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Codes de permutation

Permutation codes

THOMAS ERICSON !

Résumé

Les codes de permutation de Slepian sont examinés en détail. Notamment
nous proposons une optimisation du vecteur initial et déduisons tous les
codes dominants en dimension n < 6. A D’exception du code simplex et
des codes biorthogonaux - qui sont toujours des cas particuliers de codes
de permutation - il n’existe probablement pas de bons codes de dimension
supérieure.

Abstract

Slepians permutation codes are investigated in detail. In particular we opti-
mize the initial vector and derive all dominating codes in dimension n < 6.
With the exception of the simplex and biorthogonal codes — which are al-
ways included as special cases of permutation codes — there are probably no
further good codes in higher dimensions.

keywords: spherical codes, permutation, modulation, optimization of initial
vector.
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1. Introduction

Permutation modulation is one of the oldest principles for generating spherical codes. We
will refer to the resulting codes as permutation codes. They were presented by Slepian in

1965, [1], and have since then been studied by many authors. The basic idea is very
simple and comes in two versions. Take an arbitrary realvalued unit norm vector

Xo= (X1,Xg, . . . ,X§) and form all possible permutations of it. The set of vectors so -

generated is obviously a spherical code. The construction is known as permutation
modulation variant 1. If in addition all possible sign changes are also allowed the
construction is referred to as permutation modulation variant 2. Both versions produce
codes with a number of attractive properties: they are easy to characterize, they are easy to
analyze and they can easily be implemented. Most remarkable of all: maximum likelihood
decoding can be performed with the aid of a very simple algorithm! .

For small dimensions the class of permutation codes containes some very good codes.
Unfortunately, however, performance generally deteriorates quickly with increasing
dimension. For n larger than say 6-8 no interes(ing codes are produced (with the
exception of the simplex and biorthogonal codes, which are always generated as special
cases). '

We give a detailed discussion of the various versions, paying special attention to the
problem of optimizing the initial vector. We also present tables of the best codes
generated by this principle.



2. Variant 1

Let the initial vector xg be of the form

xo = (u'l’ ulv ..oy llp uz: LIEART u2, u3v . ooy uK’ .. oy uK)

where ;< By< ... <k are given real numbers and where the number 3,
occurs m, times, L, occurs m, times etc. We collect the integers m; in a vector
m = (mq, m,, ..., mg) which we will refer to as the distribution.

We notice that the codewords x are described as vectors with N=m;+ my+... +
my components. We point out right away that this doesn't mean that the dimension is

equal to N. As will be seen shortly variant 1 codes normally have dimension n=N-1.

We also notice that all codewords have the same energy given by

i=1
Hence, by proper scaling the code becomes a spherical code. The number of codewords

is -

(my+ my+ ... +mg)!
ml! m2! c e mK!

M=

and the minimum squared distance is

dé:min (204-1)% i j=12,... K i#j).
i : ’

The main parameters of a spherical code are n,p and M, where n and M are as

above and where p A d% /E is the normalized squared distance. For a given initial vector

X, the formulas above are sufficient for deriving these parameters. However, without a
proper choice of the initial vector x, we cannot expect to obtain any good codes.
. Therefore, let us see how x, should be chosen in order to generate codes with

favourable parameters.
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Without loss of generality we prescribe that the minimum distance between different
levels m; should be 1. That fixes the value of dlz3 to 2. For a given value of dé we

now want to minimize the energy E. It is clear that we could only loose energy by letting
the distance between any pair of adjacent my:s exceed the minimum. Hence, without loss

of generality we may assume

ujzj-a; =12,...,K. (1)

It remains to determine the constant a and to choose the best distribution m. We consider

first the selection of a and begin with a few definitions.

K
Def.: A, = Z mi i2
i=1

= N(a- )2+ Ay - -

Let us define
Bm
=N
B, 2
V(im)= A, - N~ -

Choosing a=a, gives us

2
Bm

E=V(m)= A - N~ -



It is clear that this is the choice of a that minimizes E. The remaining problem is how to
select the distribution vector m = (my, m,, ... ,my).

We notice that any permutation of the componentsi m; in m only affects the energy E

but leaves the cardinality M unchanged. As a first step in our optimization with respect

to m itis therefore natural to consider optimization over the set of all permutations of a
given distribution m = (my, m,,...,mg). Aset T of thatkind is usually referred to

as a type. Let a type T be given and let us consider the problem of finding the best
vector m in T. The key to the solution of this problem is given by the following lemma.

Lemma 1: Let atype T be given and suppose that me T minimizes V(m), i.e.
V(m) =min { V(im') : m'eT }. (2)
Then the following implication holds:

(rap)? > (-a,)" = m<m;. 3)

Proof: Suppose meT doesn't satisfy (3), i.e. suppose there exists a pair i, j of
indices such that

€= (-a,)? - (-a,)? >0

A=m; - m, >0.

Define m*e T as follows:

mg k#1i,]j
mf(‘—{mi k=)
m;j k=1
We have

- K
D(m*, am) = 2 ml‘z (k-am)2
"~ k=1

K
D my (keag)? + (mf - m (i-ag)? + (@ - m) (- a)?
k=1

V(m) - A€.



But we also have
D(m*a_) = V(m*) + N(a, - 2,+).

If follows that we must have V(m*) < V(m) , so (2) cannot be satisfied.

We notice next that (3) essentially determines the me T minimizing V.Let T and t=
(tpr b, ... tg) €T witht; <ty < ... <ty be given and let m be a distribution
minimizing V over T. The corresponding mean is denoted a, . Let us consider how t

should be permuted in order to generate m.

The obvious procedure is illustrated in Fig.1. It is clear that ty should be closest to a.
Without loss of generality we assume that it is to the left of a;;. The next symbol t,_; is
then immediately to the right of a_,. Continuing the argument we find that ty_, must be
just to the left of t, ty 3 mustbe just to the right of ty ; etc. In summary we have that

([1,t3, PO ,[K,[K_l, ... ,t4,t2) K odd
- (tz,t4, « .. ’tK’tK-l' . e ,t3,t1) K even (4)

is a possible choice for an me T minimizing V.

The choice in not unique. We could equally well have put t to the right of a, .
Further, whenever an optimal distribution happens to be such that a_ is just halfway
between ty and tg_; there are further alternative choices. However, it is easy to see that

they all lead to the same value of V. In the sequel we will therefore refer to (4) as the
optimal distribution, implicitly understanding that it is never unique but that all alternative
optimal distributions differ only in a trivial way.

It is worth emphasizing that for a given type T the above argument leads to the optimal
distribution m without prior knowledge of the mean a,, . This is important, because in

order to compute a,, we need of course know the distribution m, i.e. the quantity we

are looking for.



It turns out that for small dimensions n different types T produce different spherical
codes and that they are all incompatible, i.e. none of them dominates any other. Therfore,
for small dimensions we have actually carried the optimization as far as it is possible to
go. In other words: in order to produce all dominating codes we need to consider all
different types T.

For large dimensions this is no longer true: for large dimensions only some of the tybes
produce dominating codes. The optimal distributions are those approximating Gaussian
distributions, see Slepian [1] and Ingemarsson [3]. However, as we have already pointed
out, for large dimensions the permutation codes unfortunately do not offer any good

performance.

The first example of a type not producing a dominating code is the one containing m =
(1,4,1,1), which is dominated by the one containing m = (2,3,2) . This occurs in
dimension n=6.

All optimal codes satisfy (1) with a=a_ , i.e. each codeword x satisfies

N K
in= ka(k-am)=Bm-Nam=0.
i=1 k=1

It follows that although specified by N coordinates the optimal codes are actually located
in an (N-1)-dimensional subspace. It turns out that the dimension ‘is always exactly N-1,
i.e there is no even smaller subspace that contains any of these codes. For individual
codes this is usually easy to establish. A general proof is given in Appendix 1.

We summarize the properties we have derived for the variant 1 permutation codes:

Dimension: n = m)+my+...+mg -1

Normalized distance: p = 2N 3

NAp - B2

(m1+ m2+. ..t mK)!
my!m,y! ... mg!

Cardinality: M =



The parzirhetérs A, ,B,, and N are obtained as

K
Ay =D, mi i
i=
K
Bm=z mij1

N=m;+my+...+mg.
Finally, the alphabet is

Ly={i-ay:i=1,2,....q}

with g=K. We notice that in general the alphabet is unsymmetric.



3. Best variant 1 codes

In Table 1 we have listed all dominating permutation codes of variant 1 for dimensions 1
<'n < 6. That actually covers all cases of interest: for n> 6 we do generally obtain better
codes from other constructions.

The table gives dimension n, normalized squared distance p, and cardinality M. For
each code we have also indicated the vector m generating the code. As can be seen, for
each n in the range considered all partitions of N=n+1 produce dominating codes, with
the distribution m = (1,4,1,1) mentioned above as the only exception. On the other
hand, the discussion in Section 2 assures that by considering one representative in each
possible partition we can be sure of obtaining all dominating codes.

We have indicated with a star (*) all cases where the codes are known to be optimal and

with (B) all other cases where we aren't aware of any better code.

For n=1 we have just a fancy representation of the binary antipodal code. In dimension
n=2 we have the equilateral triange and the regular hexagon. All of these are optimal,
although they represent rather trivial codes. We notice that both the triangle and the
hexagon are described without using radicals, but to the expence of using one extra
coordinate.

In tree dimensions m = (2,2) gives a nice description of the biorthogonal code (which in
general is not included in this construction) and m = (1,2,1) offers an alternative
description of the cubeoctahedron. The distribution m = (1,1,1,1) generates the
semiregular polyhedron with 6 squares and 8 hexagons as faces. It is not in itself a
particularly good spherical code. However, adding one point just outside the center of
each hexagon produces a spherical code with parameters (n, p, M) = (3, 2/5, 32), which

although not optimum is reasonably good ( for n=3, M=32 the best known code has
p=0.4125 ).

The distribution m = (n,1) provides the standard representation of the simplex code.
Thus, all simplex codes are included in the construction. These codes, of course, are
optimal for any value of n.

Five codes are marked with a B, indicating that they represent best constructions known
to us. They occur in dimensions 4, S and 6. The three codes in dimensions 4 and 6 have
unsymmetric alphabets, while those in dimension 5 have symmetric alphabets. The two



10

binary codes - m = (3,2) and m = (3,3) - offer, of course, efficient representations on
the unit sphere of corresponding Johnson spaces.

Apart from the cases mentioned there seem to be very few good ones among the variant 1
codes. We have performed a complete search in the range n<24. In that range there is
none. Except for the simplex codes it is very unlikely that there are any further good
codes for larger n.

The problem of finding the best vector x, is usually referred to as the initial value

problem (Slepian [6], p 582, see also Ingemarsson [3] and Karlof [4]) . The first few
observations in Section 2 reduce this problem to that of finding the best distribution m .
Lemma 1 addresses this latter part of the problem. It is worthwhile emphasizing that
although the lemma doesn't fully solve the problem it quite substantially reduces the

number of distributions we need to consider. Suppose we want to find all dominating
codes in dimension n=N-1. The total number of distributions m = (my, m,, ...,mg)

with m;+ m, +. S+ myg =N is 2N-1 , while the number of types equals the number
p(N) of partitions of N=n+1. That number is much smaller. Hall [8] gives a table

(p 38) containing the first 100 values of p(N) and also offers the following asymptotic
formula (p 44):

__1 AVN
p(N) aNY3 ©

where A is aconstant. As an example, for n=24 we have p(N) = p(25) = 1958, which
should be compared to 224 = 16 777 216.

The computation of the list of dominating codes was based on the results from the
previous section, which means that for each type we need to consider just one
distribution. However, for each dimension n we have to generate all 'partitions of
N=n+1. An efficient method for this is presented in the appendix.

For n larger than 24 the above method becomes rather time consuming and more
efficient methods are desirable. Karloff [4] has developed an algorithm for directly
determining an optimal initial vector x; . According to Ingemarsson [3] the best
distributions’ m are approximately Gaussian, a result apparently anticipated aiready by
Slepian [1]. However, as we have already mentioned - and as was observed by Slepian
([1], p 233) - the resulting codes usually have poor performance.
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4. Variant 2a

In variant 2 of the permutation codes we allow, in addition to all permutations, also all
possible sign changes in the components of the initial vector x4= (M, Hys - - o Hys

Hos .. Mo, Mgy oo oy Mgy - - oo Hg) . Clearly we may assume, without loss of
generality, that all components [; are non-negative. It turns out to be convenient to
distinguish between two cases: the case M= 0 - which we will refer to as variant 2a -

and the case |i;# 0 - which we will call variant 2b. We consider case 2a first.

It is convenient to introduce an additional notation so as to distinguish between the zero

symbols and the other symbols. Let the distribution m be of the form m=(r,p), where
r=m; and p =(py, pp, ..., Py) =(my, m3, ..., mg) . The size of a variant 2a code

with distribution m=(r,p) is (withJ =K-1)

(r+ py+ ppt . . .+ pp)! 2(p1+ Py+...+ pJ).

5
rt py! opyt.. . opy! )

Again without loss of generality we prescribe that the minimum distance between any pair
of adjacent letters K and His1 should be 1. As before this fixes the minimum squared

distance to 2. As we have already prescribed the condition p;= 0 we obviously have in

this case

o=j-L j=12... K;
corresponding to an alphabet Lq of the form

Lq ={O,il,i‘2,...,%1A}.

The size q of the alphabet is always odd: q = 2J+1 = 2K-1. By Appendix 1 the dimension
is

n=r+p1+p2+...+pJ.

The energy E, finally, is given by the formula

E=).pi2 | ©
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All that remains is to determine the distributions m=(r,p) that lead to dominating codes.

From (5) and (6) we see that for fixed r the size M is constant over the type T(p) while
the energy is not. It follows immediately that p should be chosen such that

The selection of r is less obvious. It is easy to see that for fixed p = (py, pp, ..., Py
the size M is an increasing function of r. However, the dimension n =r + p;+ p;
+...+pj increases also with r, so different values of r give rise to codes of different

dimensions.

In Table 2 we have listed all the dominating codes from variant 2a in the range 2<n<6.
Again this range contains practically all codes of good quality. The case n=1 doesn't
occur in variant 2a. In dimension n=2 we have only the square. In dimension n=3 we
have alternative representations of the cubeoctahedron (3,1,12) and the semiregular
polyhedron (3,2/5,24) . Both were generated also in variant 1. For larger n we obtain a
number of new codes. Especially in dimension n=5 we have several good codes.

The distrubutions m = (r,p) = (n-1,1) give the standard representation of the biorthogonal
codes; they are all included in version 2a.

We notice that in the range n<6 all possibe values of r and most of the possible
partitions p are represented. As for variant 1 there are very few good codes from variant
2a for n26.
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5. Variant 2b

In variant 2b we have O <p; <, <...<Ug . Here we have to be a little bit more
careful when determining the signal levels |, . Because of the sign-changes there are

two ways of generating nearest neighbours to a given word: either by permuting a pair of

coordinates (as before) or (and this is new) by changing sign in one of the positions
containing W,. A moment of thought reveals the following formula:

2 o
dlz3 =min { 4}11, nl::]n 2(y - ”j)z }.
A simple calculation reveals that under the constraint dé =2 the energy is minimized by

o= 4+ i1 i=1,2...,K.

V2
The corresponding alphabet is
L,=({t5 (= +D,....£(%=+K-D}.
d V2 T2 V2

Obviously the size is even: q = 2K .

For codes in variant 2b the size is

!
_ (mp+ mp+ ... + my)! Jmy+ my +. .+ mg)
m1! mz! . e mK!

and the dimension n is (again, see Appendix 1)

n= m1+m2+...+mK.
Finding the best distributions is simple. Clearly we should have m;2m,2...2my.

In Table 3 we display the dominating codes for n< 6. As before this list contains
practically all interesting codes. It contains several quite good codes, but none for which
we are able to prove opﬁinality (except for the trivial codes in dimensions 1 and 2).
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In dimension n=3 we notice that we have a better code of size 24 than we had in the two
previous versions. The new code is the semi-regular polyhedron with 8 triangles and 18
squares as its faces. The minimum squared distance is p= 0.51, which is considerably

better than we had before and reasonably close to the optimal value of 0.55.
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6. Decoding

One of the most fashinating properties of permutation codes is the fact that they can be
optimally decoded with a very simple algorithm. Let a permutation code Se £, be given.
By decoding we understand in this context the following problem.

Problem: for any given vector r =(ry,1p,...,IN) € RN find a vector x =

(X4.X5, . .., XN) €S with minimal distance to r.

Alternatively we could, of course, try to find a vector x having maximal correlation with
r. We will use this second formulation.

An algorithm solving the problem is often referred to as a maximun likelihood decoding
algorithm. This refers to decoding in the presence of additive white Gaussian noise.

We consider first codes from variant 1. The crucial observation is the following lemma.
Lemma 2: Let S1 be a permutation code of variant 1 and let xe S1 satisfy
(x,r)=max {(x',r):x'eS1}. ' @)

Then the following implication holds:

] <'rj = X; < Xj _ (8)

Proof: The form of the proof is the same as in Lemma 1. Suppose xe S1 violates (8),

i.e. suppose that for some pair i, j we have both r; < r; and x; >x; . Define

Clearly y =(y; ¥g, ..., yN)ESIL. We have
(y,r) '(x,r) =(yl'xl)rl+ (yj'xj)rj
=(xi'Xj)(rj'ri) > 0.

It follows that x cannot maximize (x, r).
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The lemma immediately leads to the following decoding algorithm. Let the initial vector
be xq = (aj,ay,...,aN) with a;<a,< ... <ay . Decoding can be thought of as

assigning a permutation of x, to each vector r = (r;,ry,...,Iy) € RN . From the
lemma follows that by assigning a, to the smallest component in r, a, to the second

smallest and so on we can be sure to obtain a vector xe S1 with a minimal distance to the

given vector T.

A slight modification of the algorithm allows optimal decoding also of codes from variant
2. In this case we need the following lemma.

Lemma 3: Let S2 be a permutation code of variant 2 and let x € S2 satisfy
(x ,r) =max {(x',r):x'eS2}. 9

Then the following implications hold:

D) Il <l = ki<, (10)
i) x;,5#0 = sign(r;)=sign(x;). (11)

Proof: First suppose x violates (11), i.e. assume that for some i we have x;,r;#0
with sign(r; ) sign( x; ) = -1. Define

Xk k #1i
yk~={-x. k=1"-

1
We obtain
(y,r)-&x,r) =y;r; - ;= -2x15, >0.

Thus ii) is established. Next suppose x satisfies ii) but violates i) . That means that we
assume that for some pair i, j we have Ir;l < |rj| and Ix;l > |le. First assume r;#0 and

define
Xi k#1i,]j

Vi = Ixilsign(rj) k=j
Ilesign(ri) k=i
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Cl.early y € S2. We obtain

¥.o-&.r) = (y- )5+ (¥- %)y

= Ilesign(ri) r; - Ixjlsign(xy) r; + Ixilsign(rj) r - Ilesign(xj) T. (12)
By ii) we have sign(x,) = sign(r;) , which'inserted in (12) gives us

(y,r)-(x,r) = |ijIriI - Ix;lle; 1 + lxillrjl - Ilelrjl

= (Ix;l - lle) (Irjl -Irl) >0.

If r; = 0 the same inequality is easily established by a slight modification of the

argument. Thus 1) is established and the theorem is proved.

For a code of variant 2 let the initial vector be xg = (aj.a5,...,ay) with 0<a;<a,
< ...<ay.ByLemma 3 follows that we obtain optimal decoding by first assigning the

values a; according to increasing values of Ir;l and then choosing sign(x;) = sign(r;).

We see that in both variants the decoding essentially consists of sorting the components
of the vector r =(ry,ry,...,1ry) according to magnitude, an operation that requires
(N-1)N / 2 comparisons. It is worthwhile noticing that the number of comparisons
needed depends only on the dimension n (N-1in variant 1 and N in variant 2) and not
on the size M of the code.
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7. General comments

It is an ironic fact that one of the nicest properties displayed by the permutation codes -
namely the availability of a very simple optimal decoding algorithm - actually is also a
property that excludes good asymptotic performance. This follows from an observation
by Landau [7]. The observation is the following.

Decoding, as defined in Section 6, of a code X with parameters (n, p, M) corresponds
to partitioning the Euclidean space R™ in M disjoint subregions - one for each
codeword . Maximum likelihood decoding corresponds to assigning to each codeword its
associated Voronoi region. Clearly the boundaries between the various Voronoi regions
are defined by hyperplanes in R® . Denote by K the number of hyperplanes needed to
specify all the Voronoi regions for the code X and define s = floor (4 / r). Landau
showed that as soon as M > 4 the following inequality holds ([7], Th. 2, p160) : '

K> M/2)

The simplicity of the decoding algorithms we derived in Section 6 essentially means that
the number of hyperplanes involved is small. For codes of variant 1 we have to perform
N(N-1) /2 comparisons. Each determines the position of the given vector r with respect
to some hyperplane. For codes of variant 2 we also have to determine the sign of each
one of the N coordinatesin r=(r;,r,,...,ry) . Those decisions also determine the
position of r with respect to certain hyperplanes, so for variant 2 codes the number of
hyperplanes can be estimated as K < N(N-1)/2 + N ([7] p 161). In both cases we
have that for fixed p - and consequently also fixed s - the size M .of the code X is
bounded by M < 2N28. Thus, the exponential growth we know is possible for spherical
codes in general is excluded for the class of permutation codes.

The above result is well in line with the observations mentioned above regarding the
performance for large dimensions and strongly supports our conjecture that essentially no
good codes are produced for dimensons larger than 6-8. The simplex and the
biorthogonal codes do not provide any counterexamples: although optimal they do not
exhibit exponential size.

It is interesting to note that all three of the regular polytopes that generalize to arbitrary
dimensions are found among the permutation codes: the simplex codes are all generated
by variant 1, the biorthogonal codes are generated by variant 2a, and the hypercubes are
generated by variant 2b.
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Appendix 1

We like to establish the dimensionality of the various forms of permutation codes. The
crucial result is the following lemma.

EY

Lemma Al: Let x = (X4, X5, ... ,XN) € RN and let P(x) be the linear space spanned
by all permutations of x . The dimensionality of P(x) depends on x in the following
way: '
A: x=0 = dimP(x) =0;
B: x=const.#0 = dimPx)=1;
N
C: x #const., 2 x;= 0 = dimPx)=N-1;
i=1
N
D: x #const., 2 x;#0 = dimPx)=N.
i=1

Proof: The statement is trivially true when N = 1. By induction, suppose it is true for
N and consider x = (Xq, X5, . . . XN, 1)- We will prove the statement by considering

each one of the above cases separately. Cases A and B are trivial, so we really only have
to consider cases C and D.

Case C. The assuption is that x = (xy, X2s + + « XN41) is not constant and that the
components sum to zero. Without loss of generality we may assume xy,1 # O.
Consider x' = (x4, X5, . .. ,XxN). It is clear that x' cannot belong to case A or C. If it

belongs to case B we must have that x is proportional to (1N, -N). But that means that
P(x) is spanned by a simplex, and the dimension is obviously N, as it should.

If x' belongs to case D by the induction hypothesis dim P(x') = N. Clearly we have
dim P(x) 2 dim P(x') = N. But we also have dimP(x) £ N because of ¥ x'; = 0.1t

follows that we have dimP(x) = N in this case too.
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Case D: Again without loss of generality we assume xp,; # 0 and consider x' = (xy,
X9, ... ,XN) - If x' =0 (belongs to case A) it is obvious that dimP(x) = N+1. If x'=
const. # O (belongs to case B) we have x of the form x =(aN, b), with a#b; a,b=0;
b # -Na. Altemafively we might write x in the form x = cN+1 4 ((a-o)N, b;c) and
choose ¢ such that N(a-c)+b-c=Na+b-(N+1)c=0,1e. we may choose

_Na+b
CEN+ 1

Then the vector ((a-c)N, b-c) is proportional ton (1N, -N) and ¢ # 0. Upon permuting x
the vector ((a-c)N, b-c) will génerate a simplex spanning a space of dimension N while
the vector cN*1 stays constant. By observing that ¢N*! is orthogonal to all of the
vectors in the space spanned by the simplex we conclude that the permutations of x span
a space of dimension N+1. |

If x' belongs to case C we simply delete some other component than xy, in order to
generate x'. There must be some component in x such that ¥ x'; # 0, because if all
the different sums of this form are zero we might easily conclude x; = x, =... = xpy

in contradiction to the assumption. Thus, there remains only the case when x' belongs
to case D.

If x' belongs to case D we may write x = (ON, Xngp) + (x', 0). Consider the subset of

all permutations of x that leave the last component unchanged. By the induction
hypothesis those permutations generate a space of dimension N when operating on (x',
0). Moreover, the vector (ON, XN+1) 1S unchanged by this subset of permutations and
orthogonal to the space generated by‘ (x', 0) . It follows that the space generated in this
way has dimension N+1. Clearly the dimension doesn't decrease if we let all
permutations operate on X . This observation concludes our argument.

It is clear that optimized permutation codes of variant 1 alWays belong to case C while
codes of variant 2 always belong to case D.



Appendix 2

In this appendix we derive an efficient procedure for generaiin: wif comnions o a given
number n. By a partition of n we understand any represcnidi s s sam D=
X1+ Xp+...+ X of k positive integers, where 1 < k < w7000 her ks
called the order of the partition. If P(n) denotes the set of all partition= ! n and if

P(nk) denotes the set of all partitions of order k it is clear that we have
Pn = Po,HhuPm2u... PO .
We will solve the problem by generating the various subsets P (n,k) . We denote by

P(n,k) the matrix having all k-order partitions of n as-its rows, taken in reversed
lexicographic order. As an example P(9.4) is the matrix

PY4) =

WOV
BW N W —
DD et et st et et

1
1
1
2
2
2

By assumption all components in P(n,k) are positive. If we subtract 1 from each
component we get a matrix with non-negative components. For the matrix P(9,4) we
obtain

NN WWHE WL
_—D = N — O
—_———0 o
—_ oo OoC

It is clear that this new matrix contains all partitions of n-k =9-4 =5, with a suffix of
zeroes in those rows where the partition of n-k is of order less than k. It is also clear
that all partitions of n-k are obtained in this way. Thus, if we denote by pi(n,k) the
number of rows in P(nk), i.e. if we let p(n,k) denote the number of partitions of n in
k parts, we have the following recursion (cf Hall [8], p 32)

p(n,k) = p(n-k,1) + p(n-k,2) +...+ p(n-km),



23

where m = min {k, n-k} and where n = k+1, k+2, ... . The following initial
conditions are obvious:

pnk)=0, n=1,2,...,k-1
p(nk)=1, n=k.

It is clear that we can continue the above process and subtract 1 ones from each one of
the rows representing an i-order partition and then further splitting the resulting new
matrix. Any row representing a partition of a number r in s <r parts can be split, so the
proéess can be continued until we have only rows with r=s.

We can naturally represent the splitting process with a tree, as shown in Fig.2 for the
case (nk)=(9,4). Each node in the tree is indicated with a number (r,s) and represents
the set of all partitions of r in s parts. At the root we have the pair (n,k)-. Notice that
for each branch the sum of the second components in the pairs of numbers representing
the nodes add up to precisely n . Clearly, moving from one node to another
neighbouring node at the next lower level corresponds to the subtraction of ones in the
P(n,k) matrix as described above. If we finally observe that a node of the form (r,r)
corresponds to the trivial partition of r as a sum of r ones, we are led to the following
procedure for generating all partitions of n in k parts. '

i) Generate the tree obtained by putting (n,k) at the root
and successively applying the splitting rule

(r,s) = {(r-s,1), (r-s,2), . .., (r-s,0)}

where .t = min {s, r-s}.

i1) For each node (r,s) add a binary vector of weight s with the ones
located at the beginning of the vector.

The procedure is illustrated in Fig. 2 tor the case (n.k) =(9.4).
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Table 2. All dominating permutation codes variant 2a, 2<n<6.
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n p M m

1 4 2 1 *
2 0.59 8 11 *
2 2.00 4 *
3 0.19 48 111

3 0.51 24 21

3 1.33 8 3

4 0.08 384 1111

4 0.18 192 211 B
4 0.29 96 22

4 0.45 64 31 B
4 1.00 16 4

5 0.04 3840 11111 B
5 0.08 1920 2111

5 0.14 960 221

5 0.17 640 311

5 0.27 320 32

5 0.41 160 41 B
5 0.80 32 5

6 0.03 46080 111111

6 0.04 2304 21111

6 0.07 11520 2211

6 0.08 7680 3111

6 0.09 5760 222

6 0.14 3840 321 B
6 0.16 1920 411

6 0.20 1280 33

6 0.26 960 42

6 0.37 384 51 B
6 0.67 64 6

Table 3. All dominating permutation codes of variant 2b, 1< n<6.
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Figure1l Permutingt=(l,2,4,7,8, 10) in order to
obtain the optimal distribution m = (2, 7, 10, 8, 4, 1).
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Figure 2 A tree diagram for deriving all 4-partitions of the number 9.
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