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z,, r € S—{s}} defined on € x Qg_y,3 is not independent of z;. As in the second part of the previous
proof, one can show that there exists a collection {V4, A € P(S), A # 0} of a-canonical potential
functions (with some reference configuration @) such that:

PriX, €Ty | Xr=a,, 7€ S —{s}} xexp — Z Va(z)
AEP(5):A£D
Therefore:
teg, & E Va(z) depends on z .

AeP(S5){st}CA

Since all V4’s are a-irreducible, if EAQ,(S):{S tlca Va(z) does not depend on z;, then the special case
rs = as shows that it is the zero function. Furthermore, it does not depend on ;. Therefore, s € G;
and G = {G;, s € S} fulfills all the properties of a neighborhood system. B
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for any configuration z and any site s. Therefore, the a-canonicity of potential functions V, leads to:

1
2 xea €XP {_ ZAEP(S):seA VA(IS”\)}

PriXi=as | X, =2,,7€ S —{s}} =

Finally:

PriX,=2,| X, =a,, 7€ S —{s}} Z

PriX,=a, | X, =2,,reS—{s}} T\ Va(z) o (87)

A€EP(S5)s€A

Let ¢ be an arbitrary site (not belonging to Gs). Applied to the configuration x which agrees with a
on S — {s,t}, (87) becomes:

PT{XS = T | X, =x,,r€S— {5}}
= _Vs ; _Vs ) ,
PriX,=a [ X =znres—{s) - 1TV Vin@)

which must not depend on z; due to the markovianity of X on G. That is to say, the a-canonical
potential function Vi, ;1 does not depend on ;. This is possible only if Vi ;1 = 0. Let us assume that
Va = 0 for any subset A such that A & C and |A| < n, for some integer n > 2. Let A be a subset
of n 4+ 1 sites which does not belong to C. Then A contains at least two sites s and ¢ which are not
neighbors. Applied to the configuration z which agrees with a on A, (87) yields:

PriX,=x, | X, =x,,r€S—{s}} Z

V e
PriX,—a, | X, —2,,r €5 — {51} P B(2)

BeP(A)seB

= exp{ — Z Vc(l‘)—VA(l‘) )

c€P(A)NC:s€c

which must not depend on z;. Since any clique containing s does not contain ¢, this means that the
a-canonical potential function V4 does not depend on z;. This is possible only if V4 = 0. Thus, we
have recursively proven that for any subset A which is not a clique of graph G, the potential function
Va is zero. The distribution (86) becomes:

Pr{iX =2} =Pr{X =a} exp {— Z Vc(x)} . (88)

ceC

Therefore, X is a Gibbs random field on G = [S, G].

Let us now complete the proof of Proposition 3. Since V = {V,,¢ € C} is a collection of zero or
irreducible potential functions (being a-canonical), we have only to show that the minimality of G
implies (85). As in the first part of this proof, one can find the local conditional distribution at any
site s:
1
VeeQ, PriX,=u,| Xg, =2g,} = =——— exp{ — E Ve(x) (89)
Zs(xg,) )
ceC:s€c

If G is minimal, then this distribution is not independent of z;, for any neighbor ¢ of s. That is to
say, Zcec:{s thce Ve(x) is not independent of a;. It comes that the potential functions associated with

cliques containing {s,¢} cannot be all zero simultaneously: there exists ¢ € C such that {s,t} € ¢ and
Ve£0.1

Proof of Proposition 1 (existence of the minimal graph). Let X = (Q, 7, P) be a Markov Random field
with finite site set S. For any site s, let G; be the set of sites t # s such that Pr{X, € Ts | X, =
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40 Patrick Pérez, Fabrice Heitz

It comes that X is a Markov random field with respect to the neighborhood system G. Furthermore,
this provides the local conditional distribution at any site s:

VeeQ, Pr{X;=ua,| Xg, =2g,} = #@) exp{— Z Vc(r)} (83)

ceC:s€c

with:
A S
Zs(xgs):ZeXp{— Z V(x v*)}. (84)
AEA c€C:s€Ec

Let us show that the graph G is minimal for X if V is a collection of zero and irreducible potential
functions such that:
V{s,t} €C, JeeC : {s,t} Ccand V. #0 . (85)

Let s € S be some site. Let us assume that there exists ¢ € G, such that:
PriXs=2s | X, =a,,7€Gs} = Pr{iXs=as | X, = 2,,7r € G, — {t}}

for any configuration z. This means that ) Ve(x) does not depend on z;. Since {c € C :

ceC:{st}Cec
{s,t} C ¢ and V. # 0} is nonempty according to (85), it containts at least one maximal element for

the inclusion, denoted by ¢,. For any z € Q:

Vo, () = Ve, (z) = Y Wu(@®)— Y Ve(@™),

ceC:{s,t}Cec c#co:{s,t}Ce
where the mapping |z € Q — Ecec;{s thee Vc(g;c@)] is a potential function on ¢y — {t} according to

the independency assumption. Moreover, for any clique ¢ # ¢ such that {s,t} C ¢, the mapping
[z € Q — V (2z°)] is a potential function on (¢ N eg) C ¢o which is different from ¢ since ¢ cannot
contain the maximal clique ¢g. Finally, V,, would be a sum of potential functions on subsets of ¢
different from co. This contradicts the irreducibility of V. Therefore, the Gibbs random field X ful-
fills the minimality property with respect to neighborhood system G. This completes the proof of the
sufficient condition in Proposition 3.

00 Let us assume, now, that X is a Markov random field with respect to G, and that it fulfills
the positiveness property. Let a € Q be some “reference” configuration. We can define the following

real-valued mapping on Q:
VeeQ, U(z)2 —In(Pr{X =z}).

According to Proposition 6, there exists a unique collection {V4, A € P(S), A # 0} of a-canonical
potential functions such that:

U)—U(a)= Y Va(z).
A€P(S): A0
Then:
Pr{X =2} =Pr{X =a} expg — Z Va(z) 3 . (86)
AEP(S):AZ£0

Let us show that each potential function Vy is zero if A is not a clique of G. As previously, one can
easily show that:

exp { = L aep(syeea Val@)}

PriX;=u2,| X, =2, r€S—{s}} = ,
2_xeA €XP {_ EAEP(S):SGA VA(JL’S”\)}
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Restriction of a MRF on a Graph 39

B Hammersley-Clifford’s Theorem and Corollary Properties

Let G = [S,G] be a finite simple nondirected graph, and X = (Q,7, P) be a random field on S with
finite state space A. We show that X is a Markov random field on G such that P(T) > 0, VT € 7, if
and only if X is a Gibbs random field on G. At first we show that if X is a Gibbs random field, then
the local conditional distribution at any site depends only on the neighboring sites, which provides the
Markovian property. In a second step, we show that a Markov random field fulfilling the positiveness
property has a Gibbs distribution, by exhibiting a collection of potential functions (we have chosen
to be a-canonical), which provides the right distribution. At the same time, we give the proof of Pro-
position 3 which caracterises the minimality of the neighborhood using irreducible potential functions.

Proof of Theorem 1 and Proposition 3.
O Let us assume that X is a Gibbs random fields on graph G: there exists a collection V = {V,, ¢ € C}
of potential functions such that:

VeeQ, Pr{X:x}:%eXp{—ZVc(m)} (79)

ceC
where 7 = )7 qexp{—)_ o Ve(z)}. The positiveness property is obviously verified:
VeeQ, Pr{X=2}>0.
Let & € Q be an arbitrary configuration and s be some site of S.

Pr{iX,=a, | X,=g., res—{s}}
PriX =z}
Pr{X, =uz,, reS—{s}}
= 77 exp{-U(2)}
= Yorea PrXs =X, =2, r€S—{s}} (81)
_ €Xp {_ECEC ‘/c(al)} .
T Y aea XD =Y ee Vel@oM) (82)

where z** is the configuration such that z$* = A, and z3* = z,,Vr # s. Since, for any clique ¢ not
containing s, V.(z) = V.(2*?), the expression (82) of the conditional distribution becomes:

eXP{_Zcec:sec VC(I)} .
EAeA exXp {_ ZceC:sec ‘/C(xs’)\)}

This distribution does not depend on variables z,,r € G; U {s}. On the other hand:

(80)

PriXs=a, | Xy =2,,7r€S—{s}} =

PriX, =2 | X, =a,,7 € Gs}

= Z PriXi=2zs | Xp =2,,r €S —{s}} xPr{X, = z,,7 € G, U{s}}

TG00} € QQSU{S} independent of z

GsU{s}

=Pr{X;=ua, | X, =2,,7€ S —{s}} x Z PriX, =z, r€G,U{s}} .

*5001 € Yoot

Therefore:

PriXs=2s | Xy =a,,r€S—{s}} = Pr{Xs =2, | X, =2,, 7€ G} .
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38 Patrick Pérez, Fabrice Heitz

Hence:

> Ve(z) = Va(et) = Va(a?)
BEP(A):B#D
= VA(J,) — VA(a) s

since 24 = x4 = Va(z?) = Va(z4) (Va being a potential function on A), and 2 = a.

Let us show that the potential functions Vp are a-canonical. Let B be a nonempty subset of A
and z be a configuration of €2 such that z;, = a, for some site s € B:

Ver) = 3 (1P MWaE)

CEeP(B)

=Y CUPRED Y ()POLEo)
CeP(B):sgC CeP(B):seC

— Z (—1)|B_C|VA(1‘C)—|— E (—1)|B_C|_1VA(ICU{S})
CeP(B):s¢gC CeP(B):s¢gC

=Y CUTLE - Y ()Pt
CeP(B):s¢gC CeP(B):s¢gC

= 0

since z, = a, — 2% = ;L‘CU{S}, potential functions Vg are a-canonical.

Let us assume now, that there exists another collection {V}, B € P(A), B # 0} of a-canonical potential

functions such that:
= Y = Y v
BEP(A):B#£I BeP(A):B#)

For any z € Q and for any s € S, the previous equality leads to V{S}(JJ{S}) = V{’s}(;r{s}) for the
configuration z{*} which agrees with a on S — {s} and takes state z, at site s. Since ‘/{5}(1‘{5}) =
Visy(z), V{’s}(r{s}) = V{’s}(m), then Vi = V{’s}: potential functions associated with singletons are the
same. Proceeding the same way for increasing subset cardinals, one can show the two collections are
the same. This proves unicity. B

The a-canonicity criterion we have presented implies the irreducibility for nonzero potential functions:

Proposition 7 Let S be a finite set site, @ = AS be a configuration space on S, A be a subset of S
and a be some configuration in Q. If V4 is a a-canonical potential function on A, then V4 is irreducible
or zero.

Proof. This is straightforward in case A is a singleton. In case |A| > 2, let us assume that the a-
canonical potential function V4 is nonzero and non irreducible. Then, there exists a finite collection
{A;,i € I} of nonempty subsets of A, different from A, and an associated collection {V4,,7 € I}
of nonzero potential functions such that V, = Eie] Va,. According to Proposition 6, each potential
function V4 is, apart from some constant, a sum of nonzero a-canonical potential functions on subsets
of A;. Then, it is easy to see that the a-canonical potential function Vj is a sum of nonzero a-canonical
potential functions on nonempty subsets of A, different from A. This is contradicts the unicity property
given by Proposition 6. B

Proposition 2 follows easily from Propositions 6 and 7.
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A Irreducible and Canonical Potential Functions

The canonical potential functions used in Appendices A and B have been introduced by Descombes
[15]. They generalize the canonical potential functions used by Besag [4] and Snell and Kindermann
[16, 30]. Their definition is related to the specification of some “reference” configuration a € Q:

Definition 8 Let S be a finite site set, @ = A° be a configuration space on S, A be a subset of S and
a be some configuration of Q. A potential function V4 on A is a-canonical if:

VeeQ, (3se A w,=a5) = Va(z)=0. (76)

The A-canonicity (A € A being some reference state) introduced by Snell and Kindermann [30] is a
particular case of a-canonicity with a; = A, Vs € S. Besag [4] has used 0-canonical potential functions
(assuming that A C IR and 0 € A).

Proposition 6 For any potential function V4 on the nonempty subset A C S, and for any configura-
tion a € Q, there exists a unique collection {Vg, B € P(A), B # 0} of a-canonical potential functions
associated with nonempty subsets of A, such that:

VreQ, Va(x)—Vala) = > Va(a). (77)
BeP(A):B#£D

Proof. For any nonempty subset B C A, let us define the following potential function:

Ve(2) 2 Y (~1)IE-lV,(©), VeeQ, (78)

CeP(B)

where 2¢ is the configuration which agrees with z on C and agrees with a on S — C'. Let us compute
the sum of all these potential functions:

> Vala) > > (1B, ()

BeP(A):B#£0 BeP(A):B£0 CeP(B)

> > P E)
CEP(A) B e P(A) :
B#0,CCB

> Yo EDE ] VaE) .

ceP(a) | BeP(4) :

B#0,0CB
@
If C # 0 and C # A, then:
et
o= (") s
k=0

If C = A, then, © = 1. Finally, if C = 0,

|A-C|

0= Z <|A C|)( D= (A =
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(with respect to the original neighborhood structure) would be a profitable extension of this
work. These general restriction schemes could in turn be applied to the simulation of particu-
lar models (using relaxation algorithms or Monte-Carlo techniques [19]) or to the computation
of Bayesian estimates in MRF-based statistical estimation.

Acknowledgments

This work has been partly supported by MRT (French Ministry of Research and Technology)
and CNRS in the context of the PRC Program “Man Machine Interface” under contract
PMFE 88F1 548, by the GDR TdSI 134 and by Brittany County Council through contribu-
tion to student grant. We thank F. Préteux, B. Levy and D. Petritis for fruitful discussions.

RR n~° 2170



34 Patrick Pérez, Fabrice Heitz

If matrix B = 2)_(1 is decomposed in a similar way, i.e.:

s€A; s€S—A;

it comes:

>

B—l

where the coefficient by; of matrix B associated with the doubleton (s,7) € A X A is given by:

Let us finally notice that X4 is a Gaussian random field with covariance matrix ¥x ,

by 2 by, si(s,0) @05 xGg, Viel; (74)
Bst é bst — Z bss' CS?&‘ bt’t ) si (S,t) € gA1 X g/iz . (75)
s! € Gs ﬂAi
t' € G: N Ay

5 Conclusion

A key problem that arises in many recent approaches to multiresolution MRF modeling
(renormalization group approach, subsampling of stochastic processes, MRF's defined on trees
or pyramids, ...) is the loss of “locality” of the representation at the different resolution levels,
i.e., the impossibility to specify the distribution of the model at different scales using local
potential functions. This loss of locality has adverse consequences on the complexity of the
algorithms used in the simulation of these models.

In this paper, it has been shown that this problem may be studied (in a unified framework)
by considering the restriction of a Markov Random Field (defined on a finite arbitrary non-
directed graph) to a part of its original site set. General conditions for a preservation of the
local specification of the restricted field have been given for finite-support MRFs. The conse-
quences of these general results on the recently proposed approaches to multiresolution MRF
modeling have been studied. The first consequence concerns the subsampling of MRFs. The
general properties of several subsampling schemes have been examined. It has been shown
that most standard subsampling schemes lead to a loss of locality. Examples of subsampling
schemes which preserve a local Markovian property have been presented. The statistical pro-
perties of MRF models defined on trees or other pyramidal graph structures have also been
studied. The restriction, at a given scale, of a MRF defined on such a hierarchical structure
show long-range interactions over the whole field and, as a consequence, may not be specified
locally. The general properties of the renormalization group approach have also been exami-
ned. It has been shown that the usual scale transforms used in this method yield a loss of
locality for the coarse scale models. Finally, the special case of Gauss-Markov random fields
has been considered and the precise conditions under which the restriction of these models
may be specified locally have been derived.

A tight control of the situations in which the Markovian property is preserved should enable
the definition of consistent and tractable “multiresolution” relaxation algorithms associated
with specific classes of field restrictions. A systematic recording of these “good” situations
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This derivation yields the following expression for potential function V;:
.
9713 14l 1 ,
Vita) =~ g )T (B0 atag, ) (64)
(det B(1))?2

As a consequence, the restricted random field X 4 is associated with a collection of potential
functions V4 = {V., ¢ € C4} which are zero for |¢| > 2, and are defined by:

~ A ~
Ve e Q, Vign(wa) = bst (s — as)(s — ay),

on two site cliques {s,t} € C 4, with:

A . -
byt = by, if {s,t}€Cet{s,t} ¢ G;; (65)
= A ; .
bt 2 b= > begclbu, i {s,0} C Gy, (66)
s’ € gs n Ai
i eginA;
where cg, is the coefficient of matrix [B()]~! corresponding to sites s’ and ¢’ (multiplied by

% if s' =t'). Since V4 is composed of zero and irreducible potential functions, one can easily
show that the sufficient conditions (H1) and (H2) for the graph to be minimal become in the
Gaussian case:

(H1) and (H2) * L850 |y e [V {s,0} CGa,, bi— Y. bewclibbu#0]| . (67)
s’ € gs mAi
t' € Gi N A;

(1)

Coefficients ¢y may be interpreted as following: since [B()]~! is the covariance matrix of
the Gaussian random vector X 4 conditioned by some realization z¢_ 4, of random vector
Xg_j,, 1t comes:

Cg? = COV(XS,)Q | ‘XS—Ai = xS—A,‘) , Y{s,t} C A; ;
: 1 _
CL(;Q = §Va,1‘()(s | AXS_Ai = QjS_Ai) , Vs € AZ X
Matrix [B®]~1 can be computed using a block decomposition of Y x. Let us order the sites
of S such that A; = {sy,k =1,...,]4;|} and let us decompose Xx in the following way:
s€A; seS—A;
Yx = [ 20| A0 (68)

20 2 W(X4 - as)(Xs —ag)] (69)
56 2 E[(Xs_ g5, —as_4,) (Xs_5, —as_z,)"] (70)
A 2 E(X; -as)(Xs_g —as_1)"] (11)
Al) 2 E[(Xs_ 4 —as_5,) (X4 —az)']= PXOWT (72)
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Now, let us study the restriction of random field X to a subset A C S. The potential functions
V; of the restricted field are defined by (26). They will be decomposed as a sum of irreducible
potential functions. This decomposition will give a better insight on conditions (H1) and
(H2) in this particular case. Let A; be an arbitrary connected component of A and let = be
a configuration in €. According to (26) :

eXp{_‘/i(*rA)} = / 4 €xp _% Z bss(-rs - as)2 - Z bst(-rs - as)(xt - at)

4, €IR SEA; {s,t}CA;

— Z Z bst(ws — as)(zy — az) p da g, . (62)

SEA; tegsmA
To each restricted configuration x4 € €14, we associate the column vector z 4 of IR 14l
(sites have been ordered from 1 to |A;|). The previous expression becomes:

exp{-Vi(za)} = [ =

_ €Xp {__ (ifiz - Q/L‘)T B(Z) (ifL - Q/L)
l‘Ai EIRlAzl 2

~(z4, — az,)" ulvg, )} dag, | (63)
(&)

where B() is the symmetric matrix of order | A;] whose coefficient bsi associated with couple

(s,t) € A; X A; is the same as the corresponding one in matrix B (?):
) A
gﬁ) = by s

V(S,t) € AZ X fL’, b

and u(zg, ) is the vector of R4 whose component us(xg, ) associated with site s of A; is

defined as:
A

us(xgg.) = Z bst(ﬂft—at)-
' tegenA
It comes:
1 K3
—5(@a, —as)" BY (25, - as) — (24, — a5)" ulzg,)
1 K3 1 K3 —
= —5 (e —ug)" BY (24, —pg) + S uleg, ) 1BV ulzg,)
with: A _
py = ag = [BY u(eg, )
Finally:
1 .
exp{=Vi(za)} = exp{uleg, )" BV uleg, )}

1 7
X/EAEWHGXP{—g(ﬁAi — )" BY (g, ‘EA,.)} dzj.

[2#)%|Ai |
(aet Bm)%

9B@ is positive definite. As a matter of fact, B defines on IRY a positive definite quadratic form on RY
and B() is the matrix of the restriction of this quadratic form to a sub-space of dimension | A;]. Therefore, it
is positive definite.

Inria



Restriction of a MRF on a Graph 31

We consider continuous random fields with state space A = IR. Sites are numbered from 1 to
N :

5= {817327"'75]\7} :
An arbitrary configuration z = {zs,s € S} in Q = IR®, will be represented by vector z =
[z:]ieq1,... Ny = [zs,]icn,. Ny 0 IRYN. The real-valued random field X on S with probability
density px will also be represented by the corresponding N-component random vector X
whose probability density is:

Ve e RN, px(z)=px(z).

3]

In the remainder of this Section, if z = : is a column vector with N components, we
LN

will denote by 2l = [z; ... zy] its transpose row vector.

Definition 7 The real-valued random field X with site set S and with probability densily px
is a Gaussian random field if and only if its associated random vector X is Gaussian, i.e.:

1
(detzé)

Ve Q= IR, px(z)= ~
2

(27)

A .. R A .. .
where a = IE[X] is the expectation of X and ¥x = E[(X — a)(X — Q)T] is its symmelric
positive definite covariance matric.

%GXP{—%@—Q)TEE (i—Q)} . (56)

N
2

Let Z 2 (27) (detEé)% and B = [Bj;] 2 Y% ¥x and B are symmetric, positive definite
matrices. For two arbitrary sites s = s; and ¢ = s; of 5, bs; will denote the coefficient B;; of
matrix B. Let a be the configuration associated with the expectation vector a. With these
conventions, the probability density of the Gaussian random field X becomes:

1 1
Vi € Qv pX(-T) = Zexp {_5 Z bss(xs - as)2 - Z bst('rs - as)('rt - at)} : (57)
sES {s,t}CS

X is a Markov random field on the graph G = [5,G] whose neighborhood system is defined
in the following way:

V{s,4} CS, t€G, — sE€EG = by=0b, #0. (58)
The potential functions of the Gauss-Markov random field V = {V,, ¢ € C} are defined by:

Al

VseS Ve Vi) = Jbules - as)’ ; (59)
Vi{s,t}eC,Va e Q, Vinlx) = bot(s — as)(w — ar) ; (60)
VeeC : |e|>3, V.20. (61)

Since these potential functions are a-canonical, they are irreducible or zero (¢f definitions and
properties in Appendix A). Furthermore, they verify:

V{S7t} ec, ‘/{s,t} 7£ 0,
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where p is a positive parameter. Thus, for any site s € S

lS('rD(s)vys) = - Z PYs Ty, (51)

teD(s)

which is a sum of irreducible potential functions on two site cliques {s,t},¢ € D(s). Subsets
D(s) which are 2 x 2 square blocks are then, at the same time, cliques of the 8-neighborhood
system associated with S (Vs € S’, D(s) € C) and they define a partition of 5, i.e. each site
t € 5 has an unique father f(¢) in S

vies, Dt = {J(1)} . (52)
Therefore, neighborhood system G* of graph G* is given by:

{ Vse S, Gr=G,U{f(1)}

Vse S, G =D(s) (53)

The potential function collection V* = {V}, ¢ € C*} attached to clique set of G* and defined
as:

A Ve(z) ifceC;
V(z,y) € Q*, Vi(z,y) =< —pysa: if ¢ ={s,t} with s € " and t € D(s) ; (54)
0 otherwise,

is composed with zero and irreducible potential functions which verify (49) : X* is a Markov
random field on the minimal graph G*. If it fulfills conditions (H1) and (H2) with respect to
S’, then the random field Y (restriction of X* to S’) is not local and admits the complete
graph on S’ as minimal graph (®).

The same result applies for the following stochastic transformation (also proposed by Gi-
das in the renormalization group approach [21]) which corresponds to a Gaussian interaction
model between resolution levels:

Py =y | X =)= [[ o) —5z (0o prg 2 ) ¢ ()

seS’ o teD(s)

where o? is the variance of a Gaussian white noise.

More generally, we have shown that stochastic transformations verifying the positivity condi-
tion (42) yield in general a loss of locality (i.e. the interactions between the variables may
not be described locally). In particular, this is the case for the stochastic coarsening trans-
formations used in the renormalization group approach.

4.5 Restrictions of Gauss-Markov Random Fields

In this section we study the restriction of Gauss-Markov random field X to a subset A C §.
The expression of the potential functions associated with the restriction of X are given and the
conditions (H1) and (H2) under which the graph of the restriction is minimal are developed.

8This conclusion does not concern the “majority rule” transform also proposed by Gidas which is a deter-
ministic transform that does not verify condition (42).
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Let X* = (X,Y) the random field with site set $* = S U S, whose restriction to S is the
random field X, and whose restriction to S’ is the random field Y. Its probability measure
P* is provided by Bayes rule:

PNT,T") & PH{XeT, Y eT)

4 ! ( — leX — T K
- /IETPT{Y €T'| X =a}. p{ ;Vc( )} *(dr) .

for any couple (7,7') € 7T x 7'. Using (45), one obtains:

ceC s€ES' kEK s

P*(T, T,) = %/(x,y)ETXT’ exp {_ZVC(‘r) - Z Z Vs,k(‘rvy)} "{S(dr) H,SI(dy)v (46)

for any (T,1") € T x T'. Let G' = [S*,G*] be the graph with site set S* whose neighborhood

system is:
Vs€S, G1SG,UDTTUfies —{s)| DI D £0) 7
Vse s, Gr2D(s)

Let us associate with clique set C* the potential function collection V* = {V*, ¢ € C*} defined
as:

Ve(z) ifceCand cg {Ask,s€ 5 ke K} ;
. ox A ) Vir(z,y) if c=As and A, €C
V(xay) e Q7 Vc (.r,y) - Vs,k(xvy) 1+ VC(.f) if ¢ = As,k and As,k eC;
0 otherwise,

(48)
for any clique ¢ € C*. For any A, belonging to C, let us assume potential function [(z,y) —
Vs k(z,y)+ Ve(z)] to be irreducible or zero. Since all potential functions Ve, ¢ € C and Vs, s €
S’k € K, areirreducible or zero, V* is a collection of zero and irreducible potential functions.
In addition, let us assume that this collection verifies:

V{s,t} €C*, Jce€C” : {s,t} Ccand V] #0. (49)

Therefore, according to (46), X * is a Markov random field on the minimal graph G*. Random
field Y is the restriction of X* to S’. G being connected, S is a connected subset of G* and
each site of S’ has at least one neighbor in S: G% = S’. Therefore, one can apply Corollary
1: if X* fulfills conditions (H1) and (H2), then its restriction Y to S’ has the complete graph
on S’ as minimal graph.

In the renormalization group approach [21], Gidas considers a Markov random field on a
regular bidimensional lattice associated with an 8-neighborhood system, which is minimal
and he proposes the following stochastic local transformation:

PT{Y =y | X = .I} _ H eXP{P ys(ztep(s) 3375)}

, 50
ses’ Yorenr exp{p /\(EtED(s) ¢)} (50)
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Figure 14: Frample of “link” between S and S’ according to a local stochastic transformation
of a random field with set sile S into a random field with site sel S’

Let us consider a Markov random field Y = (', 7", P') with site set S’, with state space A’
and such that:

P’I’{Y erT’ | X = .I} = H PT{Y; € TS/ | XD(S) = .fD(S)} (41)
seS’
and
Pr{Y; € T, | Xp(s) = ap(} >0, Vs 5" (42)

for any T' € 7' and for any configuration z € Q. This positivity condition enables us to
assume local conditional distributions of the following form:

PriY, € T! | Xp(y) = p(s)} = / 6 { (e us) b A (ds) (43)
ys€T!

where, for any site s € ', [, is a measurable real-valued function from (QD(S), Tp(s), KD(S)) X
(A, &' k"). This is always true in the discrete case, with:

eXp{ s(TD(s)5 Ys) } Pri{Ys = ys | Xp(s) = ap(s)} -
In the continuous case, this assumption means that the local conditional distributions have

densities. According to Proposition 2, for any site s € S’, the potential function [(m, y) — ls(xp(s), ys)]

on D(s)U{s} is a sum of irreducible potential functions V,;,k € K, associated with a col-
lection {A; .k € K} of nonempty subsets of D(s) U {s}:

V(z,y) €, Iy = > Vii(z,y). (44)
keK
Combining (41), (43) and (44) provides:

Pr{iYeT | X =2} = H/

s€S! ys€T!

/yeT'eXP{_Z Z‘skmy} S’(dy). (45)

seS' keK

exp { ~Ly(p(s), ys) } K/ (dys)
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for any {s,t} € C, and
v (39)
for any clique ¢ € C such that |¢| # 2.

These results can be used in order to build a Markov random field on G* whose restric-
tion to S coincide with a given Markov random field on G: let Y be a Markov random
field on graph G with state space A, associated with the collection of potential function
V={V.=wv.0f,, ¢ €C}. Let us consider the Markov random field (X, X’) on G* with state
space A on S and A" = {¢q,1 — ¢} (with ¢ €]0,1[) on U, and associated with the potential
function collection V* = {V*, ¢ € C*} defined as:

2 2

Vi =0 Vi =0 Vi =0, Vi =0

Vs, ec, { ) " A ) N e o
V{S’Lu}(.r,x )= V{Si}(x) —In(z)), V(z,2") €N

where u =<s, 1>, and:
A

V=V,

for any clique ¢ such that |¢| # 2. Then, it comes:

—In [/;LEA' €xp {_v?u}(‘rz) - v?s,u}(xsv .’E;) - v?t,u}(xﬁ .’E;) - v?s,t,u}(l‘& Lty Q?;)} K,/(dL’;)‘|

= —In [exp {—V{Si}(w) + ln(q)} + exp {—V{Si}(x) +In(1 - q)}]
= V{s,t}(‘r) .

Finally, according to the previous results, the restriction of this field to 5 is the same Markov
random field as Y.

Thus, given a Markov random field on a graph, by ”attaching” auxiliary random variables
to the edges, it is possible to build an "extented” Markov random field whose restriction on
S corresponds to the original random field. This coupling may be very appealing when the
new field is easier to handle than the original one. This is for instance the case of the very
efficient Swendsen-Wang algorithm which is used to sample the Potts model [41].

4.4 Stochastic Transformations and the Renormalization Group Approach

Let X = (Q,7,P) be a Markov random field on the minimal graph G = [5,G] with the
following probability measure P:

VT € T, P(T):%/

T

ETeXp{—ZVC(x)} HS(dC) , (40)

ceC

where V = {V_, ¢ € C} is a collection of irreducible or zero potential functions verifying (22).
Let S’ be another site set and (A’, &', k') be another state space. Let us associate with each
site s € 5’ a nonempty subset D(s) C S. For any site ¢ € S, we will denote by D;* the subset
{se 8" |teD(s)} of &' (fig. 14).

RR n~° 2170



26 Patrick Pérez, Fabrice Heitz

4.3 Restriction and Coupling

Let G* = [S*,G*] be a coupling of two graphs G = [5,G] and G’ = [S',G], and X* =
(2*,7*, P*) be a Markov random field on G* with state space (A, &, k) for the sites of 5,
and (A', &', k") for the sites of S’. Configurations of this random field may be identified with
couples (z,2') such that 2 € @ = A and 2/ € Q = A’S". That is to say:

Q=Ax A =ax.

The following notation X* = (X, X') is adopted, where X is the restriction of X* to S, and
X' is its restriction to S’. The general framework developed in §3 will enable us to learn more
about these restrictions in two particular cases.

First consider the case where G* is the coupling of a connected graph G with its edge graph,
according to:

SEGr<=u€egG = (eSS : u=<s,1>) (37)
for any (s,u) of S x U. Since G is connected, any site s of S has at least one neighbor ¢ in
G, and the edge-site u corresponding to the edge {s,t} is a neighbor of s in G*. So, S is the
neighborhood of ¢ in the coupling G*:

S =G .
On the other hand, since GG is connected, it is easy to see that its edge graph is also connected,
and then U is a connected subset of graph G*. We can apply Corollary 1: if the Markov ran-
dom field X* on G* fulfills conditions (H1) and (H2) with A = S, its restriction X to S has
the complete graph on S as minimal graph. In the restoration model developed by Geman
and Geman [19] for example, the “intensity-process” (random field of luminance on pixel

graph) and the “line-process” (binary random field defined on the edge graph) are generally
nonlocal, as far as their marginal distributions are concerned.

We now turn our attention to the coupling — defined by (37)—, between the connected graph
G = [S,U] and the trivial graph G’ = [U, (] in which the neighborhood of each site is empty.
In G*, the neighborhood of any edge-site <s,?> contains only the two sites s and ¢:

g257t> = {S,t} .

Therefore, given a Markov random field (X, X’) on G* associated with the collection of
potential functions V* = {V* = v¥o f*, ¢ € C*} (%), its restriction to S is a Markov Random

Field on graph G whose Gibbs distribution is given by the collection of potential functions
V={V.=wv.0f.,, c€C} (") defined as:

A
Va e Q7 ‘/{s,t}('r) = U{s,t}(xswrt) =
—In [/Z‘LEA' €xp {_?f{ku}(‘rit) - v?s,u}(‘rkﬂ 302) - v?t,u}(‘rﬁ xiz,) - lv?s,t,u}(mﬁ Lty .’E;)} ’Q/(‘bﬁ;)]

+ v%t}(ajs, Ty) (38)

6 f* denotes the canonical surjective map from Q* into €} and v* denotes some measurable real-valued
mapping from .

7fc denotes the canonical surjective map from €2 into €. and v. denotes some measurable real-valued
mapping from €2..
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@ site of 4
O site of 4

Figure 12: Decimation by a factor of 2 in each direction of a bidimensional regular lattice
associated with an 8-neighborhood system

level k£ as minimal graph: for this field, all sites at level & become neighbors. Figure 13 gives
an illustration of this phenomenon of neighborhood through upper levels, in the restriction
to the deepest level of a pyramid.

T >

subset A

subset A~

Figure 13: Restriction to the deepest level of a pyramid

Thus, when handling a “global” Markovian model defined on a hierarchical structure such
as a tree or a pyramid, the simulation of the restriction of the original field at a given
level is generally not tractable. For this class of multiresolution models, other techniques,
described for instance in [7, 34] make use of the whole hierarchical structure to derive efficient
algorithms.
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Graph G Graph G4

@ siteof A
O site of A

Figure 11: Quincunz decimation of a regular bidimensional latlice with the j-neighborhood
system, and graph G 4 associated with the restricted random field X 4

(1 < j < q) belongs to A. Since s;_; and s;41 belong to the neighborhood of s; which is a
connected subset, there exists a chain [ included in s, and joining s;_; and s;41. Since s,
is included in A, [ is also included in A. Therefore the new chain L’ obtained by replacing
({sj=1,5;},{sj,8;41}) by l'in L, joins s and ¢, and has one site less than L in A. By iterating
this process, we construct a chain included in A and whose endpoints are s and ¢: A is a
connected site subset. We can then apply Corollary 1: assuming (H1) and (H2), the restricted
field X 4 has the complete graph on A as minimal graph. m

The assumption of connectedness of all neighborhoods is often verified. If, for example, S is a
regular d-dimensional lattice (d > 1) associated with a neighborhood system of order greater
than one, it is easy to see that any neighborhood in G = [5,G] is connected. This provides
the following result:

Corollary 2 Let X be a Markov random field on a reqular d-dimensional lattice with a
neighborhood system of order greater than 1, and A be some monochromatic component of
the corresponding graph. Assuming (H1) and (H2), the restricted random field X 4 has the
complete graph on A as minimal graph.

The standard decimation by a factor of two in each direction of a regular bidimensional lattice
with the 8-neighborhood system (fig. 12) corresponds to this case: it generally transforms a
Markov random field on this graph to a field which is no more local.

4.2 Restrictions on Trees and Pyramids
Let us consider a Markov random field on a tree or a pyramid with root r, and let us consider
its restriction to a given depth level S (k > 0): A = S (see Section 2.1.2). The reunion

A~ = U=o,... k—1.51 of the upper levels (i.e levels toward the root) is a connected component
of A. Moreover any site of A has a neighbor (its father) in A=™: A = G4_. If (H1) and (H2)
are verified, according to Corollary 1, the restricted field X 4 has the complete graph on the
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! !
Graph G associated with X Neighborhoods in G4

@ site of A
O site of A

Figure 10: Restriction to the complementary of a monochromatic component of a bidimensio-
nal reqular lattice with an 8-neighborhood system. Different classes of neighborhoods in graph
Ga

Let us return to the general case. If, in addition, the graph G is 2-chromatic and colored with
two colors, then A is the second monochromatic component: given some site s of A, its whole
neighborhood G, is in A. Therefore, its neighborhood in G 4 is:

G, = Ugt—{S}-

tegs

That means that neighbors of s in G4 are the neighbors of its neighbors in G (excepted
s itself). A widespread example of this situation is given by the quincunz subsampling of
a regular d-dimensional lattice associated with a second order neighborhood system with
respect to the euclidian distance. If d = 2, the graph G4 associated with the restricted
random field is regular of degree 8 (fig. 11).

4.1.2 Restriction to a Monochromatic Component

We now focus on the restriction of a Markov random field on G to some monochromatic
component Cr: A = Cp, and A = Upyp, Ck. Assuming the neighborhood of any site of G is
a connected subset, one can establish the following result:

Proposition 5 Let G = [S,G] be a p-chromatic finite simple nondirected graph such that
each element of G is connected. Let A be a monochromatic component of G. For any Markov
random field with G as minimal graph and such that (H1) and (H2) hold, its restriction to A
has the complete graph on A as minimal graph.

Proof. Since A is a monochromatic component, the neighborhood of any site of A belongs
to A and due to the assumption of connectedness of all neighborhoods, A is connected. As
a matter of fact, for any two sites s and ¢ of A, since G is connected, there exists a chain
L = ({s1 =s,s2},{s2,53},...,{5g—1,5, = t}) joining s and ¢. Let us assume that some s;
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4.1 Coloring and Subsampling

G = [5,G] being a p-chromatic (p > 2) simple nondirected graph, let us consider a decom-
position of its site set S in p monochromatic components Ci, k = 1,...,p. Let us recall that
two arbitrary sites of the same monochromatic component are never neighbors: the connected
components of any C}, are singletons.

4.1.1 Restriction to the Complementary of a Monochromatic Component

X being a Markov random field on G, we are going to focus on its restriction to the comple-
mentary of a monochromatic component Cpy: A = Ugxp, C) and A= Ch,-

Proposition 4 Let X be a Markov random field on the minimal graph G and A be the
complementary of some monochromatic component of G. The restricted random field X 4 is
Markovian on a graph whose degree is less or equal to dg (dg — 1).

Proof. We are going to find an upper bound to the degree of graph G 4 with respect to which
X 4 is Markovian. Let s be an arbitrary site of A, belonging to the neighborhood of A: s has
¢ > 1 neighbors in A, denoted by ¢1,...,1,. ¢ is given by:

q=1Gsn Al =dg(s)—|GsN A .

Each singleton {t;} is a connected component of A: G;, C A. According to (29), the neighbo-
rhood of s in graph G 4 is:

Gy = (05 N A) U (UZIG,, — {s}) -
Then:

|Gs N Al + g(dg — 1)
|Gs 0 Al + (da(s) — [Gs N A]) (dg — 1)
dg(dG — 1) — (dG — 2)|g3 N Al .

dg , (s)

IN A IA

This inequality still holds for some interior site of A, since its degree in G 4 is the same as its
degree in G. Finally, we get an upper bound on the degree of G 4:

IN

da(de 1) - (dg — 2) min|G, 0 A (35)
dg(dg — 1) . (36)

de

IN

To illustrate this kind of restriction, let us consider the coloring with four colors of a regular
bidimensional lattice associated with an 8-neighborhood system (dg = 8). Given a Markov
random field on such a graph, its restriction to the complementary of one of the four mono-
chromatic components is a Markov random field on a graph of degree less or equal to 56. In
this particular case, it is easy to see that minge 4 |Gs N A| = 4. A more accurate bound is given
by (35) which provides an upper bound of 32. G4 is in fact a nonregular graph of degree 20

(fig. 10).
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In case the set A of “discarded” sites is connected and all sites of A are in the neighborhood
of A (i.e. A =Gy), it is straightforward that G 4 is complete:

Corollary 1 If A has no interior siles and if A is connecled, then assuming (H1) and (H2),
the complete graph on A is the minimal graph of X 4.

In this case the restricted random field X4 is not local. We can apply this corollary to a
widespread situation in the framework of multiresolution image analysis with Markovian
models: G being a bidimensional regular lattice associated with a 4-neighborhood system,
the decimation by a factor of two in each direction (fig. 9) discards a connected set whose
neighborhood is A (it is still true in dimension d > 2). Such a subsampling turns a Markov
random field on G to a nonlocal random field in which every two sites are functionally
dependent, assuming (H1) and (H2).

— @O @ site of 4
—O—0O- O site of 4

Figure 9: Subsampling by a factor of lwo in each direction applied to a bidimensional regular
lattice associated with a 4-neighborhood system

4 Consequences and Applications

In this section, we present various consequences and applications of the general framework
developed in Section 3, as far as multiresolution statistical image analysis is concerned. The
first consequence concerns the subsampling of MRFs. The general properties of several sub-
sampling schemes are examined. It is shown that most standard subsampling schemes lead to
a loss of locality. Examples of subsampling schemes which preserve a local Markov property
are also presented. The statistical properties of MRF models defined on trees [3, 7, 34] or
other pyramidal graph structures [7, 29, 34] are studied. The restriction, at a given scale,
of a model defined on such a hierarchical structure show long-range interactions over the
whole field and, as a consequence, may not be specified locally. The general properties of the
renormalization group approach are also examined. It is shown that the usual scale trans-
forms used in this approach yield a loss of locality for the random fields induced at the coarse
resolution levels. Finally, the special case of Gauss-Markov random fields is considered and
the general conditions derived in Section 3 are developed for these linear models.
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3.2.2 Sufficient Conditions of Minimality of G4

In order to find sufficient conditions for graph G 4 to be the minimal graph of X 4, let us apply
the decomposition property (Proposition 2) to the new potential functions V; associated with
the site subsets G4 : for any 7 € I there exists a collection {A;x,k € K;} of |[K;| nonempty
subsets of G4, and there exists a collection {V;,k € K;} of irreducible potential functions
on these subsets such that:
Viel, Vi= > Vi
keK;

Using these decompositions, one can rewrite (27) :

Pa(Ta) = — exp{— 3 Vi(za,az) - 3 3 Vis(ea)} widea) . (32)

7 Joa€Ta ceCa icl kek;

Let us define on the clique set C4 the following new collection of potential functions denoted
by Vi =4{V/, c€Ca}:

Vi(za,az) if ceCy andcg{AZ',k,iEI,kEBri};

e 2 ) Vik(ea) ife= Ay and Ay € Cy

VC(xA) B ‘/z}k(iﬁA) + Vc(xfh aA) if ¢= Ai7k and Aivk €Cas (33)
0 otherwise,

for any clique ¢ of C4. Then (32) may be rewritten as:
1

Py(Ty) = - exp{— Y_ V/(za)}k*(dry) ,
Z T A€T 4 C€C~A

for any Ta € T4, with Z = [, 7 exp{—3 ¢, V/(za)} sA(dra) < +00.

Theorem 3 Gy is the minimal graph of X 4 if:
o (H1) for any A; = ¢ belonging to C4, (x4 — Vip(za)+ Ve(za,az)] is irreducible;

o (H2) for any two different sites s and t of Gz, there exists at least one subset A;y
which contains them.

Proof. Let us assume that (H1) and (H2) are verified. Due to the nullity or irreducibility of
potential functions V, and the irreducibility of potential functions V;;, (H1) implies that V'’
is a collection of irreducible or zero potential functions. Let {s,¢} be some element of C4:

o if {s,t} ¢ Gy, then s and ¢ are neighboring in GG and there exists a clique ¢ € C
including {s, ¢} and such that V; # 0 (since G is the minimal graph of X'). Furthermore
¢ € Cy since {s,t} ¢ G4. Finally, c € C4 and V/(.) = V.(.,a;5) # 0.

o If {s,1} C G4, (with i € I), according to (H2) there exists k € K; such that ¢ = A;
contains s and ¢. We come back to the previous case and V! # 0.

The collection V', defined in (33) contains only irreducible or zero potential functions such
that
V{s,t} €Cx, Jc€Cy : {s,t} Ccand V! #0. (34)

As a consequence, according to Proposition 3, G4 is the minimal graph of X 4. m
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A

Figure 8: Sites s and t of A which become neighbors in the restriction of X lo A

e if 5 is not in the neighborhood of A, i.e. if s is an interior site of A, then G, C A and
5 A
gs = gs ; (28)

e if sis in the neighborhood of A, i.e. if s is on the border of A, then

5 A
Gs = (G:s N A) U (Uiek Gz, — {s}) (29)
where K is the set of indexes of connected components of A which have s in their
neighborhood:

5 € Niex Gz, and s € Uier- Gy, -

The clique set of this graph, denoted by C4, contains all cliques of C included in A and the
neighborhoods of all connected components of A:

Ca D CaU{Gy, i€}, (30)

Let us associate with this clique set the potential function collection V4 = {Vc, c € éA}
defined as:

Ve(za,az) ifceCqpand c g {Gy,,0 €1} ;

~ A ) Vi(zy) if c=Gyg and G4, €Cx ;

VelTa) = 0 Vifoa) 4 Viloaray)  if e = Gz and G4 €Cy ; (31)
0 otherwise,

for any clique ¢ in C4. Expression (27) becomes:
1

Py(Ty) = 7 et exp{— Z VC(xA)} ’{A(dUA) )
A€Ta el g

for any T4 € T4, with Z = fl‘AETA expq{— EceéA VC(xA)} k4 (dra) < 400. This proves that
X 4 is Markovian on the graph G m
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Let us now study the probability measure P4 generated on the measurable space (24,74)
by fa, the canonical mapping from Q into Q4. Let T4 be some element of 74. Its pre-image
under f4 is:

Ji{(Ta) = {r€Q|as€Ta}
= {(za,24), zta€Ta, v5€Q4}.
The expression of the probability measure P4 may be derived as following:
Py (TA P(f (TA))
exp{= D Ve(wa, 2 1)} 5 (dra) 7 (d )

Z IAETA /J:’AEQA

ceC
1 _
:7/ / exp{— Z xA,xA}HeXp{ ZV (za,24)} HA(dUA)KA((hA)
zA€TA Jz €04 c€C 4 iel ceC;

c€C 4 Qi el c€C;

:% e A€Ts {QXP{ Z‘ Ta, g }/ Hexp{ ZV wa,xz)} KA ( )] kA (dy)

where @ is an arbitrary configuration, since exp{— Z Ve(z)} is independent of z 4,
CECA

:% e acTs leXp{ D Velzasag) }H/ exp{— > Viwas e, aix) bt (deg,) | 5

c€Ca el A; c€C;

(doa)

since exp{— Z Ve(z)} is 111dependent of 25 4. .
c€C;

f“?\i €, exp{—> .cc, Ve(Ta, 24,05 1)} KA (dr 5,) being a positive function of variables TGy s
one can define for any 7 € I the following potential function on G4, (neighborhood of the
connected component A;):

Vi: Q4 — R

A A.
ea e Vi) 2 o[ o expA= S, Ve(was a4 )} V(e )
(26)

where a is an arbitrary configuration of . The expression of the image measure becomes:

1
Pu(Ty) = 7 exp{— Z Ve(za,az) — EV;'(.%A)} HA(drA) . (27)
TA€Ty ceCa el
Let us now introduce the graph G4 = [A,G] in which two different sites s and ¢ of A

are neighbors if and only if they are neighbors in G (i.e. t € G;), or they belong to the
neighborhood of a same connected component of A (i.e. 31 € I : {s,1} C Gga,) , that is to
say, there exists a chain joining s and ¢ and whose all sites, excepted its endpoints s and ¢,
belong to A (fig. 8).

The neighborhood system G of graph G 4 is thus defined in the following way: for any site s
of A,
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Let us notice that this decomposition of any potential function as a sum of irreducible po-
tential functions is not unique.

Using this family of potential functions, it is possible to express the minimality of a neigh-
borhood system for a given Markov random field:

Proposition 3 Let X = (Q,7, P) be a Markov random field on graph G = [S,G]. G is the
minimal neighborhood system of X if and only if there exists a collection ¥V = {V.,¢ € C} of
zero or irreducible potential functions indexed by the clique set C of graph G such that X is
the Gibbs random field associated with V and:

V{s,t} €C, dc€C : {s,t} Ccand V. #0 . (22)

The proof is given in Appendix B, together with the proof of Hammersley-Clifford’s Theorem.

3.2 Properties of the Restricted Field

Let X = (9,7, P) be a Markov random field on a finite connected minimal graph G' = [5,G],
associated with the collection V = {V,,¢ € C} of zero or irreducible potential functions
verifying (22). Let A be a nonempty subset of S, A # 5. We are interested in the statistical
properties of the restricted field X4 = (24,74, P4). A graph structure on A with respect to
which this random field is Markovian will first be exhibited. Then, sufficient conditions for
this graph to be the minimal graph of X 4 will be given.

3.2.1 Joint Distribution of the Restriction and Markovianity

Theorem 2 Let X be a Markov random field on the finite graph G = [S,G] and A be a
nonempty subset of S, A # 5. Restriction X4 of X lo the sile subset A is a Markov random
field on graph G4 = (A, G] in which two different sites s and t of A are neighbors if and only if
they are neighbors in G or if they belong to the neighborhood of a same connected component

of A.

Proof. Let us denote by A;,i € I the connected components of A = § — A. Let ¢ be an
arbitrary clique of C. It cannot contain simultaneously two sites belonging to two different
connected components, hence its intersection with A is either empty or included in only one
connected component of A (i.e. there exists an unique 7 € I such that (cn A) C A;). The
clique set C can thus be partitioned in the following way:

CI(U{CEC|CﬂAZ‘7§@})U{CEClCCA} (23)
€]

that is to say:
C = (UierCi) UCy (24)

where C; denotes the set {¢ € C | ¢n A; # 0} of C and C4 designates the set {c € C | ¢ C A}.
Using this decomposition, we can write for any configuration z € :

exp{=)_Ve(z)} = exp{= Y Ve(a)}.JTexn{- D Vi(a)} . (25)

ceC c€C 4 1€l ceC;
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16 Patrick Pérez, Fabrice Heitz

In order to have a better characterization of the “locality” of a random field, and following
Besag [4], we will consider the “smallest” neighborhood system with respect to which the
random field X is Markovian:

Proposition 1 Let X = (2,7, P) be a Markov random field with site set S and with state
space (A, E, k). If for any site s, G; denotes the set of sites t # s such that the function
Pr{X,eT,| X, =, r€ S —{s}} defined on € x Qg_y5y depends on x; (°), then the col-
lection G = {Gs, s € S} is a neighborhood system on S with respect to which X is Markovian.
This neighborhood system will be called the minimal neighborhood system of field X.

We will also say that X is Markovian on the minimal graph G = [S,G]. The proof of that
proposition is given in Appendix B. The minimal graph of a Markov random field is useful to
capture its “local” character: if the degree of this minimal graph is small with respect to the
total number of sites, it means that the random field is highly “local”; on the other hand, if
the minimal graph is complete, the random field is not “local” and its simulation may become
intractable.

The “minimality” property, like the Markovian property may be expressed using the potential
functions of the Gibbs distribution of the field. To this end we will consider potential functions
V4 which really depend on variables z;,s € A, and which cannot be decomposed in sums of
potential functions on subsets of A different from A. The second point includes in fact the first
one. As a matter of fact, if V4 does not depend on variables z,,s € B with B C A, B # A,
then V4 is the sum of a potential function on A — B and the zero potential function on B.

Definition 6 Let S be a finite site set, Q be a configuration space on S, A be a nonempty sub-
set of S and V4 be a potential function on A. V4 is called an irreducible potential function on A
if and only if:

o |A| =1 and V4 is nonzero,

o or |A| > 2 and there exists no collection {V4,,t € I} of potential functions indexed by a
finite collection {A;,1 € I} of subsets of A, distinct from A, such that V4 =3 ;e Va,.

The class of irreducible potential functions contains the different canonical nonzero potential
functions defined by Besag [4], Snell & Kindermann [16, 30] and Descombes [15] (see Appendix
A for the proof). Using this fact, it is easy to prove the following property (see Appendix A
for the detail):

Proposition 2 For any potential function V4 on a subset A of S, there exists a finite col-
lection {A;,1 € I} of nonempty subsels of A, distinct from A if V4 is not irreducible, and a
collection {V4,,t € I} of potential functions such that:

Vi = > Va, . (21)

1€l

®i.e. there exists some T, € &, Ts_fs:} € Ds—ys,:p and (A, A') € A x A such that

PriX, €Ts | Xs—{ep} =25 (s}, 2t = A} # Pr{X. €T | Xs_{s4} = Ts—{s}, 2t = X'}
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Theorem 1 (Hammersley—Clifford) Let X = (2,7, P) be a random field with site set S
and G be a neighborhood system on S. X is a Markov random field with respect to G and
verifies P(T') > 0, VI' € T (positiveness property) if and only if X is a Gibbs random field
with respect to G.

In Appendix B, we give in the case of a finite configuration space a proof of this theorem
using the generalized canonical potential functions introduced by Descombes et al. [15] and
presented in Appendix A.

The local conditional distribution at any site can be expressed with potential functions in-
dexed by all the cliques containing the site under concern (for the proof see Appendix B or

[4]):

. . 1 E
PT{‘XS E TS | ‘ng = ‘rgs} = Z (wg ) / ET eXp{_ ‘/C(x)} K,((tlfs) (19)
8 s TsCls c€C:s€c

where the local normalization constant is function of zg,:

Zu(eg) & [ expl= 30 V(e )@ (20)

c€C:s€c

2 being the configuration which agrees with z on S — {s} and takes the value A at site s.

3 Restriction of a MRF to a Subset of Sites

Different approaches have been proposed recently to combine Markov Random Field (MRF')
models and multigrid algorithms in image analysis: renormalization group [21], subsampling
of stochastic processes [27, 32], MRF's defined on trees or pyramids [3, 7, 29, 34] etc. For the
simulation or a practical use of these models in statistical estimation, an important issue is
the preservation of a local Markovian property of the representation at the different resolution
levels. It is shown in the next section that this key problem may be studied by considering the
restriction of a Markov Random Field (defined on a finite arbitrary nondirected graph) to a
part of its original site set. This section addresses this problem by considering the restriction
of MRFs (defined on finite arbitrary nondirected graphs) to a subset of nodes of the original
graph. Several general properties of the restricted field are derived. The general form of the
distribution of the restriction is given. The local Markovian properties of the field are studied
by exhibiting a neighborhood structure with respect to which the restricted field is a MRF.
Sufficient conditions for the new neighborhood structure to be “minimal” are derived.

3.1 Minimal Graph and Irreducible Potential Functions

Let us consider a random field X defined on site set 5. The markovianity of X with respect
to a neighborhood system G on S does not necessary account for the “real” functional de-
pendencies between the variables of the field: as a matter of fact, according to definition 3,
X will obviously be Markovian with respect to any neighborhood system G’ such that:

Vse S, G,Cg..
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14 Patrick Pérez, Fabrice Heitz

Definition 4 Let Q be a configuration space on site set S and A be a nonempty subset of S.
A potential function on A is a measurable map from Q into IR which is T4-measurable, that
s to say which depends only on variables x,, s € A.

A real-valued map V4 defined on € is a potential function on A if it is the composition of

the canonical surjective map f4 from £ into £24 with some measurable real-valued map vy4

defined on Q4:
Vy: @ — R

z o Vy(z) =[vao fal(z) = va(za)
Particularly, any two configurations of € which agree together on A have the same image
under a potential function on A:

V(z,y) EQXQ, z4=ys — Va(z)=Va(y) .

Definition 5 Let X = (2,7, P) be a random field with site set S and G be a neighborhood
system on S. X is a Gibbs random field with respect to G (or on the graph G = [S,G]) if and
only if there exists a collection YV = {V., ¢ € C} of potential functions indexed by the clique
set C of graph G such that:

i) z 2 /zeﬂexp{—zvc(x)}ﬁs(dv) < too, (13)

ceC

(i) YT eT, P(T)= %/ exp{= X Vel@)) k() (14)

z€ ceC

where £ is the product measure generated by s on £°. Z is a normalization constant called
the partition function. The real-valued function

U(z) £ Vi(e)
ceC

defined on  is called the energy function or the Hamiltonian of the Gibbs random field X.
Let us notice that the collection of potential functions associated with a Gibbs random field
is not unique. Nevertheless, it can be unique under certain canonicity criteria [4, 16, 30] (cf
Appendix A). In the case of a continuous field, properties (13) and (14) become:

(i) 7 2 [eqexpi—Teec V(@) do < +o0, (15)
(i) Yo e, px(r)=Lexp{— Y. Val@)}, (16)

where px is the probability density of measure P. In the case of discrete random fields,
properties (13) and (14) become:

(i1) Z 2 Yoeexpi— Teec Vel®)} < Ho0, (17)
(ie) VzeQ, px(z)= %exp{— Yoeec Ve(2)}, (18)

where px(z) denotes the probability Pr{X = z}.

The Hammersley—Clifford’s theorem simplifies drastically the specification of MRF's [4]:
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Restriction of a MRF on a Graph 13

Stochastic Transformations Let X = (Q,7,P) be a random field with site set S and
with state space A. Let S’ be another site set and let A’ be another state space. A random
field Y = (¥, 7', P') on S’ can be defined through the conditional distribution:

T'xQ — [0,1] (9)
(T, z) —— Pr{Y eT'|X =z}
We will say that Y is generated under a stochastic transformation of random field X. Under

the additional assumption that, for any site s of S’, conditional distribution of Y; depends
only on Xp,), with D(s) C §, that is to say:

PHY, €T | X =a, Y, € 1L, 1 # s} = Pr{Y, € T] | Xpyy = ape} > (10)
the conditional distribution of Y given X takes the following form:
VTI'eT', Vo e, Pr{Y € T | X =z} = H Pr{Y; € TS/ | XD(s) = xp(s)} . (11)
ses’

This kind of “local” stochastic transformations are used to model the relationship between
an “observable” random field Y and a “hidden” random field X in the Bayesian estimation
framework [13]. Such transformations are also used in the Renormalization Group approach
[21].

2.2.2 Markov Random Fields and Gibbs Random Fields

Definition 3 Let X = (,7,P) be a random field with finite site set S and with state
space (A, E,kK). Let G be a neighborhood system on S. X is Markovian with respect to G (or
Markovian on the graph G = [S,G]), if and only if:

Pr{X;eTs | X, =2, €S —{s}} = Pr{Xs€Ts | X, =2,, 7 € G5} (12)
for any site s of S, and for any couple (Ts,z) in & x Q.

An intuitive interpretation of the Markovian property (12) is that the contextual information
provided by S — {s} is the same as the statistical information provided by the neighbors
of s [19, 13] (*). Markov random fields define global statistical interactions through the
combination of “local” interactions.

Let us however point out that, according to the previous definition, any random field defined
on S is Markovian with respect to the neighborhood system G, = S — {s}, Vs € S, which
corresponds to the complete graph on S. But, as far as practical applications of these models
are concerned, “locality” (i.e. a small degree for the graph) is required for an efficient imple-
mentation of these models. The stochastic or deterministic relaxation algorithms generally
used in the simulation of these models, may indeed be decomposed in elementary compu-
tations only involving a site and its neighbors. The updating of a site thus remains local if
a small degree is maintained for the graph. These models are also well-suited to massively
parallel implementations provided that the neighborhood structure remains simple and local
(the efficiency of parallel schemes decreases rapidly when the chromatic number of the graph
becomes large [1]). In the case of a complete graph structure, the computation burden usually
becomes prohibitive.

*This property of course does not mean that two arbitrary random variables X, and X; are independent
if s and ¢ are not neighboring. But we will say that these two variables are functionally independent.
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o & is the Borel o-algebra and « is the Borel measure, if A is not of measure zero;

o & is the subset o-algebra and x the countage measure, if A is a finite or countable subset
of IRY.

The product o-algebra 7 2 £5 is defined on the set @ 2 AS of all possible configurations,
and a probability measure on 7 defines a random field:

Definition 2 Let S be a finite site set and (A, £, k) be a state space. One calls random field with
site set S and with state space A any triple X = (9,7, P) such that:

o (0,7)=(A,8)%,
o P is a probability measure on the product o-algebra 7T .

If A is finite or countable, it’s a discrete random field. If A is not of measure zero for the Borel
measure on IR?, the random field is said continuous. Given a random field X, we consider for
any site s the random variable X, with values in A and defined as:

X, : (Q,T,P) — (A,€)

r — Xg(z) =1,

To simplify, one often writes X = {X;,s € S}.

Deterministic Transformation of a Random Field Let X = (2,7, P) be a random
field on S with state space A. Let S’ be another site set and (A’, £’) be another state space.
If fis a measurable map from (2,7, P) on (',77) 2 (A, €)%, then it defines a probability
measure Py on (Q,77):
VT €T, Py(T) S P(ITHT))

where f~1(T) is the pre-image of the set T under the map f. The random field X' 2
(', 7', Py), is the image of the random field X under the map f. In the remainder, we
will consider particular cases of deterministic transformations called restrictions.

Restriction of a Random Field Let A be a nonempty subset of S. Let us consider the

. . . . A . .
canonical surjective map from Q into (24, 74) = (A, £)4, denoted by f4 and which associates
with any configuration z = {z,,s € S} in Q its restriction x 4:

fa (T, P) — (Q,74)
(8)
r=A{zs, SES} —— x4 =A{z;, s€ A}
The probability measure generated on 74 by the map f4 defines a random field X4 =
(24,74, Py) with site set A and with state space A. This field will be called restriction of
random field X to subset A. A standard example of restriction is the subsampling of a random
field. This case will be considered thoroughly in the following sections. A configuration z € Q
will be sometimes denoted by (z 4,z 5) in order to distinguish the “components” corresponding
to the sites of A from the others. Finally, for any T € 7, T4 will denote its image under f4:

Ty = {.IA, S T}.
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Restriction of a MRF on a Graph 11

Trees provide a useful hierarchical structure for representing stochastic processes. They have
been introduced recently in signal processing [3] as well as in image processing to support
MRYF models. They are the basis for the development of new efficient multigrid image analysis
techniques that have been applied to multispectral image classification [7] and optical flow
computation [34].

In trees, two different sites at a same depth level are not neighbors (otherwise, a cycle would
result). A different hierarchical structure (called “pyramid”) with connected depth levels has
been proposed [29]. Let A = [S,U] be a tree of root r. The pyramid associated with A is any
graph G =[S, (U;U;) UU] such that the subgraph generated by each level S; is G's, = [S;, U],
and is connected (fig. 7).

So

Figure 7: Pyramid associated with a tree of root r

2.2 Markov Random Fields on Finite Simple Nondirected Graphs
2.2.1 Random Fields: Definitions

Given a finite site set S, we will consider collections {zs,s € S} of variables indexed by
elements of S and belonging to the state space A. A will generally be a subset of R? (¢ € IN¥).
The definition of A is of course problem dependent. In image analysis, various state spaces
have been defined, depending on the application field. A recent review on (Markov) random
fields and applications may be found in [12]. A measure being defined on the state space A,
we consider maps which associate an element of A with each site of §:

Definition 1 Let S be a finite site set, and (A, £) be a measurable space with positive measure
Kk on the o-algebra €. A configuration on S with state space A is a map from S into A:

z: S — (AER)

s — z(s) = xs

As mentioned previously, the state space A will generally be a subset of IR?, with its usual
o-algebra and the corresponding measure:
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10 Patrick Pérez, Fabrice Heitz

Figure 5: Fxample of neighborhoods associated with the coupling between a two-dimensional
lattice (with the 4-neighborhood system) and its edge graph

Trees and Pyramids A free is a connected graph without cycles. One can show that a
graph is a tree if and only if there exists one and only one chain between any two vertices.
Let us denote by d(s,t) the length of the unique chain joining sites s and ¢. d is a distance
on 5. It is interesting —for multiresolution image analysis purposes for instance— to define a
depth in the tree. To this end let us consider some reference site called root and denoted by 7.
The level of depth k, denoted by Sy, will be the set of sites at distance k from the root (fig.
6) :

SESE <= d(r,s)=k. (7)
Any site s in Si, with £ > 0 (i.e. s is not the root) has an unique neighbor on the level S;_1,

called its father. The other neighbors of s are on the level Si41 (if this level exists). They
form the set of its children.

So

51

S

S3

Figure 6: Tree with rootl r
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Let us notice that a d-dimensional lattice with a neighborhood system of order n € {1,2}
with respect to the euclidian distance is 2n-chromatic. Thus a bidimensional lattice with the
4-neighborhood system (resp. 8-neighborhood system) can be colored with 2 (resp. 4) colors.

Coupling of a Graph and its Edge Graph Let G = [S,U] = [5,G] be a graph on a
lattice S. Its edge graph is denoted by L(G). S and U are combined in a single site set 5*. An
element of 5* will be called a “site” if it corresponds to an element of S, and an “edge-site”
if it corresponds to an element of U: the edge-site associated with the edge {s,t} € U will be
denoted by <s,t>. In image analysis, a widely used coupling of graphs G and L(G) is the
graph G* = [S*,G*] in which a site s and an edge-site u are neighboring if and only if the
edge corresponding to u has s as an endpoint:

SEGi<=ueG < (HES : u=<s,1>).

Figure 4 depicts, for instance a common case where G is defined on a two-dimensional regular
lattice with the 4-neighborhood system. Its edge graph L(G) is regular of degree 6 and they
are two kinds of edges: “horizontal” edges and “vertical” ones (fig. 4 and 5).

graph G edge graph L(G)

@ siteof S I "vertical” edge-site
mm "horizontal” edge-site

Figure 4: Example of a bidimensional latlice with the 4-neighborhood system and ils associated
edge graph

In the coupling G*, the neighborhood of a site s is composed with its four neighbors in G
and the four edge-sites associated with the four edges containing s (fig. 5) :

Gl =G, U{<s, >, L €G,}.

The neighborhood in G* of an edge-site v =<s, > is composed with its six neighbors in L(G)
and by its endpoints s and ¢ (fig. 5) :

Gr={<s,s'>, §€eG,—{t}} U {<t,t'>, 1" € G, — {s}} U {s,1}.
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The sequence of neighborhoods of order n with respect to distance D (fig. 2) is defined by the
following recurrence:

A
Gt = argmin D(s,t) U G” . 6
gain D(s{) (6)

6

3

1
o

QO |0 |~ O |||
O | O |~ | W | | |
=~ | N =N~
QO | O |~ | W | |t |00
QO |0 |~ O |||

B T T I NC T S N

Figure 2: Successive neighborhoods with respect to the Fuclidian distance on a two-dimensional
lattice

Among these different neighborhood systems, the most often used are the first and second
order neighborhoods (with respect to the euclidian distance). In the two-dimensional case,
they are also called 4-neighborhood or 8-neighborhood systems, since they associate 4 or 8
neighbors to any site which is not located on the border of the lattice (fig. 3).

RS
e eescees

Figure 3: First and second order neighborhood systems on a two-dimensional reqular lattice
(euclidian distance); associated cliques
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Restriction of a MRF on a Graph 7

chain is called a cycle. The relation R defined on S as

s=1
SRt <= or (4)
there exists a chain joining s and ¢

is an equivalence relation. The equivalence classes 51,..., 5, induced on S are the connected
components of graph G, and p is the connectedness number of graph G. The graph is said to
be connected if p = 1, that is to say, for any pair {s,t} of sites, there exists a chain joining s
and t. Thus, each connected component 5; induces a connected subgraph Gg,. In this paper
we will only consider finite simple nondirected connected graphs.
The coloring of a graph is the assignment of a color to each site such that two neighboring
sites are not of the same color. In other words it is a partition of S in k subsets Cq,...,Cy
such that:

Vie{l,... .k}, Vs, t} CCj, s¢G; .

Such a partition is also called a codage [4]. Subsets C; will be called monochromatic compo-
nents throughout this paper. The graph is said to be k-chromatic if it can be colored with k
colors. The chromatic number of G is the minimum number of colors necessary to color its
sites.
The edge graph associated with graph G = [S,U] is the graph, denoted by L(G), whose
vertices represent the edges of G, two of these sites being neighbors if the two corresponding
edges in G have a common endpoint. If u is a site of L(G) corresponding to the edge {s,t}
of G, its degree is:
drgy(w) = (dg(s) = 1) + (da(t) = 1) .
If G is a regular graph of degree dg, then its edge graph is also regular, and its degree is
dray = 2(dg = 1).
Given two graphs G = [5,G] and G' = [S’,G], it can be interesting to combine them in a
single graph. To this end, let us consider a set S* of sites whose each element corresponds
either to an unique site of S, or to an unique site of S’. To simplify, we will denote $* = SUS’,
and each site of S* is identified with its corresponding site in S or S’. A coupling of the two
graphs G and G' is a graph G* = [S*,G*] on S* whose neighborhood system G* verifies:
{V{s,t}CS,sEgt* = s€G (5)
V{s,1} C 5, s€ Gy <= se(]

G* is obtained by introducing edges connecting sites of S and S’.

2.1.2 Special Cases

Finite Lattices A d-dimensional lattice (d € IN*) is a subset of Z?. Such kinds of site sets
are widely used in image analysis: bidimensional lattices are often used to represent images:
each site corresponds to a pizel; tridimensional lattices are used to represent 3D data (in
medical imaging or in image sequences for instance).

Using metrics on IR?, it is easy to define a distance on a lattice. Given such a distance D on
S, one can define the following sequence of neighborhood systems: G! is the set of the nearest
neighbors of s,

Gl 2 argrr;in D(s,t),
t¥#s
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The degree of a site s, denoted by dg(s), is the number of edges which have s as an endpoint,
i.e. the number of its neighbors:

A el
dg(s) = [Gs] -
The degree of the graph G, denoted by dg, is the maximal degree of a site of the graph:

A

dg = max dg(s) . (3)
If all sites have the same degree dg, the graph (or the neighborhood system) is said to be
regular. If all sites are mutually neighboring, then the graph is regular of degree | S| — 1: it is
complete.
A clique is a subset ¢ of S containing only one site or such that any two sites of ¢ are
neighboring. The set of all cliques of G will be denoted by C
The subgraph generated by a subset A of S is the graph G 4 whose site set is A, and whose edges

are those of G with their two endpoints in A. Its clique set will be denoted by C4 2¢n P(A),
where P(A) is the set of subsets of A.

Besides, we will call neighborhood of A the set G4 of sites in A (®) having at least one neighbor
in A (fig. 1). The border of A is the neighborhood of its complementary, denoted by B4 (fig.

1) and the interior A of A is the set of sites of A which do not belong to the border of A.

00809880
S8 S0= 08 et
30T Y e [t
S8 (Eee(Ie

SOL SO S OANINN T
080 S99 ® e 1
00004400

Figure 1: Neighborhood, interior and border of some site subset A of a regular graph

A chain of length ¢ is a sequence of ¢ edges L = (uy,...,u,) such that edge v; (2<¢<¢—1)
has one common endpoint with u;—; and a second common endpoint with w;+q, and such
that two consecutive edges of the sequence are different. The endpoint s of u; which does not
belong to uy, and the endpoint ¢ of u, which does not belong to u,_1, are called endpoints of
the chain L. The chain L joins the sites s and ¢. If the two endpoints s and ¢ coincide, the

A

®A is the complementary of Ain S: A= S — A .
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The different graph structures used in multiresolution Markovian modeling are described:
finite lattices, trees and pyramids. The general properties of the restriction of a Markov
Random Field to a part of its original site set are described in Section 3. The markovianity
of the resulting random field is studied and the distribution of the restricted field is derived.
General conditions for preservation of the locality of the field are given for finite-support
MRF's. Section 4 is devoted to various consequences and applications of this general framework
in statistical multiresolution image analysis. The first consequence concerns the subsampling
of MRFs. The general properties of several subsampling schemes are examined. It is shown
that most standard subsampling schemes lead to a loss of locality. Examples of subsampling
schemes which preserve a local Markov property are also presented. The statistical properties
of MRF models defined on trees [3, 7, 34] or other pyramidal graph structures [7, 29, 34]
are studied. The restriction, at a given scale, of these hierarchical models show long-range
interactions over the whole field and, as a consequence, cannot be specified locally. The
general properties of the renormalization group approach are also examined. It is shown that
the usual scale transforms used in this approach yield a loss of locality for the random fields
induced at the coarse resolution levels. Finally, the special case of Gauss-Markov random
fields is considered and the general conditions derived in Section 3 are developed for these
linear models. Section 5 contains concluding remarks.

2 Markov Random Field on Finite Nondirected Graphs

In this section we present some fundamentals of graph theory that will be used extensively
in the remainder of this paper [22]. Markov Random Fields are defined on finite nondirected
graphs and the different graph structures used in multiresolution Markovian modeling are
presented (finite lattices, trees and pyramids.)

2.1 Nondirected Graphs
2.1.1 Definitions

A simple finite nondirected graph G = [S,U] is defined as a finite set S whose elements are
called vertices or nodes (*) and a set U whose elements are pairs of nodes, called edges. If
u = {s,t} is an edge of G, then sites s and ¢ are said to be adjacent or neighboring, and
they are the endpoints of u. Such a graph is called simple because there is no loop (i.e.
edge whose endpoints coincide) and there is at most one edge between two nodes. A simple
nondirected graph can be equivalently defined as its vertice set S and the map G, called
neighborhood system, which associates with each site s its neighborhood, i.e. the set of its
neighbors. Therefore, the graph G = [S,U] will also be denoted by G = [S, G]. This second
notation will be used throughout this paper, unless otherwise stated. Due to the definition of
edge set U, a neighborhood system has the following properties:

(i) VseS s¢0s, (1)
(1)  W{s,r}C 8 reg,<=seq . (2)

?In image analysis vertices are usually called sites
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Lakshmanan has shown that simple resolution transformations such as subsampling or block
averaging also result in a loss of locality for Gaussian MRF models. Jeng [27] has studied
the loss of locality in a periodic subsampling of MRF models with infinite support. Other
approaches (1) introduced recently aim at defining MRF models on hierarchical structure
such as trees [3, 7, 34] or other pyramidal graph structures [7, 29, 34].

For a practical use of these different models, an important issue is the preservation of the local
Markovian property of the model at the different resolution levels. It is shown here that this
key problem may be studied by considering the restriction of a Markov Random Field to a
part of its original site set. We consider MRF's with either discrete or continuous state spaces,
defined on finite arbitrary nondirected graphs. Several general properties of the restricted field
are derived. The general form of the distribution of the restriction is given. A neighborhood
structure with respect to which the restricted field is a MRF is exhibited. The local properties
of the restriction are studied and sufficient conditions for the new neighborhood structure
to be “minimal” are derived. These general results may be applied to the different multire-
solution approaches previously mentioned. Several consequences and applications to various
multiresolution MRF-based modeling approaches are presented. In particular, the following
case studies are examined thoroughly:

e subsampling of a MRF by elimination of a monochromatic component (set of sites
associated with the same color in a coloration of the graph), standard decimations by
a factor v/2 or 2 in each direction of a MRF on a regular bidimensional lattice, etc. ;

e analysis of the restriction at a single resolution level of a global Markovian model on a
multilevel graph structure (tree or pyramid [3, 7]) ;

e stochastic transform of a Markov random field using the renormalization group approach
[21] ;

e expression of the restriction in the particular case of a Gaussian MRF'.

This study generalizes and unifies the works of Jeng [27] and Lakshmanan [32], both devoted
to the subsampling of MRFs. Lakshmanan [32] studies the subsampling of linear MRFs
(namely Gauss-Markov random fields). The mathematical framework described here applies
to general classes of nonlinear MRFs and handles several other approaches to multiresolution
MRF modeling. In [27], Jeng considers the periodic subsampling of MRF's defined on infinite
lattices. MRF's defined on infinite lattices raise several diflicult theoretical issues as far as their
definition is concerned. One has to introduce the concept of Gibbs specification associated with
a family of potential functions [20]. The existence and uniqueness of a Gibbs distribution,
associated with a Gibbs specification is an intricate problem which cannot be solved with
the standard mathematical tools used in [27]. In this paper we focus on finite support MRF
models defined on arbitrary graphs which are the models usually considered for modeling
images. The conditions given here for the preservation of locality in the particular case of
subsampling are thus not equivalent to the conditions given by Jeng in [27].

The paper is organized as follows. In Section 2, we present some fundamentals on graph
theory and random fields. Markov Random Fields are defined on finite nondirected graphs.

! Alternate approaches, involving various kind of coarsening operators on a single-resolution model, have
also been developed recently [8, 14, 25, 26, 28, 33, 38, 39, 40]. These approaches are not subject to a loss of
locality and hence will not be considered in this paper
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1 Introduction

Markov Random Fields (MRF) models have been successfully introduced in many fundamen-
tal issues of image analysis and computer vision such as image restoration [5, 11, 19], edge
detection [18], image segmentation [13, 18], multisource image analysis [24], computed tomo-
graphy [17], surface reconstruction [13, 36], stereovision [2], motion analysis [9, 10, 23, 40] or
scene interpretation [37]. The mathematical framework is a statistical one: entities of interest
in a given task are described by statistical models (Markov Random Fields) and Bayesian
estimation theory is used to extract the relevant information from the observed images. By
defining comprehensive global statistical models, the MRF theory leads to significant improve-
ment over local methods. Markov Random Fields define an efficient and powerful framework
for specifying nonlinear interactions between features of the same nature or of a different
one. They help to combine and organize spatial and temporal information by introducing
strong generic knowledge about the features to be estimated. When they are associated with
the Maximum A Posteriori criterion, they lead to the minimization of a global energy func-
tion which may exhibit local minima [19]. This minimization is generally performed using
deterministic [5] or stochastic [19] relaxation algorithms.

Stochastic algorithms may be drastically time consuming while deterministic schemes often
get “stuck” in local minima of the energy function. Besides, it is known that multigrid methods
can improve significantly the convergence rate of iterative relaxation schemes [42]. They
are useful when the energy to be minimized presents many local minima. It has indeed
been conjectured that multiresolution analysis may, to a certain extent, smooth the energy
landscape. Deterministic relaxation schemes can then be used at coarse scales to get a good
initial guess, which may be refined over increasing resolution.

The combination of Markovian models and multigrid methods in a consistent and tractable
mathematical framework is an intricate theoretical and practical issue. The first approaches
proposed in the literature were essentially based on heuristic associations of MRF models
with multiresolution decompositions of the images to process. Gaussian pyramids, wavelet
decompositions have for instance been used, but generally the same model was considered at
each resolution (same parameters, same neighborhood structure and same potential functions)
[2, 6, 31, 35]. Yet, in multigrid implementations of statistical models such as MRFs, the key
problem remains the derivation of the model parameters at different scales. When global
mathematical consistency is not guaranteed, the parameters and the neighborhood structure
associated with the model can only be adjusted over scale in an ad-hoc way. Gidas [21] has
described a consistent mathematical framework for multiscale Markov modeling, based on the
renormalization group approach. Unfortunately, this standard technique of statistical physics
does not lead to tractable computational schemes (apart from particular models and scale
transformations [21]) because of the loss of locality of the model at the coarse scales. In [32],
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Restriction d’un champ markovien sur un graphe et analyse
d’image multirésolution

Résumé : La définition de modeles statistiques multirésolutions se pose comme un pro-
bleme théorique (et pratique) difficile. Différentes approches ont été proposées récemment
pour associer champs markoviens et techniques d’analyse multirésolution de 'image : groupe
de renormalisation, sous-échantillonnage de champs aléatoires, définition de modeéles marko-
viens sur des arbres ou sur des graphes pyramidaux, etc. Pour une simulation efficace de ces
modeles ou leur utilisation dans le contexte de I’estimation bayesienne, il est primordial que
des propriétés markoviennes (locales) soient préservées pour le champ multirésolution. Nous
montrons dans cet article que ce probleme peut étre étudié en considérant la restriction d’un
champ markovien (défini sur un graphe fini non-orienté) & une partie de son support. La
distribution ainsi que les propriétés markoviennes du champ restreint sont établies. Le carac-
tere local de la structure de voisinage associée a ce nouveau modeéle markovien est étudié de
fagon détaillée. Ces résultats généraux sont appliqués a différentes approches récentes de la
modélisation markovienne multirésolution en imagerie.

Mots-clé : Graphes non-orientés, champs markoviens, distributions de Gibbs, modeles sta-
tistiques multirésolutions, restriction d’un champ aléatoire, potentiels canoniques et irréduc-
tibles, voisinage minimal, sous-échantillonnage.
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