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Compilation de la réduction forte et de téte

Résumé :Les compilateurs de langages fonctionnels ne mettent en ceuvre que la
réduction faible. En certaines occasions il est nécessaire d’évaluer des formes nor-
males ou des formes normales de téte. Nous étudions ici comment la transformation
cps (“continuation passing style”) peut étre utilisée pour compiler la réduction forte
ou de téte. Une expression cps est appliquée a une continuation particuliére et sa
forme normale (forte ou de téte) est évaluée par I'habituelle réduction faible. En res-
tant dans le cadre d\rcalcul, nous n’avons pas a concevoir de machine abstraite
spécialisée et cette technique permet a un compilateur standard de réduire sous les
lambdas.

Mots-clé : A-calcul, continuations, réduction forte, réduction de téte, compilation.
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1 Introduction

Functional language compilers consider only weak-head reduction and the evaluation stops when a
weak head normal form (whnf), that is a constant dradstraction, is reached. In practice, whnf

are considered diifient because the printable results of programs belong to basic domains. Howev-
er, there are cases where one would like to reduce wislén get head normal forms (hnf) or even
(strong) normal forms (nf). Specificallgead/strong reduction can be of interest in:

» program transformations (like partial evaluation) which need to reduce Aitsger

* higher order logic programming liReprolog [14] where unification involves reducikgerms to
normal forms,

» evaluating data structures coded\texpressions,
« compiling more dicient evaluation strategies.

A well known tool used to compile (weak) evaluation strategies of functional programs is con-
tinuation-passing style (cps) conversion [5][15]. This program transformation makes the evaluation
ordering explicit. V& see it as a compiling tool since cps expressions can be reduced without any dy-
namic search for the next redex. Its main advantage is that it stays within the functional framework
and thus does not preclude further transformations. Several compilers for strict and non-strict func-
tional languages integrate a cps conversion as a preliminary step [6][10].

Here, we study how to use cps conversion for the implementation of head and strong reductions.
To the best of our knowledge, the application of this transformation to such reduction strategies has
not been investigated for fak key property of cps expressions is that their (weak) evaluation is or-
der independent: there is a unique (weak) redex at each reduction step. This property does not hold
with strong or head reduction ; a cps expression may have several (strong) redexes. Our approach is
to simulate head/strong reductions by weak reductions. Cps expressions are applied to special con-
tinuations so that their head/strong normal form can be obtained by the usual weak-head reduction.
This way we still use the only strategy known by compilers (weak reduction), and we retain the key
property of cps. The advantage of this approach is that we do not have to introduce a special abstract
machine and/or particular structures. It can be used to extend an existing compiler with head/strong
reduction capabilities and it enables us to use classical implementation and optimization techniques.

In the following, we assume a basic familiarity with Mzealculus and cps. In section 2, we in-
troduce some notations, the definitions of théed#nt reduction strategies and cps conversian. W
consider in section 3 how to use standard cps conversion to simulate head-reduktexprefs-
sions. Section 4 is devoted to strong reduction which involves a minor modification of the technique
used for head reduction. In section 5, we envisage a restrictenadtulus with a flexible notion of
typing which allows a better treatment of head reduction. Section 6 describes how this method could
be used to compile morefiefent reduction strategies, addresses implementation issues and discuss-
es possible extensions.



2 Compilation of Head and Srong Reduction

2 Preliminaries

One of the application of head reduction being to avoid duplicated or useless computations (see sec-
tion 6), we will focus on call-by-name.&\tonsider pura-calculus and the globaLexpression to

be reduced is always assumed to be closed. Given a reduction strategyf(fesp. E F) reads

“E reduces to F after one (resp. i) reduction step by x”. The transitive closgresonﬁoted - and

its transitive, reflexive closure is noteg! . The three computation rules we are deallng with (i.e.
weak head, head and strong reduction) are described in the form of deductive systems.

* Weak head reduction is notgd and is defined by

E- FE
(AX.E) F - E[F/X] ovooo
EF-. EF
W
Closed whnfs are of the formx.E.
* Head reduction is noteg and is defined by

E- E
00o000BO00000 n=0
AX1. o A E g AXq. . AX E

Closed hnfs are of the formxy. ...AXn.X; E;...E, (1sisn, p20). X is called the head variable.
 Strong reduction is noted and, with N's standing for ri§, is defined by
E o DE;

E ! .
alialy 0000000000 00000000000000

s )\Xl. ...)\Xn.Xi El EI Ni+1"'Np s )\Xl. ...)\Xn.Xi El E’i Ni+l"'Np

Strong reduction is described as a sequence of head reductions. When a hnf is reachadehesar
of the head variable are reduced in a right to left fashion. Closed normal forms are of th&,form
. MXpXi N1...Np with 1<i<n and withN = X [AXq. ...AXp.X N1...Np

2 stands for the standard cps conversion associated with call-by-name [15] and is defined in Fig-
ure 1.

A(X) =X
A(AX.E) = Ac.c Ax.a(E))
A(E F) =Aca(E) Af.f a(F) c)

Figure1l Standard Call-by-Name Cps

Variables ¢ and f are supposed not to occur in the source term. The reduction of a cps term con-
sists of a sequence of administrative reductions (i.e. reduction of redexes introduced by the transfor-
mation, here redexes of the fordc.E) F or (A.E) F), followed by a proper reduction
(corresponding to a reduction of the source term), followed by administrative reductions, and so on.
The relation induced by administrative reductions is notgd, for example:
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A((AX.E) F) I = (Ac.(Ac.c Axa(E)) AFaq(F) ) | @ (Ax.a(E)) A(F) |

The following property states that evaluation of cps expressions simulates the reduction of
source expressions; it is proved in [15].

Property 1 IfE I WthenaqE)1 H X & a(W) | and if Wisawhnf then X is a whnf. Further-
more E does not have a whnf iff a(E) | does not have a whnf.

Cps conversion introduces many new A-abstractions and affects the readability of expressions.
In the remainder of the paper we use the following abbreviations

AX.E=Ac.c (AX.E)
A X, - E=EAc.c (AXy. ...(Ac.c (Ax,.E))...)

Xy E=MEX, (..(MFXLE)...)

3 Head Reduction

Since we are interested in compiling, we consider only programs, i.e. closed expressions. A compiler
does not know how to deal with free variables ; the expression to be reduced must remain closed
throughout the evaluation. Furthermore, in order to use weak head reduction to evaluate hnf’s, the
leading A’s must be suppressed as soon as the whnf is reached. Our solution is to apply the whnf to
combinators so that the associated variables are replaced with closed expressions. The head lambdas
disappear, the expression remains closed and the evaluation can continue as before. After the body is
reduced to hnf the expression must be reconstructed (i.e. the leading A’s must be reintroduced as well
astheir variables). We reach a hnf when the head variable is applied (aclosed hnf is of the form Ax;.
...AXn.Xj Ez...E,) S0 the combinators previously substituted for the leading variables should take
care of the reconstruction process.

In general, it is not possible to know statically the number of leading A’s (sometimes called the
binder length) of the hnf of an expression. We have to keep track of their number in order to eventu-
aly reintroduce them.This complicates the evaluation and reconstruction process. In section 5 we
present a means of avoiding this need for counting.

We use the standard call-by-name cps conversion (a(). The global cps expression is applied to a
recursive continuation Q and an index n suchthat Q En=EH,, Q n+1 (Q, H, and n being combina-
tors). Combinators n represent the number of head abstractions already encountered. The weak head
reduction of such expressions looks like

A(E) Q n vTI/’ (Ac.c(Ax.F) Q n when a cps expression E is evaluated by wh-reduction, its whnf
(if any) will be of the form Ac.c (AX.F)

w7 QAXF) n the continuation Q is applied
w AXF)H,Qn+l Q applies the whnf to combinator H,,, Q and the new index

& FIH/X] Q n+1 H,, is substituted for x
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The expression remains closed and the evaluation continues, performing the same steps if other
whnf’s are encountered. Eventually a hnf is reached, that is, a combinator H; isin head position and
this combinator is responsible for reconstructing the expression.

In fact, we do not apply the global expression directly to Q but to combinator A (defined by A E
F = F E) whose task is to apply the expression to Q. Thisway Q remains outside the expression and
It makes its suppression during the reconstruction process easier. This technical trick is not absolute-
ly necessary but it simplifies things when working within the pure A-calculus. The reduction steps
that occur when awhnf is reached actually are

AccMxF)AQN » AMP QN » QAxPNn » AxFH,AQn+l

If E is aclosed expression, its transformed form will be a(E) A Q 0 with

AMN o NM (A)
oMn O MH,AQn+1 Q)
The family of combinators H; is defined by
HiMNN=AX, . AcXisy (M (RN (Ac. %, ©)) (K c)) (H)
with REFGHI 5 Mf(AcCGAQE(Fc)HREFRI) (R)

When the hnf is reached the expression is of the form H; (\f.f E;...(Af.f E, A)...) Q n, n repre-
senting the number of head abstractions of the hnf. The reduction rule of H; deletes Q, reintroduces
thenleading A’s and yields

AKX - ACXivg (M.FEp...(AMFELA)...) (RN (AcX, ©) (K c)).

Some H;’s may remain in the continuation of x;,, and therole of R is to remove them by apply-
ing suitable arguments to each E;. Thefinal continuation A calls K which removes the reconstructing
expression R n (Ac.X,, C).

Example: Let E = AX.(AWAY. Wy X) (Az. 2) X
Its head reduction is
E 7 MX.(AY.(AZ. 2) y x) X
7 MX.(AZ. 2) X X
7 AXXX

After cps conversion and simplification the expression becomes

A(E) = AX. AC.(Aw. Ay.Ac. w (Af.fy (Af.f X C))) (Az.2) (Af.f X C)
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The weak head reduction of the cps expression simulates the head reduction. Reductions correspond-
ing to head reductions of the source expression are marked by [0 ; the other being administrative re-
ductions.

NE)AQD o A XACOW. AyAc. w (AFFy (\f X ©)) \z.2) (\fFxc) QO

Q (AX.Ac.(Aw. Ay.Ac. w (Af.fy (Af.f X C))) (Az.2) (Af.f X C)) 0

W
o (AXAC.QAW. AgyAe. w (A y (MF x 0)) (Az.2) (Af.fxC) HgA Q1
2 (AW AyAc. w (ARFy (M Hg 0) (\cz2) (Af.FHpA) Q 1

o (AyAc. A\z.2) (Af.fy (MFHp ) AMFHA) Q1 O
2 (\yAc. Az2) (\Fy (MFHG Q) HoA Q1

= (\c.(\z2) AMFHy(MFHO)AQT O
3 (A\z2)Ho(MiHoA) Q1

= Ho(\MfHoA) Q1 O

The hnf isreached. Using the definition of Hgy we get
HoAMfHGA) Q1 - AxAcx (MFfHgA) (RI(ACAfxC) (Kc) =A (H)

Now, we show that this hnf A is equivalent to (or that the reconstruction yields) the principal
hnf (Ax.x x) in cpsform (Ax.Ac.x (Af.f x C)).

A - AXACX (R 1 (AcAf.fxc)HgA (K 0)
S AXACX (AFF ACHA QT (AcAffxC)0) (A (RI(ACAFXC) (KO))  (R)
Since AC.HyA Q 1 ((AcAf.fxc)c) - Ac.Aw.Ac.w c) (AcAaffxc)c)  (H),(A),(K)
-~ ACX C=p X
and A(RIMCAIXQ) (KO - c (A),(K)
then A = AXACX (Af.f X ) 0

All reductions taking place in the head reduction of the source expression are performed on the
transformed expression by weak head reduction. Here the resulting expression is interconvertible
with the principal hnf in cps form. Note that the reconstruction process is not completed by weak
head reduction. In a sense, the reconstruction process is lazy ; it can take place (by wh-reduction)
only when the resulting expression is applied. Only the required subexpressions will be reconstitut-
ed.
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The following property states that for any closed expression E the weak head reduction of a{(E)
A Q 0 simulates the head reduction of E. If E hasahnf H then the wh-reduction of a(E) A Q Oyields
an expression equal to a(H) A Q 0 (after administrative reductions).

Property 2 Let E be a closed expression, if E Q H then there exists an expression X such
that a(E)A QO % X & a(H) A QOandif Hisa hnf then Xisawhnf. Furthermore E does not
have a hnf iff a(E) A Q 0 does not have a whnf.

Proof. The proofs are described in the annex.

In general a((H) A Q 0 « a¢(H) does not hold, namely the result is not always interconvertible with
the hnf in cps. Thisis usual with this kind of transformation ; the result is in compiled form and is
convertible to its source version only under certain conditions. We still have a strong relationship be-
tweena((H) A Q 0and a((H). Let H = Axy. ... AXn.X; Eq ... Ep then

A(H) = AXn AC. X (A(Ep) c©)
and A(H)A QO0=AX, Ac.x; (X, E)withX;=Aca\%, E)AQO (X, o).

So, the head variable is the same and if the sub-expressions a(E;) and X; have a hnf they will
aso have the same head variable. Likewisg, if a sub-expression a(E;) does not have a hnf then the
corresponding expression A(AX,, .Ej) A Q 0 (X, c) does not have awhnf and they can then be con-
sidered equivalent. However we do not have a plain equivalence since there are expressions whose
subexpressions all have a hnf but have no nf themselves ; for example (Axy.y (X X)) (AXy.y (X X)) —
ce = (AVY (AYY . (AXYy (X X)) (AXxY.y (X X))). For such expressions a(H) A Q 0 and a(H) are not
interconvertible; the H;’'s substituted for the leading variables may never be completely removed.
However, for expressions with anormal form the following result holds.

Property 3 Let E be a closed expression with a normal formthen A(E) « a(E) A Q 0

Here, we propose one possible definition of combinators n, Q, H;, R in terms of pure A-expres-
sions. We do not claim it is the best one ; we just want to show that such combinators can indeed be
implemented in the same language. Simpler definitions could be conceived in aless rudimentary lan-
guage (e.g. A-calculus extended with constants).

We represent n by Church integers, i.e. 0 = AMfx.x and n = Afx.f” x. The successor function S* is
defined by S* = Axyzy (xy 2).

I = Ax.X, K = Axy.x, A = Axy.y x and Y = (Axy.y (X X ¥))(Axy.y (x X y)) (Turing’s fixed point
combinator)

Q=Y (Awen.e(Hn) Aw (S"n))
The family H; is represented by H i with
H =Aieon.nL (Aacal (Wi)(e(Rna) (K )l

where W = Aii (Axyz.zx) K
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L = Aab.Ax.a(Ac.b (Af.f x c))
R=Y (AruvwxyAf.f AcwA Qu(vc)) (X (ruv)y)

We can easily check that these definitions imply the reduction rules previously assumed, for ex-
ample QEn J EH,AQn+lorREFGHI [ MfAcGAQE(Fc)(H(REF)I).

4 Strong Reduction

Full normal forms are evaluated by first reducing expressions to hnf and then reducing the arguments
of the head variable. We follow the same idea as for head reduction. Instead of instantiating variables
by combinators H; we use the family S which will carry out the evaluation before reconstructing.
The recursive continuation Q is the same as before except that it applies S instead of H; to the A-ab-
straction.

If M isaclosed expression, its transformed form will be a(M) A Q 0 with

QMn 5 MS,AQn+l Q)
with SMNn gy ME,BH;Nn ©)
where EEMNP 5 NEP(MAQIC) (E)

BMN 5 NA (B)

CMNP g PR (Ac.cM)N) ()

When the hnf is reached the head variable previously instantiated by S is called. It triggers the eval -
uation of its arguments via E; and insert H; as last continuation. E; applies the argumentsto A Q i
which will be evaluated in aright to left order and inserts the continuation C needed to put back the
evaluated arguments X1,...,X, incpsform (i.e. Af.f X4 (...(Af.f X, E) ...)). Theroleof Hi'sis still to
reconstruct the expression. Combinator H; keeps the same definition except for R which have now
the ssimplified reduction rule

REFGHI=Mf(\cG(FQ)(H((REPI) (R)

When R is applied, the arguments are already evaluated and reconstructed so there is no need to ap-
ply themto A Q i as before.

Example: Let M = AX.(AWAY. Wy ((AV. V) X)) (Az. 2) X
Its strong reduction is
E = MAX.(AY.(AZ. 2) y ((AV. V) X)) X
& AX.(AZ. 2) X ((AV. V) X)

& AXX((AV. V) X)
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= AX.X X

After cps conversion and simplification the expression becomes

A(M) = AX. (AW. Ay Ac. w (AFF y (AF (. V) X) ©)) (\z.2) (Af.F x ©)

The weak head reduction of the cps expression is (reductions corresponding to strong reductions of
the source expression are marked by [1)

AM)AQOD 3

FYw ¥ Fw T F Y Fw T FJv F I»

gl

g

—

w

(AX. Ac.(Aw. Ay Ac. w (Af.fy (Af.f ((Av. V) X) €)) (A\z.2) (AMf.fxC)) S A Q 1
(W AgyAc. w (ALFy (M (A, V) So) ©)) (Az.2) (Mf SHA) Q1

(AyAc. \z.2) (MFy AEF (V. V) Sp) ©) MFSHA) Q1 0
(Ay.Ac. (Az.z) (AMf.fy (AfF((AVv. V) ) €)) S A Q 1

(Ac. Az.2) (Aff Sy (MF (AW V) S ) AQ 1 O
(\2.2) Sy (A (AV.v) S A) Q 1

So MF(W.V) S)) A) Q1 thehnf is reached, the reduction rule of Sy is used.]

(Aff (. V) S A)E;BHpQ1

Ei(AV.V) S) ABHyQ1
(AW.V) S)AQIC)AH,Q1

SAQICAHEQ1 the nf iis reached ; the reconstruction begins.[]
HoAQICAHyQ1

(AXACX (A (RT(AcAffxC) (K ) CAHQ1

C (AACX (A (RI(ACAfEXC) (KQ)AHQ1

HoX Q1

with X = A.f (Ac.c(Ax.Acx (A (R 1 (AcAffxc)) (K )) A

S AXACX (X (RI(AcAff X Q) (K )

The wh-reduction is completed. Now, we show that the result is equivalent to the normal form

in cpsform.

X 5 OAF(AXX) A (A),(K)

and X (RIMcAMfxc)(Kc)L RIMCAMIxc)Axx)A (Kc)

*

- AfLF(Ac.(AX.X) (AcAf.fxc)c) (A (R 1 (AcAf.fxc)) (K ©) (R)
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L Mfxc sinceA (R1(\cAffxc) (Kec)S ¢ (A),(K)

and Ac.Ax.X) AcAf.fxc)c - AC.XC—p X

n

SoAxAcx (X R 1 (\cAf.fx €)) K c) AX.Ac.X (Af.f x c) which is the normal form in cps
form. O

All the reductions taking place during the strong reduction of the source expression are carried
out by wh-reduction of the transformed expressioa.d& not really get the full normal form since
the reconstruction can not be achieved completely by weak head reduction. As before the reconstruc-
tion is lazy However the result is convertible to the normal form in cps and the complexity of this
last step is bounded by the size of the normal form. If we were just interested in normal forms as a
syntactic resultH;’s could be replaced by functions printing the nf instead of building a suspension
representing it. In this case, the evaluation would be completely carried out by wh-reduction.

We have the analogues of Property 2 and Property 3. The following property states that for any
closed expression E the weak head reductiog(Bj A Q 0 simulates the strong reduction of E.

Property 4 Let E be a closed expression, if E Q Sthen there exists an expression X such that
A(E)A QO %_X & (S A QO0andif Sisanf then X isawhnf. Furthermore, E does not have a
nf iff a(E) A Q 0 does not have a whnf.

The result of the evaluation afE) A Q 0is interconvertible with the nf in cps.

Property 5 If a closed expression E has a normal formthen a(E) « a(E)AQ0

5 Head Reduction of Typed Lambda Expressions

In the previous sections we needed to count the number of |egdidgring the evaluation. Using
some form of typing it is possible to know the functionality of the expression prior to evaluation and
thus get rid of this countewwe consider only head reduction ; typing does not seem to simplify the
compilation of strong reduction.

Simply typedA-calculus would suit our purposes but would harshly restrict the class of expres-
sions. More flexible typing systems arefmignt. One candidate is reflexive reducing typing [1]
which has already been used in [8] to determine the functionality of expressions. It is shown in [1]
that we can restrict a language to reflexive reducing types without weakening its expressive power
Reflexive reducing types are defined by (possibly recursive) equations of the foop - ... -

o,- a,0q, ..., 0, being themselves reflexive reducing types armking a base type (not a reflex-

ive type). This enables us to type recursive functions but not for exakxglex)(Axy.xx) (this ex-
pression has the reflexive type- a — o with o =a - o which is not reducing). ¥do not dwell

here on the details of this typing system. The important point for us is that a closed expression with
typeo =0y —...» Oy~ @ has a hnf of the formx,. ...AX,.x; E;...Ep,

If the expression to reduce to hnf has functionality n then the transformed expression is

A(E) ORF XL AR XD L,)...) and we note(E) (X, L.
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That is, we apply the expression to n arguments in order to remove the n leading abstractions.
Combinators X, play the same role as the combinators H; introduced in section 3. They will be sub-
stituted for variables and used to start the reconstruction process.

Xin E=AX, . Acx (E (R, (Acx, ©) (K ) (X)
Combinator R,, used in the definition of Xin plays the same role as R in the definition of H;.
RhAEFGH=Af (AcFL,(EC)) (G (R,E)H) (R)

In the preceding sections, the reconstruction of subexpressions was based on the same tech-
nigue as the reduction of the global expression: each subexpression was applied to continuation Q
and was rebuild after being reduced to hnf. Here, thereis no type information available on the subex-
pressions and we cannot use the same method as for the global expression. In particular, a subexpres-
sion (A.z.E) can not be reduced since we do not know its functionality. However, it may contain
occurrences of combinators X, which are to be removed. This case is treated using combinators L ,
and Z, which carry on the reconstruction inside the A-abstraction.

L E=AXK, . AzZAC.E(Z,2) L, (X, © (L)
Z,EF=AX,.Ac.E(F (R, (A\cX, ©) (K ) (2)

For example, if the hnf is of theform Axy. ...AXp.X; ...(AZ.E)... then R, applies each subexpres-
sontolL,and (Xn c) and we will get for the A- abstractlon (Az.E)

A AZE) L, (X, © - Ac.L (AzE) (X, ©
S M. AXn - AzAe. AZ.E) (Zy2) Ly (Xy ©)(Xy ©)
~ AzZAC. E[Z,2/Z Ly (X, ©)

The list of variables has been pushed inside the A-abstraction and the reconstruction can contin-
ue. Variable z is replaced by (Z,, z) so that when it is applied to thelist (x,, ©) it returns z. Combina-
torsRy, Ly, X, , Zp, act very much like combinators used in abstraction algorithms. X' is a selector
(it selects the |th varlable) Z, is (like K) a destructor (it ignores the list and returns its first argu-
ment), R, and L , distribute thellst of variables (Ac.x X, C) throughout the expression.

The head normal form (if any) of E will be of the form (Ax1....AX,.X; E;...Ep) s0 A(E) (X Ly
will be reduced (by weak head reduction) to X! (Ep L) and then, according to the definition of
comblnatorsx' to)\cxn AC. Xi ((E L) (Ry ()\c Xy ©)) (K c)). Asbefore the continuation (K c) re-
moves reconstructl ng expressions and returns the final continuation.

Example. Let ustake an example to illustrate the reconstruction process.
Let E=AX.(Aw.w (AY.W)) X  AX.X (Ay.X)
The transformed expression after ssmplification is

A(E) = (AX. Ac. (Aw. w (Af.F (\y.w) ©)) X)
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Since the expression has a type of the form 0 — a itshnf has oneleading A and the transformed ex-
pression is applied to one argument X . The weak head reduction of this expression goes as follow

A(E) (A XT L)

a (AX.Ac. Aw. w (Af.f (Agy.w) ©)) X) Xi L,

w Aw.w Aff (Ay.w) Ly)) X% Xi (resp. L 1) is substituted for x (resp. c)
@ Xi (ARF(Ay.X) L) this step corresponds to the source head-reduction
@ AcX.ACX ((Af.f (}\Cy.Xi) Lq) (Ry (AcAf.fxc)) (K c)) the hnf is reached

We now check that this hnf can be reconstructed to Ax. Ac.x (Af.f (Agy.x) €) which is the prin-
cipal hnf in cps.

AFF QY X)Ly (Ry AeAfFx Q) (K ©) - Ry (AeAffx6) Ay X)Ly (K ¢

— AM.f (Ac.(Ay.X i) L1 ((AcAffxc)c)) (L (Ry (Ac.Af.fx ) (K C) (R)
LM ()\c.Ll()\y.Xi) (AMffxc))c (L),(K)
LM e AXAYAC.(Ay. X i ) (Z1y) L1 (Mffxc))(AMf.fxc)c (L)

%OMFQACX] Ly (Mffxo)c

Xi L; 5 AxAcx (Ly (Ry (AcAfFx ) (K ©) 5 Axx (K),(X),(L),(n)
LOMEQAYACAXX) AffxC)c - ALf(Ay.X)C n)
SO AX. AcX ((Af.f (ACy.Xi) L) (Ry (Ac.Af.f x ) (K ©) 5 AX. Acx (Af.F (Ay.X) €) 0

The following property states that for any closed expression E of type 01 - ... - 0,— O the
weak head reduction of a(E) (X L ,) smulates the head reduction of E.

Property 6 Let E beaclosed expr&w on of functionality n, if E % H then there exists an expression
X such that a(E) (X Ly % Xa N(H) (X L,) and if H is a hnf then X is a whnf. Further-
more, E does not have a hnf iff a(E) (X L ,) does not have a whnf.

If E hasanormal form the result of the evaluation of a/(E) (Xn L) isinterconvertible with the
principal hnf in cpsform.

Property 7 If E, a closed expression of functionality n, has a normal form then
N(E) » A(BE)(X, Lp)

This approach may also be useful to finely control the evaluation. For example, applying an ex-
pression of functionality n to p (< n) arguments will stop the evaluation when the expression has p



12 Compilation of Head and Srong Reduction

leading lambdas. The normal form obtained will be a whnf but of a more evaluated form than the
principal one.

6 Applications

Among practical applications of head reduction listed in the introduction, one is to compile more ef-
ficient evaluation strategies. We describe better this question in the next section and suggest in sec-
tion 6.2 how our approach can be used to compile such strategies. Implementation issues are
discussed in 6.3.

6.1 Spine Strategies

Even when evaluating weak-head-normal forms it is sometimes better to reduce sub-terms in head
normal forms. For example, in lazy graph reduction, the implementation of B-reduction (AX.E)F — g
E[F/x] implies making a copy of the body E before the substitution. It is well known that this may
lose sharing and work may be duplicated [17]. Program transformations, such as fully lazy lambda-
lifting [9], aim at maximizing sharing but duplication of work can still occur. Another approach used
to avoid recomputation is to consider alternative evaluation strategies. If the expression to reduce is
(Ax.E)F we know that the whnf of the body E will be needed and so it is safe to reduce E prior to the
B-reduction. This computation rule belongs to the so-called spine-strategies [3]. It never takes more
reductions than normal order and may save duplication of work.

A revealing example, taken from [7], is the reduction of A, | where the family of A-expressions
A isdefined by Ag=Ax.x 1 and A,, = Ah.(Aw.w h (w w)) A1

A, | isreduced using the call-by-name weak head graph reduction as follows:

Apl =Ah.Aww h (ww)) A, |

- (Aww | (Ww)) Anq

- Appl (o 2) =(Ah.Aww h (Ww)) Ao | (o) (» representing the sharing of A, 1)
- (Aww Il (Ww)) Apo (A1)

The sharing islost and the redexesinside A,,_; are duplicated. The complexity of the evaluation
is O(2"). On the other hand, by reducing A-abstractions to hnf before [3-reductions the eval uation se-
guence becomes

Apl = (Ah.Aw.w h (ww)) A, |
~  (AhA h(e*) ]
ATD AhAgh (e ) | A, ; reducesto Ag in 4(n-1) steps

o R (Ag) ! - (Ah.Age)l - Ah.1) 1 |
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and the A;’s remain shared until they are reduced to their hnf A. The complexity of the evalua-
tion drops from exponential to linear.

Of course this strategy alone is not optimal (optimal reduction of A-expressionsis more complex
[11][12]) and work can still be duplicated. But in [16] Staples proposes a similar evaluation strategy
with the additional rule that substitutions are not carried out inside redexes (they are suspended until
the redex is needed and reduced to hnf). This reduction has been shown to be optimal for a A-calcu-
lus with explicit substitutions.

6.2 Sharing Hnfs

We saw that evaluating the A-abstraction to hnf before the [3-reduction can save work by sharing
hnf’sinstead of whnf’s. We study in this section how to make use of our approach to implement such
a strategy. The straightforward idea of applying the continuation Q to each A-expression not in hnf
does not work. Our previous results were relying on the fact that the expression to be reduced was
closed. Here, even if the global expression is closed, we may have to reduce to hnf sub-expressions
containing free variables.

For example, if (Aw.w 1) (Ax. 1 (Ay. | X) ) iscps converted and the two A-abstractions not in hnf
(AcX....) and (Ayy....) are applied to A Q 0 then during the reduction of (Ax. ...) we will haveto re-
duce to hnf (Ayy....) A Q O but x isaready instantiated by Hp and we will get ()\Cy Ho) A Q 0- Ho
AQ1 - (Ay.y) whichisfalse; the cpshnf of (Ay. | x) should have been (Ayy. Hg) and the enclosing
evaluation of (AgX. ...) can continue. The problem comes from free variables already instantiated
when anew head reduction begins.

The simplest solution would be to transform the A-abstractions into supercombinators using A-
lifting [9]. The supercombinators (not already in hnf) will be applied to A Q 0 and their hnfs will be
shared naturally. However, it is not clear whether we share the same computations by (spine-)reduc-
ing an expression and its supercombinator form. In order to validate this approach, we would have to
prove that this kind of transformation does not change the complexity of a spine reduction.

Another solution to the free variable problem is to change the rule of cps conversion for applica-
tions by

a* (E F) = Ac.a* (E) (M. (Z 2 (F)) ©)
WithZECQn - EAQn(H, ©)Qn

A sub-expression is evaluated to hnf using Z which triggers it with index n instead of O. It
amounts to closing the expression since we know at this point that the source expression has at most
nfreevariablesandEA Qn « (AX,. E)AQ 0. Theresult will be of the form ()\Cx H) (p=n) and
()\Cx H) (H C) reduces to (AXp+1- ---(AXp H[H Xy 1)...), that is, the hnf of E with its free
varlables till instantiated by their correspondl ng H;. Returning to the previous example, the reduc-
tion now looks like

ZMAYH)CQ1- A\YH)AQIMIH,C) Q1 HJAQ2(MfH,C)Q1

S AKX AY.X) MIHO) Q1 - \y.H)CQ1 - ...
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6.3 Implementation issues

The most obvious way to implement our approach is to transform expressions as previously de-
scribed and give the result to a compilEne combinatord\, Q, ...are compiled like other functions

and the reconstruction is naturally implemented by closure building. Howettecompilers which

already integrate a cps conversion, a maiieiefit way would be to directly use the cps phase. This

IS less trivial since the following steps expect only cps expressions and we have to introduce special
combinators which are not in cps. One solution is to implement those combinators by hand so that
the compiler uses them like primitive functionse YWan such an integration in our cps-based com-
piler. Further work is still needed on fdifent extensions:

» So far we have only considered call by name. As cps conversion can be used to coiengte dif
computation rules (call-by-value, call-by-name with strictness annotationis,is likely that our
method could be extended to treat those strategies as well.

» This method should be extended tv-ealculus with constants and primitive operators.

If we just aim at reducing a program to hnf/nf and print the result then our approach will be very
efficient. The whole evaluation is a weak reduction which can be completely compiled. The only
slight overhead will be a few more reductions for each leading lambda and printing the result which
should be proportional to the size of the expression.

The costly part of head/strong reduction is the reconstruction of expressions which happens
when we actually use (i.e. apply) the hnf/nf. In particukeeonstructing uses a lot of memory space.
In order to implement &€ient evaluation strategies as described in section 6.1, it would be useful to
develop the following points:

» Several analyses can detect expressions for which wh-reduction is better and should be imple-
mented as well. For example, one policy could be thaalstraction will be reduced to hnf prior
to B-reduction only if it is shared (using a sharing analysis), complex enough (using a complexity
analysis) and of course not already in hnf.

» Computation can still be duplicated by performing substitutions inside redexes. It would be inter-
esting to extend our work to compile Staples’ method [16] which avoids this loss of sharing.

We did a few experiments using the trivial way (i.e. transforming source expressions before giv-
ing them to our compiler). @transformed the family of expressions defined in section 6.1 into
supercombinators and into cps form. The evaluation,gfl Aakes around 1s using standard reduc-
tion and around 1ms when each supercombinator is appli@d2d®. This result is not surprising
since the theoretical complexity is exponential in one case and linear in theMaiheeinterestingly
we redefined the family pAby Ag = Ax.x | and A, = Ah.Aw.w h (Ag w)) A.1. Here, the wh-reduc-
tion of A, | does not duplicate work (the second occurrence of w is not needed) and nothing is saved
by using head reduction.&found that the head reduction of supercombinators made the evaluation
3 to 4 times slower than the standard wh-reduction.

This example indicates the cost of reconstructing expressions. This cost is acceptable when the
final goal is to implement symbolic evaluation. When the goal is to evaluatéswhafe diciently
by sharing hris then such examples should be avoided using analyses. In [4] Crégut gives a function
for which the reduction take& isteps when sharing hisfwhereas it takes only n steps using stan-
dard wh-reduction. It is also shown that this is the worst case.
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7 Conclusion

Implementation of head and strong reduction has also been studied by Crégut [4] and Nadathur and
Wilson [13]. Crégus abstract machine is based on De Brsijiotation. Wo versions have been de-
veloped. The first one evaluates the head or full normal form of the global expression. The second
one implements a spine strategy and shares head normal ferms.dre extended with formal vari-

ables and the machine state includes two indexes. One plays the role of our binder level as in section
3 and 4, the other one is needed (only in the second version of the machine) to deal with the problem
of free variables in subexpressions exposed in section 6.2. The algorithm presented in [13] was mo-
tivated by the implementation aProlog [14]. It evaluates terms to hnf and expressed as an abstract
machine, this technique resembles Crégut’is also based on De Bruijn notation and the machine
state includes two indexes.

We described in this paper how to use cps conversion to compile head and strong reduction. The
hnf's or nfs of cps-expressions are evaluated by weak head reduction and at each step the unique
(weak) redex is the leftmost application. The technique does not require to modify the standard cps
cbn conversion. The cps expression is just applied to a special continuation and an index to keep
track of the binder length. 8\presented a way to get rid of this index and suggested applications for
our technique. Compared to [4] and [13] we do not have a second index or special structures like for-
mal variables. But the main tBfence is that we proceed by program transformations and stay with-
in the functional framework. Used as a preliminary step our technique allows a standard compiler to
evaluate undek’s. Thus we can take advantage of all the classical compiling tools like analyses,
transformations or simplifications. As already emphasized in [6], another advantage of this approach
is that we do not have to introduce an abstract machine which makes correctness proof$-simpler
thermore, optimizations of this compilation step can be easily expressed and justified in the function-
al framework.

Apart from the practical issues discussed in section 6.3, several others research directions like
the application of this approach to partial evaluation or to the compilativipiafiog should be ex-
plored.
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Annex

The proofs of Property 2 and Property 3 are described here in details. They are elementary even if
the expressions involved (usually of the general form Ax;. ...Axp.Fg F1...Fp) and cps conversion af-
fect the readability. The proofs of the corresponding properties for strong reduction and head reduc-
tion of typed A-expressions are very similar and are just sketched. We use the convention that in an
expression al bound variables are different from the free variables (it can be seen as an implicit use
of a-conversion).

A Proof of Property 2

In the following X,, stands for variables x;,...,x,, whereas H,, stands for combinators H,...,H.1.
We will need the following lemmas.

Lemma 8 a(E)[2(F)/x] =A(E[F/X])
Lemma9 if x # y and x does not occur freein G then E[F/X][Gly] = E[Gly][F[Gly]/X]
Lemma8 isshownin[15] and Lemma9 isshownin[2] (2.1.16 pp. 27).

Let us show that the property holds for one reduction step. The expression must be of the form Ax;.
- AXn.(AY.E) Fg F1...Fy, with n20, p=20 and

M (\Y.E) FoFy...Fy » A, E[Fgly] Fy...Fp
N(M\%n -(AY.E) FoFp...F)) AQO
=AXn -(Ac....Ac.(Ay.A(E)) (AFF (Fp) ©)) ... (AFFa(Fp) ©)) AQO
2 (\c....(\c.(Ay.A(E)) (MFF (F) ©)) ... (AFF a(Fp) O)[H, /%, 1A QN
i OYAB)Hy Ky 1) adFo)lHn K 1 AFFaF)Hy Ky 1.
. WFA(F[Hy /X, TA) QN
Administrative reductions are now completed ; the proper reduction takes place
7 NEIHy Ky 1FIHL Ky 1yl Mfa(FYHL Ky 1
. MFA(FIH, %, TA) QN
On the other hand
N(\%q E[Fo/y] F1...F) AQO
=AXn (Ac....(Ac.(AY.A(E[F/Y])) AFF2(Fp) ©)) ...(AFFA(Fp) ©)) AQD

& A(E[FYYDIHn Xy 1 AfFa(F)[H, /Xy 1. MFaqFIH, %, 1A) QN
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N(E[FYY]) [Hn /%n 1= AE)A(Fly] [Hy /%, ] Lemma8

since the H;’s are closed we can apply Lemma 9 (actually a straightforward generalization of it) to
get

NE)N(FY] [Hn Xy 1= (BE)[Hn K 1a(Fo)lHy /%, 1]
So both expressions are identical and the property holds for one reduction step.

We can now show Property 2. The base case (no reduction step) istrivial. Let the property hold for n
(n=0) reduction steps, that is

Eo D E,anda(E)AQO 5 X, & «(E)AQO

thenif E, o L E,.1 we have shown that there is an expression X ,,; such that

AE)AQD \‘,LV Xpi1 & A(Epep) A Q O and the reduction \‘,LV contains the administrative re-
ductions followed by a proper reduction, so A(E,)) A Q 0 \;‘\‘/ Xng Xn+1- Thus

A(Eg) A Q 0 \77 X1 v% N(En+) A Q 0

Eo L» En — 1 » Em

w W
Nl Ni Nl
A(Eg) AQD A(Ep) A QO A(Epey) A QO

+ w |a + W a

w w
Xn —+> ><I’l+l

W

Concerning the second part of the property, if an expression Eq does not have ahnf thereis an infinite
reduction sequence £, » E; p ... Itis clear from the proof above that the corresponding weak
head reduction on a(Eg) A Q O will also be infinite, so this expression does not have awhnf.  Con-
cerning the reverse implication, if EO has a hnf H, there is an integer n such that E E» H so there is
aX suchthat a((Eg) A Q 0 1 X§g aHAQ 0. Hisof the form Axy. ...AXp.X; Eq...Ep and, after
administrative reductions, N(H) A Q Oisof theform H; C Q n. Then the reductlon rule of H; yields
awhnf. O

B Proof of Property 3

Itisclear that if E — Fthen A(E) 5 a(F): theredex (Ax.M) N in E which appears as AC.(AX.A(M))
(Af.f a(N) c) in a(E) can be reduced in Ac.A(M)[A(N)/X] €) — p A(M)[A(N)/X] = A(M[N/x]) (Lem-
ma 8) in order to get A(F). If a(E) — a(F) then obviously A(E) A Q0 - a(F) A Q 0 (just pick up
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the same redex). If E hasanormal form Sthen E B sanda(E) 5 a(S) and a(E) A Q 0 & A(S)
A Q0. Sowe just have to show that for any closed normal form S, A(S) « aA(S) A Q 0.

Actually we prove the stronger property: for every set of variables {Xy,...,X,} containing the free
variables of anormal form S, A(S) - AcA(AX, . S) A Q 0 (xn ¢). Thisis proved by structural in-
duction over the set of normal formswhich isdefined by S= X | AXy. ...AXp. X; Sq... Sy

« S=x;l<isn
A(S) = Xj
AWKy - 9 AQO (X, ©)=AcAKy . X)A QO (X, C)
B XcH1AQN (X, ©
B xeAXy Acxi (A (Rn(Acx, ©) (K 0) (X, c)
E XXy Acxi ©) (Xy ©) —pACAXy X)) Xy ©€)
= Ac.(Ac.c (AXq. ...(AC.C (AXp.X)))...) (AEE xq (...(AEF XpC) ...))

—[J )\C.Xi C -n X;
* S=Mpe1e - -AXp X S1... Sy 1<i<pand p=n

2(S) = AXna1. ---AXpAC. X; ((Sy)  ©)
ACA(MK - S)A QO (X, ©) =ACAK, - Aex; (A(Sy) ©)AQO(x, ©)
8 XcHi;ContQp (X, ©
with Cont = AM.f aq(SP[Hp /X, 1...(AFF a(SIHp 1% 1A) ...)
B XeAex, Acx; (Cont (Rp (Acx, ©)) (K ) (X, ©)
B AXne1: - AXp. Acx; (Cont (R p (Acx, ©)) (K ©)))
Cont (R p (A\cxp ©)) (K ©))=ALf (AeaqSp[Hp /%y JAQ P (X O)(...(A (R (A\cxy ©)) (K ©)) ...)
We know that a(AX, .E) A Q0=(AX, A(E))AQO0 5 «(E[H, /X, )AQp,s0
AeA(S)Hp 1% TAQDP (X ©) = ANy . S)A QO (X, ©)
- A(S) by induction hypothesis
and since A (R (Acx, ©)) (K ©) 5 ¢ wehaveCont (R (\cx, 0)) (K ©) « a(Sy) c, hence

ACA(AXy. ... AXpAXpiq. - AXp. Xi Sy...S) (Xp ©) o AXnsy- - AXp: ACXj xSy =90
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C Proof of Property 4
We prove the property for expressions with free variables: if E has its free variables included in
{X1,...Xp} then E § SimpliesaMX, . E)A QO H X @& a(A\X;.S)A Q0. The proof of the

property for one reduction step is done by induction on the definition of strong reduction (section 2)
and is otherwise similar to the proof of Property 2. O

D Proof of Property 5

As with Property 3 we show that if S is a normal form with a set of free variables included in
{Xq,... . X} then A(AX, . S) o A(AX, . S) A Q0. Thisis proved by structural induction over the set
of normal formswhich isdefined by S= X | AXy. ...AXp. X Sq... Sy, O

E Proof of Property 6

The expression must be of the form AXxy. ...AXm.(AY.E) Fg Fy...Fp,, where p20 and Osm=n; n being
the functionality of the expression.The proof is similar to the proof of Property 2 still using Lemma8
and Lemma 9. 0

F Proof of Property 7

As with Property 3 we just show that for any closed normal form S of functionality n, a(S) « A(S)
(Xp Lp)- Thenormal form must be of the form S= Ax;. ... AX,. X S1...Sy,

AS) = Akn - Ac.X; (\(S) ©)
AS) Ky L) 5 Xy (S [Xn %o TLp)
BNKn - A i (AUSm) [Xn X 1Lp) (Ry(Ac. X, ©)) (K €))
B NKn - Ae x; MF Aea(S)IXp Kny 1Ly Ky ©) ...(Lpy (Ry (AC. X, ©))(K ©))...)
andsincelL,(Ry(Ac. X, Q) (Kc) 5 AXy...)Kc) - KcxgAXp...) - C
B NKq - Ae. xi AMEF Ae.a(SPIX, Ky 1Ly (%K, ©) ...C)...)
If we show that for every normal form S, a(S)[X,, /Xy 1L < A%, .S) then
o AKX, - Ac X, (AMLf Aca(AX,, .Sp) X ©)) ...(AFf (Ac.a(AX,, .Sy (X, ©) ©)...)
B NKq - Ac. i (2(Sy) ©)
We prove the stronger property: If S is a norma form with a set of free variables included in

{X4, - XnZgso- Zph then a(S) [Xp Xy 1[ZnZp 12y 1Ly o A(AX, . S). Thisis proved by struc-
tural induction over the set of normal forms defined by S=vy | AX1. ...AXp. Y S4... S, 0
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