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Une classe de méthodes de faisceaux a métrique variable

Résumé : Pour minimiser une fonction convexe f, nous proposons une classe d’algorithmes
de type faisceaux avec pénalité, dans lesquels la pénalité utilise une m/’etrique variable.
Cette métrique est mise a jour selon des formules de quasi-Newton fondés sur des régula-
résées de Moreau-Yosida de f. Nous introduisons notamment une formule de quasi-Newton
“rétrograde”, bien adaptée a nos schémas. Plusieurs variantes sont analysiées, leur qualités
respectives sont comparies. Par ailleurs, notre étude inclut le cas d’une pénalité dégénérée
dans la régularisée.
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1 Introduction

This paper addresses the numerical minimization of a (finite-valued) convex function f :
IRY — IR, characterized by a black box which, for any z € IRY, computes f(z) and some
subgradient g(z) € df(x). Our approach employs bundle methods, so we briefly recall their
basic principles here. At the current iteration of the algorithm, the black box has computed
the sample values f(y;) and g; € 0f(y;) for i = 1,. .., k; the cutting-plane model of f is then

fk(y) =max{f(y)+ (g5, y—w) : i=1,...k}.

In the cutting-plane method [2], [7], the next iterate yj 41 is a minimizer of f;. However this
method is notoriously unstable (see an example of A.S. Nemirovski, described in Section
XV.1.1 of [6]). Bundle methods offer a stabilizing device based on the following ingredients:

(i) a sequence {x,} of stabilized iterates;
(ii) a test deciding whether a new stabilized iterate has been found and/or whether the

model fj, should be enriched;

(iil) a sequence {M,} of positive definite matrices defining a scalar product and its asso-
ciated norm.

A number of different approaches have been developed according to the above principles.
We give now a close description of one of them, namely the prozimal form, which we consider
in this paper:

(i) A candidate y© is computed as the minimizer of the penalized model
Fe(y) + 3 (Mo (y — 20),y — 2a) - (1)

(ii) A nominal decrease

bp 1= f(rn) - fk(yc) -3 <Mn(yc - In)a Y- rn)

controls the update of #,, and/or the enrichment of fr. More specifically, a fixed para-
meter m €]0, 1[ being chosen, we perform the descent test

f(y°) < flzn) — mén . (2)

If (2) holds, then we set z,41 = yr4+1 = y°;n and k are increased by 1. Otherwise n is
kept fixed, we set yry1 = y° and k is increased by 1; in some improved versions (see
the considerations in §6 below), an additional test is made before increasing k.

(iii) The choices of the norming {M,} given so far in the literature are:

— an abstract sequence, as in [10],
- M, =1, as in [8],
- M, = p,I, with heuristic rules for computing p,; see [9], [15].

RR n"2128



4 Claude Lemaréchal , Claudia Sagastizdbal

An essential feature of our present development consists of a quasi-Newton update of M,
[4] using the so-called Moreau-Yosida regularization ([12], [19]); we also pay some attention
to the updates used by Shor [17].

The next section is devoted to the Moreau-Yosida regularization; we recall a few results,
slightly generalized in the sense that we admit semi-positive definite matrices M,,. Then
we state the algorithm and give some of its basic properties. In §4 we consider some quasi-
Newton formulae, which exploit two possible ideas:

— First, we choose a move in z and we compute the corresponding move in the gradient of
a smooth function, namely the regularization F}, coming out of (1).

— Second, a “reversal” idea starts from a move in the gradient space; a corresponding move
in z is then computed to estimate the curvature of the smoothened objective function.

The last two sections assess the approach, they show that the second idea has several merits
related to implementation and convergence issues.

2 Some Basic Results

Given a semi-positive definite matrix M, we denote by
H(z) :=inf{h(y) + 3 (M(y — ),y — z)} (3)

the corresponding Moreau-Yosida regularization of a function h. Allowing a degenerate M
in the quadratic perturbation departs from the classical framework, but we show that the
essential results concerning this regularization can be reproduced.

Notationally, block letters H, F', G, ... will be used to designate the regularized versions
of objects such as h, f, g, ...

Theorem 1. Let h in (3) be a closed conver function.

(i) If domh* NIm M = () then H(z) = —oo for all x.
(i) If domh* NIm M # 0 then H(z) > —oco for all x, and H is a convezr function defined
on the whole of RY .

Assume case (i) and denote by M~ the pseudo-inverse of M. The dual problem of (3)

Jnin 1 (g) = (g,2) + : (Mg, g)] = —H (2) (4)

has a unique solution G(x). The solution set in (3) is then
P(z) =0h*(G(2)) N[z — M~ G(z) + Ker M]; (5)

when ridomh* NIm M # 0, or when h is polyhedral, this set is nonempty (for all z).

INRIA
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Proof. The function H is the infimum of a function that is jointly convex in (z,y); in view
of §1V.2.4 of [6], H is convex (in x); also H(z) is clearly < 400 (for all ) but we have to
cope with the case H(z) = —c0.

For fixed #, denote by y — ¢(y) the objective function in (3); it is the sum of two closed
convex functions, one of them is finite everywhere. The conjugates of these two functions
are respectively (see Example X.1.1.4 in [6], I is the indicator function)

h*(g) and (g,2) + 3 (M~ g,9) + limm(9),
which have respectively the subdifferentials
0h*(g) and {z + M~ g} + Ker M . (6)
According to Theorem X.2.3.2 of [6] the infimal convolution

p'(s) = inf[h*(g) + (s = g,2) + 3 (M~(s = 9).5 = g) + imui (s — g)]

is a closed convex function, which is the conjugate of ¢. It follows in particular that ¢*(0) =
—H(xz); to say that this number is not +oco is to say that there is some g € dom h* such
that 0 — ¢ € Im M; (i) and (ii) are proved.

Now (4), precisely, just expresses the relation ¢*(0) = —H(x); observing that M~ is an
isomorphism on Im M, the infimum is attained at a unique G(z).

Finally, the primal solution set P(z) is d¢*(0); by Theorem XI.3.4.1 of [6], this is (5).
Under a suitable qualification assumption such as those stated, d¢*(g) is the sum of the
subdifferentials in (6). Then the optimality condition 0 € d¢*(G(z)) gives

0€dn*(G(z))— a4+ M~ G(x)+ Ker M ;
this just expresses the nonemptiness of (5). |

Among other things, this result reveals an important property of our “extended” Moreau-
Yosida regularization: finiteness of the value H () depends only on the geometry of h and
M, but not on the particular value of z. Furthermore, when A is polyhedral (the only case
of interest to us), existence of a candidate y* € P(z) in (1) also does not depend on the
particular x.

Remark 2.1 Suppose that the dual solution G(x) is available, together with a multiplier
w € Ker M of the constraint g € Im M. This means that there is some z € Oh*(G(x)) such
that 0 =2 — o+ M~ G(z)+ W, so that § .=z — M~ G(x) —w € P(x); then it is rather clear
that the whole P(x) is the closed conver set

Plz)={y=2—-M G(z)—w : weKer M and h(y) < h(9)}. (7|:)I

We now check that the well-known regularity properties of H are preserved.

RR n"2128



6 Claude Lemaréchal , Claudia Sagastizdbal

Theorem 2. Assume that, for all z, the infimum in (3) is attained on some nonempty set
P(x). Then the convex function H has at all x a gradient given by

VH(z)=G(z)=M(x—vy), for arbitrary y € P(z), (8)

where G(z) solves (4). Furthermore, VH is Lipschitzian. More precisely, for all xq, xs:
1
IVH(z1) = VH(@2)|[* < 5 (VH(21) = VH(zs), 21— 23) | (9)
where A is the largest eigenvalue of M.

Proof. Under the stated conditions, Corollary VI1.4.5.3 of [6] can be applied. It gives VH (z) =
M (z — y), no matter how y is chosen in the optimal set P(x). Then use (7): for such an
optimal y and w € Ker M, we have

My—z)=M@-M Gx)+w-—1z)=G().

As for the Lipschitz property, it is essentially proved in Theorem X.4.3.1 of [6]. O

Remark 2.2 When h is the piecewise affine function fi, the reqularized value Fk(xn) mn
(1) is easily computed, via the resolution of a quadratic problem. A particular y° can even be
selected: for stability reasons, it is advisable to choose one as close as possible to the current
center x,. For this, it suffices to solve a projection problem onto the polyhedron defined by
(7).

When M is positive definite, the solution set P(x) reduces to a singleton, called the
prozimal point of x and denoted by p(x). The update x,41 = y° therefore appears as the
prozimal point of x,, associated with the cutting-plane model fi,. For the general case of a
degenerate M, we still use the notation p(x) for an arbitrary point in P(x). Actually, this
notation is slightly simplistic; in particular it neglects the matriz M and the function h.

Finally, we recall that, in the classical Moreau- Yosida regularization, minimizing h is
equivalent to minimizing H; this property is conserved when M 1is singular, we omit the
proof which is simple. O

3 Description of the Algorithm

In this section we concretize the principles exposed in §1. We state a schematic algorithm and
introduce some of its properties. By M4 = Up(M, u,v) we mean an updated matrix using
M and two vectors u and v; for example “Up” may be a formula based on the quasi-Newton
equation Myu = v. We will actually consider two variants; in the first, My is imposed to
be proportional to the identity matrix, while the second will use a full matrix.

Algorithm 3.1
Step 0 (Initialization). Choose m €10, 1[, 29 € RY. Set yg = 29, Mo =1,n =k = 0.

INRIA
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Step 1 (Computation of the candidate). If the stopping criterion is not satisfied, find y° =
p(xn) i.e., solve §
y© € Argmin[fi(y) + 2 (Mn(y — 24),y — 20)], (10)

and compute
bn = b5 = f(2n) = fo(y") =+ (Ma(y® — 20), 4" — 2a) . (11)

Step 2 (Descent-step). If f(y°) < f(xn) —mby, then: update x,41 = y°. Choose two points
z and z' and a closed conver function h; compute the corresponding dual solutions G(z)
and G(2") from (4); set v :=2z' —z and v := G(2') — G(z); update My41 = Up(My, u,v)
and increase n.

Step 3 (Null-step). Set yr41 = y°, increase k. Loop to 1. |

Before starting the theoretical study of this algorithm, let us mention some implemen-
tation issues:

(i) The above description neglects numerical technicalities such as:
— an explicit stopping test (which can use (14) below),
— an elaborate choice of the initial matrix,
— an aggregation mechanism to avoid storing the whole bundle when % becomes large,
— a safeguard to prevent awkward candidates, since the quadratic problem in Step 1

may have no solution (y° “at infinity”); the end of this section suggests a possible
safeguarding technique.

— We will see that, for efficiency, some sort of line-search should be inserted before
looping to the next iteration; it is in this sense that the above description is only
schematic.

(ii) The matrix update in Step 2 will be explained in §4 below; we will consider two possi-
bilities for (z, z’, h) and two possibilities for the formula symbolized by “Up”.

(iil) Concerning the existence of solutions to (10), we recall here a result of [5]: being piece-
wise quadratic, the objective function has a minimum point if and only if it is bounded
from below. A detailed answer to this existence question was given in Theorem 1, which
can be particularized now to our present situation:

Proposition3. At iteration (n, k), let I' be the conver hull of the subgradients g1, ..., g
and assume I' N Ker M,, # 0. Then (10) has a solution of the form

Yo =zn — My G(2,) + Wy (12)

with wy € Ker M, and G(z,) € 0fp(y°) is given by (4).
The following relations hold:

6 = £(G(xn), M7 Gan)) + ey (13)

with

RR n"2128



8 Claude Lemaréchal , Claudia Sagastizdbal

and, for all y € RY,
F(W) > f(zn) +(G(2n),y — 2a) — 5 (14)

Proof. Use Theorem 1 with h = f; and M = M, First of all, the domain of (f})* is the
convex hull I" of the subgradients g; making up fi (see for example §X.3.4 in [6]). When
I'NnKer M # 0, the optimal value in (3) is a finite number and, because fr is a polyhedral
function, an optimal solution y° exists; its expression (12) comes from the characterization
(5). To obtain the form (13) of é,, plug the value (12) of y° into (11) and use the property
Mn_ wr = 0.

Finally express that G(z,) € 0f(y°): for all z € R",

F(2) 2 fu(2) > fe(y®) + (G(2n), 2 — ¥°)

and perform some straightforward algebraic manipulations to obtain (14). O

Observe that, when the existence condition I' N Im M # () holds, it holds for every
subsequent iteration, as long as M is not updated. In the particular case when 0 € I
(which corresponds to fr having a minimum point), the existence condition holds at every
subsequent iteration.

We recall that the subdifferential of the max-function fj is the convex hull of the active
subgradients g;. In other words, for some set of convex multipliers o,

G(zy,) = Ez’elk «;g; Where .
In={i=1,..k: flyi) + (95,9 — w) = fe(¥°)}.

Remark 3.2 When G(z,) and £ are both close to 0, (14) shows that z, satisfies an
approximate optimality property. In view of (13), the aim of the algorithm is thus to force
6 to 0 and to avoid “large” matrices M,,. ]

(15)

The next result is motivated by the introduction of semi-definite matrices.

Lemmad4. Let H be a closed convex function. If, for some x1, x4, there are g; € OH (x;),i =
1,2, such that

(g1 — g2, 21 —22) =0, (16)

then H is affine on the segment [x1, x2] and OH is constant on |z, x2[. If H is (finite-valued
and) differentiable, g1 = ga.

Proof. Take  := #1 + a(x2 — 1) with a € [0, 1]; write the subgradient inequalities
H(x) > H(x1) +a (g1, 2 — x1)
H(z) > H(zz) — (1 — @) (g2, 22 — 21)
and obtain by convex combination, using (16),

H(z)> (1 —a)H(z1) + aH(zq).

INRIA
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Since the convexity of H gives the converse inequality, H is affine on [, 22].
Now, restrict the above « to ]0,1[ and take ¢ € JH (z). Then the affinity of H means
that, for any ¢’ := 1 + o/(x2 — #1) with o’ €]0, 1],

H(z') = H(z)+ (g,2" — z) .
Additionally, for all z,
H(z)> H(z)+ (9,2 —z) = H(z')+ (9,2 —2') — ¢,

where ¢ := H(2') — H(z) — (g, — 2') = 0. Thus 0H(z) C 0H(z'); the other inclusion is
established likewise, exchanging = and z’.

Finally, if the convex function H is differentiable, it is continuously differentiable and
the equality VH (z) = VH(2') extends to the endpoints #; and 5. O

We conclude this section with a word concerning the computation of y°. When M, is
singular, the objective function in (10) may be unbounded from below; some safeguarding
technique is therefore advisable. Rather than loading the diagonal of M,,, we prefer to
perturb the function fi temporarily, just to eliminate candidates that are blatantly too far
from the current stability center.

Safeguarding Technique Suppose an estimated lower bound for f(z,41) is at hand; we
can take for example

= f(zn) - (17)
Then the constant function of value £ can be appended to the affine functions making up fi;
the perturbed model is bounded from below and existence of a (perturbed) proximal point
is guaranteed.

If the safeguard is active, fk(yc) = ¢, a supposedly very small value; this implies that
fr does not approximate the actual objective f properly. Thus, our safeguard should not

significantly disturb the algorithm. O

4 Matrix Updates

To compute Mp41 in Step 2 of Algorithm 3.1, we need to specify the pair of vectors u and
v, as well as the actual formula for “Up”.

RR n"2128



10 Claude Lemaréchal , Claudia Sagastizdbal

4.1 Choice of a Regularizing Scheme

The vectors u and v are uniquely determined from a triple (z, z’, h), knowing that
u=z'—2z and v=VH(z')—-VH(z).

We consider two alternatives for (z, 2/, h).

Model regularization (z-f) A first natural idea is to take z := z,, 2/ ‘= Zp41 = V5
then we need the two corresponding gradients of some smooth function H. For implemen-
tability reasons, H has to be the Moreau-Yosida regularization F} of the current model f;
(the updated model fk+1 could also be taken). Then G(z,) = VFk(;l‘n) is available and
V Fp(y°) = G(y°) is obtained via one more resolution of the quadratic problem:

p(y°) = y*° € Argmin{fi(y) + &+ (Ma(y — ¥°),y — ¥°)},

or rather of its dual. ad

Our second choice manages to regularize f itself, thanks to a backward process. We take
v :=g(y°)—g(x,) and we compute z_, y_ such that g(z,) = VF(x_) and g(y°) = VF(y-).
This amounts to inverting the proximal mapping, an operation which can be performed
explicitly:

Proposition5. We use the notation of §2; assume that z € RY is such that Oh(z) NIm M
contains some point G. Then, for any z_ € {z+ M~ G} + Ker M,

G=G(z-)=VH(z_). (18)
In fact, z solves (3) forx = z_, i.e., p(z_) = z.
Proof. With z_ as stated, set w := 2_ — 2 — M~ G € Ker M and consider the set
Oh*(g) — 2o+ M~ G+w=0r"(G) - z.

This set contains 0 because G € 0h(z), i.e., z € O0h*(G). Together with the property G €
Im M, we see that G satisfies the optimality condition of (4) with z = z_.
Furthermore G = M (z_ — z), hence z satisfies the optimality condition for (3). |

This result can be exploited with h = f, thus giving our second option:
Objective regularization (g-f) Suppose M, is nonsingular. Having on hand the two
successive iterates z, and y°, we also have the corresponding subgradients g(z,) and g(y°)
of f. Then we simply compute the points at which these two subgradients are gradients of

F'. We therefore take

wi=y" + M g(y) = [en + M g(zn)] . vi=g(y°) — g(za),

INRIA
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which can be suitably rewritten as

Ax = 2pqy1— 2n, vV=g(@py1)—9(zn), u=Az+ M. (19)
O

Knowing that our real problem is to minimize f, i.e., F', this last strategy actually appears
as more direct than (z-f): it tries to apply the algorithm

Tnp1 = Ty — V 2F(2,)VF(2,), (20)

VF(x,) and V2F(z,) being replaced by VFj(x,) and M, respectively. Furthermore, we
will see in §6.1 that positive definiteness can easily be preserved; we will also see that this
additional advantage is desirable.

4.2 Choice of an Explicit Formula

Let us now turn to the possible formulae for “Up”. First of all, it is important to remember
that the property v = VH(2') — VH(z) ensures (v,u) > 0, and the situation (v,u) = 0 is
described by Lemma 4. An important inequality is
[[]”
(v,u)
where A, is the largest eigenvalue of M,. To obtain it, apply (9) with M = M,,.
Another useful inequality is

A, (21)

[| Mo u]?

(Myu, ) <A, foru¢KerM.

Indeed, set z := Mﬁﬁu and observe that

[Mnull* _ (Mnz, z)
(M, u) (KR

We consider two variants for “Up”, based on the quasi-Newton principle.

Diagonal quasi-Newton Variant (dqN) The matrices are restricted to being propor-
tional to the identity: M, = p,I. Given u and v, the updated matrix is p,411, where p,41
minimizes 1/2||v/p — ul|?; we take

112
- o] if (v,u) >0,

Hnt1 = | (v,u
0 if (v,u)=0.

If (v,u) = 0, then v = 0 (Lemma 4): the observed curvature of H along u is 0, which explains
our choice ppy1 = 0. ad

RR n"2128



12 Claude Lemaréchal , Claudia Sagastizdbal

With relation to Remark 3.2, we have from (21)
Hn41 S Hn (22)

an inequality which holds independently of (z, ', h).

Full quasi-Newton Variant (fqN) The updated matrix is computed from the BFGS
formula:
Myy1 =M, +A-B,

where
vl .
A — W lf ('U, U) > O,
0 if not
and
Myuu™ M, .
———— if My ;
Bo— (Mo, ) i u#0
0 if not.

Note that this variant is robust, since
trA<A, and trB<A,.

It 1s also consistent:

— the choice A = 0 was already explained in (dgN),
— the choice B = 0 is similar, namely the predicted curvature along u is 0 when M, u = 0.
— As for the quasi-Newton equation, we have

Mpy1u= Myu+ Au— Bu = Au

and this is v in any case. O

Thus, all our formulae introduce smoothness while preserving implementability, two fea-
tures which are not present in [1]. Note, however, that we may well have G(y°) = G(z,)
(think of the very first iteration n = k = 0!). Then the variant (z-f) gives v = 0 and
Mp 41 degenerates. By contrast, My 41 in (g-f) can degenerate only when g(y°) = g(z,), an
unlikely event.

Remark 4.1 The difference of f-subgradients for v in (g-f) suggests Shor’s r-algorithm
[17]. In this variant, the matriz M, 41 dilates the space in the direction v. Having a coefficient
Bn > 1, we take (see [18])

0 ifv € Ker M,,,
Muyr =M, + | Bri—1

<'U Mn_lv> vo! if not.

INRIA
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We mention that this variant accommodates any vector v: we can also take v = g(y°), as in
the ellipsoid-type algorithm [16].
No matter how v is chosen, each matriz M, 1 ts positive definite if My, is such; again
robustness is preserved:
tr Myy1 < tr M, + (82 — 1)A,, . 0

5 Convergence Issues

As usual with bundle methods, we split our convergence analysis into two parts.

Theorem 6. Suppose that Algorithm 3.1 generates a finite sequence {x,,n = 0,1,...,ny}
and that the last generated matriz M, , is nonsingular. Then z,, is oplimal.

Proof. Since M,, is nonsingular, Algorithm 3.1 becomes a standard bundle method and
the proof of, for example, Theorem XV.3.2.4 of [6] can be reproduced. For the sake of
completeness, we give here a simplified version (which cannot be generalized when the bundle
is aggregated).

From the definition (11) of 6%, we have for k large enough and i = 1,...,k

Fi) + (90 k1 — ¥i) + 2 (M, (Yb41 — Zn,) s Ybt1 — Ty ) < f(2n,) — 6° (23)
(6% stands for 6T’§f). On the other hand, non-descent implies
f(xn,) —mé; < f(y;) forilarge enough
and we obtain by addition (neglecting the quadratic term):
(9i, ype1 — yi) < mé' — 6% for large i and k, withi < k. (24)
Now, there exists by construction an i such that x,, = y;; taking this i in (23):
(95 Y1 = 2ng) + 3 (Myy (Y1 = Zny), Y1 — ny) < =68 <0,

Because M, is positive definite, this implies the boundedness of {y}, hence, from (15), of
{91 }: the left-hand side in (24) can be made arbitrarily close to 0. On the other hand, since
fr < fk+1, the sequence {6*} is decreasing and has a limit, which therefore has to be 0.
Then, from (13), g and &* tend to 0 and (14) shows that T, minimizes f. |

We now turn to the case of infinitely many descent-steps; our study will be limited to
the diagonal variant (dgN). The result below is rather classical ([9], [15], [3]), apart from the
possible degeneracy of the quadratic term in the proximal problem (10). The proof suggests
that the particular value 1/m of the safeguarding parameter in (17) is not totally innocent.

Theorem 7. Consider Algorithm 3.1 with the following options:
— diagonal quasi-Newton update (dgN);

RR n"2128



14 Claude Lemaréchal , Claudia Sagastizdbal

- safequarded resolution of the quadratic subproblems, as explained at the end of §3.

If an infinite sequence {x,} is generated, it is minimizing: f(x,) — inf f.

Proof. The key is (22): {ptn } is a nonincreasing sequence, hence t,, := 1/p, forms a divergent
series. We consider two cases.

Suppose first p, > 0 for all n. Then the proof is classical: we can reproduce for example
Proposition 2.2 in [3] or Theorem XV.3.2.2 in [6].

Now assume p, = 0 for some n. In view of (22), u, = 0 for all p > n. As long as the
safeguard of §3 does not come into play, y° minimizes f; and the situation is essentially the
same as before. From (13), 6% = f(z,) — fe(y°). Since f < f and the descent test forces
68 — 0, the conclusion still holds.

The last possibility is when p, = 0 with an active safeguard. Then (14) cannot be used
because, after perturbation by £, the model f; is no longer below f. Rather, combine (17)
with the descent test to obtain

f(@n41) < f(2n) = mlf(zn) =4 = f(zn) = [f(2n-1) — f(zn)].

If this holds infinitely often, f(z,) — —oo and the conclusion still holds. O

We do not know if the above result can be proved for the variant (fqN). The usual
technique for BFGS updates is to bound the trace of M,, from above. Here the inequality

tr Mpy1 <tr M, +tr A <trM, + 4,

is easily obtained from (21). However, it is not sharp enough to establish the divergence of
the series {1/A,} (a key argument, see for example [1]).

Our last result is related to speed of convergence. In fact, consider (20), which is the
basis for all our development. We are trying to minimize a function F' which, despite ap-
pearances, depends on the iteration index n, through the matrix M,,. We should therefore
check whether the whole idea makes any sense. We do this in an ideal situation: assume that,
for given z, and M,, the regularized values F'(x,) and VF(z,) can be exactly computed.
Limiting ourselves to the combination (dqN)-(g-f), we obtain the following simplification of

Algorithm 3.1:

Algorithm 5.1

Step 0 (Initialization). Choose xq € RY and compute go := g(zo). Set po =1,n=0.
Step 1 (Computation of the prozimal point). If the stopping criterion is not satisfied, solve

£s1 € Argminlf(z) + & in (2 — 20, — )],
Compute gnt1 := g(Xn41) and set

1
AL = Zpy1 — Tn, V= gnt1 — gn, U= Az + u—v.
n

INRIA
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Step 2 (Descent-step). Set
v
if (v,u) >0,
Hnt1 = | (v, u) f v, u)

0 if not.

Increase n and loop to 1. O

The above expression for u comes from (19). We can also write the update as

1 1 (v, A
=—+ b, 2I> (25)
fingt  Ha 0]

whenever (v, u) > 0.

Theorem 8. If Vf is locally Lipschitzian, then p, — 0. Make the following additional
assumptions: f has a (unique) minimal point & and a quadratic growth condition holds: for
some o > 0,

f(2) > §(@) + ale - al?.
Then f(x,) tends to f(Z) g-superlinearly.

Proof. If pn, = 0 for some n, x,41 1s obviously a minimizer of f, so we can assume in Step
2 that (25) holds for all n. If Vf has the local Lipschitz constant L, we can apply [14] or
Theorem X.4.2.2 of [6]: (v, Az) /|v|? > 1/L and 1/p,, — +o0.

Now apply the subgradient inequality:

)+ |gn+1|2 ]

F(xn) > f(@ng1) + (gnt1, Tn — Tng1) = f(Tnpr p

On the other hand, our growth condition implies (Lemma 4.3 of [1]):

gnsal? > f(ass) - £2)

hence

f(xn) = f(2) > f(eng1) — f(2) + %[f(xnﬂ) — f(2)].

The conclusion follows, since — 0. O

1
1+a/:un
Note that we have

ale— 2 < f(z) - f(z) < Llo — al?

so {f(zn)} and {x,} converge at the same speed. The above result may seem artificial since,
in our ideal situation, the ideal value for the penalty is g = 0. To become really convincing,
the proof should be extended to the variant (fqN). Let us say that, at least, (25) gives a
constructive (and hopefully reasonable) way of driving u to 0.

To conclude this section, let us give some comments concerning the assumptions in
Theorem 8. The growth condition is assessed by the following result:
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Proposition9. Let Algorithm 5.1 be applied to the univariate function f(x) = 1/3|z|3, star-
ting from xq > 0. Then the convergence of {x,} to the solution 0 cannot be g-superlinear.

Proof. First draw a picture to see that x, > zp,41 > 0 for all n. The next iterate p(z,)
satisfies the relation

PP(n) + pinlp(n) — 0] = 0. (26)
Divide succesively by u,p(z,) and p2 to obtain
) ) ) 2(, )
p(2n) =" 1 and I o p—(fn) + p_(]:n) . (27)
pn p(n) fn B fin
Next, straightforward calculations in (25) and multiplication by p(x,) give

Tnyl P(ln) + p(l‘n) (28)

Hn+1 Hn Tn +p($n) .

Now assume for contradiction that {z,} converges to 0 g-superlinearly, i.e., p(zn)/z, —
0. Then p(zyn)/pn — +00 and s, := &p/pn — +00 because of (27); also, from (28), sp41 =
p(@n)/pin + €n, where e, := p(2,)/[2n + p(x,)] forms a convergent series. Finally, compute
explicitly p(z,) from (26) and obtain the equalities

2p(n
dsmr —en 41 = 2@ g T de T = T A5
I

n

Using the inequality /1 + 4s, < 1+ 2s, and summing, we see that {s, } is bounded. This
is the required contradiction. O

As for our smoothness assumption on f, its necessity is not obvious: we do not know if
the property p, — 0 is really crucial. Such an asymmetry between the two assumptions in
Theorem 8 can be explained:

— The growth condition appears natural: if it does not hold, the model F may become a
gross approximation of f.

— Likewise, if f does not have a Lipschitzian gradient, its growth prevails over the quadratic
perturbation.

6 Implementation Issues

We have already suggested that Algorithm 3.1 is only schematic, and that some line-search

is needed. For this, two strategies may be adopted:

— Standard line-search. Once y° is computed, the next iterate (z,41 or yr4+1) is searched
along the half-line {z,, + #(y° — z,) : t > 0}.

— Curved search. Adjust the norming, replacing the matrix M, in (10) by M,/t. Then
the candidate y°® depends on ¢ > 0, but the mapping ¢ — y° is no longer positively
homogeneous. The next iterate is searched along a curve, parametrized by the “stepsize”
t.

INRIA
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6.1 Extrapolation

When a descent test is accepted, the matrix M, is going to be updated, but it is advisable
to avoid a degenerate Mp41. In fact:

— The proof of Theorem 6 breaks down when My, is degenerate; a very first difficulty is that
the candidates y® may become unbounded.

— In Theorem 7, the relevance of a degenerate M, is questioned: there, such a degeneracy
means M, = p,l = 0 forever, unfortunate for an algorithm trying to identify a second
order behaviour. Degeneracy appears as clumsiness, at least for the diagonal variant.

— Empirically, a degenerate matrix also presents a serious danger. Suppose an iteration where
M, = 0; then the algorithm starts a sequence of pure cutting-plane iterations. We may
be in the situation of Nemirovski’s counter-example: an enormous number of null-steps
becomes necessary until a descent iterate is found.

Inspection of the update formulae in §4 shows that v should be nonzero to yield an
invertible M, ;1. Guaranteeing this property seems difficult for the (z-f) variant, but it is
straightforward with (g-f):

Lemma10. Let u and v be given by (19) and take m' < 1. Then
(9(ns1), Tt — a) > S, (29)

implies (v,u) > 0.
Proof. The definition of fj, implies

F(@n) + (9(@n), Entt — 2n) < Felnsn);
add 1/2 (M (Zn41 — Tpn), Tn41 — Tn) to both sides, to obtain

(9(2n)s 2ng1 =€) < frl(@ng1) + 3 (Mn(@n1 = €n), Zng1 — 2) = f(2n) = —bn .
Subtracting from (29), we get
(v, Az) = (9(2n41) = 9(n), ngr — @n) 2 (1 =m)6n >0

and the conclusion follows due to (19). ad

To guarantee positive definite matrices, it therefore suffices to find a candidate satisfying
(29) as well as the descent condition. This is nothing but a Wolfe type criterion for the
stepsize. With m’ €]m, 1], this problem is classical for a standard line-search; as for the
curved search, it is solved in (2.17) of [15].
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6.2 Interpolation

An awake reader may have already realized that the proof of Theorem 7 is “too easy to be
true”: its work-horse (22) is a luxury argument. Indeed the same proof would apply if {u,}
were increasing with a moderate speed.

Remark 6.1 It can be proved that, if M, is updated with the symmetric rank-one formula,
then the same phenomenon occurs, namely

tr Mpy1 < tr M, .

Moreover, this formula preserves positive definiteness of M, 41. Based on these properties,
convergence of Algorithm 3.1 can be established when SR1 replaces (dgN) for “Up”. O

Clearly the algorithm will be in trouble if My is chosen unduly small. To struggle against
this misbehaviour, we accept to increase the penalty through a division of the matrix by a
short stepsize. Here comes a really delicate point: when the descent test (2) is not satisfied, a
decision must be made: either to decrease the stepsize, or to enrich the bundle via a null-step
(or even both, why not?). A possible strategy is as follows.

Having y°, compute the linearization error

e = flan) = [f(y°) +{9(¥°), zn —¥°)] -

If e is large, the new affine piece in fi is going to have little influence on the computation
of the new candidate. It is therefore reasonable to make a null-step only if

e <m'é,, (30)
where m’ is a positive tolerance. When (30) is not satisfied, an interpolation is performed.

Remark 6.2 An important question is whether this backtracking procedure spoils the bund-
ling mechanism. In other words, will repeated interpolations eventually produce a stepsize
t > 0 such that (30) holds? It can be proved that the answer is yes; this actually relies on
the semismoothness of convex functions [11]. O

6.3 An Improved Algorithm

We end this paper with an example of algorithm including the refinements presented above.
It uses the (g-f) option for the update since the preceeding analysis reveals its definite
advantages. Note an important detail: it is M, /t and not M,,, which we update in the
quasi-Newton formula, as in [13].

Algorithm 6.3

Step 0 (Initialization). Choose m €10, 1[,m' €]m, 1[,m" > 0,z¢ € RY. Set yg = 2o, My =
Ln=k=0.

Step 1 (t-adjustment). Ezecute Algorithm 6.4 to obtain t > 0 and y°.

INRIA
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Step 2 (Descent-step). Update xn41 = y°. Set Ax := Zpg1 — Tn, v = g(2n41) — 9(2n),
u:= Az +tM v and update M, 41 = Up(M,/t, u,v). Increase n.
Step 3 (Null-step). Set yr41 = y°, increase k. Loop to 1. |

A (dgN) strategy in Step 2 would result in an alternative to the proposals of [9] and [15].
As for the t-adjustement, we have chosen a curved search, which we believe is more natural:

Algorithm 6.4 The data are fy,,, M, and the tolerances m, m', m'.
Step 0. Sett=1,tfp =0,tgp = 4oco.
Step 1. Compute

)= Fe(y) — & (M — 2n), 4° — n)
F(e) = UGS + (06, 2a — )]

Step 2. If f(y°) > f(zn) — mé, go to Step 4.
Step 3. If (9(y°),y° — xn) > m'é, stop with a Descent-step.
Otherwise setty, =t, compute a newt in |tr,tg[ and go to Step 1.
Step 4. Iftp =0 and e < m"é, stop with a Null-step.
Otherwise set tg =t, compule a new t in |ty tg[ and go to Step 1. |

§:= f(an
€=
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