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Résumé

Nous présentons une solution au probleme de la reconstruction tridimensionnelle
a partir de coupes paralleles. Apres une définition d’une-méthode exacte de liaison
au plus proche voisin, nous montrons comment on peut calculer une approxima-
tion grace a la triangulation de Delaunay. On présente des résultats obtenus a
partir de données médicales.

La qualité des modeéles tridimensionnels est ensuite évaluée sur des données
synthétiques, et comparée avec une autre technique de reconstruction (marching
cube).

Dans la troisieme partie, on utilise la reconstruction d’un bassin et d'une téte
fcetale pour simuler un accouchement. En faisant passer la téte par le bassin, on
calcule la force résultante exercée sur la téte, et on définit une mesure de compa-
tibilité foeto-pelvienne, qui pourra étre intéressante pour décider de la nécessité
d’une césarienne. ‘

Mots-clés : reconstruction 3D, triangulation de Delaunay, diagramme de Voronoi,
distance de Hausdorff. robotique, obstétrique.

Abstract

We describe a method to obtain a 3D representation of objects given by a series
of parallel cross-sections. We define a contour-to-contour connection based on
geometric closeness and show a practical way to calculate an approximation using
the Delaunay triangulation. The performance of our method is shown on several
medical examples.

We further evaluate the precision of 3D models reconstructed from synthetic
data and compare it to the marching cube reconstruction.

In the third part, we use the 3D model of a pelvis and a fetal head for simulat-
ing a delivery. We calculate the forces applying on the head and define a measure

of adequateness. This measure may be interesting for the decision of making a
cesarean section.

Keywords: 3D reconstruction, Delaunay triangulation, Voronoi diagram, Haus-
dorfl distance, robotics, obstetrics.
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Introduction

Since the development of tomography, computers have been used extensively in
medical diagnosis. Unlike classical radiography, tomography requires complex
mathematical calculations in order to obtain a two-dimensional image. Comput-
ers are used for image treatment, visualization and archiving, and also for 3D
reconstruction. ,

This technique, whereby a 3D model of certain organs is built from a number of
2D cross-sectional images, enables a better understanding of spatial structures.
and also opens the way to new applications like automatic prosthesis milling,
radiation therapy planning and surgical planning.

Methods for 3D reconstruction have existed {for nearly 20 years. They may be
classified into two groups: surface oriented methods and volume oriented meth-
ods. The reconstruction method that we present in the first chapter of this
dissertation tries to combine the advantages of both groups. It is derived from
the technique based on the Delaunay triangulation which was proposed by Jean-
Daniel Boissonnat in 1984. We show its underlying theory and its application to
tomographic data.

The second chapter concerns itself with the validation of 3D models. Surpris-
ingly, this task has not received much attention in the past. Visualization is not
sufficient for estimating quality; it may even be misleading, since many visualiza-
tion algorithms like Gouraud shading are designed to extrapolate properties. If
3D models are used for purposes other than pure visualization, the precision may
be crucial. Maybe this work could contribute to the development of benchmark
tests in the future, which would allow the comparison of the different reconstruc-
tion methods.

Simulation of delivery is a task that touches two domains: computational ge-
ometry for 3D modeling, and robotics for motion planning. We show in the third
chapter that the results of the Delaunay reconstructions can be easily adapted
for this application.

\f
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Chapter 1

The Delaunay Reconstruction

1.1 Introduction

An important problem in medical imaging is the creation of three dimensional
models from a set of tomographic cross-sections. Such reconstructions of human
organs are used for surgery planning, prosthesis milling, radiation therapy plan-
ning and volumetric measurements. Because of the keen interest, there have been
a great number of approaches, which may be roughly classified into two groups:
surface reconstruction and volume reconstruction.

Historically, surface reconstruction was the first approach. In surface recon-
struction, the problem consists in building a surface between contours in adjacent
cross-sections. This is usually done by connecting contour segments to vertices
in the opposite plane. In this way, the surface is defined by a set of triangular
tiles. Keppel [18] was the first to reduce the problem of connecting vertices to a
search in a toroidal graph. He used a maximum volume heuristic to select a path.
Fuchs, Kedem and Uselton [13) presented the first efficient algorithm, also based
on a search in a toroidal graph. Their method generalizes the results of [18] and
can be used with various optimization criteria. They proposed a minimal surface
heuristic, but other optimization criteria may be used.

These solutions were limited to one single contour on each cross-section. Sev-
eral authors proposed methods to solve the branching problem in the case of
multiple contours in each plane. A method that handles simple branching cases
was described by Christiansen and Sederberg [10]. In that approach, complex
contours require user interaction. Other solutions came from [27, 28, 29, 20].

Even if restricted to one single contour in each cross-section, the problem
may have no solution, or—if it exists—it may not be unique. Gitlin, O’'Rourke.
and Subramanian [24] have recently shown an example of a pair of contours that
cannot be connected to a simple polyhedron. We present in Appendix A the
proof that-the problem can always be solved by adding atsmost two vertices onto
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the contours.

The advantages of surface reconstruction are as follows:
e Usually, the methods are very fast.

e These methods reduce the amount of data by selecting two-dimensional
representations of object surfaces.

e A 2D representation—especially a polyhedral representation with triangular
faces—allows fast display methods, Gouraud or Phong shading and high-
quality rendering, for example with ray-tracing methods.

e The methods may be adapted to particular objects by choosing one of
several possible heuristics.

e Since contours are linearly interpolated, there is no need for anti-alias steps.
¢ Contours may be processed (spline interpolation, vertex reduction).
The disadvantages of surface reconstruction are as follows:

o Several methods are limited to a single contour in each cross-section. Only
simple branching is possible.

¢ In realistic scenes, there is a large variety of topologies (multiple branching,
multiple holes). A method that is constrained to contour lines cannot adapt
to all possible cases.

¢ In addition to the data segmentation, we have to add a contour tracking p
rocedure with consistency check, since most methods are limited to simple
closed contours.

The voxel-technique is a volume based approach. A voxel is the spatial equiv-
alent to a pixel. Since scanner images are arranged on a regular 2D grid (the
pixels) it is quite natural to extend them to volume elements (Barillot et al.
[2]). There are two ways to display such a set of parallelepipeds: One can fit
a surface on it (Marching Cube {23]) and render-the object with conventional
surface-rendering algorithms, or surface normals can be deduced directly from
the voxel data (Hohne et al. [17], Levoy [22]). The second approach is usually
called volume rendering. The advantages of the voxel methods are as follows:

o The simple heuristic based on geometric closeness.

e Volume rendering omits the need for additional processing, for example to
track a surface and fit geometric primitives on it.
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The disadvantages of the voxel methods are as follows:
e The large volume of data that has to be manipulated.
e No simple defined surface is available for rendering.

o If cross-section distances are large compared to pixel distances, an interpo-
lation step is necessary to avoid jagged shapes.

Another volume approach is the Delaunay reconstruction proposed in [4]. In
- that method, the volume elements are not equally shaped, but consist of tetra-
hedra that are adapted to the object shape. In this way, some of ‘the advan-
tages of surface reconstruction—the important data reduction and the polyhe-
dral representation—are combined with the strength of the voxel-method: the
handling of complicated topologies.

In this chapter, we define the Delaunay reconstruction which is based on
Boissonnat’s approach [4]. We consider the reconstruction from a point of view
that allows us to compare its heuristic to that of the voxel technique.

We give a brief description of the reconstruction problem in the following
section. In Section 1.3, we recall the basic definition of Voronoi diagrams and
the Delaunay triangulation, and show the principal underlying mechanisms of to
obtain a connection based on geometric closeness. A detailed description of our
method is given in Section 1.4. Experimental results and a concluding section
are presented at the end of this chapter.

1.2 The reconstruction problem

Tomographic data usually consists of a series of cross-sectional images, where
each pixel represents a characteristic value inside the body. This value may be
protein density in MRI, or X-ray absorption in CT images. The typical image
size 1s 256 x 256 or 512 x 512 pixels. The image to image distances or cross-section
distances are often significantly greater than the 2D image resolution. The reasons
are physical constraints, time constraints or to avoid excessive irradiation with
X-ray techniques. Recently developed MR scanners, however, are able to reach
a slice distance equal to the in-plane resolution. For conventional diagnosis, the
pixel values are mapped to gray values or to appropriate colors, and displayed on
a screen or fixed on a film.

The procedure of 3D reconstruction can be divided into 4 steps (Figure 1.1):
1. Image segmentation

2. Region labeling
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3. Global connection
4. Local connection

The first two steps can be considered as preprocessing steps, using classical image
processing techniques.

1. Image segmentation

In this step, the pixels representing one tissue type have to be isolated. There is
a large variety of image enhancement and segmentation techniques, depending on
tissue type and imaging modality. Bone in CT images and brain tissue in MRI
are examples of highly contrasted data that can be automatically segmented.
Segmentation of other objects, however, may require human assistance.

2. Region labeling

Segmented regions of the same tissue type are further classified into anatomical
structures. We may for example label the left and the right ventricle of the heart,
or arteries and veins. This additional information is not included in the scanner
data. Consequently, this procedure needs human interaction, or knowledge based
methods together with shape recognition.

3. Global connection .

In this step, we decide which regions will be connected from image to image.
Each segmented and labeled 2D region will be connected to zero, one or several
2D regions in the adjacent cross-sections. Like the previous step, this procedure
requires a priori information. This step is also called the correspondence problem
in [28].

4. Local connection

Finally, for each region to connect, we must decide how to link the region parts in
detail. The problem consists in finding a way to split the regions, especially when
there are multiple branchings. For surface tiling methods, we have to choose

triplets of vertices to build the surface triangles. This task is usually too complex
to be driven interactively.

The different reconstruction methods now cover one or several of these steps.
The requirements of a particular method depend on additional information like:

o Cross-section distance

Object size

Tissue type

Purpose of reconstruction

Other a priori knowledge
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Figure 1.1: 1) Segmentation 2) Labeling 3) Global connection 4) Local connection.

A reconstruction method based on geometric closeness—like the voxel method
that connects overlapping regions, or our own method—can perform steps 2 to
4 on simple objects. If there is only one simple region in each cross-section, or
if several regions are sufficiently far apart, region labeling may be omitted, and
global and local connections are determined by closeness (see Figure 1.2 (a) and
(b)). However, the regions in Figures 1.2 (¢) and (e) may yield wrong connec-
tions. This example could represent arteries and veins, which usually lie close to
one another. If the purpose of the reconstruction is the visualization of spatial
relationships, such short-circuits may be acceptable; if the models are used for
other applications like volume calculation or blood flow simulation, correct con-
nectivity is necessary. In this case, the contour labeling cannot be omitted. After
a separation of the different labeled regions and two separate reconstructions, the
result of a closeness (or “nearest neighbor™) method would be correct.

For objects, where the required connections are not identical to simple heuris-
tics like closeness, we have to apply special reconstruction methods. This occurs
with contours, where special features have to be connected correctly (see Fig-
ure 1.2 (d) and (f)). As an example, consider complex brain contours. This
case can only be solved by special techniques, which, amongst other things, may
detect similar curvature.

We suppose in the sequel that
e Image segmentation and region labeling have been applied.

o The input regions have been restricted to one tissue type of one label if
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a b
c d

Figure 1.2: Several examples of connecting contours on two adjacent cross-sections.
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necessary (for example, arteries have been separated from veins, if correct
connectivity is required).

o We have no additional a priori knowledge about the necessity of constrained
connections of contour details.

A 3D object is intersected by a number of parallel planes. Since concave
objects are allowed, we may get one or several regions in each plane. The contours
of those regions may be approximated to by polygons, possibly some of them lying
inside others. We now want to link these regions (or to connect the contours) in
such a way as to obtain the “best” approximation to our original object. The
difficulty consists in finding criteria that will produce a “good” approximation.
All our information is concentrated in the cutting planes; we know the object
shape in each cross-section. Consequently, one condition the reconstructed object
has to satisfy is that if we cut it along the original planes, we get the actual regions.
This condition however defines no unique solution. Figure 1.2 and Figure 1.3 show
possible solutions on identical contour sets that satisfy it. Selecting a particular
solution is a heuristic decision, if no a priori information is present.

TS oo | e

Y — e

Figure 1.3: A set of 6 contours, pairwise superimposed in two horizontal, parallel planes p;
and p3. (b) and (c) show two possible connections.

All reconstruction methods, except the interactive ones, make such heuris-
tic assumptions. Typical heuristics are: maximizing volume, minimizing sur-
face, minimizing edge length and minimizing angles. In voxel reconstruction, the
heuristic consists of extending all object pixels to a parallelepiped of height equal
to the slice distance, thus favoring “vertical” connections, especially connections
of overlapping parts. It is quite a simple and natural assumption, and with an
adequate relationship between object size and slice distance, the results are very
satisfactory.

In our approach, we subdivide the planar regions into triangles, and extend
these triangles to tetrahedra by linking them to the contours in adjacent cross--
sections. We attempt to achieve an almost vertical, “voxel-like” connection, but
at the same time to reduce the data, avoid anti-alias or interpolation steps, and get
directly to a polyhedral representation. The data reduction effect is evident, since
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a triangle in a cross-section covers an area of several pixels, and a tetrahedron in
3D occupies the space of several voxels. The other important goal—the vertical
connection— can be accomplished with the help of Voronoi diagrams, as we will
see in the following section.

1.3 Basic concepts for closeness

1.3.1 Voronoi diagram and Delaunay triangulation

In this subsection, we recall the definitions of Voronoi diagram and Delaunay
triangulation, and show the relationship to the medial axis. A survey on Voronoi
diagrams can be found in [1].

Given a set S of N sites S = {p; € E?|i = (1..N)} such that no four sites lie
on a common circle.

We define V(z) as the set of points closer to site p; than to any other site in
S. V(i) is called the Voronot cell associated to p; (See Figure 1.4). The union
V(S) over all V(2) is called the Voronoi diagram of S. It can be considered as
a subdivision of the plane in convex polygonal regions—the Voronoi cells. The
boundaries of the regions are referred to as Voronoi edges, the joints of (always)
three Voronoi edges are called Voronot vertices. Each Voronoi edge 1s associated
with two adjacent Voronoi cells, and is a part of the perpendicular bisector of their
sites, thus denoting the locus of equal distance. A Voronoi vertex is equidistant
to three sites.

Figure 1.4: A Voronoi cell (left) and the Voronoi diagram (right) of a number of sites.

If we draw a line segment between each pair of sites whose Voronoi cells
share an edge, we obtain a triangulation of the points in S called the Delaunay
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triangulation (See Figure 1.5). A Voronoi vertex represents a Delaunay triangle;
more precisely, it is the center of its circumcircle. Each Voronoi edge corresponds
to an edge in the Delaunay triangulation despite the fact that they may not
even intersect. This geometric difference between Voronoi diagram and Delau-
nay triangulation becomes important in the reconstruction issue. Some further
properties of the Delaunay triangulation are:

Figure 1.5: A Voronoi diagram (dashed) and its straight-line-dual, the Delaunay triangula-
tion. ’

e The boundary of the Delaunay triangulation is the convex hull of its sites.

e The Delaunay triangulation maximizes the minimum angle over all triangu-
lations. Therefore, the shape of Delaunay triangles is in general compact.

e The number of triangles in the Delaunay triangulation is at most 2N — 3,
where N is the number of vertices in the triangulation.

e A Delaunay triangle does not contain any other site in its circumcircle

(empty circle property). This implies that any triangulation without obtuse
angles must be Delaunay.

e There exist several well known algorithms to calculate it.

e Voronoi diagrams can be used to calculate fast point location.

The definition of Voronoi diagrams and Delaunay triangulation in 3D spaceis
straightforward (See for example [25]). Instead of triangles we will get tetrahedra,
besides Voronoi edges there will also be Voronoi faces, and the empty circle
property translates in an empty sphere property.
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Several generalizations of the Voronoi diagram may be defined. One gener-
alization is the edge Voronoti diagram (EVD), where the defining sites are not
points but straight line segments (see [19], [30], [12]). In this case, the Voronoi
diagram is built of straight and parabolic edges. The edge Voronoi diagram of
a polygon is also called medial azis. The medial axis of a polygon is the locus
of points equidistant to at least two contour points, and closer to that contour .
points than to any other. This is a well studied construct in pattern recognition,
since it closely represents the metric and topological properties of shapes (cf. 3],
[21]). Another generalization is the region Voronoi diagram (RVD) where the
sites are simple closed polygonal regions. The result is similar to the edge Vo-
ronoi diagram—straight or parabolic edges—with the difference that the inside
of the polygons would be filled (Figure 1.6). Correspondingly, one can define an
edge Delaunay triangulation or region Delaunay triangulation, which would be

composed of triangles and trapezoids.

RVD

Figure 1.6: A region Voronoi diagram of three polygonal contours.

Similar to the Voronoi diagram of point sites, the region Voronoi diagram and
the edge Voronoi diagram can be extended to 3D. Such a construct would be
composed of parabolic surfaces.

1.3.2 Contour closeness

The reason for applying a Voronoi diagram is its underlying notion of geometric
closeness. Similar to the voxel-heuristic, we would like to achieve a connection
between overlapping contour regions. In addition, the non-overlapping parts have
to be connected in an intelligent way in order to avoid jagged shapes. The general
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idea is to subdivide the regions in appropriate parts, and link them to the nearest
neighbor regions in the adjacent planes. If we define for example a connection
that links each infinitesimal region part ér; to its nearest region part ér, in the
adjacent plane, we would get a result as shown in Figure 1.7. Overlapping parts
are connected vertically, non-overlapping parts are connected to their nearest
neighbors.

+ 3D RVD

Figure 1.7: Three contours in two adjacent planes: C; in P, Cz and C3 in Py. The
righthand drawing shows the intersection with the vertical plane A. The intersection with the
3D region Voronoi diagram is dotted bold.

Such a solution can be obtained by understanding each contour polygon as
site, and calculating the region Voronoi diagram RVD in each crots-section. The
orthogonal projection of each RVD onto the adjacent plane determines then the
subdivision and the connections of the polygons. Figure 1.8 illustrates this be-
havior: the RVD separates P, into the set of points closer to (', and the set of
points closer to C'3. An infinitesimal surface ér of C; would be connected to Cs if
it lies on the left side of the orthogonal projection of the RVD, otherwise to Cj.
The contour C, hence is divided along the projection of the RVD of the adjacent
cross-section. Since this projection may consist of parabolic edges, a connecting
surface between adjacent cross-sections would contain parabolic patches. But
also a connection between non-parallel straight lines—one in each cross-section—
would result in a hyperbolic paraboloid (see Figure 1.9).

So, besides the complexity, this method has a major inconvenience: the re-
constructed surface would not be polyhedral, but built of parabolic faces. We
therefore chose a different method. We show how to calculate an approximation
of the above outlined method, by calculating the Voronoi diagram of point sites.
The advantages are:

o We obtain a simple subdivision of the contour regions into triangles.
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o N /

o or
proj(RVD)
P

---

Figure 1.8: Connecting contours between adjacent cross-sections by calculating the region
Voronoi diagram {(RVD) and linking infinitesimal surfaces to the closest point.

€2

€

Figure 1.9: Connecting each point of €; with the closest point of €y yields a hyperbolic
paraboloid.
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e The 3D elements are tetrahedra.

e There is no need for parabolic edges and faces.

e The final result will be a polyhedron.
There is another reason for calculating rather an approximation than an exact so-
lution: the input already consists of polygonal approximations of the real object

contours. So the effort of doing an exact calculation based on already approxi-
mated data would be inadequate.

1.3.3 Approximation by a regular mesh

' RVD
Cy Cs
P;) @ z .(/'q
b ).av::\‘
proj( RVD) /

Figure 1.10: Contours are filled with a triangular mesh.

The first simplification that we propose is to enlarge the infinitesimal contour
parts to small, non-obtuse triangles. Therefore, we have to add vertices onto and
inside the contours. The construction of such a mesh is often required in finite
element calculation. A solution by successive refinement is shown in [16]. Because
such a mesh satisfies the empty circle condition, it is a Delaunay triangulation.

Instead of connecting each infinitesimal contour part to the closest infinites-
imal contour part in the adjacent section, we now connect each triangle to a
vertex in the opposite cross-section. The vertex is selected according to a close-
ness criterion—the closeness to the circumcenter of the triangle. Each triangle
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gets connected to the vertex closest to its circumcenter !. As shown in Fig-
ure 1.10, the contour division is similar to the first approach. The triangles in P,
are connected to one of the two contours in P,, depending on the position of their
circumcenters. However, the separation line is now a polygonal approximation
of the RVD. The quality of the approximation depends on the size of the trian-
gles. The advantage so far is to avoid parabolic surfaces. Still this method is not
satisfying because of the quadratic complexity to construct such a regular mesh.
Fortunately, filling regions with a regular mesh is not the only way to obtain a
nearest neighbor connection. Any triangulation results in a similar connection

RVD

RVD _ o

==y
/x>

Figure 1.11: The Delaunay triangulation (left) and the Voronoi diagram of contour vertices
(right). Vertices have been added to the contours segments and onto the projection of the
adjacent RVD.

if it satisfies the following conditions:

1. The triangulation enables a separation along the projection of the adjacent

RVD.

2. The circumcenters of the triangles stay inside the contours or inside the
contour parts divided by the projection of the adjacent RVD.

1Connecting the triangles in the cross-sections to vertices in the adjacent cross-sections is
not sufficient to obtain a compact tetrahedrization, as we will see in Section 1.4
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The second condition is necessary because of our closeness criterion which is re-
lated to the circumcenter. Figure 1.11 shows such a triangulation. It has been
obtained by adding equally spaced vertices onto the contours and onto the pro-
jection of adjacent RVD and calculating the Delaunay triangulation. Condition
1 can be satisfied by adding vertices onto the projection of adjacent Voronoi dia-
grams. Condition 2 can be satisfied by adding vertices onto the contour segments.

The general idea of our reconstruction method is now: we start with a 2D
Delaunay triangulation of the contour vertices. We add vertices onto and inside
contours and update the triangulation until the above conditions are satisfied.
Then we pass from 2D to 3D by linking the triangles in each cross-section to
tetrahedra. Changing from the RVD to the simpler Voronoi diagram of point
sites however requires additional steps, as we will see in the following subsections.

1.3.4 Contour containment

In our application, the object contours are given as a set of straight line segments,
forming one or several simple closed polygons. However, just triangulating the
polygons vertices—or calculating the Voronoi diagram of point sites—may result
in a triangulation where contour segments are not guaranteed to be edges of
the triangulation. Since our goal is to get a 3D polyhedron whose intersection
with the given cross-sections yields the original contours, our triangulation has
to satisfy the following requirement:

All contour segments have to appear as Delaunay edges in the Delaunay tri-
angulation (contour containment condition).

To obtain a triangulation that satisfies this condition, we simply calculate the
Delaunay triangulation of the polygons’ vertices. Then we check each contour
segment to be contained in the Delaunay triangulation. Segments that do not
appear as Delaunay edges are split into two parts by adding a new vertex in the
middle. We add the new vertices to the Delaunay triangulation and verify the
contour containment condition once more. It can be shown that such a procedure
terminates and yields a Delaunay triangulation that satisfies the containment
condition ([4]). The contour shape is not changed since we add vertices onto
contour segments (see Figure 1.12).

1.3.5 Internal and external Voronoi skeleton

Once the containment condition is satisfied, we can divide the Delaunay triangles
in two groups: internal triangles lying inside the contours and ezternal triangles
lying outside the contours. We call internal Voronoi skeleton the set of edges of
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Figure 1.12: (a) A contour. It is evident, that triangle ef,g cannot be part of a Delau-
npay triangulation, since its circumcircle would contain another site. (b) shows the Delaunay
triangulation of the contour points. Delaunay edges which are incident with contour segiments
are drawn bold. Contour edge {,g is contained after addition of a vertex to {,g (¢).

V(S) which are dual to an internal Delaunay edge (that is an edge shared by
two adjacent internal Delaunay triangles). Similarly, we define exfernal Vorono1
skeleton the set of edges of V() which are dual to an edge shared by two external
Delaunay triangles (see Figure 1.13). We call internal Voronoi wertices resp. ez-
ternal Voronot vertices the Voronoi vertices dual to internal resp. external Delau-
nay triangles. The Voronoi edges that neither belong to the external Voronoi ske-
leton nor to the internal Voronoi skeleton are dual to contour edges. We call them
interposed Voronoi edges, because they either connect the internal Voronoi skele-
ton to the external Voronoi skeleton or are infinite Voronoi edges. The internal
Voronoi skeletons represent the contour polygons, but as we mentioned above, the
Delaunay edges and the Voronoi edges of a point set may be quite distant. The
internal Voronoi skeleton is not guaranteed to lie inside the polygon boundaries.
Even worse, polygons with the same shape but having a different distribution of
vertices may have totally different Voronoi skeletons (see Figure 1.15). A Delau-
nay triangulation of contours whose internal Voronoi skeletons lie partly outside
the contours would violate the condition 2, because the circumcenters do not
stay inside the contour regions. To obtain .a closest contour connection, such a -
triangulation must be further improved.
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Figure 1.13: Internal (I1VS) and external (EVS) Voronoi skeleton ‘and interposed Voronoi
edges (IPV) of three contours.

1.3.6 Eliminating obtuse triangles

In general, increasing the number of polygon vertices makes the Voronoi skeleton
tend towards the medial axis of the polygon (see Figure 1.14). The convergence
of such a process is shown in [26]. Suppose we add n vertices, equally spaced,
onto the contour. If we increase n, we get an approximation of the medial axis.
If several contours are present in one cross-section, the external Voronoi skele-
ton or external medial axis forms “macro” cells, enclosing the contours. The
points inside such a “macro” Voronoi cell are closer to its contour than to any
other contours. Hence the external Voronoil diagram approximates to the Jocus
of equidistance from at least two contours, the RVD (see Figure 1.13).

Adding a number of equally spaced vertices to the contours therefore would be
a possible solution to the problem of obtaining a nearest neighbor reconstruction
(condition 2). We propose another solution that increases the quality of shape
representation of the Voronoi skeletons by adding a smaller number of vertices.
To guarantee that the internal Voronoi skeleton lies inside its contour polygon,
(and also that the external Voronoi skeleton lies outside the contours), we add
new vertices to contour segments belonging to obtuse Delaunay triangles. For
each contour segment, we consider the opposite angles of the two triangles it be-
longs to. If one is greater than 90 degrees, its corresponding Voronoi vertex lies
outside the triangle. In this case we add a new point at the normal projection
of the opposite vertex onto the contour segment. This will divide the obtuse
triangles into two right-angled triangles (see Figure 1.15). Note that this proce-
dure does not eliminate all obtuse angles in the Delaunay triangulation, as only
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Figure 1.14: Two approximations of the medial axis, with 27 (left) and 72 (right) vertices on

the contours.

obtuse angles opposed to contour segments are detected. But this is sufficient to
guarantee that the internal Voronoi skeletons stay inside its contours.

1.3.7 Adding adjacent Voronoi skeletons

We have shown in Section 1.3.3 why it is necessary to add vertices inside the
contours. We have to project the region Voronoi diagram (or external medial axis)
of the adjacent cross-sections onto the contours and add vertices to this line. A
subsequent Delaunay triangulation will contain edges connecting these vertices,
and hence enable a separation along an approximation to the external medial
axis {condition 1 for nearest neighbor connections). Consequently, instead of
calculating the region Voronoi diagram (or external medial axis), we may directly
use the external Voronoi skeleton that results from the Delaunay triangulation
of the contour vertices, since we have shown above that the external Voronoi
skeleton is an approximation of the medial axis.
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Figure 1.15: Two vertices have been added to the contour in the righthand image to avoid
obtuse angles.

1.4 The Delaunay reconstruction

We reduce the problem of finding an overall reconstruction to computing a solid
slice between each pair of adjacent cross-sections. In each cross-section, our input
consists of one or more closed simple polygons, which may possibly be nested.
The contours are oriented in such a way that the interior of the object they are
describing is on its righthand side, the exterior on its lefthand side.

Our algorithm consists of three major steps: in the first step, we calculate
a 2D triangulation of the contours, in the second step, we map the triangles to
tetrahedra. In the third step, we have to delete the tetrahedra which cannot
belong to the reconstructed object.

1.4.1 First step: 2D triangulation

Unlike to the voxel-method, where the cross-sections are subdivided into regular
elements (pixels), we divide the cross-sections into triangles by calculating the
Delaunay triangulation of the contour vertices. If necessary, additional vertices
are added on the contours, to satisfy the contour containment condition and to
avoid obtuse angles, as described in the previous sections (see Figure 1.16). We
then add vertices onto the orthogonal projection of the external Voronoi skeletons
in adjacent cross-sections and update the triangulation.

The first advantage is a considerable data reduction, since the number of
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triangles is linearly related to the number of vertices. To represent the object
regions by a regular grid would cost space in quadratic terms.

f== /

e

Figure 1.16: Delaunay triangulation of contours in two adjacent planes.

Figure 1.17: Connecting triangles to tetrahedra.

1.4.2 Second step: 2D to 3D mapping

In this step, we extend the triangles in two adjacent cross-sections to tetrahedra
connecting the sections. If we consider two adjacent cross-sections, say P; and P,
then for each triangle t € P, we search the vertex v € P, which lies closest to the
circumcircle of t. We connect ¢ with v to obtain a tetrahedron. Similarly, each
triangle t € P; is connected to vertex v € P; which lies closest to the circumcircle
of t.

Up to now our 3D triangulation consists of tetrahedra which we call of type
t; or i3, depending on whether they have a face in P, and a vertex in P,, or a
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face in P, and a vertex in P;. The third kind of tetrahedron, called ¢,2, having
one edge in P, and one edge in P,, can be found by calculating the intersections
of the Voronoi diagram of P, projected orthogonally onto the Voronoi diagram
of P,. We define the graph G as the union of two Voronoi diagrams V; € P
and V, € P,, projected orthogonally onto the same plane. All topological and
geometric information is then contained in that graph. The vertices of G are:

e The vertices of V) representing ¢; tetrahedra.
e The vertices of V; representing ¢, tetrahedra.

e We add a vertex on each intersection of an edge of V; with an edge of
V,. These vertices represent ¢, tetrahedra. Such a t;, tetrahedron is con-
structed by linking the two Delaunay edges dual to the intersecting Voronoi
edges.

We call the different vertices of G in the sequel 1, t; or ¢, nodes. If two nodes
of G are connected by an edge, the represented tetrahedra share a face. We call
an edge of G belonging to a Voronot skeleton if it is a part of a projection of a Vo-
ronoi skeleton. We may further separate the edges of G into belonging to internal
or external Voronoi skeletons of P and P;. Figure 1.18 shows an example of a
graph G and its corresponding tetrahedrization.

Q

Figure 1.18: An example of a graph G (left) and its corresponding tetrahedrization (right).
The arrows indicate the intersection of the orthogonal projection.

As shown in [4], the resulting triangulation is in fact the 3D Delaunay tri-
angulation of the vertices in P, and P;. Its surface (the set of triangles without
neighbors) is the convex hull of the vertices.

1.4.3 Third step: tetrahedra elimination

We have to eliminate two kinds of tetrahedra: Those having an edge in P; or
- P, outside the contours and those contributing to non-solid connections (see Fig-
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ure 1.19). In the graph G, the first kind of tetrahedron is represented by nodes
lying on external Voronoi skeletons. These nodes, and the edges of G adjacent
to these nodes are removed from G. Non-solid connections are tetrahedra which
are only connected along an edge or at one single point to one of the two planes
(see Figure 1.19). In the graph G, a ;2 node is situated on the intersection of

< Swe e

Figure 1.19: Tetrahedra elimination: Tetrahedra outside the contours (left) and non-solid
connections (right).

two Voronoi edges, say e; belonging to P, and ¢, belonging to P,. A ¢, node is
called I-solid, if it is connected across e; to at least one of the ¢; nodes on the
extremities of €;. Correspondingly, a t;, node is called 2-solid, if it is connected
across ez to at least one of the t; nodes on the extremities of €;. The t;; nodes
that are not i-solid belong to a set of tetrahedra with a one-dimensional connec-
tion in P, (¢ = 1,2) and are deleted from G (see Figure 1.20). The 0-dimensional
connections are represented by connected components of ¢; (¢;) nodes without a
connection to a t;; node (note that a t; tetrahedron cannot be connected directly
to a t; tetrahedron).

1.4.4 Discussion of results

We can now discuss the behavior of the reconstruction on our graph G. We
observe the following facts:

1. The nodes of G that belong to external Voronoi skeletons have been removed
in the elimination steps. We can subsequently remove edges of G adjacent
to eliminated nodes. After this step, G consists of one or more connected
components E; (1 =1..k ; k > 0).

2. The edges of G belonging to internal Voronoi skeletons may be split in
several parts by intersecting external Voronoi skeletons. These parts are
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Figure 1.20: The 11, tetrahedron 3 is both 1-solid and 2-solid. Tetrahedron 2 is only 1-solid

distributed over some of the connected components E;.

3. In each connected component E;, there can be at most one connected part
of an internal Voronoi skeleton belonging to P, and at most one connected
part of an internal Voronoi skeleton belonging to P;.

4. A contour or a contour part from one cross-section is connected to a contour
or a contour part of the adjacent cross-section iff the associated internal
Voronoi skeletons or internal Voronoi skeletons parts belong to the same
component £;. This implies that the connected component contains at
least one t;, node resulting from an intersection between -

e an edge of the internal Voronoi skeleton in P and an edge of the
internal Voronoi skeleton in P, or

e an edge of an internal Voronoi skeleton and an interposed Voronoi
edges of the other cross-section or

¢ two interposed Voronoi edges—one for each cross-section.

5. One single internal Voronoi skeleton in a connected region E; corresponds
to a “dying” contour, that is, a contour which will not be connected to the
adjacent cross-section.

6. Triangles in one plane are extended to the vertices which are closest to
their circumcenters. The circumcenters are represented by internal Voro-
noi nodes, and we can guarantee that the internal Voronoi skeleton stays
inside the contours. Therefore, contour parts will be connected to their
nearest-neighbor contour parts. A
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Figure 1.21: Simple branching without internal vertices (left) and our solution (right).

7. If an internal Voronoi skeleton crosses an external Voronoi skeleton of the
adjacent cross-section, the associated contour is split along the Delaunay
edges corresponding to the intersected edges of the internal Voronoi skele-
ton. We have shown in the previous section that if we add internal vertices
onto the projection of the external Voronoi skeleton, the split line will be
close to that external Voronoi skeleton. Hence the branching occurs along an
approximation of the locus of equidistance between the branching contours
(see Figure 1.21 b).

o

The case of multiple branchings is handled similarly. One contour is divided
into several regions by the projection of an external Voronoi skeleton. Each
part is connected to one contour in the adjacent plane (see Figure 1.22 b)
and Figures 1.24).

9. The separation line in the case of branching contours follows the projection
of the external Voronoi skeleton. Figure 1.22 d) shows a prototype of a
complicated branching. Figure 1.25 and 1.26 show a simple real example.

10. Due to the addition of internal vertices, the birth and death of holes can be
handled without problem (see Figure 1.23). The triangles representing the
hole will be connected to the nearest vertices in the adjacent plane. Due to
our construction, these are the added vertices.

11. Planar triangles may only be produced inside the regions enclosed by con-
tours, for example at the birth or death of contours. The algorithm never
adds horizontal faces outside contours, due to the elimination step.
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Figure 1.22: Multiple branching (top) and complex branchings (bottom). The examples on
the left show the solution without internal vertices, as obtained by the original version of the

reconstruction method in [4].
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Figure 1.23: Birth of a hole (top) and concave contour (bottom). On the left are the solutions
without internal points, yielding double points [4).
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12. The factor determining connection is geometric closeness. Multiple contours
with large distances are connected to their nearest contours in the adjacent
planes, or may split if they are equidistant to contours in the adjacent plane.
Figure 1.27 shows the resulting connections of a distant contour. This
result clearly differs from the voxel heuristic, where only overlapping regions
are connected. This might be desirable behavior, or may be considered-
a handicap, depending on the application. We propose as an additional
parameter to delete all tetrahedra with a slope superior to a given value.
The user can so decide if he wants to limit the results strictly to voxel-
heuristic, or if he may permit more flexible solutions.

Figure 1.24: An example of splitting one contour into three branches.
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Figure 1.25: An example with complex branching and birth of a hole. a) and b) show two
contours in adjacent planes, together with the added vertices. The corresponding internal and

external Voronoi skeletons are shown in ¢) and d).
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Figure 1.26: The result of the reconstruction of the contours in Figure 1.25. A top view is
shown in a). Two perspective views are shown in b) and ¢).
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Figure 1.27: A single one-to-one connection (a), a nearest neighbor connection (b) and a

split of equidistant contours (c).
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Cases which remain unsatisfactory occur with large spaced contours without
overlapping :

s Single contours with large distances from one cross-section to another may
be connected or not, depending on their shape. This is due to the coarse ap-
proximation of the contours. We can show an example of two non-convex
contours that will not be connected in Figure 1.28. Because of the con-
cavities, the external Voronoi skeletons make an intersection of interposed
Voronoi edges impossible. Two convex contours however will always be con-
nected. Our solution to this dilemma is to increase the number of vertices
on the contours depending on some topological information or to delete all
tetrahedra with a slope superior to a given limit.

e Single contours without neighbors in adjacent sections will completely dis-
appear in the 3D reconstruction (see Figure 1.29). In this case, the inter-
section of the reconstruction with the given cross-sections does not contain
all original contours.

Figure 1.28: The projection of two non-overlapping contours on two adjacent planes that will
not be connected. The EVS is drawn in bold
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Figure 1.29: A single contour disappears in the final reconstruction.

1.4.5 The complete algorithm

o ALGORITHM DELAUNAY_RECONSTRUCTION()
o INPUT: A number of contours on parallel cross-sections
o OUTPUT: A 3D polygonal reconstruction
& For i = 0 to number of cross-sections
> S; = set of vertices €Plane;
& C; = the contour edges €Plane;
» DT; = 2D_DELAUNAY(S;)
> ADD_VERTICES(DT;,C))
> For i = 0 to number of cross-sections
> C; = the contour edges €Plane;
> ADD_VERTICES_INSIDE(DT;)
> ADD_VERTICES(DT;, C;)
& For i = 0 to number of cross-sections —1
> G = 3D_.DELAUNAY(DT;,DT;+1)
> REMOVE_TETRAS(G)

> Output(tetrahedra, surface triangles)

Since we repeatedly have to add vertices to the Delaunay triangulations, we
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use an incremental algorithm to calculate the 2D Delaunay triangulation. We
implemented that of Green and Sibson [15].

o ALGORITHM 2D_DELAUNAY(S)

o INPUT: A set of vertices in a plane

o OUTPUT: The Delaunay triangulation of S.
> Initialize DT

> For i = 0 to number of vertices
> INSERT.VERTEX(DT, vertex;)

o ALGORITHM INSERT_VERTEX(DT, v)
o INPUT: A 2D Delaunay triangulation and a vertex to add
o OUTPUT: The Delaunay triangulation with v contained
> Find triangle t € DT containing v
> Find the set of triangles T whose circumcircle contains v

&> Delete T from DT and add new triangles

Adding points on contours to guarantee the contour containment condition
may yield a new triangulation with obtuse angles. Adding points to avoid ob-
tuse angles may violate the contour containment. Therefore, we would have to
alternate the two procedures until we reach an unvarying configuration. We can
give no proof that this algorithm is finite, but we can argue as follows: If we
increase the number of vertices on the contours, the Voronoi skeletons get closer
to the medial axis (see section 1.3.6). Such a Delaunay triangulation however
shows no obtuse angles opposed to contour segments, nor line segments that are
not contained.

In our implementation, we limited the number of successive calls. Since the
contour containment condition is absolutely required, the last procedure must be

CONSTRAINSEGMENTS.

o ALGORITHM ADD_VERTICES(DT, C)

o INPUT: A 2D Delaunay triangulation and a set of contour segments

o OUTPUT: A 2D Delaunay triangulation where all segments appear as edges and no
obtuse angles are opposed to contour segments

> CONSTRAIN.SEGMENTS(DT, C)
> DELETE_OBTUSE(DT, C)
> CONSTRAIN.SEGMENTS(DT, C)
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o ALGORITHM CONSTRAIN_SEGMENTS(DT, C)
o INPUT: A 2D Delaunay triangulation and a set of contour segments
o OUTPUT: A 2D Delaunay triangulation where all segments appear as edges
> M = {0}
& For all contour segments ab € C not in DT
> Let ¢ be the point in the middle of ab
o M= MU/{c}
> Delete ab from C and add ac, cb to C
o For all points ¢ € M
> INSERT_VERTEX(DT, ¢)
o If A # {0}
> CONSTRAIN.SEGMENTS(DT, C)

o ALGORITHM DELETE_OBTUSE(DT, C)

o INPUT: A 2D Deléunay triangulation and a set of contour segments

o QUTPUT: A 2D Delaunay triangulation where no obtuse angles are opposed to
contour segments

> M = {0}
v For all contour segments abe C
> Get the two triangles sharing ab as an edge
& If one of the angles opposed to ab is > #/2
o Let ¢ be the orthogonal projection of the opposed vertex onto ab
> M= AMU{c}
> Delete ab from C and add ac, ¢b to C
> For all points ¢ € A
» INSERT_.VERTEX(DT, ¢)
> If A # {0}
> DELETE_OBTUSE(DT, C)

ADD_VERTICES_INSIDE adds only the Voronoi vertices of adjacent external
Voronoi skeletons into the contours. The experimental results showed that it is
not required to put additional vertices onto the external Voronoi edges.
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o ALGORITHM ADD_VERTICES_INSIDE(DT)

o INPUT: A 2D Delaunay triangulation

o OUTPUT: A 2D Delaunay triangulation where vertices have been inserted inside
contours

> M = {0}
&> For each adjacent cross-section A
o For each Voronoi node v on the external Voronoi skeleton of A
> If the projection of v onto DT is inside a contour
> M=Mu{v]
o For all points ¢ € A
> INSERT-VERTEX(DT, ¢)

After adding internal vertices, we have to run ADD_VERTICES() once more,
since they may contribute to obtuse triangles or missing contour segments.

3D_DELAUNAY calculates the 3D Delaunay triangulation between two adja-
cent planes.

o ALGORITHM 3D.DELAUNAY(DT,,DT,)
o INPUT: Two 2D Delaunay triangulations in adjacent planes
o OUTPUT: A 3D Delaunay triangulation of the vertices € (DT, U DT»)
> For each t € DT,
" b Let v be the vertex € DT> which is closest to the circumcenter of ¢
> Connect t with v to a tetrahedra of type {;
> For each t € DT,
> Let v be the vertex € DT; which is closes to the circumcenter of ¢
&> Connect ¢t with v to a tetrahedra of type i
> Let G be the orthogonal projection of the Voronoi diagrams of DT, and DT,
> For each intersection of two Voronoi edges € G

> Connect the two corresponding Delaunay edges to a tetrahedra ¢;2

& Output(g)
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o ALGORITHM REMOVE_TETRAS(G)

o INPUT: Intersection graph representing a 3D Delaunay triangulation of two adjacent
planes

o OUTPUT: G with external tetrahedra and non solid connections removed
» For each node € G
> Let t be the tetrahedron represented by that node
o If one of the edges of t lying in one plane is outside of a contour
> Delete { from G
> For each t;; node € G
> If the node is not 1-solid or is not 2-solid
o> Delete the node from G
o For each t; (12) node € G

& If connected component of {; (12) does not contain a ;> node

> Delete the node from G

1.4.6 Complexity

The number of triangles in a planar Delaunay triangulation is linearly related to
the number of vertices. The number of Delaunay edges and Voronoi edges also is
O(n), where n is the number of vertices.

Finding the triangle containing a vertex in INSERT_VERTEX() is in our im-
plementation O(n) in the worst case, since we apply a linear search from a starting
triangle. However, we can choose this starting triangle close to the next vertex
to add, since the vertices are sorted on the contours. So the expected complexity
of this step is O(1). The deleting and updating steps have a complexity of O(k),
where & is the number of triangles containing the new vertex in its circumcir-
cle. £k may be O(n) in the worst case. 2D_DELAUNAY() thus has a worst case
complexity of O(n?), but the expected time increases linearly.

Detecting if all contour edges are contained in a given Delaunay triangulation
can be done in O(n) steps. We therefore calculate an adjacency list. For each
vertex, we save the adjacent vertices. For each triangle, we thus get 6 entries in
the list (3 vertices, each of which has 2 adjacent vertices). The size is therefore
O(n). The overall complexity of CONSTRAIN_SEGMENTS() is O(r n), where
r is the number of times the procedure has to be called. This number is related
to the contour complexity, and is very low with realistic data. An upper bound
on this problem is given in [11]. The authors show that it is possible to obtain
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a Delaunay triangulation of a graph satisfying the containment condition with
O(m?n) vertices, where m is the number of edges and n the number of vertices
of the graph.

Detecting all obtuse triangles can be done in O(n) steps. We use a data
structure, which contains for each vertex the triangles sharing it. Each triangle
adds 3 entries in this list, so the complexity of DELETE_OBTUSE() is O(In),
where [ is the number of recursive calls. Again, this number depends on the
contour complexity and is reasonably small in practice.

The number of vertices which are added in ADD_.VERTEX_INSIDE() depends
very much on the contour shapes and on the shape difference between adjacent
cross-sections. The complexity of that procedure is related to the number of
vertices on the external Voronoi skeleton, which may be of order O(n) in the worst
case. To decide if a point lies inside or outside of a contour is done in O(n) worst
case complexity, since we use the same triangle search as in INSERT_VERTEX().
Again we take the advantage of a relatively ordered distribution of the Delaunay
triangles, since the vertices have been inserted sorted on contours.

This same property of our Delaunay triangulation is useful to rapidly find
the nearest vertices in order to build the ¢; and t, tetrahedra. Our implemented
algorithm has a worst case complexity of O(n) per triangle, but runs in constant
time in practical cases.

The construction of t;; tetrahedra requires the calculation of the intersections
between two Voronoi diagrams projected onto the same plane. To find the inter-
sections on one Voronoi edge, we have to cross a number of Voronoi cells. That
number corresponds to the number of intersection on the edge. The starting and
ending cell have been calculated in the preceding step, when constructing the ¢;
and 1, tetrahedra. With an appropriate data-structure, we can rapidly change
from one cell to an adjacent cell. Thus, finding the intersection of the Voronoi
edges of two adjacent planes is done in O(A’) time, where A is the number of
intersections.

In the worst case, ' can be O(n?). This theoretical result was encountered
in an experiment, where the contours were filled with a number of equally spaced
vertices. This emphasizes the need of thinning pixel-contours (contours where
each pixel contributes to a vertex) by at least deleting colinear vertices (see also
the following chapter). With realistic contour shapes, K is nearly linearly related
to the number of vertices.

In the elimination step, we have to visit each tetrahedron to decide if it is
inside or outside of contours. Detecting the non-solid-connections requires O(K’)
time, as shown in [4]. The overall complexity of the Delaunay reconstruction

yields O(n? + K + In + rn) in the worst case, with linear expected time for data
sorted on contours.
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1.5 Experimental Results

The algorithm has been implemented in C. The program called NUAGES contains
four tools:

e the preprocessor prepros

e the reconstruction part repros

e the postprocessing parts repros2visu and
e the postprocessing part repros2tetra.

The preprocessor has the following features:

e test for intersections or self-intersections of contours.
e correction of contour orientation.
e deletes incident vertices.

¢ polygonal approximation of pixel contours with a given error to reduce the
number of vertices on the contours. This is especially useful for automat-
ically segmented contours (optional). The procedure is described in the
following chapter.

o perturbs identical vertices in adjacent cross-sections (optional).

Numerical problems arise during the reconstruction procedure repros. Since
the input data is on a regular grid, we frequently get more than three vertices on a
common circle, and more than four vertices on a common sphere, especially with
automatically segmented contours. The first case is a problem when constructing
the Delaunay triangulation, the second makes it difficult to calculate the inter-
sections of two adjacent Voronoi diagrams. This problem is partially solved by
reducing vertices in a contour approximation. Persisting co-cyclic vertices are
perturbed during the insertion procedure.

The postprocessor repros2visu is used for the computation of surface triangles.
It calculates the interpolated surface normals in each vertex. The surface normal
n, in vertex v is the sum of the normals of all triangles sharing v as a vertex,
weighted with the angle at v:

!

77"U

I3l

k
7
n, = Zn;a,- and n, =
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where n; is the normalized normal of triangle ¢ and o, is the angle between the
two triangle edges joining in v. Optionally, we can select cross-sections which will
not be closed by horizontal faces or which will not be smoothed.

Repros2tetra is used to process the tetrahedra output. It completes the neigh-
bor links between adjacent slices, and labels connected components.

We tested the program on various medical data:

¢ The brain data has been acquired and segmented by Surgical Planning
Laboratory, Department of Radiology, Brigham and Women’s Hospital and
Harvard Medical School 2. It is from a set of 123 MR images. The contour
extraction was automatic, with minimal human assistance. Cross-section
distance is 1.5mm, and pixel to pixel distance is Imm.

e The pelvis data is provided from Resonex Inc. The in-plane resolution is
1.1mm, the cross-section distance is 8.625mim. The bone contours from the
23 cross-sections were extracted manually.

e The knee data is from the Chapel Hill Volume Rendering Test Dataset,
Volume 1 3. The contours are drawn manually.

e The heart and lungs were extracted manually from a MR data set provided
from the Institut of Biokybernetik und Biomedizinische Messtechnik at the
Universitat Karlsruhe. Slice distance was about 5mm.

o The head data and femur data are from the Universitaetsklinik Heidelberg.
The slice distance was Smm, and the contour extraction was done manually.

In all practical cases, the CPU time is almost linearly related to the number of
contour vertices, if we take the added vertices into account. The number of added
vertices depends on the contour complexity. The simplest contour set is that of
the head, where the number of added vertices was 18% of the input vertices. The
brain dataset shows a rate of 57% added points because of its great number of
concave parts and internal contours. The CPU time on a DECstation 5000 is
less than 5ms per input vertex. Table 1.1 shows some computational results in

detail. ‘Figures 1.30 to 1.38 show reconstructions from the pelvis data and the
brain data.

?Contact: Ron Kikinis, M.D. tel (617) 732-5961 email kikinis@bwh.harvard.edu
3Available via anonymous ftp at cs.unc.edu
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Cross added cpu | time/ | surface | tetra-
sections | contours | points | points time | point tiles | hedra
pelvis 23 84 | 2059 622 6.50s | 2.42ms 5518 | 16169
knee 42 106 | 2028 191 5.33s | 2.40ms 4386 | 11783
heart 29 58 | 1222 243 3.60s | 2.45ms 2988 6388
lungs 34 §6 | 3034 447 8.58s | 2.46ms 7016 | 19525
femur 14 38 926 244 2.68s | 2.29ms 2396 9292
head 17 25 856 155 2.35s | 2.32ms 2032 5137
brain 111 398 | 23285 | 13196 | 107.86s | 2.94ms | 114028 | 237192
white 109 520 | 30191 7218 | 94.63s | 2.33ms | 74489 | 235637
cst 69 235 | 2536 653 7.75s | 2.43ms 5682 | 15946
Table 1.1: Some experimental results
b d

"Figure 1.30: a) and b) show two adjacent cross-sections of a pelvis. Slice distance is about

8mm. The vertices added during the reconstruction are shown in ¢) and d).
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Figure 1.31: a) The upper cross-section of Figure. 1.30 with internal (bold) and external
(bold dashed) Voronoi skeleton. b) The reconstructed surface between the two sections, seen
from above. ¢) and d) are two shaded perspective views of the slice.
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Figure 1.32: The overall reconstruction of a human pelvis from 23 MR images.
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Figure 1.34: Some contours from the brain dataset.



FEXPERINMENTAL RESULTS

o

|

The cerebrospinal thid (CSE) fron the brain datia ses

Figure 1.35:



16

CHAPTER 1.

THE DELAUNAY RECONSTRUCTION

Figure 1.36: Gray matter (outside) and white matter (inside)
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1.6 Conclusion

We have demonstrated a solution to the reconstruction problem using the 3D
Delaunay tetrahedrization. Our method is based on geometric closeness. This is
a simple heuristic, similar to that of the voxel technique. We connect the regions
which are intersecting in the orthogonal projection. However, in addition to
connecting overlapping contour parts vertically, we also connect non-overlapping
parts to their nearest neighbors. We have shown how the Voronoi diagram and
Delaunay triangulation can be used to obtain an approximation of an “exact”
nearest neighbor connection. The quality of the approximation is adjustable by
automatically adding vertices onto and inside the contours. Qur method cannot
solve specific constraints, in particular we cannot force connections which do not
correspond to geometric closeness. However, for a general reconstruction purpose
it is a reliable and powerful tool.

The method has several properties:

o It gets directly to a 3D polyhedral representation composed of tetrahedra.

e The property of connecting contours on adjacent planes directly by triangles
avoids the need for anti-aliasing or interpolation steps, especially for large
cross-section distances.

e Complex contours with multiple branchings, birth and death of holes and
complicated splitting lines are handled correctly.

o We get a considerable data reduction compared to other volume oriented
methods. Real time display of reconstructed human organs is therefore
possible on standard graphic workstations. This feature may be interesting
for the design of models used in virtual reality, where rendering speed is
crucial.

e The tetrahedral structure can be used for applications like simulation of
motion or finite element methods (see Chapter 3).

For the future, we are interested in the following problems:

1. We have shown how to calculate a 3D Delaunay triangulation from two
2D Delaunay triangulations on parallel planes. We added points to get
an approximation of the medial axis. Would it be possible to calculate a
3D “region” Delaunay triangulation from two 2D edge Delaunay triangula-
tions on two parallel planes, by eventually adding generalized Voronoi edges
inside contours ?
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2. Each reconstructed slice is a “constrained” 3D Delaunay triangulation of
vertices. It is constrained, because the contour segments are contained. The
overall 3D reconstruction however is not a Delaunay triangulation, because
adjacent cross-sections may violate the empty sphere property. We would
like to calculate an overall 3D Delaunay triangulation under the constraint
that the same surface triangles and contour segments are contained. Such
a structure would be of interest for 3D shape representation.

3. The widespread use of ultrasound yields an interest in developing methods
that work on arbitrarily oriented cross-section. The construction of a 3D De-
launay triangulation of points distributed on non-parallel planes is described
in 5, 6]. Maybe this technique could also be applied successfully to the
reconstruction problem.



Chapter 2

Verification of Accuracy

2.1 Introduction

We showed in the previous section how to build 3D models from cross-sectional
contours. Depending on the application, these models have to be more or less
accurate. In cases where the reconstruction is done to visualize the spatial re-
lationship between objects, accuracy plays a less important role. For medical
applications however, accuracy may well be vital. We shall mention just two
examples: radiation therapy planning, where inaccurate models may result in the
irradiation of healthy tissue; and stereotactic surgical planning, where a specific
locus in the brain has to be reached precisely. In this chapter, we shall explain our
methods of calculating the precision of the Delaunay reconstruction, and show
the results on synthetic cross-section data. We shall also compare our technique
to the marching cube method.

‘In order to obtain a 3D model, we must carry out three processes:

e Data acquisition on a Scanner,
e Contour extraction and

e 3D reconstruction.

Each of these steps adds an error to the final result. There are several possible
methods of calculating the error from each step. The most natural way is to let a
real object undergo the three procedures, and after each step, compare the results
to reality.

The accuracy of the image acquisition step depends upon the imaging tech-
nique (MRI, X-Ray), the scanner types, and the image resolution. Our pelvis
images, for example, are corrected to less than 2 percent geometric distortion.

We will not investigate this part any further but will concentrate on edge extrac-
tion and reconstruction.

ol
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We generate synthetic cross-sectional images from an algebraic object. The
contours are extracted both manually and automatically, and undergo the re-
construction procedure. The resulting polyhedron is compared to the algebraic
object. In the following section, we shall discuss the measurements necessary
to assess the “resemblance” of 3D models. We shall then present our test-data
generator and the test program. In the last section we shall discuss the results.
We shall only give brief sketches of the algorithms. They are not optimal but are
easy to implement, and the execution time is acceptable.

2.2 Definition of similarity measure

Given an algebraic object A in 3D space, and a polyhedron P such that P is the
approximation of 4. How can we define and measure the resemblance between
A and P?

Comparing the volumes has little significance. Missing parts at convex sides
may compensate with enlarged portions at concave sides. For the same reason,
calculating the surface also gives a very rough approximation. The difference
volume

§V=(AUP)\(ANP)

gives a better indication of shape difference. Another important measure is the
Hausdorft distance. The Hausdorff distance § H of A and P is given by

6H(A,P) = maz (iga(;g;(d(a,p))), zgg(jgﬁ(d(a,p))))

where d(a,p) denotes the euclidean distance between a and p. In other words,
the Hausdorff distance is the maximum of the maximal distance from a point of
A to P and the maximal distance from a point of P to A.

The Hausdorff distance and the difference volume are two complementary
measures: The Hausdorff distance indicates the locally “worst” point, but it does
not tell how often this or similar cases occur. The difference volume gives a more
global value of resemblance, but no worst cases are reported. Objects with equal
difference volume may have a divergent Hausdorff distance, and vice versa (see
Figure 2.1).

Comparing the surface normals is important for two reasons: Firstly, they
determine the visual quality when the object 1s displayed in Gouraud or Phong
shading. Secondly, they are used in motion planning applications, where forces
are deduced from surface normals at contact points. Given two points p € P and
ap € A, with d(p, ap) = inf,e4(d(p,a)). This means that ag is the corresponding
nearest point to p. We define the normal difference a(p, . A) = arccos(n(p)-n(ao)),
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Figure 2.1: Two pairs of polygons. The Hausdorff distance of Py and P/ is the same as of
P, and P]. The difference volume (gray) is greater for P, and P;.

where n(ag) is the surface normal of A in point ag, and n(p) is the reconstructed
surface normal of P in point p. Similar to the Hausdorfl distance, we can define
the largest normal distance as

6N = maz <sup(a‘(a,77)),sup(a(p,A)))
a€A peEP

2.3 Synthetic cross-section generation

As a synthetic object, we selected a torus for several reasons. Firstly, its cross-
sectional contours represent convex and concave portions and even holes, de-
pending on its slope relative to the cutting planes. Secondly, its algebraic form
is simple. A point t on the torus surface 7 is given by

(R+ 1 cosh) cose
t(p,0) = T siné , 0< ¢80 <2r.
—(R+r cosb) singp

The distance d(p,7T') of a given point p to the torus surface can be determined
by

o calculating ¢: it is the angle between the plane C,-¢ and the plane parallel
to the y axis and passing through O and p. With ¢, we get the point
c(p) = (Rcosp, 0, —Rsin ) which is the center of the small torus disk.
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Figure 2.2

e calculating 6: it is the angle between the edges c(p),t(¢,0) and ¢(y), p.

e d(p,T) is then given by the distance d(t(, 9), p).
Furthermore, we define the Sign(d(p, 7)) negative, if p is inside 7 and positive
otherwise. The distance |d(p, T )| is equivalent to inf,e7(d(p,1)).

Another advantage in using a torus is the fact that for calculating the Haus-
dorft distance, it is sufficient to evaluate the maximal distance from a point of P
to 7, as we show in the following paragraph:

CLAIM: Given a torus T (R,r) with main radius R and small radius r, and a poly-

hedron P with triangular faces. We express the fact that P is an approzimation
of T by the conditions

i All surface triangles of P are contained within the two tori T(R,1/2r) and
T(R,3/2r) and

1t The main circle with radius R is always inside P.

Then for each tg € T there exists at least one p(tg) € P so that d(p(ts),to) =
infie7(d(p(t0), 1)), and

fg};(xi,g,f,(d(t,p))) < igg(jg}(d(p,t))).
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PROOF: For a given point to(p,8) € T, we draw a half line starting in c(p) =
(R cos ¢,0,— Rsin ) and passing through to. Because of (ii), this line intersects P
in at least one point. Let p(to) be the first intersection point. Then d(p(¢0),t0) =

infier(d(p(to), t))-
Now given two points g € 7 and py € P with

d(to, po) = sup(inf(d(¢, p)))-
teT p€EP
Since pyg is the nearest point to tg, we can also write
d(to,po) = ggg(d(tmp))
If we replace po by another point on P, p(fo), we get:

d(to, po) < d(p(to),to).

Since p(to) is the point on P for which d(p(to), to) = infier(d(p(to), 1)), it follows
that

st\ég(;gg(d(i,p))) < i\ég(jg,lf_(d(p,f)))-

The method used to produce cross-sectional images of the torus is quite sim-
ple. The distance of each pixel p;; to 7 is calculated. The density value is set
depending on that result:

235 if d(pi;, 7)< —=0.5
density(i,j) =4 O if d(pi;, T7) > 0.3
(d(pi;, T) — 0.5) * 255 otherwise

This reflects the fact that density values are mean values over a certain pixel
area. The image size is 256 x 256 pixels. The pixel center coordinates are defined
from —127.5 to +127.5 in both z- and y-directions. The z-coordinate is variable
and determined by the height of the cross-section. Additionally, the torus may
be rotated around the z axis to generate more complex topologies.
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o ALGORITHM CROSS_SECTION.IMAGE_.GENERATOR
o INPUT: a rotation angle a and a number of z-values

o OUTPUT: A number of 256 x 256 images representing cross-sections of a torus at a
slope of o degrees

o For each z-value z;
> For each pixel p;; in the plane C.=;;
b rotate the coordinates of p;; by —«
> calculate d(p;;,T)
> calculate density of p;;

> output image

The cross-sectional contours are calculated in a similar way:

o ALGORITHM CROSS_SECTION_.CONTOUR_-GENERATOR
o INPUT: a rotation angle & and a number of z-values

o OUTPUT: A number of contours representing cross-sections through a torus surface
at a slope of o degrees

> For each z-value z;
> For each pixel p;; in the plane C. .,
b rotate the coordinates of p;; by —«
> calculate d(p;;,7T)
> TRACE_TORUS_SURFACE

b output contours
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o ALGORITHM TRACE_TORUS_SURFACE
o INPUT: a 256 x 256 image containing in each pixel its distance to a torus surface
o OUTPUT: One or two closed chains of pixels nearest to the torus surface
> pi; = pixel with minimal distance |d]|
> Do
> Do
> pij = the adjacent pixel of pij with minimal distance |d]
e Until chain closed
> get yet unvisited pixel p;; with minimal distance |d| < 0.5

& Until no such pixel found

o> output contours

The algorithm TRACE_TORUS_SURFACE simply follows the local minima
in the distance image. We call the type of resulting contours pirel-contours, that
is, each vertex on the contour is a pixel coordinate, and each pair of adjacent
vertices has a distance of 1 or v/2. Besides the fact that such a jagged contour
is not very natural—in medical images, displayed objects usually have smooth
surfaces—it also increases the amount of data, compared to vector-contours. By
vector-contours we mean contours whose vertices do not necessarily lie on a pixel
grid and where the edge length can take any value. To pass from pixel- to vector-

contours, we need a thinning algorithm. The requirements for such an algorithm
are:

1. to reduce the number of vertices,
2. to keep the shape visually unchanged.

The second condition is true for a vector-contour whose re-rasterization—for
example with the standard Bresenham line algorithm—would give exactly the
same pixel-contour at the same magnification. Of course there are an infinite
number of such vector-contours. The highest quality should be achieved with
spline approximations. We implemented a very simple method: A chain of pixels
is replaced by a straight line segment if the greatest orthogonal distance from a
pixel to the line segment does not exceed a certain threshold.



58 CHAPTER 2. VERIFICATION OF ACCURACY

Figure 2.3: Contour approximation with maximal error distance d < 0.5 (pixel-contour: 20

vertices, vector-contour (bold): 4 vertices).

o ALGORITHM CONTOUR.APPROXIMATION
o INPUT: a pixel-contour
o OUTPUT: a vector-contour
D Dsiart = first vertex of pixel-contour
> Do
® Pstop = Pstart + 1
> continue = TRUE
> Do
> if max_error(psrart, Pstop + 1) < threshold
b Pstop = Pstop + 1
> else
> if max_error(psrart, Pstop + 2) < threshold
> Dstop = Patop + 2
> else
> continue = FALSE

> while continue

> add straight line 151, Pstop to vector-contour
B Pstart = Pstop
b while pytarr # first vertex of pixel-contour

© output vector-contour
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2.4 The test module

We have shown above, that for a torus, §H(P,7T) = sup,ep(infier(d(p,1))).
Therefore only the distance from a point on P to 7 has to be evaluated. In-
stead of determining the exact Hausdorff distance, we calculate an approxima-
tion on discrete sample points on P. Each surface triangle of 7 is covered with
points p; on an orthogonal grid of a distance é§ in each direction. We also put
points on the triangle edges such that their distance is at most §. The point with
the largest distance from the grid points is situated in the middle of a diagonal
segment of length v/26. Since the maximal curvature on a torus is at a radius
p = min(R — r,r), the maximal error of our Hausdorff distance calculation is

E=p— f)2—-362.

If A is the surface area of P, then the number of sample points N is pro-
portional to A/§%. As we mentioned above, both the Hausdorff distance and the
diflerence volume are necessary in order to estimate the shape resemblance. How-
ever, calculating the exact intersection of a torus and a polyhedron would require
a considerable amount of implementation and computing time. An approximation
of the difference volume 6V is given by

- AX
SV = — d,'
N ; |di]
where d; = infie7 d(vertex;,t) and A/N equals the average surface area per sample

point. We call d; the surface distance error at vertex 7 in the sequel.

We also calculate the histograms of the error distribution on the surface of P.
We divide the range of sampled surfaces distances into k disjoint adjacent intervals
of the same width. In each interval, we plot the number of corresponding sample
values divided by the total number of samples. The form of this curve, together

with mean value and variance, gives a good apprehension of the quality of the
reconstruction.
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o ALGORITHM COMPARE_POLYHEDRON
o INPUT: A polyhedral approximation P of a Torus 7
o OUTPUT: 6H, N, 6V, statistics
> Add points on the surface edges of P at an interval of §
> Add points on the surface triangles of P on a grid separated by é in each direction
> II ={the set of vertices of P} U {the set of added points}
o For eachpe Il
v calculate d{p, T)
> calculate a(p, 7)

o calculate §H, 6N, 6V, histograms, mean value, variance

Optionally, we can assume the reconstructed surface triangles on P no longer
to be planar, but to be curved surface tiles. The curvature is determined by
the interpolated surface normals. This means that we put the surface points in
the place where Gouraud or Phong shading pretends the surface to be. Among
the number of parametric surface interpolation methods, we choose the BBG
interpolation (Barnhill, Birkhof, Gordon) (31].

At each vertex v; of P, the normal vector n; is known. The normal vector
defines a tangent plane at v;. We replace each edge of P by a parametric cubic
curve. In the next step, each triangle of P is replaced by a BBG interpolation of
its edge curves.

"02

Figure 2.4: Approximation of edges by cubic polynomials.

To obtain the parametric curve of an edge Tgv; we first calculate the tangent
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vectors o and t; (see Figure 2.4) given by the following equations:
No to =0
to = [L(vl - ‘Uo) + An
n; - tl =0

ty = u{vy —vo) + An

where n is the average normalized normal of the two adjacent triangles sharing
the edge. The cubic polynomials that define the curve are of the form

Co(t) =at® +bt2+ct+d 0<t<1

The coefficients a, b, ¢, d are obtained by solving

Col(O) = Vo
Cm(l) =
Coi(0) = to
Co(l) =1

There is still one remaining degree of freedom: the length of the vectors tg and t,.
For our torus surface, we obtained the best results with a length of 0.8 ||v; — vp||.

Given the three polynomials Coy, Co; and C; of a triangle vg, v, v, the BBG
interpolation is defined as

f(u,v) = %(Al(u, v) + Ax(u,v) + Az(u,v) — uvy — vy — (1 — u — v)vy)

where u,v €]0,1[,0 < u 4+ v < 1 and

A(wv) = (1= 7==)Cu(v) + 77— Cnll — ),
- 1—-w»

Ax(u,v) = (1= 77=)Conlw) + —=—=Chalu),

As(w,v) = (1- uiv)Cog(u-i-v)-i- u:}_vCol(u+v).

The function f(u,v) interpolates the three boundary polynomials, the joints be-
tween adjacent patches are continuous, but not differentiable (C°). The algorithm
for comparing the interpolated polyhedron is:
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o ALGORITHM COMPARE_INTERPOLATED.POLYHEDRON
o INPUT: A polyhedral approximation P of a Torus 7

o OUTPUT: éH, §N, 6V, statistics
& Calculate the cubic interpolation of the edges of P
> Add points on the interpolated curves at an interval of 6
> Calculate the BBG interpolation of the surface triangles of P
> Add points on the patches on a parametric grid separated by § in each direction
> II = the set of vertices of PU {the set of added points}
o> For each p eIl
b calculate d(p, T)
o calculate a(p, T)

b calculate §H, 6N, 6V, histograms, mean value, variance

2.5 Experimental results

We generated cross-sectional images of tori with radii R = 90 and r = 30, rotated
around the x-axis by 0, 45 and 75 degrees (In this section, numbers without
explicitly specified units should be read as pixels). The image grid was 256 x 256.
The cross-sections were taken at distances of 2,4,8 and 16. They were placed
symmetrically around the center of the tori. In order to see how the error depends
on the cross-section placement, we run a series of eight tests, each test consisting
of a contour set with fixed slice distance of 4, but having a different z position.
From set to set, the cross-section position was shifted in the z direction by 0.5.

From the cross-sections we obtained three different contour types: pixel-
contours, vector-contours and hand-drawn contours. The vector-contours were
obtained by thinning the pixel-contours with a maximum error of 0.5 pixel. The
manually extracted contours were traced with the mouse on the screen. Experi-
ence showed that drawing on a magnified image was more comfortable than using
the original 256 x 256 format. We enlarged the images by a factor of 2 in each
direction and scaled the contour coordinates back to their original sizes. Addi-
tionally, the vector data set was tested using the BBG interpolation. Another set
of polyhedra was reconstructed with the marching cube method, using the binary
segmented images.

The sample distance on the torus surface was fixed to 0.8, hence the maximal
error of Hausdorff measure was ¢ = 5.3 - 1073, We calculated the Hausdorff dis-
tance §H, the normal difference § N and the difference volume 6V. Furthermore,
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we used both the sampled surface distance errors and the surface normal errors
to calculate histograms, mean values and variances. Additionally, we calculated
the volumes and surface areas. The typical results of a contour set is showed in
Figure 2.5. The complete list of diagrams for the tori with 75deg slope is included
in Appendix B.

surface distance error surface distance error

§H: 2.85 pixel ( 1.19%) §H: 1.99 pixel { 0.83%)

p: <012 u: 0.00

0?: 0.06 30% c2: 0.55 30
27 x-sections 20% 27 x-sections 2
3990 triangles 178248 triangles

slice-distance: 4.0 10% slice-distance: 4.0 10%
alpha = 75 deg alpha = 75 deg

volume error: -0.89% ’ /

surface error: 0.28% \ 5%

5% surface error: 20.68%
§V =1.19% / §V = 4.60% / \
1% 1%

Al [ 1

T |
10 -2.8 0.5 10 20 g 2.0

Figure 2.5: Histogram of surface distance error. Left: A polyhedron, reconstructed from
vector-contours at a slice distance of 4. The surface distance error lies within the interval
[-2.8, 0.5]). About 10% of the sample points have an error of 0. Right: the same set of torus-
sections, reconstructed with the marching cube algorithm.

The reconstructed polyhedron was displayed on a graphics workstation with
various color codings to visualize the different errors. In this way the worst errors
could easily be localized (see Figure 2.6). We made the following observations:

e The pixel-contour edges have a maximum error of 0.5. Since the vector-
contours were derived from the pixel-contours, we could expect the error to
increase up to 1.0. Surprisingly, the vector-contour edges also stayed within
a distance of 0.5. The hand drawn contours however have an error between

-1.95 and 1.4 (see Figure 2.7).

e With our method, the number of triangles is twice the number of contour
vertices. The data reduction from pixel-contours to vector-contours is 8:1
and from pixel-contours to hand drawn contours 14:1 {see Figure 2.8). For
the marching cube example compared to the vector-contours, the ratio of

surface triangles ranges from 28:1 to 138:1, depending on the cross-section
distance.
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Figure 2,60 The torus cross-sections at a distance of 4 and 75 deg slope (hottom). The
reconstruction (top). The color of cach triangle depends oo its maxinum Hausdorfl distance,
White corresponds 1o an accurate part. blue corresponds to a negative distance, red indicates
an positive distance. The triangles with maximal error (blue) are at places where the torus

surface is parallel to the cross-section.
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Figure 2.7: Error distribution of the contour approximations. Top left: pixel-contours; top
right: vertex-contours, bottom: hand drawn contours.
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Figure 2.8: Number of vertices (left) and number of triangles (right).

The worst surface error and normal errors are located at those places where
the torus surface is almost parallel to the cross-sections. Consequently, the
overall results onthe 75 degree example are worse than those of the 45
degree or the upright torus (see Figure 2.9 and 2.10).

The Hausdorff distance equals the cross-section distance in the worst case.
This 1s due to missing parts at the two extremities. For the marching cube
technique, the worst Hausdorff distance is half the slice distance, since it
adds intermediate vertices at horizontal faces.

The sign of 6 H is generally negative, likewise the mean value. This is due to
the fact that the convex part of the torus surface is larger than the concave
part. Concave parts are really “saddle-like” parts.

BBG interpolation leads to a significant reduction of the surface error. The
normals however are worse (see Figure 2.9 and 2.11).

The marching cube reconstructions were worse for nearly all measures. Only
the Hausdorff distance was better (due to intermediate cross-sections) and
the mean value of the surface error was constantly zero. Especially with
increasing distances, the advantage of the Delaunay reconstruction were
evident. One reason is the capability of the Delaunay reconstruction to
connect contours by triangles spreading over several voxels, whereas the
marching cube can only interpolate within one voxel. Another important
advantage of the Delaunay reconstruction is the data reduction.
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Figure 2.9: The Hausdorfl-distance. The surface distance error lies within the two correspond-
ing lines. Left: Vector-contours with different slopes; Right: mean and variance of different
contour types at 75 degrees.
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Figure 2.10: Difference volume approximation. Left: Vector-contours with different slopes;
Right: Different contour types at 75 degrees.
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e The normal error does not decrease with smaller cross-section distances.
The best results are between cross-section distances of 4 and 8. When the

. distance comes near the contour edge error, it is evident that the resulting .
small triangles may have an arbitrary orientation (see Figure 2.11). We ran

a test with a cross-section distance of 0.6 in order to confirm this behavior
.(see Figure 2.12). Another effect of this oversampling is' the increasing
surface area. In spite of the high surface distance accuracy, the surface tiles

are very irregular, in fact fractal-like (see Figures 2.13 and 2.5).

e Because of similar reasons, the normals of pixel-contours are usually worse

than those of vertex-contours. The best results were obtained with hand
drawn contours.
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Figure 2.11: Normal error. Left: mean value; Right: variance.
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Figure 2.12: A test with a cross-section distance of 0.6. Such an oversampling increases the
normal error. Note too the high surface area error of 7.6%.
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2.6 Conclusion

We presented a method to measure the quality of 3D polyhedral reconstructions.
Our method calculates an approximation of the Hausdorff distance, the difference
volume and the surface normal error. Additionally, we calculate the histograms
of error distribution.

We tested 3D polyhedra which were obtained by the Delaunay reconstruction
presented in the previous chapter, and the marching cube method. The test may
be used for any reconstruction method producing polyhedral output.

The test data consisted of artificial cross-sectional images of a torus. De-
pending on its slope, we get branches and holes. The results may not however
be generalized to arbitrary shapes, since a torus shows no sharp edges and is
relatively smooth.

One advantage of the Delaunay reconstruction is the considerable data reduc-
tion, especially when using a contour thinning method. Such a vertex reduction
does not significantly affect the surface distance error, and the quality of the
surface normals is actually increased. We found we could further improve the
reconstruction quality with the BBG (Barnhill, Birkhof, Gordon) interpolation
method. The greatest Hausdorff distance was usually found in Delaunay recon-
structions, when compared to marching cube reconstructions. The error distri-
bution and volume differences however were significantly better on the Delaunay
models, especially with increasing cross-section distances.

In order to give a better idea of the somehow abstract unit pixel, we shall
convert some measures to a real example: Our MR-images.provided by a Resonex
- scanner have a pixel-size of 1.17 mm. The cross-section distances of 2, 4, 8, and -
16 correspond to 2.3, 4.7, 9.4 and 18.8 mm distances respectively. One 256 x 256
image is covering a range of 30 cm. The Hausdorff distance of a torus at a
cross-section distance of 4.7mm is then anything up to 3.3 mm, depending on its
slope.



Chapter 3

Application: The Simulation of
Delivery

3.1 Introduction

An important problem in obstetrics is the prognosis of successful labor. Some of
the factors are:

1. the size and shape of the bony pelvis,
2. the size of the fetal head,
3. the force of the uterine contraction,

4. the moldability of the head,

5. the presentation and position of the fetus.

In a small number of cases, a disproportion between the fetal head and the ma-
ternal pelvis makes a normal vaginal delivery impossible, or leads to a prolonged
course of labor, which may be hazardous for mother and infant. Such a dispro-
portion may be due to a contracted pelvis or due to an enlarged fetal head. The
measurements of factors (1),(2) and (5) are possible before the onset of labor.
Together with other information like the age of the mother and the knowledge of
the outcome of previous labor, they are used to decide whether to do an elective
cesarean section at an appointed time or to go into a trial of labor. The trial of
labor may result in a successful delivery, or in an emergency cesarean section.
Doing an elective cesarean sections may avoid an otherwise inevitable emer-
gency cesarean section thus preventing mother and child from unnecessary dis-
tress. However, not all factors are assessable before the onset of labor. A too
cautious prognosis leads to elective cesarean sections done on patients who would

71
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have been able to do a spontaneous delivery. A carefully managed vaginal delivery
is usually preferable, even if today the danger of a cesarean section is minimal.
Therefore, we have to decrease both the number of emergency cesarean sections
and the number of elective cesarean sections by selecting appropriate criteria.

Clinical
Examination

Ultra-

sound

v

Diagnosis

pd !

N

Favorable Borderline Unfavorable
X-ray CT MRI
Y Y Y
Diagnosis
v Ny
Trial of Labor Elective CS
( \ i
Spontaneous Emergency, #
Delivery CS

Figure 3.1: The diagnosis of cephalopelvic disproportion.

At the present time, the general procedures to assess the pelvic shape and size

are:

o Clinical measurement: Some measurements, like the diagonal conjugate and
the dimensions of the pelvic outlet can be estimated manually. Usually this
- examination provides sufficient information for the great majority of cases.-
For borderline cases however, it may become necessary to get additional
and more precise information (The measurement error can be up to 2cm

[47]).
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o X-ray pelvimetry: It provides exact mensuration of the principal diameters.
It is also done to get the exact position of the fetus in case of breech presen-
tation. The greatest disadvantage of this method however is the possible
hazard of radiation.

o CT-pelvimetry: In order to decrease the radiation exposure of the fetus,
several authors propose a technique combining digital radiography and CT-
tomography ([36, 38]): The technique consists of taking a lateral and-an
anteroposterior digital radiograph and eventually one axial section to de-
termine the necessary diameters.

e MRI: In [37, 42, 46, 50, 52, 53, 54], the authors show that magnetic reso-
nance imaging can be used to accurately measure maternal pelvic dimen-
sions and assess the position of the fetal head. Moreover, this technique has
no known hazardous effects on the fetus, as has X-ray exposure. Another
advantage is the capability to study soft tissue. Their common belief is that
the application of MRI in obstetrics will advance rapidly, and probably re-
place X-ray based techniques.

The diameters of the fetal head are generally estimated by ultrasound. The main
advantages of ultrasound are safety, easy access, low cost and real time capabil-
ities. Unfortunately, this method cannot be applied for the pelvic examination,
since bone or bowel gas is obstructing the view. Usually, the deep pelvic struc-
tures are not visible ([46, 50] ). The articles [39, 45] show that pelvimetry alone
is a poor predictor of the outcome of a trial of labor. The need to combine
both the head and the pelvic diameters to predict a successful delivery is clearly
demonstrated in [40]. The importance of fetal weight is.also shown in {49)].

In our opinion, the confrontation of the true 3D forms of both pelvis and
fetal head would even be more accurate for the prediction of a successful labor,
especially since the human pelvis has a very complex shape. Therefore, we have
to accomplish two major tasks. Firstly, we must produce 3D models of the pelvis
and the fetal head. Secondly, the essential physical mechanisms of delivery have
to be formulated and applied to the 3D models. We showed in the first chapter
how to create such models based on tomographic images. The 3D models can be
computed from magnetic resonance images taken near the end of pregnancy.

The second task now touches a classical domain of robotics: the well known
piano movers problem, where an object has to be moved from one position to
another in the presence of obstacles. The classical way to solve this problem con-
sists in computing an appropriate representation of the set of free configurations
(i.e. positions and orientations such that the object does not collide with the --
environment), the so-called free space (see {34, 48]). These solutions are usually
global, that is, they calculate a solution over all possibilities. Additional con-
straints come from typical robotics applications: angular constraints for robot



74 CHAPTER 3. SIMULATION OF DELIVERY

arms, limited radius of curvature for cars, and so on. These methods are not
easily adaptable for our problem since

o The fetal head and the maternal pelvis are deformable, and we would like
our method to take account of this.

e Constraints on position and orientation of the fetal head are different from
those encountered in robotics.

-o Their complexity depends on the number of vertices, edges or faces of a
polygonal robot and environment, and is very high, especially in 3D. Our
models consist of several thousand triangles and tetrahedra.

We therefore decided to choose a local method, which is inspired by another
problem in robotics: compliant motion [41, 44]. Compliant motion occurs in au-
tomnatic assembly tasks. Fitting parts together generally requires motion between
objects in contact. Compliant motion can be produced by a passive mechanical
system built in to the manipulator, or by a force control loop implemented in
the software (active compliance). We consider the fetal head covered with force
sensors and mounted on an imaginary effector. When the head comes in con-
tact with the pelvis surface, we “measure” the forces on the head. The forces
are typically along surface normals. The effector produces then small corrective
motions to reduce the forces. In this way, we can take into account the physical
constraints and even allow a certain interpenetration of the objects to compensate
for deformations.

- This chapter is organized as follows: our model of forces and constraints ap-
plying on the moving body—the fetal head—is explained in the following section.
In Section 3.3, we shall describe the algorithm used to find an optimal trajec-
tory. The experimental results are shown in Section 3.4. The last section finally
presents a discussion of our method.

3.2 Physical modeling

In the introduction, we invoked the relation between delivery and robotics. We
- have moving bodies, fixed bodies, forces and moments. However, as we take a
closer look onto the details, we recognize that building a valid model of obstetrical
mechanics will be a complicated task: the fetus is a highly complex system, with
- various -articulations of different degrees.of freedom and mechanical limits. All--
parts are more or less deformable. The uterine forces are applying from different
directions, with different strength and duration. The forces are applying on the
trunk which itself is pushing the head. We thus make the following simplifications:
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We only consider the maternal pelvis and the fetal head. In fact, once
the head delivered, the shoulders and the rest of the body usually will
follow easily. We have to guarantee however that the head cannot execute .
rotations which would be impossible with the trunk attached.

The possible positions of the fetus are limited to vertex presentation in our
first approach. In particular, we do not allow breech presentation.

We assume the resultant of the force applying to the center of gravity of
the head.

e We do not consider the effects of any kind of soft tissue like uterine muscu-
lature or the perineum.

Even with these restrictions, we still have to take into account the deformation
of the fetal head and, to a smaller degree, that of the pelvis.

During pregnancy, the mobility of the pelvic joints (symphysis pubis and
sacroiliac joints) is increased. This may increase the diameter of the outlet by
- 1.5 to 2 cm [47], depending on the attitude of the patient. This deformation can
be taken into account when measuring the pelvis.

The deformation of the fetal head, also called molding, is accomplished by
an overlapping of the bones of the skull at the major sutures. The molding may
diminish the biparietal diameter by 0.5 cm without cerebral injury [47]. The
degree of molding varies depending on the ossification of the skull, and is not
predictable before labor.

Our-general idea is to determine a measurement-of adequateness by passing=.
the head-model through the pelvis-model. The pelvis is oriented in the following
way: The positive x-axis points from the patients right side towards his left side,
the positive y-axis is pointing antero-posterior and the positive z-axis is oriented -
inferior-superior.

We bring the head-model into a defined starting position and orientation
above the pelvic inlet. From this point on, we move it step by step downwards
in the direction of decreasing z-values. If at any height the head polyhedron
penetrates the pelvis polyhedron, we calculate the resulting force and moment
applied to the center of gravity g of the head. According to this force and moment,
we execute a number of translations and rotations to reduce the force to zero.
Persisting forces and moments indicate a position where the head cannot pass
without deformation. These forces contribute to a measure of adequateness.

- In our model, the fetal head will always pass through the pelvis, even with a-
severe disproportion. The adequateness value however indicates the quality of the
passage. A value of zero corresponds to a head-pelvis configuration, where the
head can pass without any deformation required. A positive value indicates the
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degree of a necessary molding. The polygonal nature of our models is a reason
to allow a moderate interpenetration, since the models present edges and ver-
tices where the real surfaces are smooth. Gliding across such edges may require .
a small intersection. Also, calculating the complete trajectory even for impor-
tant disproportions allows us to compare our results to cases where the newborn
shows molding. The question where to set the threshold, that is, defining the
interval were vaginal delivery would result in too much stress or would be clearly
impossible, would require a long term study of borderline cases. Probably the
threshold should be chosen in a way to allow a small, reasonable molding.

There are two forces involved in labor: those of the uterus and those of the
abdomen, both of which are unknown before the onset of labor. Hence we have
no notion of time for the simulation. We therefore divide the z-axis in discrete
intervals, and advance the head-model downwards by discrete steps. If the head
penetrates the pelvis at a given height, we calculate the resulting force and mo-
ment, and execute rotations and translations, yet keeping the head at the same
height. Since we fixed the z-position, the head has 5 degrees of freedom: rotation
around the 3 axes and translation in the x-y plane. We minimize the force and
moment, before advancing to the next z-position.

We define the forces and moments as follows: Let P and H be the polyhedral
surfaces of the pelvis and head models. At any point h; on H we define the force

P 0 if h; outside P
71 Uf; if h; inside P
—P -
Foo= n; — an
b B — —
77— al]

where 77 denotes the interpolated surface normal at point h; pointing to the
outside of H, ! is the distance from h; to P in the opposite direction of @¥ and
7iF is the interpolated surface normal of P at the point k; — [7/ = P (the point
where h; — [7H hits the surface of P, see fig 3.2). The force f; thus depends on
the surface normals of H and P and on the depth of penetration. Of course this
simple model will only be valid if this depth remains relatively small.

The distance { can be calculated efficiently using the tetrahedrization of the
pelvis-model. We find the tetrahedron containing h;. Then we follow the straight
line extending from k; in the opposite direction of 7. This half line goes through
a number of tetrahedra before it hits the surface of P. Furthermore, we may
-associate a weight to each tetrahedron, and define

K
Iw = Z l;w,-
=1
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Figure 3.2: The force in point h;, derived from the normals of the surface of P and H.

where K is the number of tetrahedra we are passing through, I, is the length of
the part of the half line traversing tetrahedron ¢, and w; is the weight associated
to that tetrahedron. Thus- we can locally allow an interpenetration, for example
to take into account the mobility of the coccyx (see Figure 3.3). Small values of
w; simulate flexible parts, increased w; correspond to rigid material.

Some remarks on the complexity of this calculation: in fact the data structure
-obtained from the-Delaunay -reconstruction is very- efficient for point- queries:--
The first step of the Delaunay reconstruction was to calculate the 3D Delaunay -
tetrahedrization between each pair of adjacent cross-sections. We got.a number
of tetrahedra filling the convex hull of the vertices between each pair of cross-
section. We call such a tetrahedrization of two adjacent planes a slice. In each

slice, we deleted in the second step a number of tetrahedra that are not part of
the 3D object.

The problem of finding the tetrahedron that contains a given query point can
be solved by a search starting in an arbitrary tetrahedron, and advancing from
neighbor to neighbor in the direction of the query point, until the containing
tetrahedron is reached. The number of visited tetrahedra and hence the query
time depends very much on the choice of the starting tetrahedron: the closer it
is to the query point, the faster is the search. The tetrahedra set resulting from
the Delaunay reconstruction presents two advantages which help to accelerate-
the search. Firstly, the slices are sorted in increasing or decreasing order, usually
along the z-axis. Thus, the z-coordinate of the query point indicates immediately
the slice to search in. Moreover, if the query points are given in a specific order—
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Figure 3.3: Calculation of the force applying at a point of the head.

sorted along contours for example—we can use the tetrahedron found at the -
previous search as starting tetrahedron. Secondly, we can use the complete set of

tetrahedra, those representing the object and those outside the object, that have -
been marked as deleted. The advantages of using the convex hull of each slice -

> |

Figure 3.4: Point query in the convex hull of an object slice. From a starting tetrahedra (s),
we are searching the tetrahedra circumscribing the query point (q).

are as follows:

o The approach towards the query point will be strictly monotone, even in
the case of concave objects (Figure 3.4 (a)).

o In the case of multiple disjoint objects, the choice of a starting tetrahedron
inside an object that does not contain the query points does not require
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any special consideration (Figure 3.4 (b)).

e If the query point lies completely outside the tetrahedra set, we can stop
the query once we leave the tetrahedra set. This follows from the fact that
each slice is convex (Figure 3.4 (c)).

If n, is the number of tetrahedra of the pelvis, and n, is the number of slices,
and we suppose an average number of n,/n, tetrahedra per slice, the query for
one point takes O(n;/n,) time in the worst case. However, in cases of a sorted
distribution of points to search, an appropriate choice of the starting tetrahedron -
yields a constant time query.

We calculate the forces on the head at NV discrete sample points, distributed
on the surface of the head. These sample points are obtained by adding vertices
inside each surface triangle on a regular grid with adjustable dimensions. Each
sample point thus represents an average area of a/N, if a is the surface of the

head. The resulting translation force £ on a point g inside the head is the sum of
the forces f:

- a N .
=N;fi-

The resulting moment 7 is the sum over all 7-of the component of f: orthogonal
to (g — hi):

m——Zf,

Now we have to map the translation force { to a translation {r-and the moment -
™ to a rotation of 8 degrees around the vector /. The translation takes place in
the direction of £. We make its length linearly dependent on the length of £, with
an upper bound of try,;:

- ut it i) < trmas
tr = ir L else
e g

The translation is described by the 4 x 4-matrix

1 0 0 irg

~ 0 1 0 tr
T =109 01 tr
0 0 0 1

The maximal rotation @ around 7 is limited to 0,,,,. We define it as

. { ML 5 AR < B

0ar else
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To execute the rotation around 2, we make a coordinate system transformation.
After normalization of m, the transformation matrix is given by

= —Filz. ., 0
:7m§+m§ V/mi+m2 =

——rs Ty T m, 0

A= \/m§+m§ \/;ng-i-m% y
0 —-/mi+m2 m, 0
0 0 0 1

The transformed basis is an orthonormal basis, with the z-axis in the direction -
of m. In the transformed coordinate system, the rotation matrix is

cos —sind 0 0
sinf cosfé 0 O
0 0

Rz(a) = 1
0 0 0

The rotation matrix M () is then given by
M(0) = AR (6) A7 .

We describe the head position relative to its original position. Each time we
update position and orientation of the head, we move it into the origin, apply
rotations and move it to the final position. The position and orientation of
the head at a discrete step 7 are thus determined by a matrix S; composed of
the translation matrix 7(—g), which moves the head into the origin, a rotation
matrix R; and a translation matrix 7; which defines the head position relative to-.
the origin:

Si = TRT(—g)

After calculation of {r, § and M for S, we get a new position
Sir1 = TimiRin T (—g),

where

Rip1 = M(8)R:

and B
7?.{..1 = T(tr)T,

Finally, we define the adequateness function ¢ as
er =+ Ilfill
N =1

with the head in position Sy.
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3.3 Simulation

For the simulation of delivery, we bring the head in a starting position and ori- .
entation Syp. This can be the original head position and orientation given by the
MR-Image. We can also interactively select other positions and orientations. We
take the center of gravity of the head as reference point g, that is the point in
which we calculate the resulting force and moment. In the optimization step, we
- fix the z-coordinate of this point. This means that the head can move in the x-y
plane, and rotate around g.

Our goal is to reduce the force applied on the head to zero or to the smallest
value possible with S, g constrained in the plane z = z;. Therefore, we calculate
6, M and tr —we set tr, to zero, since the z-position is fixed—and bring the
head into a new position and orientation. If necessary, we repeat these steps,
until we find a position Sgp; where the forces are zero or at a minimum. Once the
optimal position Scp: is found, we calculate the adequateness value ¢,,,. Then
we move the head downwards by a value of Az and get S;. We repeat the
optimization procedure. We stop the simulation if the head reaches a z-coordinate
‘Zend sufficiently below the pelvis. For each z-coordinate z; 0 < i < (zena— 20)/ Az,
we thus get the adequateness value ¢; indicating the persistent interpenetrations.
Consequently, if not all €; are equal or close to zero, we claim that the head
cannot pass without deformations.

o ALGORITHM SIMULATION ( H, P,S)
o INPUT: Head model H, pelvis mode] P, start position of H
o OUTPUT: Head trajectory,.adequateness function ¢

> Set Sp to start position of H

> =2
p i=0
e Do
> Sope = OPTIMIZE(S;)

v

€; = adequateness value of Sop;
Output (Sep1, &)

Set tr = (0,0, —Az)

Siv1 = T(tr)Sope

b z=z— Az

v

v

v

b 1i=1+1

> While (z > z.n4)
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The optimization step consists in repeatedly calculating the translation force
and moment in g, and updating the position of the head. If the moment and force
decrease, we note the new position as optimum. However, executing the indicated
rotations and translations may not always decrease the parameters. Some of the
reasons are:

e The executed movements were too big, because we chose the variables 8,,,.
and trn.. too large. In this case, the head -will typically oscillate.

e Since we calculate the forces on discrete sample points, appearance of a new
point leads to a discontinuity in the forces.

e Due to our simplified model, there are configurations where the execution
of the calculated forces can push the moving body further into the obstacle.
We call these positions balanced, but not stable.

We apply a simple procedure to cover these cases:

o If M is oscillating, we decrease 0,,,;.

o If iris oscillating, we decrease tr,4z.

o If m is slowly decreasing or constant, we increase 8,,,-.
o If iris slowly decreasing or constant, we increase {7mqz-

Each time the moment and the force increase, we augment a counter. If the
counter reaches a maximal value, we stop the optimization and return to the -
optimal position. Weuse the sum of moment and force as optimization parameter.
Minimizing only the variable ¢ does not affect the orientation of the head, since
the definition of € does not contain the moment. Minimizing the moment leads
to an optimal adaptation to the pelvic geometry. I the sum of moment and force
are optimal, € is most likely to be optimal, too.
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o ALGORITHM OPTIMIZE(Sy)
o INPUT: Head position Sg
o OUTPUT: Optimal head position S,p¢
> Set O =8
b Set €ope = 17| + 1)
& if £opr = 0 return(0)
k=0
& counter = 0
»> Do
> Calculate 6, M(6), tr for Sk
o if H is oscillating or constant
> Change 0pmar and trmasr
> Set tr; =0
> Siqr = TP T M(O) R T(—g)
> & = ||l + 7]
o if £ > Eop1

& | worse

> counter = counter + 1

o if (counter > MAX) return(O)

> else
> Eopt = £
> O = Skq1
pk=Fk+1

> While (£ > 0)
> Return (O)

3.4 Experimental results

The implementation of the simulation -program was-done-in -C. The program--
was divided into three independent modules, the force calculation and simulation
module, a visualization module and a server acting as a first-in-first-out buffer.
The calculation module is relatively machine independent and is intended to run
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on a fast machine. It communicates the results—the 4 x 4 Matrix describing
the position and orientation of the head and the adequateness value—via RPC
(remote procedure call) to the server. The display module runs uniquely on .
a Silicon Graphics computer. Its task is to fetch the results from the FIFO
server and to display head and pelvis. In this way, the simulation is accelerated,
because calculation and display are done in parallel. Furthermore the application
can be run on distributed networks. On the display module, we have additional
functions: We can visualize the locus and strength of the forces on the head
- by changing the colors of intersecting vertices.. We can interactively measure -
distances on the 3D models, and we may pick specific triangles and change their
color. This may be useful to mark the small and large fontanels on the model,
which helps to identify the orientation of the fetal head during the simulation.

A major problem was to find suitable MR images taken during pregnancy.
Therefore we used pelvic images of a nonpregnant person. The pelvis was re-
constructed from 23 axial MR images, separated by a distance of 0.86cm. We
measured the following diameters on the pelvis-model:

model [cm] | normal™ [cm)]

pelvic obst. conjugate 12.0 > 10.0
inlet transverse 13.4 13.5
transverse median 13.4 13.0

oblique 13.2 13.0

midpelvis | interspinous 10.8 10.0
anterior-posterior 12.3 > 11.5

pelvic anterior-posterior 11.8 9.5-12.0
outlet transverse 12.2 11.0

(*) As described in [47].

The criterion of Magnin (Indice de Magnin, see [43]) is defined as the sum
of transverse median diameter and obstetric conjugate, and is 25.4 cm in our
example. That corresponds to a favorable measure (The prognosis is favorable if
the sum is > 23 cm, unfavorable if the sum is < 20 cm [43]). This criterion does
not take into account the head diameters.

The head was reconstructed from 16 MR scans of an adult. We changed
manually the proportions to obtain a resemblance with a newborn. The diameters
-were then-scaled to the sizes given in-[43]. The biparietal diameter was 9.4 cmin- -
this model (average size). Since the pelvis was not contracted, we used a second
model having the same proportions, but scaled to a biparietal diameter of 11cm
to simulate a disproportion. The head was covered with additional vertices to
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reach a given maximal distance between vertices. Optionally, we used the BBG
interpolation method described in the previous chapter to calculate the additional
vertices. Figure 3.5 shows two views of the head.

For the simulation step, we restricted the starting position of the head to one
of the vertex presentations: right (R) or left (L); occiput (O); posterior (P) or
transverse (T) or anterior (A) position.

We executed a large number of runs with different parameters. The goal was
-to verify the robustness, but also to reduce-the number.of calculation steps and .
“-thus to-accelerate the execution time. The computation of a complete trajectory -
as presented in Figure 3.6 took about one hour of CPU time on a DECstation
5000. In Figures 3.7 to 3.9 we compare the different trajectories obtained with
different parameters and different presentations of the fetal head. In each figure,
we show the adequateness functions of two trajectories and the maximum angular
distance between the corresponding head orientations at each z-coordinate. The
abscissa represents the z-coordinate.

Figure 3.6 shows the trajectory of the large head- model starting from ROP
(right occiput posterior) presentation. Although our model is limited to the bony
structures, the head makes exactly the same movements as illustrated in {47]. It
enters the pelvic inlet with its sagittal suture directed transversely, then performs
an internal rotation that brings the occiput towards the symphysis pubis. The
fact that the head follows the principal movements as described in the litera-
ture validates our physical model. Below each image, the adequateness function
is plotted; a vertical line indicates the current head position. Apparently, the
passage of the outlet is somewhat constrained.
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Figure 3.5:

The fetal head reconstructed from 16 MR scans, with contour modifications.



87

EXPERIMENTAL RESULTS

3.4.

Figure 3.6: The fetal head traversing the pelvis from ROP presentation: descent, internal

rotation and extension.
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Orientation difference ,if_
4 }//’\__/\\ _ M oy o
4 position: ROP
M\ 4] 1 m d’@
¢ position: ROT
| | m N

-‘Figure 3.7: Comparing Right Occipito Transverse (ROT) and Right Occipito Posterior (ROP) -
1S P g g p
presentation. After the difference.in the beginning, the two trajectories nearly coincide.

3 position: LOP
A Y
€ position: ROP

g M %

Figure 3.8: Comparing Right Occipito Posterior (ROP) and Left Occipito Posterior (LOP) -
presentation. The adequateness functions are similar.
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Orientation difference %
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Figure 3.9: Right Occipito Posterior (ROP) presentation with different simulation parameters.
The number of retries in the case of increasing optimization parameter was set to 3 (bottom)
and 10 (center). The CPU time was 69 and 148 min. resp. while the adequateness function
was not too different.
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3.5 Discussion

We are able to provide good 3D pelvic models from MRI, even with only a few
- cross-sections. The accuracy of our reconstruction -method is shown on algebraic
surfaces in Chapter.2. However, these accuracy results may not be generalized to
pelves. The accuracy should be verified in the future; for example with images
of cadaver pelves.

All diameters of the pelvis can be evaluated interactively on"the models. In
'this way, we obtain more information than with X-Ray pelvimetry. Moreover, the
‘volume of the fetal head can be approximated, which would be useful in studying
growth.,

We are able to model the physical mechanism of delivery, restricted to the bony
pelvis and fetal head. The 3D confrontation of the fetal head and the pelvis gives
indications on the success of labor, which should be more accurate than comparing
a number of diameters. As for most simulations, it is difficult to determine
whether the model is valid and if conclusions can be derived from the simulation
results. Up to now, the encouraging features have been the realistic movement
of the head in all the tests (which corresponds to the trajectory described in
literature), and the repeatability with different parameters. We have just started
to explore the potential of 3D modeling and motion planning. The major part of
work must still be done:

e The fetal head has been produced artificially. It may not correspond to a
head of a newborn. It has to be shown that a real fetal head will also be
assessable from MR images using our method.

e We worked with one single model of pelvis and head. It is difficult to
generalize such results. We have to verify the results on a large number of
different cases, especially with pelves from different pelvic types.

e We have to show that the adequateness function is statistically significant
for a prediction of a successful labor.

Of course a long term collaboration with a department of obstetrics would be nec-
essary to establish statistics and to evaluate the possible benefit of this method.
The first stage would be a kind of supervised learning by studying the outcome of
borderline cases which went into a trial of labour. For this purpose, the necessary
measurements may also be taken after the delivery. The goal of this step is to
- estimate the different threshold values of the adequateness functions for border- -
line cases. In a second stage, the method may be used parallel to conventional
diagnosis, but without influencing the decisions. If this step shows a sufficient
statistical significance, a future use of this method may be appropriate.
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Un accouchement dans une riche famille parisienne.

Figure 3.10

d’Abraham Bosse (1602-1676) Paris, Bibliothéque Nationale.
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Appendix A

On connecting two simple
polygons

THEOREM. Gliven two parallel planes I1; and 1, and two simple closed polygons
Py € II,, P, € Ty, it is always possible—by adding at most 2 Steiner points—to
connect the vertices of Py to the vertices of Py in order to obtain a simple closed
polyhedron whose intersection with Il; is P;(1 = 1,2).

. DEFINITIONS. A polygonal arc joining two points a and b in IR™ is a sequence of
straight segments placed end-to-end, starting at a and finishing at 4. A polygonal
arc is called simple if it has no points of self-intersection. A simple closed-polygon
is a simple polygonal arc with a = b. :

If S is a collection of triangles, then S satisfies the intersection condition if -
two triangles of S either are disjoint or have exactly one vertex in common or
have two vertices, and consequently the entire edge joining them, in common.

S is connected if it satisfies the intersection condition and there is a path along
the edges of the triangles from any vertex to any other vertex.

If we consider a vertex v of a collection S of triangles satisfying the intersection
condition, then the edges opposite v in the triangles having v as a vertex will form
a graph, called the link of v.

A simple closed polyhedron is a collection S of triangles such that

1. S satisfies the intersection condition.

S

. S is connected

3. for every vertex v of a triangle of S, the link of v is a simple closed polygon.

PROOF. Let P and Q) be two simple polygons in the planes z = z, and z = 2z,

93
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(zp > z;). In each plane the vertices are assumed to be in general position, i.e.
there are no 3 successive vertices on a straight line.

We begin by connecting each vertex of P with the leftmost? vertex ! of @ and
each vertex of (2 with the rightmost vertex.r of P, thereby obtaining two non-
intersecting cones having the edge r! in common. The-cone { P, ) lies above the
plane parallel to the y-axis and passing through ! and r. The cone (@), r) lies below
that plane. Let p be the (not simple) closed polyhedron cone(P, 1) U cone(@, 7).

Now we consider the edges of P and ) incidentto r and { (see Figure A.1)..
We project the edges ¢1l and Iqy along the line Ir onto the plane z = z,, obtaining
. gir and r¢,. We name the angles o = /p,rp,); B = Lgirgy = Lailga; v = Lghrp,

!
.7 92
!
q1
D1 ,
gy
f)/ ///
a ™ 3
\
N
6 \
'\
N\
AN
S
P2 : 9

Figure A.1

and § = /pyrq;. Obviously a + 3+ 4 + 6 = 2=. Since [ and r are leftmost
and rightmost points and P and Q are simple, wehave 0 < a < 7, 0 < 3 < =,
7 > 0 and 6 > 0. So at least one of the angles 4 and ¢ has to be smaller than 7.
Otherwisea+ f=2r —7—-6< 0.

Without loss of generality we assume that § < =. We call the area defined
by 7p; and the two half-lines starting in r and p, and being parallel to Ig; the
shadow of the edge 7pz, S(r,p;) (see Figure A.2). Likewise, S({, q1) is the area
‘defined by Ig; and the two half-lines ‘starting in { and 4q; :and being parallel to

!We mean by leftmost (rightmost) the vertex with the smallest (greatest) z-coordinate. In
case of multiple such points we rotate our coordinate-system around the z-axis until we find a
unique leftmost (rightmost) point. - :



7p2. 1f S(r,p,) contains any other vertex of P, we add a Steiner point ps on the

Figure A.2: The shadow of 7p; and lg,.

line segment 7p; so that the shadow 5(r,p,) contains no other vertex of £.- If
S(r, p2) contains no other vertex, we assume p; to be the vertex p;. We replace
the triangle (r,p2.l) by the two triangles (r,p;.l) and (ps,p2,l). We repeat the same
procedure for S(I, ¢;), and add eventually a Steiner point ¢, onto the edge lg; (see
Figure A.3).

- Now we consider the tetrahedron formed by the vertices (5. ps. . Since the -

shadows of g, and 7p; are empty, there is no edge of ¢ inside this tetrahedron.
The edge 7;q; lies completely outside of p. Therefore, we can remove the faces
(r.ps,1) and (7,qs.l) from @ and replace them by (r,g¢,.ps) and (g, ps, 1) (see
Figure A.4). In other words: we close the fold between the faces (r,p,, 1) and
(7, gs, ) with the tetrahedron (ps,r, ¢s, )

Because our definition of a simple closed polyhedron requires triangular faces
{a 2-dimensional simplicial complex), we need to close p by two planar triangula-
tions of the inside of P and @, called T(P) and T(@). The complete polyhedron

o consists now of

(cone(P,1) \ face(r, ps,1)) U (cone(@, r) \ face(r, g5, 1))
U face(r, g;, ps) U face(gs, ps, 1) U T(P)UT(Q)-

It is obvious that the polyhedron satisfies the intersection condition and that it
is connected. To verify the third condition, let us consider the link of r. The
triangles of p sharing r as a vertex are: .
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Figure A.3: The Steiner point gs

Figure A4

had been .inserted, since S, q1) contained vertices of @.- . -
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a. all the faces of cone(Q,r) except face(r, gs,{) which had been removed,
b. the face(l,r, p),

c. the portion of T(P) having r as a vertex, say 7'(P) and

.

. the face(r, ps, g5).

So the opposite edges of r are:

a. ‘the polygon Q except edge Ig; which obviously is forming a simple polygonal
arc starting at g, and ending at .

b. the edge Ip;,

c. a simple polygonal arc starting in p; and ending in p, which lies on the
border of T/(P). It depends on the particular triangulation method, but it
must be simple, otherwise we would have overlapping triangles in 77( P).

d. the edge P;qs.

Q

Figure A.5: The link of 7.

Put together, these parts describe a non-planar simple closed polygon (see Fig- -
ure A.5). It is easy to show that this condition is satisfied for all remaining
vertices of p. Moreover, its intersection with any plane z = z;, (2, <z < z,) is
a simple closed polygon: -
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pNplane(z = z;) = F,({ P\7:7}, I)UFq({Q\721:},T)UFp({W}:Qs)UFq({E}aPs)

with

FP(X’?"‘) = {U;Ué ] V1V € Xtv:':vi'*'(v_vi)ft—zi?-.i: 12}

Fo(X,2) = {vjvh | o195 € X, v = v; + (v — v;);t — :’,i = 1,2},
P “g

F,({P\7:7},1) and F,({Q\Ig.},r) are two simple polygonal arcs with one point
(belonging to edge r!) in common. The two other end points are joined by the
two edges F,({F:7}.qs) € face(qs.ps.7) and F,({lqs},ps) € face(gs, ps.1), which
in turn have a vertex in common, lying on the edge 7;,G;. Since this edge is not
intersecting the cones, as we showed above, the overall intersection is a simple
closed polygon. 0
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Resﬁlts of the

B.1 Pixel contours

accuracy test
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Figure B.1: Pixel contour at distance 2, 75deg
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Figure B.2: Pixel contour at distance 4, 75deg
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Figure B.3: Pixel contour at distance 8, T5deg
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surface distance error

surface normal error
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Figure B.4: Pixel contour at distance 16, 75deg
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B.2 Vecto_r contours
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surface normal error
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Figure B.5: Vector contour at distance 2, 75deg
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Figure B.6: Vector contour at distance 4, 73deg
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Figure B.7: Vector contour at distance 8, 75deg
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Figure B.8: Vector contour at distance 16, 75deg
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B.3 Hand drawn contours
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Figure B.9: Manually drawn contours at distance 2, 75deg
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Figure B.10: Manually drawn contours at distance 4, 75deg
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Figure B.11: Manually drawn contours at distance 8, 75deg
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Figure B.12: Manually drawn contours at distance 16, 75deg
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B.4 BBG interpolation
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Figure B.13: Vector contour BBG distance 2, T5de
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Figure B.14: Vector contour BBG distance 4, 75deg
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Figure B.13: Vector contour BBG distance 8, T3deg
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Figure B.16: Vector contour BBG distance 16, 75deg
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B.5 Marching cube
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Figure B.17: Marching cube, distance 2 and 4, 75deg
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Figure B.18: Marching cube, distance 8 and 16,75deg



Appendix C

Glossary

biparietal diameter The largest diameter of the fetal head between the left
hemisphere of the skull and the right hemisphere.

breech presentation the fetus lies with the buttocks next to the birth canal.

cerebrospinal fluid a liquid that is-comparable to serum and is secreted from -
the blood into the lateral ventricles of the brain.

coccyx the end of the spinal column beyond the sacrum
MRI magnetic resonance imaging
occiput the back part of the head or skull

occiput presentation the fetus lies with the occiput-closest to the birth canal -
(95% of cases).

presentation the position in which the fetus lies in the uterus with respect to

the birth canal.
sagittal suture The suture between the parietal bones.

vertex presentation same as occiput presentation
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Figure C.1: The parts of the pelvis: sacrum (S), coccyx (C) and the two innominate bones
(I) composed of ilium, ischium-and pubis. The joints are the sacroilliac synchondroses (ss) and
the symphysis pubis (sp). The promontory is marked with (P). The diameters are: transverse
(inlet) (1), oblique (2), interspinous (3) and transverse median (4).

Figure C.2: A sagittal view of the pelvis with the anteroposterior diameters of inlet (obstetric
conjugate) {1), midpelvis (2) and outlet (3).
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