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ABSTRACT

We study in this paper the optimization of a production system comprising a multi-item single
machine. Taking into account the switching-costs, we analyze the optimization of the system in
terms of a system of Quasi-Variational-Inequalities (QVI), which due to the presence of state
restrictions, has unbounded solutions. This system represents the Bellman equation associated
to this optimal switching control problem. We study the structure of this QVI system, its
solutions and numerical methods to solve it.

RESUME

On étudie ici ’optimisation d’un systéme de production qui est composé d’une machine multi-
produit. On montre que le coiit optimal est donné par la solution d’un systéme d'inéquations
quasi-variationnelles (QVI), avec solutiones non bornées. Le systéme représente les équations
de Bellman associées au probléeme de contréle optimal de commutation avec contraintes sur
l’état. On étudie les proprietés du QVI, de ces solutions et des méthodes numériques pour sa
solution approchée. ’
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1. INTRODUCTION

We consider the optimization of a production system comprising a multi-item single machine. The pro-
blem consists in finding the optimal schedule of production that minimizes the addition of production
and inventory costs. As it is well known (see [4], {14]), in general it is possible to find an optimal control
policy when we know the optimal cost function. Taking into account the switching—costs, it is possible to
find the optimal cost function solving aAsystem of Quasi-Variational-Inequalities (QVI) (see [4], [6],
[17], {19], [24]). This system is obtained using dynamic programming techniques. We study in this paper

the structure of this QVI system, its solutions and numerical methods to solve it in a practical way.

1.1 Central Results

In general, under rather mild assumptions, it is possible to find an optimal control policy when we know
the optimal cost function Ud. In consequence, this paper deals fundamentally with the study of Ud and

the development of numerical methods to compute it.

The principal results obtained in our study are the followings:

The optimal cost function is locally Lipschitz continuous and unbounded.

The optimal cost function Ud is the maximum subsolution of the QVI system associated to the

problem.

There exists at least an optimal control policy which realizes the minimum cost. It can be defined in

terms of U9 as an optimal feedback control policy.

e We present a discretization procedure for the numerical solution of the (QVI) system associated to

the problem. The procedure has the following properties:

* The solution of QVI is reduced to find the unique fixed point of a non-linear operator
PR 7 L R
+ The usual iteration u?+1 = Ph(ul’) converges from any arbitrary initial point.
* There are special techniques to compute the fixed point of operator Pk In particular, we have

developed a special method that converges in a finite number of steps.

o Here we have obtained satisfactory numerical results for the case m = 2 (size of discretization of the
state space: 50 x 50; memory requirements: 383 Kbytes; computational time: 1,64 sec. in a PC 486

computer). Industrial applications for m = 3, 4, 5, have been done by K. Muramatsu.
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1.2 Description of the System

At any time the machine is either idle or producing any one of m different items. We will denote by

d=0 the state of not—production of the machine, and by d=1,...,m, when it is producing item d.

For item d=1,...,m; we define the problem data as follows:

* 1y the demand by unit time of item d
* Py the production quantity by unit time at the machine setting d
o Md the inventory capacity constraint

. q(d,a) the switching cost of the machine from state d to d
o A the discount rate

o f the instantaneous inventory-holding/production cost

We will always assume the following non zero loop cost condition:

* 3 q¢ > 0 such that for any closed loop dj, dy,..., dp, dp-H ,

with d; =d p<m, we have

D ad;, diyy) 2 ao (1)

i=0

p+1°

and we suppose that the following conditions are verified
+q(d,d)>0 Vd#d, q(d,d)=0 VYdeD={0,1,..,m}, (2)

*Q(daa)SQ(daa)'*"q(as'a)a Vd¢a¢a (3)

In addition, we assume that the switching time is small enough to be disregarded and that the

following condition, under which a feasible schedule exists, holds:
m
d
Z Py < (4)

In fact, we will always assumne Z pd < 1, because condition Z ]d =1 forbids the machine to be in
d=1 d=1

m x
the idle state except for a total time of 7= r—dl and this is not a natural condition for a problem

with infinite horizon.
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1.3 Formulation of the Optimization Problem
1.8.1 The state space @

Let us denote by yd(t) the inventory level of item d at time t, starting at xq at the origin, i.e.
Y(t) = (¥ 1 (8)seers ¥;(E)seery Y(t))s £ 20, ¥(t) € R™, (5)

y(0) =x. (6)

As neither backlogging nor production over the capacity constraints are allowed, the following

restrictions hold for the inventory state y4

0<yg<My, d=1l,.,m. ‘ (7)
We will use special sets ' C R™, defined through the use of the following notation:
(3ps++s 35000y 3p) € {0, 1, 2}™, (8)
L (ag oo e 3 ) ={¥ = (00 Ym) €R™ 7 9},

a=0=y,=0
3 =1=20<y, <M, 9)

If the inventory of at least two items reach zero simultaneously, the shortage of at least one item is
inevitable with any admissible control policy. So, the admissible state space Q comprises only the set of

points with at most one zero component, i.e.

Q= LaJ {I‘(al,..., 3 yeey ar, ) / at most one component a = 0}, (10)

then
Q= LaJ {F (ajses 3 )» V a=(ay,.., a0y 1) }z.—ﬁ_l[O, Mi] (11)

and the corresponding interior, denoted with Q, is

Q=9=r(l,..,1,.,1). (12)
The boundary dQ will be split in the following way

8Q = 9Q.UdQ*, 8Q.NaQt =9, (13)

where



4 . 1.3 Formulation of the Optimization Problem

m
8Qe = J(rF U, (14)

i=1

7i+ = LaJ I(agy aj0e a )N Q, a=2; 7= LaJ I'(ape ap, 2) N Q, a;=0, (15)

being

and

aQt = LaJ {I‘(al,..., a,y.-y 8y )/ at least two components a; = 0}. (16)

It is clear, from the definition of (r 4 P d) that the following equation of evolution holds

L~ ga(t), y€R™, y(0) =x€Q, (17)

where, ¥V d # 0, the evolution of each component is given by
-4 ifa#d

gq(a) = (18)
P4~ T4 fa=d;

For simplicity of expression, we will denote

8(a) =(g1(@) s gm( @)
(19)
Mg :j;nla:)rcn (rj » P )).

1.8.2 The set of controls

An admissible control of - ) is a step function with values in the finite set D. The control will be charac-

terized by a sequence of pairs (6,,, d,)), where
0=0p<0)<...<0,<0,,1<.. (20)
are the switching times, and the step function verifies
a(ty=d,, Yte(d,, 6U+1], d,eD, d, ¢du+1* v=0,1,.. (21)

d
For each x € Q, d € D, we define ‘Ax the set of all admissible schedules with initial state x and initial

machine setting d:

,(g:{a(.)z(ou, dV)Zo:O/Vteﬂ?'*',y(t)eQ, dg=d}. (22)

In other words, we will consider sequences (6, d,) such that the associated trajectories remain in Q,

Vi>0.
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1.8.8 The oplimal cost funclion U

We consider the following cost function corresponding to a control policy a( )

6.
< 26,
Jal) =Y (| 1066, aE)e™ds + a4y ). (23)
i—1
For each d € D and x € Q, we define the value function
d
Ug(0) = inf{J(a()) /o) € 4 }, (24)

which is the minimum cost to be attained starting at x with the initial machine setting d. Our

d
objective is to design for each x € Q, d € D an optimal schedule &(.) € Ay , such that:

J(a()) = Uy(x) = inf{J(a(.)) /() € .Ag )}. (25)

We denote U the vector with components U d: The properties of function U d are described in the

theorems of the following sections.

Remark 1.1: For mathematical reasons, we admit multiple instantaneous transitions. In fact, they can
be eliminated; because if there is a set of multiple instantaneous transitions

dl—’duz—*...—)dl‘ y
al] arising at 8, it can be replaced by the direct transition

dl—’dl‘,
: p
which, by virtue of (3), has a smaller total switching cost q(d;, d“) < Eq(di_l, di) .
i=1

Remark 1.2: We will suppose that f(x,d) is a bounded and Lipschitz—continuous function of x, for any

d € D. Also, we will denote
Mg = sup{]f(x,d)|/ x€Q,de D}.
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2. PROPERTIES OF THOE OPTIMAL COST FUNCTION U

The value function is rather regular at interior points of Q, but it becomes singular as the point x

approaches the special part of the boundary designed with 3Q+, which definition we recall here
oQt = IF'(a;,..,a;,..,a at least two components a. = 0;. 26
5 1 i m 1

Specifically, we have the properties established in the following sections.

2.1 Property of Local Boundness

Theorem 2.1: The oplimal cost function Ud is locally bounded in Q and uniformly bounded in the
complement of any neighborkood of (?Q"', i.e. there is a constant C (independent of A), such that ¥V
T € Q there exists a policy af- ) satisfying

Ja(-)) < C+-LM(d(z, 8Q%)) = c(1+ %(1+m)). 27)

Also, Ugis uniformly bounded from below, i.e.
inf Uy(z)>0. 28
0 Ve ) (28)

Proof: We will prove it only for the case m = 2. In this case, QT = {0}. Let

M; M r M ris
: 1 72 1 1 1°2
= min (=L, =2 , , 29
a mm( 9 ) (p2_r2) (pl_rl) sl ) ( )
My, M r M ros
: 2 1 2 2 2°1
b= =211 , , 30
min (32 Gy Gy 1) 40
where
) £
Sy = s So = , 31
N GEN = 2= DG - T 3D
Py P2
51=r1—y 52':;—2-- (32)
In the analysis of a first case we will suppose that x € E=[0, a] x[0, b]\{(0, 0)}.
If
2°1
X SX TSy
we define
]
ho = F5; (33)

and we consider the control policy defined by
a(s) =2  Vse€|0, syhy)
af(s) =1 Vs €l[syhg, (so+s)) hg) (34)
a(s) =0 Vs e€[(sy+s9) hy, (s9+s;+1)hy)

and then repeated periodically. As shown in Figure 1, this policy forces the system to return at time t,

to the initial state x, where
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t, = (14+sy+s9)hgv  (v=1,....... ),

and it is admissible because it can be verified (after lengthy calculations) that y(s) € Q Vs> 0.

For the corresponding cost we have

Ja(-) < *Yq
ol -) < —+ s

X T N (s Fsp) b
then

M
; —f -1
Ha(- D=y +3 Mq(,\(1+sl+52)ho“)’

because

1 1
< 1).
1 _e—/\(1+Sl+S2) hO _(A(I+SI+S2) h°+ )

roSyy\2
If we denote n = ¢/1 +(r? s;) , from (33) we have

d(x, 6Q+) <nx;=nhgry sq,
then

SO
3 l'l 82

J( (-))<£f+. n__Magn
@ = A (l+sl+s2) d(x, 3Q+)T+ q’

For the case
Ig s

x2 > xl W,
we can get the similar result
3195 ﬂg 7
l+sl+s2 A d(x, 3Q+)

My
Jo-)) S5+ +3 Mg,
with 9 = 1+(m)2.

If X >aorxg > b, and if we apply to the system a policy of type

0,1,0,1,.,
or r

1,0,1,0,..,
or

0,2,0,2,..,
or

2,0,2,0,..,

with at most N switchings, and with the corresponding evolutions shown in Figure 2, where

My M,

Nc:Qm“( 1 i 1 i
bro(Fp + o) 271 (g + ppmry)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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we reach the boundary of the set E, at a time T, where
T< My M,
Smax (555 1)
Then
Uy(x) SMgT+N Mg +e2T Uy(a, s), s<b;
or

Uy(x) SMfT'-f-NC Mq+e_)‘T Uy(s, b), s<a.

In consequence, for all cases 3 C (independent of x) such that
Ugx) <§+C, Vx¢E.
Then, for a suitable constant C (dependent only on problem data and not on x), it holds

Uy (%) 50(1 + %(1 +m)).

Corollary 2.1: The optimal cost function U, is bounded in the following form

Uyle) < C(1+4+ (log(d(z, 9Q*)))").

(44)

(45)

(46)

(47)

(48)

(49)

Proof: The proof will be restricted to the case m =2. If x¢ E = [0, a] x [0, b], from Theorem 2.1 we

have that U4(x) < C(1+-%\—) , with C independent of x (for x ¢ E).

Then the proof must analyze only the case x € E. Let us suppose in a first analysis that x;=0, x9 < b.

We apply to the system the following control policy
, . X
d=1 fort €0, 8], with 8; =ty
]

d=2 fort€[fy, 6y, with 8y =0, +6,, & =% (Py—11)
d:l fort€[02y, 02”’*‘1]’
d=2 fort€[02u+l, 02V+2]’

— 1 cv

O9p4+1 =09, + %9 15 &

f9y42 =9 41 1+ 60

with
5, =%y % ¢V (-Plr';rl),
c=(3-)(%-)

being £ > 1, by virtue of (4).

It is easy to verify that the trajectory associated to this control remains in E and it

boundary of E, in a time T < T’, being

(50)
(51)
(52)
(53)
(54)

(85)

(56)

(57)

reaches the
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e e () §5 o

—

with

— 1 b
n=1+ log € log (x2) . (59)

We complete the definition of this control after T using the control defined in Theorem 2.1. Then, the

cost corresponding to this control can be bounded in the following way

M
Je(-N<(1+ Elg_f . log(%)) Mg+~ + max U (). (60)
From Theorem 2.1, we get
Ja() < C (141 + og (x))), (61)
then
l —
Uy <C (1 + %+ (log (xy)) ) (62)

For the cases xg =0, x; <a, and the mixed case 0 < x;<a, 0<x9< b, the proof follows exactly the

same argument and the result is also

U400 < C (1+4+(loglx) ). (63)

In the general case, we get
Ua() < C (1 +L 4+ (tog (a(x, 9QH))7). (64)
o

Remark 2.1: U4(-) cannot be uniformly bounded, because U, is unbounded at 6Q+; in fact (64) is
not only an upper bound of Uy, but also it gives the behavior of U4(x) as x —» QT (see § 2.4).
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2.2 Existence of Optimal Control Policics

Condition (1) limits the accumulation of switching points. This property implies the existence of an

optimal control policy.

2.2.1 Property of bounded density of switching points

From the previous result, we conclude that to find the policy that realizes the minimum value Ud(x), it

is enough to restrict the election to those policies that satisfy

J(a()) < C 1+ + log(d(x, 8Q+))7). (65)
These policies, in turn, has a bounded density of switching points, in the following strict sense:

Proposition 2.1: Let of-) be an arbilrary policy salisfying (65), T a positive real number, and

9, g , the switching times of a (- ) and let us define

1
ur(a(-))=maz{i/9isf}, (66)
then
v (@(-)) < ¥ (), (61)
where \
bo(z) = (- C(1+L+ (tog (42, 00%))) )+ 1) m. (68)
Proof: As f > 0, then
3a(-N 2 (3 aldy, diyp)) 2 e ag (71> ag €M (E - 1). (69)

1=

because v, switching points determine al least [f;ﬁf] closed cycles and because (1) holds; where [s]

denotes the integer part of s. Then, by virtue of (65)

%0 €M (E = 1)< C 1+ + log (d(x, 8QH))7). (70)
So
AT
vr < (£ ¢ (14 L+ (log(d(x, 0Q1))) + 1) m (71)
and then (67) holds.
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2.2.2 Existence of open loop oplimal policies

Theorem 2.2: For any state (z,d), there exisis atl least an optimal conirol policy & [

Uyle) = Jp (). (12)

Proof: By Theorem 2.1 we have that .Aﬂ # 0. Let o” be a minimizing sequence, i.e.
Uy(x) =VimmJ (¥ (-)). (73)

If we denote OiV the ith switching point, we have

o = (8, d?). (74)

From Proposition 2.1, we know that V T there are in the interval [0, T] at most ¢p(x) switching

points, i.e.
12> Yp(x) = 9;’ >T. (75)
By the state restrictions, we have that
M M
v v d d
Bi+159 +'“3"(‘““(W’ P—d-—‘d))’ (76)

then, by the diagonalization procedure, we can choose a subsequence, (w.l.g. we denote it also as o)

satisfying
. vV _ 7
and such that

Then, for any T > 0, the sequence of functions

o @& (79)

converge to a step function @ in LI(O, T), i.e. @ has a finite number of switchings in the interval [0, T}

and differs from &Y in the set

DY = {t/ o¥(t) #&(t), t < T}, (80)
with the property
m(D7p) — 0. (81)
It is also clear that
a’(-)-a in L'(0,T), (82)
and that
g(e”)—g(@) in L'(0,T). T (83)
We define

t
(V) =x+ [ ga"(5)) o5,
{0 (84)

¥(©) =x+ g(a(s) ds,
0
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then
ly*®) -3 < Mg m(DF) — 0, (85)
i.e.

yY= ¥ uniformly in [0, T).

(86)
If we define o
(@) = [ Ne(y(6), ats) s, (87)
0
then
|3ge) - 3@ | <2 Mf AT Je""‘ Le[|y¥(s) -7 (s) || ds + 2 My m(D¥,) <
0
, Mg T
and
I&()) <2 Mp & “(+)) + (Lg Mg +2 My) m(D7) (89)
J(a()) <2 Mg © “(-).- (90)
So
o . i V .
IGa() € Jlim_Ide¥(-), (91)
because T is arbitrary.
As for @ it may appear a cluster of switching points (finite), it is possible to have
0i=0y ==0q (92)

As these instantaneous switching loops leaves the system invariant, it is also possible to replace the
policy @ by a new policy @ having exactly the same effect on the system (see remark 1.1), but with a
smaller number of switching points, i.e. we eliminate all the instantaneous switching closed loops.

As the cost associated to switchings is
X -6,
Z Q(di_l ’ dl) e ! ’ (93)
i=1

some part of the sum disappears from the formula corresponding to @, leaving outside some sets of

terms with a collective cost bounded from below by q, v, where v  is the number of cycles above

mentioned.

Then, - _
X -Nf. X =),
Yoe Tiqd_;,d)< Y e iqd_y, dy). (94)
i=1 i=1

If we define, for a = (0, d,)
A .
Jgla(-)) =D e " la(d_y, ), (95)

i=1
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we have

IR € 3q@() = lim (D aldy_y, 4 € ).

r
i=1

But
r

I -A0, —A0. ) v
iz: Q(di_l, di) e ! =Vll)n'éo( Z: Q(di_l, di) e ! )Suli‘"éo-]q(a ),

because, w.l.g. we can suppose {J (¥ (- ))} convergent. In consequence

1g(@(+) < fim Jo(@¥(+)),

SO

X&) SIE(-)) < fim Iga¥()) +lim Ig(@¥(-) = lim I(x, o¥) = Ug(x).

AsJ(@(-)) > Uy, we obtain the optimality of the control a(-)), ie.

I@E()) = Ug(x).

(96)

(97)

(98)

(99)

(100)
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2.3 U is Unbounded

In any neighborhood of 3Q+, due to the shortage of two or more items, the system is enforced to
change its production policy with very small intervals between switching points. This behavior has the

consequence that the optimal cost function becomes unbounded as x—>3Q+.

Theorem 2.3: Ud is unbounded at the origin; moreover, there ezxisls a positive constant C such that the

following inequality holds
Uylz) > C(1+ (log(d(z, 8Q*))). (101)

Proof: The proof will be restricted to m =2. Let a(-) € Ag with switching times 6¥. The first import-
ant fact to establish is that for any point x, there is at least a first switching time #(x) that is bounded
by a linear function of || x|l.

Let x;, x, be the coordinates of x. Always, for any arbitrary control policy, at least one of the
functions y, or y, are decreasing and as they must be non-negative, a switching point 8(x) will appear

before él or 52 , where

- X
by=1% (102)
and
P
b= 2. (103)
In consequence
f(x) < max(Tll-, -il;-)x max(xl, x2), (104)
i.e. )
o) <[4 xtixl (105)
=0T fo okl
00
where
1 _ 1 1
and
Ixlloo = max(xl, x2). (107)
As
.max (max (p;~ r;), ;) < Mg, (108)

1=1,

then, the state of the system at the instant 8(x) will verify the following inequality (for x° = x)
Iy(oe <B4 Mg 6' <Ix0N(1 + M, M%Iloo) =elx°l, (109)
where
— 1
5_(1+Mg||THoo). (110)

In this way, if we define recursively

H oyt ve=o0,1,2,.., (111)

th

i.e., x¥ is the state value at the '™ switching time 8, we have by induction

=1 < e lx°H, (112)
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w1 < et <o [ H]_xhel 1)

For the associated discount factor we have

ay, el

(114)
Then, if x°, v verify ( log 2)
then, it is > 19; (116)
in consequence,
q,
Ja(-) 2 [4] % (117)
and therefore
Ug(x®) > 22 [4] VX0 <8(v). (118)
Finally, to obtain an explicit lower estimation of U 4 8t the origin, we define V x°€Q
- ‘ log 2
P(x%) =1+ 1 log( ) (119)
log ¢ L ll %]
In consequence, ¥V v < #(x°) we have
Ay >1/2 (120)
and therefore
o (7(x%) o 1 log 2
J(a > - 1 1 -1} 121)
COEE Ja -2 2((+rogf og( guy T (121)
Then
Uy(x®) > - Cy log Ix°l-C, (122)
where
C,== (1 _ (123)
1" 2m\log¢ |
and
log 2
02—( (1 + o e (5 ||f|| ) -l)qz—°- (124)
Moo
Finally, from (122) we have that (101) holds and in consequence
lim Ud(xo) = +400. (125)
x°—=0
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Remark 2.2: For the case where m > 3, the optimal cost function Uy is not only unbounded at the

origin. In fact, it is unbounded at any point of 6Q+, which is a set of dimension m-2.

Remark 2.3: From (64) and (101), we see that the behavior of U, in any neighborhood of aQt is of

type

(108 ((x aq+)))_, | (126)

because this type of function is an upper and a lower bound.

Remark 2.4: The control problem we analyze in this paper, is one of those where boundary conditions
play a key role. Many techniques have been devised to deal with this sort of problems; we can mention

among them those discussed in (8], [33].

In our approach only restrictions on the value of Ud at 6Q+ are retained and no conditions on the

behavior of (')xd are used, while in [8], {33] those type of conditions are considered. In fact, we do not

impose any equality conditions on U 4 at 6Q+; only inequality conditions of type
Ug(0) < S4U)(x)

holds by continuity and the function U is found as the maximum element of a suitable introduced set

of subsolution of the associated HIB equation (see §3).
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2.4 U is Locally Lipschitz Continuous

To prove that the optimal cost function is Lipschitz—continuous, we use the well known technique of
comparing two trajectories with different initial points and the same control (see [13], [17]). In this
case, due to the state restrictions, the applied control cannot be the same one and we apply a suitable
and carefully chosen control for neighboring trajectories, in such a way that after a finite time both

trajectories are coincident (up to a delay that is a linear function of the initial displacement).

Definition

We introduce the set of e—suboptimal policies:

i ={a(-)ead / Ix(a(-) SU ) +¢}.

Lemma 2.1: There exist T > 0, and a pair of functions
o H: RT= N7 non-decreasing, plinoH(p) =0, (127)
o Z:RTa Rt non—increasing

such that, if

lz- 2’ < B(d(z, 0QF)), a2)
then

Va(-)e Al ,, 3a(-) e Al (129)

and 7, 7’ with the following properties:
e 7T (130)
e 7'<T (131)
o Ir— 1< 234z, 9Q7)) le— 'l (132)
o v -v()|< 2(ifz 8QT)) Nzl Vi<T (133)
° y(r)=y'(r’) (134)
e a'(t)=aft—(r’-1)) Vi>r’ (135)
e m{t/ < a(t)# ') } < 2d( 0Q1)) 1z=2l. (136)

The proof of this property is contained in the Appendix.
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Theorem 2.4: U is locally Lipschitz-continuous, i.e. there is a function L: 7= R non-increasing
such that V compact subset G of Q,Vz€ G,V 12’€ G

| Uylz) - Ud(z’)lg Lip) lz—='ll, (137)
where

p = min. (d(z, 8Q"%)). (138)

Proof: Let x € G, then d(x, 3Q+) > p. In consequence, from Lemma 2.1 we have that 3 Z: RT— ®+
non—increasing such that, if x’ / [x -~ x"{ < H(p) and a(-) € lg’o , there exist a’(-) € .Ag, such that

|J(a(-))-J(a’(.))|5Z(p) llx —xIl. (139)
Then
Uy(x)~3(@(-)) <I(’(-)) =I@(-)) <Z(p) Ix-xll. (140)
In consequence, we have
Uy(x) - Uy(x) = (Ud(x’) - 3@(-))) <2 (o) Ix=xIl. (141)

Finally, interchanging x’, x, we obtain ¥V x’ / llx— x’| < H(p)
IUd(x’) - Uy(x) | = (Ud(x’) ~ J(a(- ))) <Z(p)Ix-x|. (141)

As G is compact, it results

max ([Ix —x’]l)+1

|U4(x) - Ug)| s XEF a2 (p) Ix—xl.

Vx€G,Vx’€G. So, (137) holds if we define

A Mg)+1
L(p) = ——HW—Z(P%

Remark 2.4: From Theorem 2.4 it results that U d() is uniformly Lipschitz continuous outside any
neighborhood of Q™. The coefficient L is independent of the discount rate A.
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2.5 Some propertics of optimal control policies
2.5.1 Basic properties of optimallconirol policies
We will prove here the following technical (and clearly intuitive) result about optimal policies.

Proposition 2.3: V T> 0,V z€ Q, 34> 0 /if a(.) s an optimal control policy and y(.) is the corres-
ponding trajeciory, then 3 t(a(.)) € [%1, T), such that

Ha)]>o. (142)

Proof: We will proof it by reductio ad absurdum. If "y(t) " <bVte [I, T], then, due to the presence

of forced switching times (because in the interval [T/2, T] it will be necessary to exist C T/b

switching times), we will have

Uyx)=3(a(-))>Ce?TT/b,
where C, C are suitable positive constants.

By using the same arguments as those employed in Corollary 2.1, we know that always exists a control

policy a’(-)) with an associated cost

3(o(+)) <€ (144 + (tog(d(x, 9QH)))- (143)
Then the following inequality must be verified
C (144 + log(d(x, 0Q))) 2 ST AT, (144)
but if
b< CTeT (145)

C"(l +3 + (log(d(x, 8QH))")

we get a contradiction which proves that (144) does not hold.
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Proposition 2.4: The following properties hold for the optimal policies
e Ifa(z,d) is an optimal feedback policy, then 3 € > 0 such that

&(r,d)=d Vz/Izi1<e, d#£0; (146)
afz, 0)#0 Vz/izi<e. (147)

o V z, if y(.) is the trajectory corresponding to an oplimal feedback policy, then
tim Jy()]> 0. (148)
{—o0

Proof: The proof will be restricted to the case m=2. Let x be such that Ixli<e and d =1. We will
prove that if a(-) is an optimal policy, the switching point is located at the boundary, i.e. a(t) =1
Vt<T=x9/79.

If we suppose that the switching time is 6; < 7; (the maximum admissible first stopping time), we can
consider the control with switching times 6°1=0,+8, 0’9=09+5, where the associated trajectories are

shown in Figure 3. For the corresponding costs we have

IJ(a(-)) =1 +(e“/\o1 q(1,2) + e—,\02 q(2, 1))+e_/\0,2 U,y (y(6°9)), (149)

A8 -A9 =A@
Jo(-))=T+e " lq(1,2)+e  2q2,1)4e  2U(y'(0)) =

=r+ O (g, M2 90 )+ M 200y, as0)
because
y(879) =y'(0))) - (151)
I and I’ are defined respectively by
% by 0y
I= Ie_Asf(y(s), 1) ds + J e s f(y(s), 2) ds + I e_'\sf(y(s), 1) ds, (152)
0 2 8
8, 04 0’
P = Je_Asf(y’(s), 1) ds+ J S 5(y(s), 1) ds + J S (y(s), 2) ds. (153)
0 9 0y
Then, I -1’ = I +1y, where
0’2 0’1
I, = J e_’\sf(y(s), 1) ds — J e_’\sf(y’(s), 1)ds =
b9 0
oy—0
_ J (e—A(02+S) f(y(92+s), 1) - e_/\(91+s) f(y’(ol_*_s)’ 1)) ds =
’ ’1-6)
~A(0y+s ,
= I A0 )(f(y(02+s), 1) — {(y’(8,+s), 1)) ds +
0 ;
1-0

+ J- (e'*/\(02+5) _e"‘/\(ol'*'s)) f(y’(ﬂl-f-s), 1) ds . (154)
0
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In consequence

1-9)
lll ] < J (Lf"y(02+s) ~y'(8;+s) ”+ A M6y — 01)) ds <
0
o, -0,
< J (Lf My + A Mf)(82 —0)) ds = Ly Mg+ A Mf)(02 —0,)(0 -0,  (155)
0
6, 0,
1, = J 5 1(y(s), 2) ds — j S (y(s), 2) ds =
91 )
8y — 0,
- J (e—/\(01+s) f()’(01+8), 2) _ e‘/\(e 1+S) f(y,(0’1+5), 2)) ds =
0
6y — 0, »
= J e ( 1+s)(f(y(01+s), 2) — 1(y’(6"+s), 2)) ds +
0
6y~ 0,
+ I (e—/\(ol'i's) _e—/\(0 1+S)) f(y’(0’1+S), 2) ds.
0
Then
0y =0,
Bk J (el y(01+5) =y (@ +s) |+ A Mo} —6))) ds <
0
09 -0,
< J (L Mg+ M)E) - 0)) ds = (Lp Mg+ A M) (8, ~ 0))(8°) —8)).  (156)
0

Taking into account that
8=, < ( xy+(py—1p) r2)%
and the inequality s
(1 a1, 2+ 292, 1) 2 S,
we have

SN
3@ () £ 3a() 1 L+ (17 )%,
Then, if we take (§’; —6;) < 1/A, we obtain

J(a’(-))—J(a(-))52(LfMg+/\Mf)(02—91)(0 —01) = Me"; -6 R <

<(2(Lg Mg+ A Mp) (85— 0) - A %), - 0)) <0,
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when
qp A

4(2 (L Mg+ A Mf))

(6,-0;) <

and that relation is verified when

_ QoA
<€y = pl

4(2(Lg Mg+ > Mf))(,Ll+(—,T— 1) 712-)
then, when ¢ < €-
I(x, ’(+)) = I(x, o -)) < 0.

Then, if € < €11 for af - ) to be optimal, it is necessary that 01 be maximal, i.e.

y1(6;) =0.

The meaning of this property is clear, the production of any item is continued until the boundary of Q
is reached. At that point, the item with zero stock is chosen for production and that policy is main-
tained till a new boundary is reached. Then, for ¢ small enough, once any state of production is

reached, it is not leaved till the system leaves B(0).

If the state of production is 0, the system switches instantaneously to an active production state. The
proof of this result, although technically more involved than the previous one, follows essentially the
same arguments used above to prove the maximality of the operation under control 1”7, »2” . It is here
omitted for sake of brevity. We have proved in this form (146), (147), (148) follows immediately by
virtue of (18).

o
2.5.2 Existence of a minimum distance belween swilching points
Theorem 2.5: If the following strengthened modification of hypothesis (3) holds
q(d, d)+q(d, d) > q(d, d)+ Gy Vd#d, (157)

being §y> 0; then there ezists a function o(z) > 0 such that the switching times of any optimal policy

verify
0,280, ;+o(z)>0 Vi=2.. Vd #0. (158)

Proof: By virtue of the results of Proposition 2.4, we have that the trajectory corresponding to the
optimal control remains in a set where Ud( -) is uniformly Lipschitz continuous, i.e. 3 L such that, V t,
t’,vdeD

|Ug(y() - U @) < Ly () -y |- (159)
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Let oi—l’ 0, be two successive switching times for an optimal policy a(-). By dynamic programming

optimality principle, we have:

Ug,_,v(8) = aldj 1, ¢ + Ug (v(8), (160)
Udi_‘)(}’(oi_l)) =q(d;_g, d;_;)+U di_l(y(oi_l)) (161)

and
Udi_ 2(¥(9i_1)) <q(dj_g, d)+U di(y(ei_l)). (162)

From (159) and (17), we have by (19)

|Udi(y(oi)) - Ug (0;) | <L Mg (5~6;_) (163)
and )
|a,_, 0@~ Vg 0 1|1 Mg -0, ). (164)
In this form, taking into account (160)-(164), we arrive to the inequality
LMg(6,-6,_1)+ Udi(Y(gi)) +q(d;_s, d;) 2 Udi(ywi—l)) +q(d;_g, d;) > Udi_2(y(0i—1)) =

=q(d;_o, d; )} + Udi_l(y(ai—l)) 24q(d; o, d;_ )+ Udi—l(y(ei)) -L Mg (6,-6,_y)=

=q(dj_g, d;_y) +a(d;_y, d}) + Udi(ywi)) ~L Mg (6,~6,_,) >

>n+aq(d; o, d)) + Udi(y(ai)) -L M, (6;-6;_1)» (165)
where
n=min (q(d, d)+q(d, d) - q(d, d)) > 0. (166)
d,d,d
Then
1
hifrzrmT (167)
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3. DYNAMIC PROGRAMMING SOLUTION

3.1 The Hamilton-Jacobi Equation in Integral Form

In this section we describe the (QVI) system originated by the differential (or integral) relations
verified by the optimal cost function U. A similar system had been considered in [6) for an un-

constrained problem in ™. The problem which we consider here differs from that one, in that here

there are state constraints which impose boundary conditions to the value function.

For simplicity, we will use the following notation:

sd(u)x) = am;nd(q(d, d) + Ua(x)) x€Q,deD. (168)

Theorem 3.1: For each d=0, 1,..., and x € 2, the following condilions are verified
a) Uy(z) < S%U)(x) zeQ, deD. (169)
t )
b) Uale) < [ 10005), 0 ds 4 Ugtu) ™,
0
VI>O0/yt)=z+1g9(d) €. (170)

(c) If furthermore, for some point z € Q, a strict inequality holds in (a), then there exists t, > 0 such

that

t
Uylz) = Jf(y(s), dye P Sds+ Uy(y(t) eV 1/ 0 <t<t,. (71)
0

Proof: The proof is classical and uses the basic tools of dynamic programming theory. It is here

omitted for sake of simplicity, see e.g. ([4], [6]), [14], [17]).
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3.2 Boundary Conditions for the Hamilton—Jacobi Equation

To obtain the boundary conditions originated by the state constraints, we must consider the behavior

of U at m
0Qe =dU (FuU) (172)
=1

where

'yi+ = Laj L (agss 355 2 ) NQ, 2, =25 7 = Laj Flagy 3)5e 3y )NQ, 2, =0. (173)

Once the inventory level of itern d reaches zero, i.e. x attains 7:1 , instantaneously we must switch the

machine to setting d. Otherwise, inventory shortage of item d would be inevitable. Then, it holds:

Us() = a(d d)+Ug(x), Vd#d, Vxerg. ' (174)

If xe 7;1*- , it Is not possible to continue with the production of item d and, in consequence we get, by

virtue of the dynamic programming optimality principle:
Uy = s4U)x). ' (175)

In this way we get the boundary conditions for the m~item general case:

Theorem 3.2: For any z on the boundary 0Q, the following boundary conditions are verified:

Uy = (Sa(U))(x) Vxe€ry, Vd#£d, (176)
U ) = (54U Vd#0, Vxent. (177)

Note: It can be easily seen that by virtue of (1)-(3), condition (174) is equivalent to (176) in the

following sense:

(U309 = a@ )+ U, Va#d) == (U300 = sH), vaza).
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3.3 The Hamilton-Jacobi Equation in Differcntial Form
From Theorem 2.3 we know that the value function U is Lipschitz continuous; then it is differentiable
a.e. and in consequence we can associate to the value function the following Hamilton-Jacobi inequality

in terms of its derivatives:

Theorem 3.3: For each d € D, the following relations are verified

Uyx) < SYU)(E) VeeQ (178)
AU y(x) - o(d) %Ud(z)—- f(z,d)<0  ae zinQ (179)
(U4(2) - 540)(=) (N Uyle) ~ 9(d) U 4(2) - f(z,4) = 0 ace. zinQ (180)

i.e. V z at which U,(-) is differentiable, at least one of (178) or (179) is verified
with equality.

Use)=S(O)(x), Vi#d ifzexg (440), (181)

Ugz)=S(0)(z), ifzery (d#0). (182)
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3.4 Characterization of U as the Maximum Subsolution of Hamilton—Jacobi Equation

In this section, we will characterize the value function U as the maximum element of the set of

subsolutions W defined below:

Theorem 3.4: Let

w={w(): Dx Q=R [ wy(-) € Wy(Q), (178), (179)}. (183)
Then U is the marimum element of the set W, i.e. UE€ W and

Uy(z)2uwyfz) Vz€QVIeD,VuweW. (184)

Proof: Let w e W. Let x € Q, x’ €, d € D, h > 0 such that

x’=x+hg(d); (185)

then, for € small enough the set

se={x+te@+p/0<t<h, peBO}CO. (186)

w, is a Lipschitz function in S, , then by virtue of (179) and by the regularization technique (see [17],
(18]) we obtain ’

h
wy(x) < e~h wq(x’) + Je_'\s f(y(s), d(s)) ds (187)
0
By continuity, this inequality holds V x, x* € Q, related by (185).

Let o -) be a policy and y(-) its associated trajectory y(-). We have, by virtue of (187) and (178)

wy(x) < If(y(s), d(s)) e ds 477 W o (r)¥() +92 o Vi a(d;, d;p)- (188)
0 is7
Then
wa() < 3(a()) + Fm (A w o ((1))- (189)

By Proposition 2.4, we have

Ugx) = inf J (a(-)), (190)
where X
i ={a()e4d/ Jlim (d(y(), 9Q*)) > 0} (191)
then, if a(-) € .:(2,
wy(x) <3 (a(), (192)

because



28 3.4 Characterization of U as the Maximum Subsolution of Hamilton—Jacobi Equation

lim (d(y(1), 6QT)) = p >0 = T wy(y(t)) < C(1+ 5+ (log(p)))s (193)
so
Trngo(e_’\r wa(r)(y(r))) =0. (194)

In consequence, from (190) and (192) we obtain
wy(x) Uy (x) VxeQ. (195)
Note: This result is an extension of the methodology described in [17], [18].

By this theorem, conditions (180-182) are deleted and in its place the concept of maximum element is

introduced. In this form, the computation of U is transformed into problem:
P: Find the mazimum element U in the set W (196)

which can be solved with the numerical procedures described in {2], (5], (7], {20}, {26], [27], (28], [30],
(34].

Note: In (‘[21], [22]), the analysis of the QVI system is done in terms of viscosity solutions (see [11], {12]
for a description of this concept). In that sense, the optimal cost is the maximum subsolution and the

minimum supersolution.
3.5 Construction of an Optimal Feedback Policy
The optimal cost function can be used to define optimal control policies in the following way:

Theorem 3.5: For any state (z,d) , there erists at least an optimal control policy @, i.e.

Uyle)=J(s). (197)

d
An optimal feedback control policy @ € A can be obtained in terms of Ud in the following way:

We define 8, = 0, d, = d and recursively the switching times 01’ and the conirols di’ 1=1,2,...

oy =minf{120,; /Uy () =(s"1 (1)}, (199)

d e{d €D/ d#d, (Sdi‘I(U))(y(Oi) = Uy(u(6,)) + q(d;_, d)}. (199)

Proof: The proof is classical (see [4]) and it is here omitted for sake of simplicity.
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4. TOE DISCRETE PROCEDURE
4.1 Elements of the Discrete Problem

To define the discrete problem, it is necessary to discretize the set W using an approximate set W
This approximation comprises a discretization of the space W;c’)go( Q) and a discretization of conditions
(178), (179) that verifies a discrete maximum principle (DMP), (see [9]-[10] for a discussion of this

concept and its role in the convergence of approximation methods).
4.1.1 Approzimation of domain Q

We will identify the discretization of space variables with the parameter k, which also indicate the size

of the discretization.

We will approximate Q with Q = U S}(. {S}(} is a finite set of simplices and then, as it is shown in
Figure 4, Q; is a polyhedron of R”. )
{S}‘} is a family of regular triangulations (see [15), [16], [27], [31], [35]), i.e. a finite set of simplices

with the following properties:

e q =l s}‘ is a polyhedron of ®™
J

max ( diam sJ!‘) =k (200)
J

Qk — Q, when k — 0, in the following sense:

* QkCQ
+ ¥ Z compact CQ, 3K(Z) /Z2CQ, Vk<Kk(Z) (201)

o If dj is the diameter of the simplek S}( , then

3 xy > 0 such that for any simplex of Qk , there exists in the interior of the simplex a sphere
of radius r

r>xqd; (202)

Moreover there exists X9 independent of the discretization such that:
k .
d—i5x2,V1- (203)

We denote with Vk = {xi ,i=l,..., N} the set of vertices of Qk {(nodes), being N the cardinal of Vk.
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4.1.2 Approximation of the boundary
We define, ¥ d=1,...,m

-yl'(*;dz{xievk/xi-}-hg(d)ﬁ Q, Vh>0} (204)

Tha={xeV, /x+hg@ ¢ Q, Vh>0vd#d) (205)

4-1.8 Definition of the approximation space F

We consider the set F) of functions w: Q —~®, w € Wl’oo( Qk)’ g—‘; constant in the interior of each
simplex of Q; (i.e. w are linear finite elements). It is obvious that any w € Fy_ is entirely characterized
by the values w(xi), xi €V),i=1,...,N.

We denote F) = (Fk)m+l.

4.1.4 Discretization of Hamilton-Jacobs tnequalities

The approximate set W) is a subset of I_"k . It comprises a discretization of conditions (178), (179); they
take the following form:

wy (x) < s9(w)(x) vdev, (206)
wy () <D¥(wyd)  vxiev (207)

D]c(l (w d)(xi) is defined by:

K " 1 . i . .
Dy (wd)(x‘) = THhG, & ) wd(xl +h(i, k, d) g(d)) + h(i, k, d) f(x', d)) (208)
videvi Nenfa Ne(U 7.) (209)
r#d
DX (w)(x) = +o0 viderq U ( ydﬁ(’r ) (210)
. r
where, for xi € Vk ﬂ C'ylt d n C( U 77(’ r)’ h(i, k, d) is a positive scalar such that
r#£d

x4+ hi, k, d)g(d) € Q (211)

Note: wy (xi) < Ds (wd)(xi) is the natural discretization of (179) (see [17], [20], [27], for other uses of

this type of discretization).
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Remark 4.1: we will suppose that the following inequality is always satisfied: 3¢ >0, C >0 /

ck<h(i,k,d)<Ck, VdeD, VxieV, (212)
4.1.5 The solution as a fized point of operator Plc
We define operator P : (F‘k)-—»(l_"k) as
iy _ - k iy od i i -

(Pw)g (x) = min((DX wg) (x1), 9(w) (1)) Vxi €V, ¥ d=0,...m. (213)
4.1.6 Definition of discrete subsolutions and supersolutions
The set Wy of discrete subsolutions is defined:

W ={w()€F /[ wg(x) < (Puw)y () ¥ d=0,..m ¥ i e v, } (214)
In a similar form we define the set Sy of discrete supersolutions

Se={s()€F,  /540d) 2 (PLe)q () V d=0,...,m, Vxd € Vi) (215)



32 4.2 Threec Equivalent Discrete Problems

4.2 Three Equivalent Discrete Problems

In relation to the original problem P we introduce the discrete problems:

Problem P]l‘: Find the mazimum element of Wy (216)
Problem Pﬁ: Find the fized point of operator P (217)
Problem Pg: Find the minimum element of S (218)

Using basically the techniques introduced in [29], we can prove the following results:

e Problems Pi, Pf and P{ are equivalenl in the sense thal they have the same

unique solutlion U‘e

o The solution Uk can be computed with the following naive ileration which

converges from any starting point U°.

Algorithm A ,:
S'tep 0: Setv=20, U%c FI:
Step 1: PV = PI;UV

Step 2: If = UY, stop; else, sel v = v+1, and go to step 1.

Remark 4.2: The real computation of Uy is done in practice with more efficient algorithms, like those

presented in 4.3.
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4.2.1 The discrele problems Pi , Pg : eristence and uniqueness of solutions

The existence of unique solutions of problems Pll( , Pﬁ is given by Theorem 4.2. Those results are stated

using the properties established in the following Lemmas.

Lemma 4.1: Pk ts monolone, i.e.

w< @ implies Pw< P (219)
Proof: By definition, it is:
(Pyw)g(x) = min((D wy) (), $4(w) (<)) ¥ xieVy, Vd=0,.,m. (220)
Let be w < W. As operators Dg, Sd are monotone, we have

DYw, < DKy (221)
and also
d d; s
§%(w) < S°(W) (222)
then,

(Py (') = min((D wy) (), $4(w) () < min (DX %) (), S4#) (<)) = (P 9)gxh) (223
]

Note: In order to simplify the presentation, the proof of Lemmas 4.2, 4.4 and 4.5, Theorem 4.3 and
Corollary 4.1, will be done with the following strengthened modification of hypothesis (2):

a(d, d)>§;>0, Vd#d. (224)

The validity of those results is nevertheless general, only with the assumption (1).
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Lemma 4.2:

. Sk;é(b in particular, 5 € Sy, where

M, M .
[, Yy i + -
T tm vee e 4N ¢ gd"k,r)
Sqlx) = M '
q te Tt -~
gty veerf U( U o)
r#d
and )
=mm{wgh0/vmvﬁ£en(]mzdﬂc(U7§J}
r£d
In particular, W € Wy, where 1 is the constant element of Fk such that
. Mf .
ﬂzd(z')= —'—:\—, Vl‘t Vd

Wy ts uniformly upper—bounded, i.ec.

s>w,Vuwe W,

Sk is uniformly lower—bounded, i.e.

SZ‘II), VsESk

* w, w€ W= maz(w, w)e W,

s, "€ Sp = min(s, s’) €S,

(225)

(226)

(227)
(228)

(229)

(230)

(231)
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Proof: We must prove that 5> Pké.

o Let be x! an arbitrary point of Vi and d € D. There are only two cases to analyze:

a) eV, et g c( ydﬂ")

r

et Ul Urnr)
#d

a) In this case,

(P 8)4(x) < (D§(Ea) () = Tpi gy (Fa0+ Bl ko ) 6(@)+ h(i, k, d) £, )

STIMG K Q)

b) in this case,

r

M, M M; M .
1 f q ; f q_z (yl
( +V+Mq+h(l, k, d) Mf)S—’\'-i'—x;—sd(x)

By

3 (o di21y (ol Nz [yl Mg Mg
(Py8)g(x) = (STEN(x) = ald, &) +55,(x) < Mg+ (5 + 5) =5g(x)

because x! ¢ Vi nc7lt d N C( L;éJd'yi, r)

r

As a consequence, § > P, 8, and then S # 0.

o Asq(d,d)>0 Vd,d, by definition of S, it is verified that

sd(w) > w.

Then, if x! € 7]':'(1 U ( U 7; r)’ we have
] r#d ]

40 < (s4#))(x') = min((§4(#))(x1), + 00) = min((s4(®)(xl), (DK(%))(x)) = (P W)g(x)

itxievy [ e g N e yd-y];’r)then
r

(DK & () = m (w 9+ h(i, k, d) g(d))+ hi, k, d) f(xi)) >

[

M _
Z 105, k, d) (-5 -nexa M) = -

Then, by (236), we have:

and then, w € Wk.

i 4(xt) < min ((53(w)(x), (D§(F D) = (P 1))

My

A

= Wy(x)

(232)

(233)

(234)

(235)

(236)

(237)

(238)

(239)
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e We will prove now that any subsolution is smaller than §.

Let w be any element of Wk , then let as denote

M=rtaU( Y -
g Neda N (Y .) -

and
af = n;lix (wge))  and 2§ = r:a‘;ix (waeh) (242)

ad = max(a‘li, ag)

Then, from (208), (210), (213), (214), we have (using the short notation h=h(j, k, d)):

d 1 d
ag S——El+)\ (a. +th)
and from (210), (213), (214), we have:
d..d
a] Sag+Mgy
In consequence it is verified that:
ad < a.‘2i + Mq
Then, .
d 1 d
a3 < b5 (a9 + Mg +h MY, (243)
so
My+hM
df_Ah q f
S (%) < T (244)
In consequence
adca M (245)
2=%xnp "
and finally:
. M, M
i d f q
= —+— .
max (wd(x )) a" <4+ X7 + My (246)
e We will prove now that any supersolution is lower bounded by w = ——:\—f .
Let s be any element of Sk’ then
. M .
sqx) > —=f v, ©. (247)

To prove (247), let us suppose that
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. M
i f
s =mi sd(x ) —
o)<
and let (d, xi) such that sa(xi) =s.
We will see that
1
P, (s a) (x i—) > sa(x ) (248)
and that inequality will be a contradiction to the definition of Sk .
By (208), we have, V (d, x')
k i 1 Ah(i k, d)
(§s)ed 2 o3 VYA) (§ TGk, ) =+ 15 h(, K, "d)( g Ar) >s-
Also
(s4)) (xl) 2 s+dp > 5,
then
(Pk )(xl) >mm((Sd(s))(xl) (D )(xl))

and we obtain (248)
e By (219) and if w, w’ € Wy, we have

P\ (max(w, w’)) 2 Py (w) > w, (249)

Pk(max(w’ w’)) > Pk(w,) 2w, (250)
then

Py (max(w, w’)) > max(w, w’). (251)

As a consequence, max(w, w’) € wk.

The proof of (231) is entirely similar and it is omitted.
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Theorem 4.2:

o 3 unigue mazimum element (the mazimum subsolution) of Wy defined by

0% () = su Tt
(U%) (=) wdEPWk(wd( )

. l_/,c is a fized point of Pk’ i.e.
ok = P U*

o 3 unique minimum element (the minimum supersolution) of Sk defined by

s

(U (') = digfsk(sd(z‘))

° ﬂk is a fized point of Plc' i.e.

Proof: From Lemma 4.2 we have that
then
is well defined.

By the monotony of Pk , we have
itk
w<P,w<P U

then

0K =sup (rgo) Ssup - (Pw) ) < (P 0¥) ).

k w k

In consequence, gk € W, and then it is the maximum element of W) .

From (259), we have
ik ik

and then Pk (_Jk € Wk . This property implies, in turns,

5k o ik
P, U < T%.

Then, by virtue of (259}, Uk € Wk N Sk and it is a fixed point of Pk , l.e.

By virtue of (247),
ke v . .
(U9)g(xh) =S"éfsk(sd(Xl))

(252)

(253)

(254)

(255)

(256)

(257)

(258)

(259)

(260)

(261)

(262)




4. THE DISCRETE PROCEDURE 39

is well defined.

By the monotony of Pk', we have
s> Py s> P, UK, (263)
then
ko iy _ i . i kY, i
u (x)—smefSk(sd(x ) Zsuéfsk(Pks)(x)z(Pk Uk (<. (264)

In consequence, llk € Sk‘ From (264), we have
P U* > Py (P, UY) (265)
and then Pk Ll,k € Sk' This property implies, in turns,
P, Uk > uk. (266)

Then, by virtue of (264),
Hk =P, Hk

i.e., Qk is a fixed point of Pk . In consequence, Qk € Wk N Sk and is a fixed point of Pk .
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4.2.2 The second discrele problem P2 : Find the fized point of Pk
k

2

We have seen above the existence of solution of Pk' The uniqueness of the solution is the consequence of

the properties established in the following Lemmas. Theorem 4.3 follows essentially the arguments

introduced in [29] to prove the geometric rate of convergence of Bensoussan—Lions Algorithm for QVL.

Lemma 4.3: P is concave, i.e. for § €(0, 1]
u=0w+ (1-0)v

tmplies .

Proof: As (Ds wy) is a linear function, we have
DK(Ow +(1-0)v) =9DKw, + (1 —6)DKv
d — 7Y d"d d"d-

Sd is the minimum of linear functions, then it is a concave function, i.e.

sd(w+(1-6)v)>8(s4w) +(1-8)(sdv),
then,
Py (0w + (1~ 0)v) = min(0 DE wy + (1 - 0)DK vy, S4@w + (1-8)v))>

> min(9DYwy+(1-0) DY vy, 6(s3w) +(1-6)(54v)) 2 6P, w+(1-6) P, v

(267)

(268)

(269)

(270)

(271)
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Lemma 4.4:
Vp>03 wlp)€Fy, w(p) €EFY, 0<plp)< 1,
such that
Vuve Tk/llullﬁp, hvll<p,

g
IA
8
IA
el

1%
IA
<
IN
£l

w+tp(®-uw<Puw,

B> PLu.
Proof: Let be
Ed(x’):mm(—p, -5 Vd, x

Wd(xl) = §d(xl) + p .
It is obvious that (274) and (275) are verified.

By definition of §d(xi), we have

P, (5 +p) = min (DK(3 + ), SKG+ )

but

S§E+p) =S§E) +4
and

DK(+ p) < DE(8) +p
then

Py (3+p) < min (DK(S) + p, K@) +p) = P () +p <5+ p=w

For the proof of (276), we have:

(Pyw (x") 2 Go + w 4(x")
then, taking
9o

0<pu<

2-—,\-!+2p+Mq(l+A—ln-)

we have

Pw>w + p(W-—w)

(272)

(273)

(274)

(275)

(276)

(277)

(278)

(279)

(280)

(281)

(282)

(283)

(284)

(285)

(286)
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Lemma 4.5: Let v, u € Fy and w, W, p given by Lemma 4.4, i.e.

wSulw
w<vSw
and let @, T be such that 0 €0, 1), 7 €(0, 1] and

T(w—u}<v—u<lfv— w)

then

(I-p)r(w—PLu)<Pv— P ug(1—p)0(Pv—w).

Proof:
u>v-—O0(v-w)=(1-60)v+0w

By the properties of monotony and concavity (219)—(267), we have

By (276), we have
Ppu>(1-6) Ppv + 6 (w+ p(v - w))

then:
Pku - kaAZ -8 ka +0(w+ p(w—-—w))2

2-0P v+ (w+ pPpv—pw)—0(—p+1) P v+ 0(1-p) w> (1-p) 6 (w — Pyv),

in consequence

Ppv —Plu<8(l-p) (Pv —w).

In the same form, as

v>u+7(w—u)=(l-1t)u + 7w,

we obtain

PkVZ (l—T) Pku + 7 PkV_V

and from here, it results

(l—p)r(!v_—Pku)Ska—Pku.

Finally, (295) and (298) prove (290).

(287)

(288)

(289)

(290)

(291)

(292)

(293)

(294)

(295)

(296)

(297)

(298)
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Thceorem 4.3:
e 3 unique Uk/ vk = P,‘:Ulc (299)
eVweF,  lim Plw=Uf (300)

e the following rate of convergence holds
| o - oM< k6e) (1 - wto)p (301)
where 0 < p(p) < 1 and K(p) =(|| g)(p)“ + " E(p)") are given by Lemma {.4, for p=llw}.

Proof: Let u, v be arbitrary elements of Fk' Let be p = max(jul,lvl) and w, W given by Lemma 4.5,

i.e.
w<ugsw, wSv<w. (302)
If we define
V=P v, uw=Pou, &=0(1-p), (303)
by Lemma 4.4 we have:
V-w<(1-p) 6 (v - w), (304)
vV —uw<<e (v —w). (305)

In consequence, again by Lemma 4.5 we have

Py v =P 0 <(1—p) 6 (P v’ — w), (306)
in other words

PZv-P2u<(l-w?o(Plv - w); (307)
finally by induction we obtain

Pf(’v—-P]’:uS(l—u)Vﬂ(Piv—g). (308)

As PK v < W, the following inequality holds
lim (Pll:v - Pi’u) <0; - (309)

in a similar way, we can obtain

o<l

(PYv - Plu), (310)

then
Vli’moo(Pﬁv ~ Pju) =0. (311)
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We shall prove now that each sequence v”, u” is convergent. If we take, in particular
p q g P

V=W ,i=w (312)
and we define
VW=P/w (313)
W =P w (314)
As
WP W, (315)

vY is decreasing because by the monotony of Pk and by induction we have
w>Plw>Pltl w. (316)
Also, it follows from (276) that 4" is increasing and in consequence it is verified that

w<i/<avtlcavtlciv<w. (317)

Then G¥ and ¥ are convergent to the same point U because

0¥ @ < (1= ) (IR I+ wy).- (318)
As (v")d(xi) - (u")d(xi) l <% — @”|, the rate (301) of convergence holds.
As u, v are arbitrary, we obtain the uniqueness of the limit and of the fixed point of Pk .

From (255), we have that vk = PkUk, then

k=P Uk =lim (Y UY) = lim (PY O =P Tk = gk (319)

and we obtain that the naive algorithm A, converges from any arbitrary initial point v € I_"k.
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4.2.8 Equivalence of Problems Pi , Pf, Pf.

In summary, from the previous theorem, it holds the following result, which established the equivalence
3

of problems P , P¥, P}
Corollary 4.1:
)Y we Wy, w” defined by wWH = Pkw” verifies
Wt > oY, (320)
v — Uk, (321)
2) ¥ s€ Sy, s¥ defined by vt = Pps” verifies
FHicy, (322)
& Uk, (323)
3) UIc is the minimum supersolution and the mazimum subsolution, 1.e. Skﬂ Wk= U,c and

UF= k= vk= P UF.
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4.3 Numerical Algorithms
4.8.1 Definition of the accelerated algorithm AI

Algorithm A, although convergent, may be dismally slow and in consequence (see [3], [19], [23], [25],

[30], [32] for related discussions), generally remains a theoretical one. To accelerate the convergence we

define here an algorithm that employs the ideas introduced in [23], extended in [25] and also used also

in [24] to compute the solution of production-inventory problems.

Algorithm Ay essentially consists of a suitable combination of Jacobi or value iteration, and Newton

(or policy iteration) methods.

Definition

e—suboptimal discrete controls associated to w

Ac: Fy—{P())(mF 1) <N

(Ae(w))d(xi) = (Bc(w)) (<) U (Ce(w))d(xi) VdeD,VxeV, (324)
where
(Be(w)) g ) = {d / (P(w)) () + € > a@, @) +w3(xd) | | (325)

(i) {a} it (P(w))gxd) + 2 (DE(wg))x)
Cel))al) = ‘ a (326)
{ 0} if (Pk(W))d(xi) +e< (D‘(;(w d))(xi)

Definition

(m+1)xN

For any A € (P(D)) such that card ((A)d(xi))zl, we consider the system of linear equations:

L(A)u =b(A), (327)
defined by the relations:
) = (DX uy ) ifd € (A) (1
ug(x') =(Dqug J(x') ifd € (A)q(x), (328)

ug(xl) = g(d, d) + ua(xi) if d ¢ (A)y(x), with d € (A)4(x}). (329)
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Algorithm A,

Step 0:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Setv=0,u=0,w"%eF, >!'>0,7>0,0<7<]1, A":{@}(mH)XN.
Set = p+ 1, compute AV’ H = ACV’”(WV, My and w¥ P = Pk(wu, p—l)'

IFAVH£AY,  setr=0,AY = AV, A =5 M1 H and go to step 1;

v, pt1 _ B

else,set r=r+1; if r<T, sete and go to step 1;

else, go to step 3.

Choose any selection AY"# such that (.&V’“)d(xi)C(A"”‘ )d(xi) and card ((AV'#) d(xi))= 1,
form

the system L(AV”‘)u = b(ﬁ""‘) .

If det(L(AV’ ")):0, set AV = {0}(m+l) xN and go to step 1;
else, solve the system L(AV’ ”)u:b(ﬂ”’ o ), and go to step 5.

If u=Pypu, stop, (Uk =u);

else; if (u=0 oru< wu’”); set w/tThHo = u, 10— ¥ o
v=v+l, l‘=0, AU={0}(m+l)xN;
else, ¢ K1 v B,

Set r =0 and go to step 1.
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4.9.2 Convergence of the accelerated algorithm A,
Theorem 4.5: Algorithm A [ converges in a finite number of steps.
Proof: The proof is essentially the same used in [23], [25].

Let us consider in a first place that for any v, the sequence w” ¥ is finite. By virtue of the condition
verified in Step 5, '

u<whH
functions w? # verify

w0 WV L

because w”?% = u- If w?? is not the fixed point U¥ of Py, then by (215) and (219) and taking into

v,0.

account that w”*" is a supersolution, we have by induction:

Then the sequence w”10 verifies:

w1’°>w2’ D erensenes >w

The element w*’? results from solving the linear system L(RV’ ")u:b(ﬂ”’ H ) As the set of possible
systems (associated to selections A”’#) is of finite cardinality, due to the fact that the set
(P(D)) (m+1)xN is finite, the set of possible solutions w"?? is also finite and the procedure must finish

in a finite number of steps, finding the fixed point Uk of Pk .

Let us now suppose that for a particular 7, the sequence w'." K is infinite. In that case, from Theorem
4.3, the following properties holds:
w/ Eouk if p—00, (330)
and also
B0 if poco, (331)

because if p—oo, the parameter ¢? ¥ is decreased by factor v an infinite number of times.
It can be easily seen that (330) and (331) imply

A, u(w By~ A, (uky, (332)
then, 3/ Vu>p,itis
A v, u(w" ) = Ag (UK. (333)

In that case, the first test in Step 2 would be verified negatively and the algorithm would go through
Step 3 and Step 4 because any selection Acu,,,(wu’ Hy of A, (Uk) generates an invertible matrix

L(A(u,”). Finally, in Step 5, the test u = Pyu would be positively verified.

In this form, we have seen that the generation of an infinite sequence w”’# is impossible and in

consequence, algorithm A, finishes in a finite number of steps, bringing the fixed point Uk of Py .
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4.4 Convergence of the Discretization Procedure

For the convergence of the discretization procedure to the solution of the original continuous problem,

we have the following result.

Theorem 4.5: Solutions Uk converge Lo the value function U, also the following estimation of the error

of approzimalion holds.
lok - vl<cvi. (318)

The proof uses the techniques employed in [23], [25] and is here omitted for sake of brevity. In [1)-[2],

more tight results of convergence are proved.

4.5 Applications

We haveé applied the above presented numerical procedure to an example with m=2 items and A=

0.0198/month.

The remaining data are:

= 100 rg = 400
p; =600 py = 600
hy =0.1 hy = 0.2
M, = 200 Mg = 200
qgp =19 992 =6
a9 =0 qy9 =6
agg =0 g1 =15

The discretization of the set Q comprises 30 X 30 nodes. The results for the optimal trajectory obtained
are shown in Figure 5. These results were obtained in a PC 486 using the special procedure introduced
in {2] and a computational time of 1,64 sec. Comparison between computational times corresponding to
algorithms A, and A, (times obtained with a supercomputer NEC SX~1E are shown in the following
Table.

N A A,
30x30 . | 534" 10.8”
50 x 50 19°52” 13.77
100x 100 | 1h55° 1’16
200 x200 | —— 7257
200290 | —— 29°10”
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CONCLUSIONS

This paper has analyzed the problem of the optimal schedule of a production system

comprising a multi-itern single machine.

As a first result, we show that there exists at least an optimal control policy which realizes the

minimum cost.

The solution has been found in terms of the optimal cost function. This function has some
peculiar regularity properties. We have established that the optimal cost function is locally Lipschitz

continuous and unbounded, being the Lipschitz coefficient independent of the discount rate.

Using dynamic programming techniques, we have studied the optimal cost function ud
through a system of Quasi-Variational-Inequalities (QVI), we have characterized it as the maximum
subsolution of this QVI system. We have analyzed in this paper the structure of this QVI system, its

solutions and numerical methods to solve it in a practical way.

We have presented a discretization procedure for the numerical solution of the (QVI) system
associated to the problem. We have given explicit error estimates and we have shown that the solution
of the discrete QVI is reduced to find the unique fixed point of a non-linear operator Ph: ®7 - w7
There are special techniques to compute the fixed point of operator PX. In particular, we have
developed a special method that converges in a finite number of steps. Other numerical methods with

higher performance have been devised in [1], [2].

We have obtained satisfactory numerical results for the case m = 2 (size of discretization of the
state space: 50 x 50; memory requirements: 383 Kbytes; computational time: 1,64 sec. in a PC 486

computer).
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Precliminarics for the proof of Lemma 2.1

To prove Lemma 2.1 we need some auxiliary results established in the following Propositions.

Proposition Al: Let be

— "1_T2 '

C—( _'P_}_P—g)’ (334)
M, M
- 2(21,2 1
T_maz(c (Pj + 2 ), 2(maz( )) (335)
z€Q,deDanda(-)€ J.:, any admissible control policy. Then, V d € D it is verified:
M
1 i}

m{iE[O T] [aft)= d}> mm(pl + 5= p2 ’_1 2( ) (336)

Proof: We denote, Vi€ D

T = m{t €0, T) /ax’d(t) = i}.
The state y must always verify, Vi#£0

0<y, <M. (337)

But for the ith component, we have

Vi =%+ (P -r) - (T-7);
then, by (337) we get

TP 2 Tr—x.

Now, taking into account that 0<x, <M,
we get
r Mi T M;
g _P_izl’—i( -—,i-). (338)
By virtue of (345) we have
T>2 gl , (339)

M.
then by (338)-(339) there exists at least a set {t €0, T] /a(t) = i} with measure 7, > 1.
i

X, X
If we consider the auxiliary variable z = pl +p§ , we can easily verify that if the control d =1 is

applied, we have
. _P1~N Ty _
P= TR =
If the control d = 2 is applied, we have

. 1 (py—r19)
z;-ﬁ+2p—22 =, (340)

then z is constant when the control applied is d # 0.

If the control applied is d = 0, we have

. I Iy
P = - —p—2=<~1<0. ‘ (341)
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M My
By (337),0<z < W—*— Py , then, from (340), (341) we get

M,
By ) p2>z(t)=Z(0)+<(T—r0)+(c—l)roZC(T—TO)+(<—1)r02<T-r0-

Finally, taking into account that by (345) it is verified

M, M
>2 (1,2
27 (P * )
it results M. M
: 1 1
70 Z(W-*.W) (342)
In consequence the inequality (336) is verified.
o
Proposition A2: Lel us define
€= (My, My,...... , M), (343)
E,={ze Q/Ilz—e‘ll<a}. (344)
Let a@(- ) be an optimal control for the initial conditions (z,d) and y(- ) the corresponding trajectory. If
M, M
T = maz (—g— (p_ll'*"p_;)’ 2 (maz( 1 )) (345)
then 3 a > 0, such that 3 t € [T, 2T], verifying y(t) ¢ E,.
Proof: The proof will be done by reductio ad absurdum. Let us then suppose that
ly(t)—¢||<a, ¥Vtel[T, 2T]. (346)
Let be7< . We define, Vv €N '
I, =[T+T(1 =27+, T+T(1 - 27Y)), (347)
I, = T+T(1 - 2711y, I} =T+T(1 -27Y). (348)
We will proof in a first place that 37 e€Nand t € If/’ such that
ly®-¢]>+"" a. (349)
From assumption (346), it must be 7 > 2.
If property (349) is not verified, we would have:
y(s)-é<¥™a Vsel,, Vuv=12,.. (350)

It can be easily verified for that case, that each interval I, provides a partial cost bounded from below

in the form: I

_ By
fy(s), a(-)) eMds+ 3 e P (051, 8p) 2 év:lcu——l* (351)
g, €1, LA

Q'_'I'—'t-i-
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In that case, the total cost would be unbounded, because by virtue of (351):

1+
I@(-)) 2 21 jf(y<s), &(+)) e ds +E " a0, 1, 0p)2 Z (W TpTL 2 Z}l%= +00 .
v= I v=
v (352)

Then, (349) is verified for a pair (t, #) and we can modify the original control policy &(-) in the form

shown in Figure Al, to obtain a new policy a’(:) with associated trajectory y’(-) having the

properties:
e y'(£) =y(t) (353)
e a'(s)=af-) Vs>t _ (354)

Y

_ ] . _
f(y(s) o(s) € ds+ Y e Po(® 1, 8%p) <c (147 (log a)). (355)
T<OP,<t

g — )

From (351), we have for the original policy a(-)

T
I@() 2 [1y(s), a(-) X ds+ 3 P a0, 1,0+
) 6, <T

f(y(s), a(-) M ds+ 3 & P a(6,_y, 0p) >
9 <t

O'—ﬂ)

f ~ -As _’\0}) & C
> Jf(Y(s)’ a()) e ds + Z € Q(op_l, 0p)+ 221/—_1”—_1‘?_
0 v=1 Y a .

6p< T
T .U
> [0 a(-) e ds+ 3 ¢ Pal, o) +G-DE. (350
) 6,<T

As () is optimal, we have J(a(-)) < J(a’(-)). Now, taking into account (353), (354), (355), (356),
we get

(-1) € <c (1 + (5-1) (log 2)). (357)

Then
<& (@ (tog 2)) - 525 )

and this-inequality is not true if we take "a” small enough such that

a (log a)~ <l C

The absurd comes from (346), then 3t € [T, 2T) / [[y(t) — ]| < a.
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Proposition A3: Let be

T = maz (—22— (%411+£lg), 2 (mc};z (%’ ))), (358)

then V 2€ Q, ¥V d€ D and for any optimal control policy @(-), the number of swilching points in
[0, T] of &(-), denoted with v, verifies

v, < ?CT) (1+ (lognzy)). (359)

Proof: Let x € Q, d € D and &(-) an optimal policy corresponding to those initial conditions with y(-)

the associated trajectory. From the dynamic programming principle, we have V =

Uy(x) =3(@(-)) =1+ S + &7 Uy(y(r)) (360)
where r
1= Ie"\Sf(y(s), % (s)) ds (361)
0
(T) 7
S = 21 e " ¥q(d, ,d,). (362)

Let 7 € [T, 2T), such that y(r) ¢ E, (7 exists by virtue of Proposition A2) then,

Uyly (7)) Zz GiféfEaUd(Z) . (363)

In consequence, it is possible to find Z ¢ E, such that

Ugly(m)) 2 Uy(3). (364)

In addition, it is easy to see that there exists a suitable chosen control policy o’(-) with a number v’,

of switching points in the interval [0, 7] bounded by
re<w (1 + (log uxu)‘), (365)

that carries the system from x to Z at time 7.

From the optimality of &(-), we have

Uyx) <T+8 + e U (a), (366)
where r
I =|e?1(y(s), @(s)) ds, (367)
0
A
S = e " Vaq(d, ;,d), (368)
v=1

are the integral and switching costs associated to a’(-).
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Then
Os(f—l)+(S—S)+e_’\T(Ud(i)—Ud(y(r)))g(f—I)+(§—S).

For I, 1, it is verified

T<T+4MT
also

S<Mq w(l + (log ||x||)‘)
and

S Zucq2—° e2AT,

In consequence,

<& 2’\T(M w(l+(log||x||)‘)+4 MfT)

9
and as A < A, (359) holds.
(8]
Proposition A4: Let be u
M
2(71, 72 l
T= maz ( 2 ( + pg), 2(maz( ) (369)
then, there exisis L>0, such that there are m+1 intervals Ix" i=0,1,..., m, verifying:
g{te [0, T] | &(1) = i}, m(l)> L. (370)

Proof: From Proposition Al,
{ce[o T} /a(t d}> (M +M2 (i )
= m
m [a(t) = min TR
and from Proposition A3, the total number of switchings in the mterval [0, T] is bounded by:
C -
ve < 3 (1 + (log I1x 1) )

For each d, the set where @&(t) =d is a finite union of intervals; then if for each d, we pick up the

interval with maximal length (we denote it ii) , we have:
m(i;) > L/v, (371)

and then Proposition A4 is proved if we define L = I:/uc .

Proposition A5: Let z€ Q, d € D and @(- ) an optimal policy with y(- ) the associated trajectory. Then,
V z’€ Q, there is a modified control policy a’(- ) with associaled trajectory y’(- ) such that

||y’(s)— y(s)"S k(lzi)lz—z'll, V s€ [0, T], (372)

m{sG [0, T]/a'(s) ;6a(s)} <&@zi)lz—2’ll, ¥ se [0, T], (373)

where

k(izn) = (1+4), (374)
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R(nxn) =41 + )75 (375)
being
V= 7% (1 + (log 1l zu)'), (376)
n = maz 1 s 377)
1,d |9;(d)
=My (378)

If 0°, are the switching points of a’, then
¢’,<4,,

0,~0y < ~(1 + ) lz— ). (379)
g

Proof: It will be done for m=2. Let be

~1'< T= maz(%(:;l—ll-}u‘:,igg), 2(m¢‘;z (};.l—:)))

From Proposition A3, the control policy @(-) has at most v, switching points 01,...,0,,c, in [0, T}, with
ve <7 (376), being this bound independent of the optimal policy @ (it depends only on fix|l). In a
similar manner, for any x € Q, we define the modified control policy a’(-) through the selection of its

switching points 8 , ..., G’Vc, in [0, T).

This choice is made in such a way that the corresponding trajectory obtained is admissible, i.e. it

verifies the condition y’(s) € Q, V s € [0, T]. To alleviate the arguments, we will denote
by = maixx Iyi(ou) - Y’i(o’u) l’ (380)
Hy =0, -0 (381)

We define the switching points §°,,, v=0,1,..., in the following way

9’0 = 80 =0, (382)
0,1 =0+ ((6,,1-0,)- )% (383)

where
Ay,=16,. (384)

We must prove here that 0’u+l is admissible, i.e.
If we denote with y’(t) the trajectory with initial condition x’, we have

y’(g’y_*.l) =y'(6°,) + g(du)(o’y+1 -0,). (386)
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We have to analyze some different cases
1) ((0u+l_ov)_ Au)+=0

In this case, ¢°,,,=0", and by (386), (385) is verified.

2) ((0V+1 - 91/) -4 l/)+ >0
* Yi(gu) 2 yi’(e’y) and gi(dz/) 20
In this case:
0 <y5(0°) Y584 1) <¥i(00) +8(d)(0, 41 —80) =¥i(0,,41) <M

Then, (385) is verified.

* y;(6,) 2y;(8’,) and g;(d,) <0
In this case, obviously it is:
y,i(g’l/"}'l) _<_ Mi and (0V+1 _91/) > A v

then

y,i(e’u+l) = Y’i(g’u) + gi(dl/)(oy-*-l —0,—4,))=
=y(0) - gi(dy)né, + gi(du)(oy.H —6)) 2
2> y’i(g’y) +6,+ gi(du)(gy+1 - 91/) 2>

yi(gy) + gi(du)(gy+1 -0,)= yi(gu+l) :

The other cases can be proved in a similar way and we get an admissible control policy o«’(-).

We will obtain now a recursive estimate for §;,, u,,. Obviously, the initial values are
—_ LY
60—miax‘xi Xll,

Analysis of the differences.

We define

obviously, it results 7 > 1.
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Then, from (383) it results

v+1 < 0!/-{-1’

0

and in consequence

Byl <h,+ ’71/61/'
For a generic component ”i”, we have

yi(ou+l) = )’i(gu) + gi(dl/)(oy-}-l =0,),

i@, 1) = Vi0) + g0, — )5

v+1 ‘0’,,_*.1 = (9,,+1 "ou) +(0,V—0,y+1) + (01/—0’1/) Suyt+né,

then
" yi(0y+1) - y,(o,y_*.l) ” < ”yi(e,,) - y’i(ﬂ’u) “ + Mg ‘(0,1,.*.1 —-0) - (9y+1 —-0,) l
As
](9’y+1 —0,)—(0,4,-6,) | <né,,
we have

6,41 S 6L (1+ 7).
In consequence
8, < 8g(1 + 7)Y
and

by <1+ Ix ~xl,

From here, taking into account (388), (387), it results
<1 6y(1+ @) + 1 65(1 + )L +0=
Byl S0 65(1+ )" + 081 + )77 + ...

Then
Hy < m‘;l + @)Y e —xll_

Finally, we have that

{s €[0, T}/ o’(s) # a(s)} = L_jl ey, 6,1,

then
Ve

I R

)
0 ~v+1
SMg(1+77) .

m{se[O, T]/a’(s);éa(s)} Z V_Z(l'f"l) x—xlloog(l—-tlﬁ)#x’—xﬁo.

v=1

(387)

(388)

(389)

(390)

We have seen in this way that in a fixed time T, it is possible to modify the controls applied to the

system starting at neighboring points in such a way that the difference between trajectories is a

Lipschitz function of the initial position and that inequalities (372)~(379) hold. The trajectories

obtained with the perturbation procedure are shown in Figure A2.
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Proposition A6: Let € Q and w(-) an optimal policy for the initial conditions (z,0) and y(-) the
associated {rajeclory. >h\en‘, V2’ /3 j€ (1,2} verifying z°; > z; if i 4], 2:’]~= i il is possible to
modify the policy &(- ), oblaining a new policy «’(- ) € A?(, with the following properties

maz L
3 65((miaz gi;o)')+( i( p‘)>)llz’—xlloo,

M; M M.
EITST:ma.x(—g-(-p—ll+F22),2(mziax(r—i'))), (391)
such that
. v(r=8)=1r) (392)
. allt)=a(t+6) Vi>T-6, _ (393)
1 (m‘” Pi.)

e m{t/t<r-s, a(t);éa’(t)}g(ﬁ+1)((m‘gz g{o)))+ - )llz’—xlloo (394)
. lv) -’} <lz—zl Vi<r-6. (395)

Proof: By hypothesis, for the control policy @(-) the set of controls dO , d1 yeeerdy, 4 .ory starts at dO =90.
We will analyze the different transformations to be done in order to obtain the desired policy o’(-)
with new switching points 8°,,, in terms of the sequence of controls d,, .

The result of this Proposition is achieved defining for the trajectory starting at (x’, 0) a control policy
similar to @( - ), except that the switching points 8, are slightly perturbed to obtain, in a time 7 < T,
a trajectory y’(-) coincident with y(-) (up to a delay §).

We will analyze only the case X’ > x9, X’; = X; (situation depicted in Figure A3); obviously, for the

other case the proof is entirely similar. We define §,, = y’2(9’y) - yz(gu) .
Transformations.

[0] The control d = 0 is admissible in an interval [0, 91] for the trajectory starting at x and for the

trajectory starting at x’. In consequence the same policy is used until the first switching time 6.
There are two possibilities:

d@ ,)=1

@4, 4)

d(01+)=2
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In this case, the policy d =1 is admissible for the trajectories with starting points y(6;) and
g p 1
y’(ﬁl).

Moreover, the distance between both trajectories remains invariant.

We define 0’1 = 01 and the same policy is used until 02, where there can be two cases too: s
(012].

This case is identical to the initial one, and we return to the case [0], defining

d(0,4) =2

Here, the analysis must be divided into four cases, shown in Figure A4.

In this case, we have:
(09~ 06)(py—1y)

n (397)

83— 6, <

(398)

0y =y > — L,
. (ppll_}?l)

The trajectory y’ is modified, continuing with the control d = 1, until a time
)

v 1
92_91+(02_91)_ P1 P9
C(pl"'l)
0, =0 +(0q—0,) ——rsiz—
3772 3772 P1 P9
C(Pr'rl)

From that point on, the control d =2 is used and the trajectories are coincident (up to a delay

fq— 9'3), because

Bq = y'o(8. 8.) = y'o8. 0,4 —— )= 1 P2PL__
3=¥9(09) =¥9(0)) =¥'9(8) = va{ Oy + —pimoy | =01 =B By C Gy —rpy
(Pl‘fl) (Pl—"l)

The delay between the switching points has been incremented in the following way:
§
1

Py P9
¢ (Pl ‘fl)

(02 - 91)(P1 “1‘1)
|

012-1 | In this case, we have:

03— 0y < : (399)
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(400)

We eliminate for the trajectory y’ the interval [d,, 93] with control d = 2. We define

1

For these values we have:
¥9(83) = yo(fy) + (py —19)(63—09) =y 2(9 )= 61+ (pg —19)(03 — 6,) —(———)‘(93 —09)

then

; P1 P2 2_I
80 = Yo(0.) = yo(8a) = 8y — (60— 05) —1—2 (12 L
3 =¥'9(83) —vo(83) = 8, — (63— 05) (pl_rl)( Py pl)

The system y’ is in 0; in a similar state as the system ”y” do, i.e.
Y’l(g’g) = )’1(93) )
but now the difference of level 63 < 61 is smaller than before.
The delay between the switching points has been incremented in the following way:

03— 0, =0; — 0, + (85— 05) P1"1
In this case, we have:

(92 —91)(P1 —fl)
n

> ((93 e (02-91)(1:—11- 1)) Py (402)

Here the control d = 0 is used for trajectory y’ until the time 0; , redefined in the following form
) ) pl
0, =6, + (63— 6y) _(02”01)(W_ 1)
and we define also 03 = 02 = 01 .

For these values we have
Y.(0) = v,(0y),

va(03) =¥.(6}) ~ 3,

b3 =6 _(((93 —0) — (9 “01)(%1" 1)eg+ (6 ‘91)('?11_ 1) Ppll—p’21 <)<

with

Py P2
<& —(03—169) pl—rlC

Therefore, we are again in the same case of the analysis (0] , but with a smaller difference of

position 63 .

The delay between the switching points has been incremented in the following way:
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630, = (0 —0) + (83~ 6) + (65— 87) (63— 6,) — (8, -al)(-‘,’ll— )=
= (69,-0)) +(02-ol)(‘,’—11)< (8, - 6)) + (65— 0) WE-IT'

012-d | In this case, we have:

(89— 01)(py — 1)
6o —05 > , 403
Py
51 <((65~09) - (85— "ﬂ(q- 1)) py- (404)
The trajectory y’ is modified, continuing with the control d = 0, until a time
’ 61
8,=0,+ Py
We define
02 = 01 ,

from that point on, the control d = 2 is used and the trajectories are coincident (up to a delay

03 - 0;) , where we have also defined

, , (Pl—rl) 51
93 =02+(93—92)—(02—91)—T—-——-p—2—.

Estimation of 03 - 93.

The delay between the switching points has been incremented in the following way:

v ’ pl ’ pl
03— 0, = (0= 0) + (0, —01) 71 < (0 —0)) + (93~ ) i

which means that modifying the trajectory y’ in the form indicated, we obtain a coincident trajectory
with ”y” except for a delay less than 03 - 0;.

It remains to analyze the case:

d(0 1+) =2

There are two possibilities:

6
92"01<p-;',
: 81
92—9121,—2.

These cases are shown in Figures Aba, A5b.
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for trajectory y’, the control d = 0 is used until 0'1 = 8'1 +(65—-6;).

We define 0'2 = 0’1 and then the analysis starts again like in case but with a difference
8y = y;(ﬂ;) —yo(8g) =8, ~ (65— 8) py < &.

The delay between the switching points has been incremented in the following way:

. . 1) ’ 61
In this case, the control d = 0 is used for y’ until 0,=0, +E .
From that point on, the control d = 2 is used and the trajectories are coincident.

The delay between the switching points has been incremented in the following way:

6
' ) 1
92_82_(91—01)-*-1)_2‘

Final summary:

We have seen that each time the delay (8, — 0;,) is incremented by a quantity y,,, the difference §,, is
decremented at least by a quantity py (s, .
The fact that the intervals I;, where control ”2” is applied in the interval [T, 2T}, cover a set of
.My My oMy L . .
measure L > min ((W +W) ) _mlln2 (’r—)) , implies that the construction of the sequence 8, finishes at
1=1, 1
a time r < T, if
Ie—xlls —L .
max i-) =
( i Pi) ¢

The total delay between the switching points can be estimated in the following way

950, ] < () L.
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Proof of Lemma 2.1

Lemma 2.1: Let 1j be given by (378), v defined by (859), T given by (385). If

lz—zli<e™e (Lo ("‘in (’;‘))’ C_L—J“) '
! (miaz 17‘,)
then
Va(-)edd, 3a()e4d, (405)

and 7, 7’ with the following properties:

«r<T, (406)

o r'< T, (407)
o lr— 7'l < K@xn)) hz— 2l (408)
o |vt)- v’ < cxu)) lz—2’l Vi< T, (409)
° y(T)=y(7), (410)
° (Y =aft-(r-1)) VixT’, (411)
. m{t <1 afl) # a’(t)}s Kfizu))lz—z’l, (412)

being

maz i
o« K(r) = (5+1) (T/][;(l + 17){'+((m'az 9i;0)‘)+ ( ic p‘)> n(r))+:€(r),

9i(0)’)+ 7 n(r)),

where Kk(r), K(r)have been defined in (374)-(375).

o« K(r) = (7{7;(1 + )P +<(m‘a:c
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Proof: Let a(-) € ;ig’o(i.e. a( ) is an optimal policy) and x’ such that

min(r;) L

Il x —X’llﬁw-

Using the modification of policies described in Proposition A5, we apply to the system starting at x’ a
policy o’(-) with the following properties:

m{s €0, 0°,)/a(s) # a(s)} < ;;(llxll)llx-—x’ll ,Vv/6,<T

Iy's) =y | < s (xmlx=xIl, Vse€0,6,), Vv /8, <T

0,<6,,Vv/0,<T

0,—-6y < Ml‘g‘ (1+#)” ”x’-x"oo'

By virtue of Proposition A4, we can choose 9”0 < T such that

a(s)=0,Vse (0,,0, 0V0+1)’

where ¢ + g, with 60 >L.

vo+l = B4

We apply to the system y’ the control @’ = 0 in the interval (G’VO ) B’VO + 60 +6y), where

¥ilbyy) —¥'i(0y) )
8i(0)

As shown in Figure A6, at time 7 = 9’,,0 + 8y + 6x we have

Oy = min(

y;(r’) > y2(0V0+1) and y;(f’) = y1(9V0+1) ,
or
y;(r’? > yl(Byo) and y;(r’) = yZ(BVO_H).
For the difference of final times we have the estimation
7 -0

v+l ) n(nxn)) hx —xll .

< (9u“9’u)+6x S(MLg(l + ﬁ)u+(mfx’g%
i

For the difference of trajectories we have the estimation

Iy®) =y < cixnlx -1, VS, , 0y +8+8),

Y0
because that difference is not incremented in (9’,/0, H’VO +65+ 6y) -

Also

m{s € [0’,,0, 0, +8+6,]/a(s)# a(s)} < (MLg(l + ﬁ)l7+(miax lﬁ ) n(nxll)) ||x’-—x||oo.
- i

0

At time 7’, we are in the conditions of Proposition A6. We apply in consequence the results of
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Proposition A6, and we obtain in the interval (0’V0+60+6x, 7’} a control o’ with the following

properties

. m{ selP, ]/ als) # 0(8)} < 1

< (p+1) (Mig(1+ﬁ)“’ +((miax

" x’-x |L0 ’

oy -y <c@xn)lx-xl), Vse [, 7],

max -
. IT-T’IS(T,IIE(I+7‘I)D+((miax'gi30)')+( X; pi)) "“‘"“)""""“oo’

. y'(r') = y(r).
If we make the concatenation of controls

@l g, oyy) « '(9’,,0, 0y +50+Ex) “lg ot ™)

we get a global control a’[(o, ) with the desired properties described in (406)-(414):

e yY()=y(1)
. a’(t) = a(t + 71— T’) Vit > T,

. m{t JL< 7, alt) £ a’(t)} <

< ((,-,+1) (m’g(l + ) +((”‘,~”

o Ny -v@)|<klizi)lz—2l ¥

m.axl‘
g-éO)‘)+( 1( p))) K,(llx”))"x’_xnoo Vi<,
1

. r-r’l< <ﬂl—g(l +9)7+ ((miax

The trajectory y’(-) obtained is shown in Figure A7.

ar L
g.;o)l)"' (mi; p')> K(Hﬂl))hé(uzu)) Iz’ = x|l _.

gi%")l )+(miaz Fi)) :c(uxu))

(415)

(392)

(393)

(393)

(394)
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