We have not yet optimized the code thus CPU-times are still quite long, and must not be
taken as definitive values. Previous experience in the field let us predict that a careful coding
can decrease these times by a factor of 2 to 10.

Let us also very briefly report how fast (or slow !) was

Precision of the algorithm, simulation. We have simulated a projection of the points
of the calibration and we have added a white Gaussian noise to the retinal locations of
each points, the standard deviation of this noise being oxr. The precision of the estimate is
measured considering the distance between the 11 components of the expected and estimated
() s-representations in the parameter space.

We have obtained the following experimental results :

Noise Level | Motion from Structure | Structure from Motion

oxN =0 1.310°© 6.2310 1°

oy = 0.1 1.81072 5.08 10~5

ony = 0.2 3.6 102 9.80 103

on =0.5 8.210°2 2.1210~4

ony =1.0 1.810! 5.06 10—4

on = 2.0 3.510°1 9.810~*

on = 5.0 8.4 107! 2.510°3

which are quite accurate values since the reconstruction, obtained with a level of noise of
ox = 1.0 is given in figure 7.

The experimentation with gn = 0 corresponds to a set of “perfect data”. The obtained
results should 0 ideally and the residual errors correspond to rounding errors of the machine.
This also shows that the experimentation program has normally no bug !

We have also simulated the fact we were using line correspondences instead of point corre-
spondences and obtain very similar results, for instance :

Noise Level | Motion from Structure | Structure from Motion
oy = 1.0 2.71071 7.121074
on =2.0 6.5 1071 1.1310°3

These results have been obtained considering 128 lines containing the 128 points and we thus
have generated 256 normal correspondences between those points. This validates our mechanism
of integration of line correspondences.
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Figure 7: Two perspective views of the 3D reconstruction, simulation with a noise of 1 pixel
standard deviation

Precision of the boot-strapping phase We have studied the precision of the boot-strapping
phase, which corresponds to the estimation of a fundamental matrix as in [17]. Starting from
scratch, the minimization is obtained in about 30 iterations and 1.5sec CPU-time in the same
conditions as before. Considering the same error measure as above we have obtained :

Noise Level | Motion Only (Boot-Strapping)
ony = 0.1 9.8210°
ox = 0.2 9.64 1072
oy =05 1.04 101
on=10 | 1.07 107!
on =20 3.40107!
on =5.0 6.35 10!

which shows that the precision has the same order of magnitude than what has been obtained
by the rest of the module; it is more sensitive to small errors because this estimation is definitely .
not linear, but less sensitive to high errors because a smaller number of parameters (7 instead
of 11) is to be estimated.

Radius of convergence of the algorithm, simulation

As a non-linear algorithm, the proposed module might not converge to the correct solution,
if the initial value is too far from what has been expected.

We have observed that we could start from any motion values if the proximity had a relative
variation of 20% with respect to their true values, and similarly we could start from any proximity
values if the motion values had a relative variation of 10% with respect to their true values.

Moreover the algorithm is still converging when both motion and proximity values relative
variations were about 50% of their true values.

This radius of convergence is rather small, and it is then of primary importance to use
bootstrapping mechanisms to ensure the convergence of the method. '

Precision of the algorithm, real data. We finally have checked our algorithm on the real
data and have obtained the following precision :
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Real Data | Motion from Structure | Structure from Motion
7.3910-1 3.16 1073

which is again quite accurate, although it corresponds to a noise level of about five pixels.
Some points have been quite badly located as visible on the reconstruction given in figure 8.
When we have observed this fact, we were not disappointed because this was an opportunity to
check whether the algorithm could deal with important errors, and it did.

Figure 8: Two perspective views of the 3D reconstruction, real data

5 Conclusion

Considering the problem of computing structure and motion, given a set of point and/or line
correspondences, in a monocular image sequence, when the camera is not calibrated, we have
analyzed the underlying algebraic problem and have proposed a representation of this motion,
the @ s-representation which seems to be the simplest generalization of what is well known in
the calibrated case.

We have verified that this representation is in deep relation with what has been recently
studied in the field : the Fundamental matrix, the 3D reconstruction up to an affine or projective
transform and the problem of auto-calibration.

Considering the case of 3 views we have studied in detail the different aspects and possible
algorithms of estimation and have developed a geometric interpretation in this case.

At a first glance, the obtained results are quite negative : no possibility of auto-calibration
in the general case unless some additional hypotheses are taken into account, apparent increase
of the number of constraints between the different parameters involved in this representation
when the number of views increases, difficulties to derive complete algorithms for ¥ views and
point+line correspondences, etc...

However, using the @@s-representation and accepting some indetermination in this represen-
tation it is possible to avoid these difficulties and to estimate what is estimable, that is : 11 N -4
parameters and the proximity of the points, corresponding to their affine depths.

If we follow this method, we can obtain a very accurate model of the retinal correspondences
and the corresponding numerical values are much more accurate than what has been obtained
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in the calibrated case. This might be due to the fact we use more parameters, and the right
ones, so that we do not have to trust the very unstable values of a calibration module.

It is clear that this paper does not modify the conclusions obtained by previous researchers
who have already analyzed visual data when calibration was not given, but we have tried to
extend previous studies in the field in three directions : (1) variable calibration parameters, (2)
line and point correspondences, (3) not only 2/3 views but many.

Finally, since the reader is waiting for our conclusion about the dramatic dilemma between
algebra and geometry, we state : _

Algebra is painful, geometry is beautiful. In a misguided attempt to sell the former, we
might have tried to maintain that to derive algorithms algebra is useful, even if awful. Fool !
The goal of Vision is neither to obtain engineering tools, nor good experimental results, but to
build Science, and be cool.
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