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δ

δγ ΨΠ
γ γδ

Computation   of  :

1  time  iteration
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δγ       δW
δΨ,     δΨ

δ
δ δγ
δ

Uncomplete  resolution

equations  with  an unsteady

Computation  of  J )= (P-P )   d γd

2

(W,γ

W

W

γ( t=0 ,

)γ−γ=γ j’(ω

of  steady  Euler

Computation  of  :       J           J

Approximate  adjoint-state

Approximate  gradient
Real  gradient  at  convergence

Cost  functional

Multi-level  method  :
Computation  of   P P *  

to  solve Ψ(W, γ)=0

γ

implicit  time  stepping

α+1 α α

α =  α  +  1

PP *

ε
?α+1

− γ desiredTest :

Initialization

3  sweeps  Jacobi

3  sweeps  Jacobi  to  solve  :
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±Qs� pqr^Km¡Zwe�f�}�uw�Oe�o:§�bV��\KjV¸ � º�Zwe��OZwe�o:etsvuao)u]�Oe1®_`cjrm¡e�o�\c¥�� " \c¥ªu]�Oe x¬Zaou��`cZ�`cb�etu]Zwq�¶�`cu]qr\Ks²}µ©��¡qrjre�uw�¡e�o§vb)��\_j!¸��_ºv}Ouw�Oe�q�s�u]etZw��\_j�`cu]e�~�®K`�jrmOe�o & 8���' � �uw�Oets²}Oou�`cZ]uwqrs¡^¥¨Zw\Kb uw�Oe�sOet© o:etu�\c¥ ��\Kq�s�u�on}O©Fe%kt`cjlknmOj�`�uwe��v§Vuw�Oe�o]`cb�e�qrsO¹
uwetZ]�·\_j�`�uwqr\_s�ZwmOj�e|}_`cs\_uw�Oe�ZJoetup\c¥{��\Kq�s�u�o & o§vb)��\_jrqr¶�e�~³qrs  �qr^_mOZwe¦f³�v§@¸)��º('a}
`cs�~B©FeZ]et��e�`cu�uw�¡q�o��OZw\vkne�~�mOZweªmOsvuwqrj²`cj�j���\Kq�s�u�o³`�Zweª^KetsOe�Za`cu]e�~3¯ �F�¡q�o��OZw\_¹
kne�owoJ§�q�etj�~¡o�o:b�\|\Ku]�B~�qlowknZ]etuwe�knmOZ]®|e�o & oe�e � ���8} � ����� '[`KktkX\KZa~vqrsO^ªuw\�o:mO�{~�qr®vq�~ve
qrsvuwetZ]�·\_j�`�uwqr\_sBuw�Oet\_Zw§|¯
� W �>=��98 T = � � � = 6(F¤�98 �G8+H|���I8+6�5��n���c�v� � ` �
�F�Oe���`Ko:q�k�q�~�e�`Vq�o�uw\Bkt`�j�knm¡j�`cu]e�`�~ve�owkne�s�u�~�q�Zwe�kXuwqr\_sS©�q�uw�1`�jru]etZws�`�uwetj�§ ~�q ¥¨¹
¥¨etZwetsvu�jret®|e�j�o�\c¥���`cZ�`cb�e�uwZwq�¶�`cu]qr\_s¤¯ �-?�¹ýkn§¡knjredou]Za`�uwet^_§�q�o�kn\_s�oql~�etZ]e�~ �!qru
kn\Ks�o:q�o:uao�qrs�u]�Oe�¥¨\Kjrj�\�©�qrsO^��O�¬`Koe�o2�
©Fedoua`�Zwu�\Ks uw�Oedkn\|`�Zao:e�ouªjret®|etj `cs¬~�©FeVbB`��|e `cs�\_�Ouwq�b�qr¶�`cuwq�\Ks qruwe�Za`cu]qr\_s
\KsB`�jrjOsOe�«�u!x�sOe�Z�j�et®|etjlon¯ � �OetsV©Fe�`cZ]e³\_s�uw�Oe�x�sOe�ouJjret®|e�j8}�©Fe�oua`�Zwu¦`c^|`�qrs��
©Fe�bB`��|e%`cs1\K�¡uwqrbdqr¶�`�uwqr\_s�qru]etZa`�uwq�\KsB\Ks#`cjrjpsOet«vu�kn\°`cZao:etZ�jret®|etjlon¯���e��`t®|e
~�\KsOeª` ?�¹ýkn§OkXjre|¯5�F�Oe ouwZ�`cu]et^K§�qloF�Ojr\_uwu]e�~�\Ks  pqr^Km¡Zwe�^h¥¨\_Z���j�et®|etjlon¯
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 �qr^_mOZweªf �F���|etuaka��\�¥Juw�Oe���`�Za`�b�etuwZ]qr¶�`�uwq�\Ks¤¯

P P  j’22
(γ  )

1

2

3

fine  level

medium level γ    =  γ  − ρ *

coarse level * *

P     :   2         1              P    :    1            22

3

(1) :    

:    

*
2

*
3

j ’ (γ  )

(2)

(3) :    γ      =  γ   −  ρ
2

P P P P  j’
3    3    2

( γ   )

P     :   3         2              P    :    2            3

α+1
γ    =  γ   −   ω  

α α

α+1

α+1

α

α

α

α

 pqr^Km¡Zwe�^,��?�¹ýkn§OkXjre�ouwZ�`cu]et^K§�¥¨\KZ���jre�®|etj�oX¯
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���Y� � ��, c&�'�����"( �`c& ��(��` 
�ôu�x�Zao:ut}�©5e)�¬`�®|eVk�`cj�kXmOj�`�uwe�~�o©5etet��o �|`KkX\K�OqJsOete�~�e�~1uw\S\_�Oua`�qrs*`)´�\�© & \KZ�`

kX\|ou�¥¨mOs�kXuwqr\_s�`cj 'a¯��F�Oe1q�b��Ojrqlknqyu�jrqrs¡e�`cZ]qr¶te�~�u]qrb�eB`_~�®_`cs�kXqrsO^�q�uwetZ�`cu]qr\Ks & � '��`_o
��ete�s�o\Kj�®|e�~@©�q�uw��`�Zwe�bB`cq�s�~�etZ���� S ��� � �t� ��� ���K�K�Bo:©Fetet�¬o �|`Kkn\_�Oq!©5etZwe�sOe�e�~�e�~
¥¨\_Z�\KsOe kn\|o:u¥¨mOs�knu]qr\Ks¬`cjFe�®K`�jrm�`�uwq�\Ks¤¯*�|\O}!\_sOeB\KmOu]�OmOu�©�qrj�jJ�·eBu]\�kn\Kb��¬`cZweVuw�¡e
svmObV��etZJ\c¥5o:©Fetet�¬o��|`Kkn\_�Oq¤qrs kn\_b��Ojre�uwe�o\Kj�mOuwq�\Ks#`cs�~BqrsB\KsOe�¹8o:�O\Ku�b�etu]�O\v~3¯
±8u�q�oFu]ZwmOe�u]��`cu�qrsBuw�¡eh\_sOet¹ýo�O\_u³bdetuw�O\v~�©5e�~�\VsO\Ku�kt`cjlknmOjl`cuwe�uw�Oeªkn\°ou�¥¨mOs�kn¹

u]qr\_s�`cj¦`cu�e�`_k�� ¸]\K�Ou]qrb�q�¶�`cu]qr\_s�º�qruwe�Za`cu]qr\_s¤}��Om¡u�©FeVm�oe o©5etet��o �|`Kkn\_�Oq8¯��|\O}!©5e
k�`cs���`t®|eV`�s�e�ou]qrbB`�uwq�\Ks�`c��\_mOuu]�Oe�svmOb)��etZ�\c¥�kX\|ou�¥¨mOs¬knuwq�\Ks�`�j�ok�`cj�kXmOj�`�uwe�~Sq�s
o:m�ka��`Bb�etuw�¡\v~3¯�±8s  �qr^_mOZwe�o & � 'a} & �('�} & ���('�}!`cs¬~ & ���('�©FeV��`t®|e�qrs `c��o]knq�o]o�Fuw�¡e
kX\|ouF¥¨m¡s�knuwq�\Ks�`�j�o�et®_`cj�m�`cu]qr\KsB©��Oqlk��BqloFqrs�¥ý`Kknu�o:©Fete���o��|`Kkn\_�Oqp~�q�®�ql~�e�~)�v§B�K�_��¯

�³\_uwe�uw��`�u1uw�Oe�et®_`cj�m�`cu]qr\_s \c¥d` kn\|o:u@¥¨mOs�kXuwqr\_s�`cj ~�etbB`�s�~Oo 3_� ¸w\_�Ouwq�b�qr¶�`�¹
u]qr\_s�ºhq�uwetZ�`cuwq�\Ks�oJ`�s�~@�_�$3�o:e�kn\Ks¬~OoFi5Y ' & \Ksd`�i�� �]?%¾�� �v�t� 'a}µ¥¨\_ZFu]�Oe³\_sOet¹ýo�O\_u
bdetuw�O\v~{¯
±8s� �q�^KmOZ]e��v}¤©Fe���`t®|eVkn\_s�oql~�etZwe�~ � 3@`�s�~ ^Bkn\_s�u]Zw\Kj ��`cZ�`cb�etu]etZaoX}¤`cs¬~ ©5e)��`t®|e
`�s�`cj�§Oo:e�~ uw�Oe�kn\°ou�¥¨mOs�kXuwqr\_s�`cj%kn\Ksv®|etZw^_ets�kneBx�Zao:uB©�qruw� uw�¡e�kn\Kb��¡jretu]e1o\_jrmOu]qr\_s
`�s�~1`�¥¨u]etZ�©�q�uw��oq�b)m¡jrua`�sOet\_m�o�o\_jrmOu]qr\Ks & ¥¨\KZ��ª\K�Ou]qrb�q�¶�`cu]qr\KsBq�uwetZ�`cuwq�\Ks ��u]qrb�et¹
q�uwetZ�`cu]qr\Ks#`cs�~ ��o©5etet��o!�]`KkX\K�Oq¤¥¨\KZ�u]�Oe�o:ua`�uwee�zµm�`�uwq�\Ks1`�s�~1�Vo©Fe�et��o!�]`Kkn\_�Oq�¥¨\KZ
u]�Oe�`_~c�:\Kq�s�u]¹8o:ua`�uweFe�zµm�`�uwq�\Ks�'�¯  O\KZ5�$3³�¬`cZa`�b�etu]etZaoX}t©FeF�¬`�®|eJu�`��|ets�¥¨\KZ uw�OeJ\K�¡uwqrb `cj
o:uwet�²} * �=� Lr�t� � ( ¥¨\KZ�uw�Oedkn\Kbd�Ojretu]eªo\Kj�mOuwq�\Ks `cs�~ * �¿� L��t� � ( ¥¨\KZ�uw�Oe�\_sOet¹ýo�O\_u
bdetuw�O\v~{¯  O\KZ ^���`�Za`cbdetuwetZ�on}|©Fe���`t®|e�u�`��|ets�¥¨\KZ5uw�Oe�\_�Ouwq�bB`cj¬ouwe��¤} * � f &�3 Lr��� � (
¥¨\_Z³u]�Oe�\KsOe�¹8o:�O\Ku�bdetuw�O\v~B`�s�~ * �H�t� �
	 ¥¨\KZ�uw�Oeªkn\_b��Ojre�uwe�o\Kj�mOuwq�\Ks & `Ko�uw�¡etZwe�q�o
`�jrq�uwu]jre�s�mObV��etZF\�¥!�¬`cZa`�b�etu]etZaoX}Okn\°ou�¥¨mOs�knu]qr\Ks¬`cj¤~ve�knZwe�`Koe�oFjre�o]oFjr\�©FetZ 'a¯

��o�Zwe�^|`cZ�~OoP^��¬`cZa`�b�etu]etZaoX}O©Fe�¬`�®|e kn\Ksv®|etZ]^Ke�~�uw\#�t� ��	 ©�q�uw�#`)^|`�qrs1\c¥ 3Q[L 3
¥¨\_Z�uw�¡eVkn\|o:u³¥¨mOs�knu]qr\_s�`cjlo³et®_`cj�m�`cu]qr\Ks�`�s�~*�t� L 3�¥¨\KZ�u]qrb�ei5Y('¯ � qruw� �$3Bkn\_s�u]Zw\Kj
�¬`cZa`�b�etu]etZaoX}!©FeB��`t®|e `cs e�ouwq�bB`cu]qr\_s�\c¥�u]�OeBs�m¡b)��etZª\c¥%kn\|o:u�¥¨mOs¬knuwq�\Ks�`�j�o ��¥¨\KZ
kX\Kb��Oj�etuwe�o\_jrmOu]qr\_s¤}3`�u�kX\Ksv®|etZw^_ets�kne|}vb�\KZ]e�uw��`�s��t�_�K��`�Zwe kn\Kb��¡mOuwe�~)¥¨\_Z�`�uwq�b�e
i5Y('=j�`�Zw^Ke�Zuw�¬`cs Q|�K�_�K��oe�kX\Ks�~Oo � � q�uw��\KsOet¹ýo�¡\Kubdetuw�O\v~1©FeV\K�¡ua`cq�s*`�^|`�qrs
\�¥ª`c��\_mOu �
3 ¥¨\_Z�kn\°ou�¥¨mOs�knu]qr\°`csOj�`cs�~ ��� ¥¨\KZVuwq�b�eSi5Y('¯ ��eBu]�Oets s¡\Kuwe uw��`�u
\_sOet¹ýo�O\_u³qloFe�� knqretsvut¯

KF§ m�o:qrsO^ \_sOet¹ýo�O\_u�kn\KbV�Oq�sOe�~ ©�qru]� � ��=��98 T = � � � = Fp�O��� � � ���8AH|���98A6�5�}�©5e
�¬`�®|ed`cj�uwetZ]s�`cu]e�~Sx�Zao:u©�qru]� ^ `cs�~ �$3S��`�Za`cbdetuwetZ�o�`cs¬~ `t¥¨uwetZ�}¤©�qruw� � &V^ `cs�~ � 3
�¬`cZa`�b�etu]etZaoX}F`�s�~ ��`t®|e kn\Kb��¬`cZwe�~ ©�q�uw� \KsOet¹ýo�¡\Ku�\_s uw�¡e��$3�¹Ë�¬`cZa`�b�etu]etZao�jret®|e�j
& oete  �q�^KmOZ]eª�('a¯
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� �¡ets ©5e@m¬oeBb)m¡jruwq�¹Ëj�et®|eXj��v§*`�jruwe�Zws�`�uwqrs¡^1\Ks u:©5\�j�et®|etj�o & ^��|�$3 'a}�kn\_s�®|etZ]^Kets¬kne
`_oôZ]et^|`�Za~Oo�kn\°ouF¥¨mOs�kXuwqr\_s�`cjloFet®_`cj�m�`cu]qr\KsB\_Z³u]qrb�e�i5Y(' qlo�� LÝ�K��uwqrbde�o�¥ý`Kou]etZ�uw�¬`cs
kX\Ksv®|etZw^_ets�kne�\_s uw�Oe�� 3���`cZ�`cb�e�uwetZ�ojret®|etjý¯*±Ë¥�©Fe `cj�uwetZ]s�`cu]eS©�q�uw�*uw�OZ]eteSj�et®|etjlo
& ��� ^��|� 3('�}3kn\_s�®|e�Zw^Ke�s�kne�q�oFo:uwq�jrjO¥ý`Ko:uwetZ�©�q�uw�B`�¥ý`Kknu]\KZ�� L QB¯ ��e���`t®|e�kn\_s�®|e�Zw^Ke�~�q�s
u]ets ou]et��o�¥¨\KZ�xO¥¨u]etets o��`���emOs)�vsO\�©�s�o �

 �q�^KmOZ]e1�t�1kX\Kb���`�Zwe�o�kn\_b��Oj�etuweVo:\Kjrm¡uwqr\_s `cs�~�\Ks¡et¹8o:�O\Ku�bdetuw�O\v~��·\_uw� kn\_b�¹
�¡qrsOe�~�©�qruw� b)mOj�uwq�¹Ëj�et®Ketj¤�¬`cZa`�b�etu]Zwqr¶�`cuwq�\Ks¤¯ ±8s*kn\_b��Ojre�uweVo\_jrmOu]qr\_s¤}!uw�Oe ouwZ�`cu]et^K§
©¦`KoJm�oe�~V©�qruw� `cjrj�u]�Oe���`�Za`cbdetuwetZ�o & ����^��|�$3����O�*'a}¤o:ete � ���ý}�`�s�~)q�uF©�`_o�©�q�uw�B`  ¬m¡jrj?�¹8kn§¡knj�e�b�etuw�¡\v~3¯  O\KZ5\KsOe�¹8o:�O\Ku�b�e�uw�O\v~3}_©Fe���`t®|e�m�oe�~ ?�¹ýkn§¡knjre�o�`�jru]etZws�`�uwq�sO^�\Ks
u]�Oed� �¡Zwet®vqr\_m�o�jret®|etjlon¯ �F�¡etZweVq�o�`@^°`cq�s�\�¥��
3S`_ohZ]et^|`�Za~Oo�uw�OeVkn\°ou�¥¨mOs�knu]qr\Ks¬`cj�o
e�®K`�jrm�`�uwq�\Ks �
±8s��p`c�Oj�eV�K}�©5e�kt`�sSo:ete�u]�Oe�~�q $3e�Zwets�kXe���etu:©Fetetsdkn\_b��Ojre�uwe�o\Kj�mOuwq�\KsB`�s�~�\KsOe�¹

o:�O\Ku�b�etu]�O\v~�kn\_b)�¡qrsOe�~V©�qruw�BbVmOjru]qr¹¨jret®_etjv��`cZ�`cb�etu]Zwq�¶�`cu]qr\Ks²¯
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WU (=cost functional evaluation)

Complete
resolution

15 parameters
7 parameters

Simultaneous
resolution

15 parameters
7 parameters
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WU (=cost functional evaluation)

Simultaneous
Resolution

7 parameters
15 parameters

7/15 parameters
3/7/15 parameters

 �q�^KmOZ]e� �ô��sOe�¹8o:�O\Ku�kn\KbV�Oq�sOe�~�©�qruw�BbVmOjru]qr¹¨jret®_etjOb�e�uw�O\v~3¯

-6

-5

-4

-3

-2

-1

0

1

0 50 100 150 200 250 300 350

L
o
g
 
(
j
)

WU (=cost functional evaluation)

Complete resolution combined
with multi-level method

Full-V-cycle

one-shot combined with
multi-level method

V-cycle

 pqr^Km¡Zweª�t� �FiJ\_b��Oj�etuwe � ���{`�s�~�m¡s�kn\Kbd�Ojretu]e�o\_jrmOu]qr\Ks¬o�kX\KbV�OqrsOe�~h©�qru]�)bVmOj�uwqr¹¨jre�®|enj
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ON

7  parameters        15  parameters
cost functional

evaluation
time  CPU

(seconds)
cost functional

evaluation
time  CPU

(seconds)

1 9 0 0 0

1 4 0 0 1 1 3 6 4 4 0 0

log ( j )= -2.64

log ( j )= -2.64 log ( j ) = -5.93

6 0 0
COMPLETE

RESOLUTION

ONE - SHOT

ONE  LEVEL

log ( j ) = -5.93

( estimated ) ( estimated )

1 2 0 0> 4 0 0 0 0>

( equivalent ) ( equivalent )

MULTI - LEVEL

ONE - SHOT

cost functional
evaluation

1 5 1 9 0 0

time  CPU
(seconds)

cost functional
evaluation

time  CPU
(seconds)

1 3 0 01 0

7-15  parameters   3-7-15  parameters

log ( j ) = -5.93 log ( j ) = -5.93

COMBINED  WITH

( equivalent )( equivalent )

�p`c�¡jreB� ��¾!®_`cj�m�`cu]qr\Ks¬o%\�¥¦kn\|o:u³¥¨mOs�knu]qr\_s�`cjloô¥¨\KZ�kX\Kb��Oj�etuwe%o\Kj�mOuwq�\Ks�`�s�~ \_sOet¹ýo�O\_u
bdetuw�O\v~dkn\KbV�Oqrs¡e�~)©�qru]�Bb)mOj�uwq�¹Ëj�et®Ketjvb�etu]�O\v~3¯

��e�kt`�s1o:ete|}Oqrs! �qr^_mOZwed�K�_}·u]�Oe�o:m�ktkne�o]oq�®|e�o��`���e�oô¥¨\KZ�uw�Oeª\KsOet¹ýo�¡\Ku�b�e�uw�O\v~
kX\KbV�OqrsOe�~@©�qru]��bVmOj�uwqr¹¨jre�®Ketj{��`cZ�`cb�etu]Zwq�¶�`cu]qr\Ks1©�q�uw� ��� ^��|� 3 �¬`cZa`�b�etu]etZaoX¯ �F�OetZ]e
qloJkn\Ksv®|etZw^_ets�kne�u]\u]�Oe�~ve�oq�Zwe�~Vo��`���e�`�¥¨u]etZ#Q°�K�S¸w\_�Ouwq�b�qr¶�`cuwq�\Ks�º�qruwe�Za`cu]qr\_s�o & �t�_�K�
o:e�kK¯Fi5Y(' '�¯

 �q�^KmOZ]e��t�c¹ý`�}°o�O\�©�o¤u©5\K¹¨^KZ]q�~Oo:¹Ëql~�e�`cj|bdetuw�O\v~ & ©��OetZ]eJ©FeJ��`t®|eJ`cj�uwetZ]s�`cu]e�~�©�qru]�
^�`�s�~S�$3���`cZ�`cb�e�uwetZ�o '¤©��Oqlk��VkX\Ks�o:q�ou�o�q�s�bB`��vqrsO^�\KsOe�\K�Ou]qrb�q�¶�`cu]qr\_s�qruwe�Za`cu]qr\_s�\Ks
u]�Oe�x�sOeªjret®|etj²`cs�~ o\_jr®|eªkn\Kbd�Ojretu]etjr§�u]�Oe��OZw\_�Ojre�b¼\Ks1u]�Oeªkn\|`�Zaoeªjret®|e�j8¯���eo:uwq�jrj
m¬oe�?�¹ýkn§OkXjre�oX¯ ��e�o:ete�\Ks� �qr^_mOZwe �t�c¹¨�Su]��`cu�u]�Oe�b�e�uw�O\v~)��e�kX\Kb�e�o�¸]q�~�e�`�j�º©��Oe�s
©5eZ]etj�`�«@u]�OeVkn\°`cZao:e�jret®|e�j3©�qru]��`cu�j�e�`Ko:u1Q 3K��qru]etZa`�uwq�\Ks�oX¯�±Qu�qrbd�Ojrq�e�o�u]��`cu�`�u�uw�¡e
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