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Abstract: We consider a weakly interacting N-particles system, described by stochastic
differential equations. According to the propagation of chaos theory, the corresponding empirical
measure (,u?f ) converge to a deterministic measure y¢, when N goes to infinity.

We are interested in the computation of the limit law and its cumulative distribution function
at a fixed date 7. We construct an algorithm based on the time discretization of the N-system
of stochastic differential equations on [0,7].

In this first part, we prove the convergence of the method for smooth and bounded interacting
kernels. For the computation of the cumulative distribution function, the rate of convergence
is of order O(\/LN + V/At), for the L'(R x Q) norm of the error, where N is the number of
particles and At is the time step. As the limit law is smooth, we compute an approximation of
the density by a regularization of the discrete time empirical measure. The rate of convergence
is of order O(e? + %(\/l_ﬁ +v/At)), where ¢ is the regularization parameter.

In the second part [2], we will use the point of view of the propagation of chaos theory, in
particular the interpretation of the underlying nonlinear PDE’s as a limit equation for the law of
the interacting particles, in order to develop a stochastic particle method for the one-dimensional
Burgers equation. In this case, the interacting kernel of the particles system is discontinuous.
As in the first part, we will give an accurate estimate of the L'(IR x ) norm of the error.

(Résumé : tsvp)
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Vitesse de convergence pour 'approximation de la
loi limite de particules en interaction faible
1: Noyaux d’interaction réguliers

Résumé : On considere un systeme de N particules en interaction faible, décrit par un
systeme d’équations différentielles stochastiques. D’apres la théorie de la propagation du chaos,
la mesure empirique des particules (,u?f ) converge vers une mesure déterministe u;, quand N
tend vers l'infini.

On s’intéresse au calcul de la loi limite et de la fonction de répartition associée a une date
fixée T'. On construit un algorithme de calcul, basé sur la discrétisation en temps du systeme
d’équations différentielles stochastiques sur [0, 7).

Dans cette premiere partie, on prouve la convergence de la méthode pour des noyaux d’inter-
action réguliers et bornés. Pour le calcul de la fonction de répartition, la vitesse de convergence
pour la norme L'(R x Q) de lerreur, est d’ordre O(\/I—N +v/At), olt N est le nombre de par-
ticules et At le pas de temps. La loi limite étant absolument continue par rapport a la mesure
de Lebesgue, on calcule la densité en construisant une régularisation de la mesure empirique
discrete. La vitesse de convergence est d’ordre O(e? + %(\/Lﬁ +V/At)), ot ¢ est le parametre de
régularisation.

Dans la seconde partie [2], on utilisera le point de vue de la théorie de la propagation du
chaos, en particulier 'interprétation de ’EDP sous-jacente comme I’équation limite de la loi des
particules en interaction, pour développer une méthode a particules aléatoires pour 1’équation
de Burgers uni-dimensionnelle. Dans ce cas, le noyau d’interaction du systéme de particules est
discontinu. Comme dans la premiére partie, nous donnerons une estimation précise de la norme

LY(R x Q) de I'erreur.



Approzimation of the Limit Law of Weakly Interacting Particles 3

1. Introduction

We consider a system of NV one-dimensional stochastic differential equations describing
weakly interacting particles :

ax;" = / b(XY )t (dy) dt + /S(Xf’N,y)ﬂfsV(dy)dwi =1 N,
R R
(1.1)
XgN = Xév

where (w}),..,(w)) are independent one-dimensional Wiener processes, and pl is the
random empirical measure :

N 1 J
Ky = N ; 5Xti’N'
The functions b and s are called “interaction kernels”.

The propagation of chaos theory provides convergence results for the process (u) : in
particular, under appropriate assumptions on the interaction kernels, it is proven that this
empirical process converges in law to a deterministic measure p;, as N — oo, provided
that pu) — o (see, e.g., Gartner [6], Metivier [8], Meléard and Roelly [7], Sznitman [12]);
besides, if L(x) denotes the differential operator defined by

1 2
@) = 5 ([ stdu) @)+ ([ e nduty) £,
the measure p; satisfies the McKean-Vlasov equation
d
7 <y f>=< pg, L(pe) f > (1.2)

with the initial condition egual to pg, for all real functions f of class C* and with com-
pact support. Such results are related to the nonlinear process (X;) which describes the
asymptotic individual behavior of the particles and which satisfies the stochastic differ-
ential equation

X, = X, + /Ot/Rb(Xg,y)m(dy)dt - /Ot/Rs(Xe,y)ue(dy)dWea (13)

pe is the law of the random variable X, for all ¢ > 0.

An example of results concerning this kind of processes is

Theorem 1.1 (Oelschlager, [10]) If the kernels b and s are Lipschitz and bounded
function and if s is strictly positive, then the SDE (1.3) has a unique strong solution.

RR n " 2180



4 Mareille BOSSY |, Denis TALAY

Applying 1t6’s formula, one deduces that the law of X; satisfies the equation (1.2).

Using this probabilistic interpretation, we construct an approximation method for the
distribution function g, solution of (1.2) with a given probability measure yo as initial
condition, and its cumulative distribution function. The algorithm consists in simulating
the particle system (1.1) for the computation of .

Let V(¢,.) denote the distribution function of uy; if H(-) denotes the Heaviside func-

tion, we have
T

Wﬁ@:PM@<ﬂ=/mmuwzﬂﬂw—XJ

In order to obtain a rate of convergence for the numerical computation of V, we will
suppose that the following assumptions hold :

(H1) there exists a strictly positive constant sq, such that s(x,y) > so, V(z,y).

(H2) the kernels b and s are uniformly bounded functions of R?; b is globally Lipschitz
and s has uniformly bounded first partial derivatives;

Under these assumptions, the measure p; has a smooth density and we note that,
when s is constant (equal to o, say), V solves the following nonlinear PDE obtained by
formally integrating the McKean-Vlasov equation:

a1, oV v
Tr =58V = [ [ b(y) St ydy]. S

This latter fact is used in our analysis of the methodology applied to the Burgers equa-
tion, which requires specific developments because of the singularity of the corresponding
interaction kernel b (see Bossy-Talay [2]).

We compute an approximation of the density by a regularisation of the discrete time
empirical measure. A rate of convergence is obtained with a stronger assumption on the
coefficients :

(H3) the kernel b is in C}(IR?) and s is in CZ(IR?).

Remark 1.2. The hypothesis (H1) could be somewhat relaxed: what is used in the proof
is the existence of a density for the law of the process (z;) defined below in (2.1), this
density satisfying the exponential bounds (3.3).

Inria



Approzimation of the Limit Law of Weakly Interacting Particles 5

2. Description of the algorithm and main results

2.1. Approximation of the initial condition. The algorithm starts with
an approximation of the initial condition.

A time t = 0, V(0,-) is the distribution function of the law po, denoted by V4(+) in the
sequel. Let N € IN be the number of particles. One chooses N points in R, (v}, ..,y)),
such that the piecewise constant function

Vola) = 7 2o H(r — i)

approximates V5. Thus, at ¢ = 0, one has N particles which define the empirical measure

2.2. Motion of the particles. These particles are moved according to the
dynamics of (X;). We must solve two problems: the time discretization of (X}), and the
approximation of the coefficients of the SDE (1.3) at each time step, since these coefficients
depend on the unknown law ;.

The existence and uniqueness of a strong solution (X;) enables to consider the drift
and the diffusion coefficients of (1.3) as functions # and ¢ depending only one time and
space variables: more precisely, we define 5 : [0,7T] x R — IR by

Blt.x) = [ be.y) pldy),

and o : [0,7] x R — R by

olt,a)i= [ s(a,y) puldy).

We note that, under (H1), # and o are Lipschitz in z, uniformly bounded in ¢ and x; this
ensures the existence and the uniqueness of the inhomogeneous Markov process solution
to the stochastic differential equation

dzy = B(t,z)dt + o(t,z) dwy,
(2.1)

Zt=0 = Z0.

RR n " 2180



6 Mareille BOSSY |, Denis TALAY

When the law of zg is po, the two processes (X;) and (z;) have the same law and
Vit,a) = BH(z = X)) = By H(a—2) = [ EH(@— () pol(dy).

where (z:(y)) is the solution to (2.1) starting at y at time 0. Note that (z;) is a Markov
process, whereas (X;) is not: this is used in the sequel.

For any ¢ € [0,71], a first approximation of V(¢,.) is given by
1 X :
V(t,2) = EgH(v—2) = 5 > EH(@ = z(y)).
=1

Consider N independent copies (w!)¥, of the Brownian motion, and the family of
independent processes (zz)(i:L“’N), solutions to

dz; = B(t,2) dt + o(t,2}) dwj,
(2.2)
Z0 = Yo-
A new approximation of V(¢,.) is given by

V(t,z) ~ % > H(x — z0).

=1

To simulate the motion of the (z!)’s, we discretize in time: T' being fixed, one chooses
At > 0 and K € IN such that 7" = KAt. The discretization times are denoted by
try = kAt, with 1 <k < K.

Applying the Euler scheme to (2.2), one defines the independent discrete-time pro-
cesses (Z}, ):
(2.3)
0= yé?
where Awj_; = 'wf;kH — wék

Thus, at time t; (with k = 1,.., K), V(t,.) can be approximated by

1 :
V(tk,z) ~ N ZH("E—Z;}C)

=1

Inria



Approzimation of the Limit Law of Weakly Interacting Particles 7

It now remains to approximate 3(t,-) and o(t,-).

As we did for the initial condition, we approximate y;, by the empirical measure 7,
generated by the locations of the particles at time ¢;. Denote the location of the particle
number ¢ at time ¢, by Y; and define

1 N
ﬂtk = ﬁ Z 5Ytlk *
i=1

Then
Bta) = [ o) = [ ooy ) = 7 3 )

Analogously, we set
o(ty,z) ~ — Z (z, YZ

Therefore, the motion of the particles involved in the algorithm is described by the family
of discrete time processes (Y} )Y, satisfying

N
Yt;-l'l - i/tl E b tk’ Ytk E tm i/tk Awk-}-h
3=t (2.4)
Yi=vyi i=1,.,N.
Finally, the function V(#x, z) is approximated by
— 1 X :
Vile) = + 3 Hiz = 7).
=1

2.3. Main result. We introduce an hypothesis on the initial law.

(H4) The initial law pg has a strictly positive and continuous density ug satisfying: there
exist strictly positive constants M, n and « such that

2
uo(z) < n.exp (—a%) ,for |z |> M.

(If n =0, po has a compact support).

RR n " 2180
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A simple method to initialize the positions of the particles is to invert the distribution
function Vj :

In the next section, we prove the following

Theorem 2.1. Let T' > 0 be fized, let At <1 be such that T = AtK, K € IN.
Let V(tg, ) be the distribution function of u,. Let Vi (z) be the approzimation corre-
sponding to the above algorithm with N particles.

Suppose (H1), (H2) and (Hf). Then

C .
Li(R) < NV log(2N),

|vo - Vo

where C' depends on M, n and «.

Besides, there exist strictly positive constants Ly and Ly, depending on s, b, ug and

T, such that, Vk € {1,..,K}, one has

E|V(ty,) - V()

— 1
iy = D (||V0 — Volmm + TN + VN),

and

i — 1
Var <Hv(tk") = Vu() Ll(R)) < Ly <HVO - VOH%J(R) + N + At).

In order to obtain an approximation of the density g, , we construct a regularization
by convolution of the discrete measure 7,, .

Let ®¢ be the density of the gaussian law N(0,e?) and set
ﬂti = (I)g * ﬁtk'
We introduce a stronger hypothesis on the initial law pq :

(H5) The initial law po has a strictly positive density ug in C?*(R), satisfying: there exist
strictly positive constants M, n and « such that

2

ug(x), ug(x), ug(z) < n.exp (—a%) ,for |z |> M.

Inria
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Theorem 2.2. Let T > 0 be fized, let At <1 be such that T'= AtK, K € IN.
Let ﬁfk be the approximation of p, corresponding to the above algorithm with N particles.

Suppose (H1), (H3) and (H5). Then, there exist strictly positive constants L) and L,
depending on s, b, ug and T, such that, Vk € {1,..,K}, one has

B | ()~ ()

1 — 1
! 2
m = D [5 + g(”Vo = Vollyr) + Nl VN)],

and

1 _ |
! 4 2
Ll(R)) s L [5 T (”VD — Vol + 7 + At)]‘

Var ([ () - 70) N

RR n " 2180
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3. Proof

In all this section, C' denotes any positive constant depending only on 7" and the
functions b, s.

The proof of the theorem 2.1 follows from a decomposition of the error V(tg,.) —
Vi () at each time ¢, of the discretization. This decomposition represents the successive
approximations of V ({x,.) that we introduced in the preceding section :

V(tkvx) - Vtk(r) = EMOH(x_Ztk) - EJOH(J}—Z%)

N
+ By He —2,) — %;H(;ﬂ—z«;k) (3.1)
1 & : 1 & :
+ ﬁ;H(x—Z;k) — ﬁ;H(r—E;k)
1 & : 1 X :
+ ﬁ;[{(x—?;k)— v ;H(;c—ytl).

The first term measures the approximation error of the measure pg. Introducing the
processes (z!), one makes appear a second term which essentially is a statistical error.
Then one considers the discretization error induced by the Euler scheme. The last term
corresponds to the approximation of the coefficients 3(ty,-) and o(x,-) by means of the
empirical measure 71, , in other terms it measures the error induced by the substitution
of the family of independent processes (Z; ) by the family of dependent processes (Y. ).

3.1. A preliminary remark. The hypothesis (H2) implies that the functions
o(+,-) and B(-,-) are Lipschitz in « and Holder in ¢: for all ¢ € [0, 7] and for all (z,y) € R?
one has

| Blta) =Bty | < [ [ba.2) = b(y,2) | pld2) < Lo |2—y]
and (3.2)
olta)—alty) | < [ Is@2) = sp2) | pldz) < Ly la—y].
On the other hand, as §(t,z) = Fb(z, X;), for all 8, ¢t € [0,7],
| B(0,2)— B(t,z) | < FE|b(x,Xs) — bz, Xy) |< Ly E| Xy — X3 | SCJt— 9|1/2.

Besides, 0 < 0. < o(t,2) < 0%, VY(t,z) € [0,T] x R. Thus the transition probability
of (z;) has a smooth density denoted by p(t,8;z,y). We denote by I';(-,y) := p(¢,0;-,y)

Inria



Approzimation of the Limit Law of Weakly Interacting Particles 11

the density of z;(y). The processes (X;) and (z;) with the same initial law po being
identical in law, the law p; has a density denoted by wu;, which is given by

u(a) = [ pt.0a.p)uoldy) = [ Ti(e,yluol(dy), Vo€ R, vt >0,

These property of # and o imply the following well-known estimate (cf. Friedman [5],
p.139-150, or the chapter 1 of [4]): for any 7', there exist strictly positive constants Cj
and Cj such that, Vt € [0,T], Vz, y, Vo > o*,

Ty | < &exp(_@—y)?),

Vit 20%t
(3.3)
9, Cy (x —y)?
I,y | < Leap|- .
obe) | < Seap(-E22

The four next subsections are devoted to estimates for each term of this error decom-
position.

3.2. Error induced by the approximation of the initial condi-
tion. This error is described by the

Lemma 3.1. There exists a positive constant [y, depending only on T', b and o, such that,
for any t € [0,T]:

| BpuHi(e = 2) — B H(z — =)l < 41 = Vollom
Proof. We observe that
B H(z—z) = / EH(z — z(y)) Toldy) / EH(z — z(y)) dVo(y)
+oo

- / EH(z — z(y)) dVoly) — EH(z - z(y)) d(1 — dVo(y)).

0

The integration by parts formula for a Stieljes integral gives
Fy H(x—2) = EH(z—z(0 / —EH (x — 2z(y)).Vo(y)dy

+ EH(x — 2(0)).(1 — Vo(0)) + / —EH (& — z(y))-(1 — Vio(y))dy.

RR n " 2180
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A similar computation for F,, H(x — z;) gives

0

éMEH@—%(D(%()T%@D@,

B, H(z =) = EgHe—z)= — |
so that
| By H (@ —20)— Eg, Hz =20l < [ [, |—JEH<x () |- | Voly) = Voly) | dydz .

To end the proof, it remains to upper bound
/ |—EH ¢ — z(y))|de.

We note that

d d a (= z 0
5y FHGE =) |=| 5 P) <o) =] 5o [ Teydals [ ] 2Tay) | de
where I';(., y) denote the density of the law of z(y). From (3.3), we deduce that
= (O , (a —y)? .
| —EH(J; —z(y)) | < /_Oo ~ eap (_W do. (3.4)
As well, one has
SEH@ =) | = | (= P() < @) | =] 4 Pe(y) > 2) |
ay T —z\Y = ay Zt\Y x = ay zt\Y T
teo O (a—y)’
< /x L €2P (— 5534 do (3.5)

Thus, from (3.4), one gets

Y
/y |—EH($—2t ) |dx < / / ( ay))dadx
—eo Oy 202t

and from (3.5)

+o0 too  ptoo ()
/ | —EH(x —z(y)) | dx < / / — exp ( ) dadz.
y dy 202

Inria
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We now use the following estimate, easy to prove. Let g,(x) be the density of a
gaussian law N(0, «), and let G, (x) be its distribution function; then one has

0 V<0, Gu) = [ gy < Lean(—)
(3.6)
(1i2) Va>0, (1-G,)(z) = L 9a(y)dy < 561’]7(_@)7

so that

.1/,2

d T _
S 1 B =) Lo < [ O eapl(—go e = O

and
| By H(x —2) — Eg H(z — 2) |1r) < Cinc? /R | Vo(y) — Voly) | dy,

for any ¢ > ¢*, and with (; depending on T and o*. O

3.3. The statistical error. The statistical error is described by the

Lemma 3.2. There exists a positive constant ly depending on T', b, o and pg such that,
for allt € [0,T],

1 N

| i 1
(1) B EzH(z —z) - N; H(z — z)levmy < b N
and
& . : 1
@) B (1Bt =) - £ Hle =Dl ) < (5 1
=1

Proof. By definition of the processes (z!), one has

1 X : 1 X :
By (e — =) = 3 BH(— =) = 3 BH( ).
=1 =1
Let us first prove the part (i). Set
1 N . .
A= BlgY [BHE—2) - He—=2) ] lnm

=1

1 X : :
< /R E | N; [EH(z—2) — H(z — )] |2 de.

RR n " 2180
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The (2!)X, being independent, one gets

2

E‘% ; [EH("E—Z;) — H(CE—Z;)] j\1f2 z; ]E[EH(x—zt) — H(:c—zf;)r
1
= W ;Eﬂx—zt)EH( z),
so that

\/_ / \l ZEH v —2).FH(z — ) dz.

Let T denote the density of the law of z¢, then

A< \/1—N /Rd%é/_zoﬁ(y)dy-ﬁ Ti(y)dy da.

From (3.3), there exists a constant Cy such that

: C )2
o < Bern(-0Z8E) vy, vo o
Thus
Co z—yd ] oo ] y2
A< / / _ d'./ —eap(—LVdy da.
< J e:ﬂp 22t)y $_yé\/%e"cp( 520y de

Let M be as in (H4). Decomposing the integral with respect to « in three parts (from
—oo to =M, from —M to M and from M to +o00), we get

Co -M 27T
< \/—N - / exp(—
Co fto |1 X \/ﬁ +o0 y?
— — — p(— dy dz .
VN Jum \IN ; tU/m_yg cep( =55 W d
It

Co
dy d 9 IM \rs
t) y dr + N T

(3.7)

Inria
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We will only treat I~ since IT can be treated by symmetry. By definition of the y’s,
it holds that

Co Y 2T N1 27_Vo_l(ﬁ) y?
I~ < \/—_ \l— " l; /_Oo exp(— erp(—262t)dy dz.
Let W the function on ]0, 1[ defined by
z=V5 ' (6) y?

U(g) = /_Oo el’p(—Q&Qt)dy.

As Vp is an increasing function, ¥ is a decreasing function and
N-1 : N-1 N
1 ? 1 ? N1
U £ Y L) < [T v
P 2N (N) — ZZ:; N ( — 0 ( ) ?
1 1 1

gl ) < / W(0)do.

2N 2N 2
Thus,

2 2 y?
I— < \/_OO \/ "5 / / exp Ydy df dx
VN 2 2¢
2 2
< \/_CO "5 / exp ) Vo(u) du dz.
VN Vi ot
From (H4) and (3.6), one deduces that
T u? _
Vug-mnVo(u) + pzan(l = Vo(u)) < vy /5—eap | —a— |, (3.8)
and then it is easy to get
A<
N

We now treat (ii).

B| g s = 20 - 3 (e — =)

RR n " 2180



16 Mareille BOSSY |, Denis TALAY

It then remains to apply the Cauchy-Schwarz inequality and the result (i).0

3.4. The discretization error.The aim of this subsection is to prove the
following lemma.

Lemma 3.3. There exists a positive constant l3, depending on T, b and o, such that,

Vik=1,.. K,

. 1 : 1 X .
(7) E'NZH(r—ztk)— NZH(x_Ztk) < I3 VAL
1=1 1=1 LY(R)
and
2
y RS 2
(ir) I H—ZH x—ztk - WZH(ZE—Z%) ) < (I3)° At
i=1 LY(R)
Proof. Noting that
Va,be R, /|H(:c—a)—H(:z:—b)|d:c:|a—b|, (3.9)
R
one gets
1 I 1 J _
H—ZH;c—ztk —NZH(r—zzk) < NZ | 2, — 2,
=1 LI(R) =1
1 X : : 1 X . .
H—ZH r—ztk —NZH(m—izk) < NZE |z, — 2 |7
=1 (R) =1
Set ¢, = IF | sz — Egk |>. The quadratic mean convergence rate of the Euler scheme for

SDE’s with coefficients which are Lipschitz functions in « and Holder of order 1/2 in time
is an easy generalization of Milshtein’s result [9], see M. Bossy’s thesis [1] for details.O

3.5. The dependency error. In this subsection, we study the error due to the
substitution of the dependent Y*’s to the independent z'’s

Inria
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Lemma 3.4. There exist positive constants Iy and Iy, depending on o, b and T', such that,

forallk =1,.
N

1 i
H—ZH r—ztk NZH(&:—Ytk)

=1

1 _
L[ VAL + —— + ||V = Vil
4< N Vo — Vollz <R))

LY(R)

2
) 1 Y : 1 _
(H—ZH (e =) = S = Yilow) < B (At+ g+ 1%~ Tlln).
=1
Proof. From (3.9) it follows that
1 N ) ) N
I§ 22 He—2z,) = Hz =Y )l < Z |z, — Yy |

=1

Note that
E|z, -Y, [’<

Bz, Y, [P +A°E| /b(éik_lvy)Utk_l(dy) — 5 200 Vi)
FALE [ (5, )V (dy) = = S50V, YE) P
. 1 N . 4
F2ME 2 =Y || [0 U (dy) = OB Y ) |
Set B = ZE | Ztk — Ytzk |?; one has that

1 X p N _ 4
Ey < Epy + A NZE | /b(Zfék_lyy)#tk_l(dy) — =Y Y, Yo )|
=1

N
1N , N , .
FALC S B [ (dy) — s E (3.10)
=1

| N N ' .
—I_:ZAt lakl'\l1 E|/ Ztk 17y)lLLtk J(dy) ﬁ Zb(i/tzk_17)/1{i_1)|2

= B+ A1+ A+ As.

RR n " 2180
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Ay is upper bounded by C'(At)?%. Let us treat Aj:

N
ZS t; 1’}/151 1)|

9 1 N
= NZE |/ Ztk 1’y)'utk 1 dy ZS Ztk 1’Ztk 1 |2
‘ ]:1

ZE|/ Ztk 17y :utkldy

ZIH
s,
i)

9 N N
—I_NZE Z Ztk 17Ztk1 ()/tl 171/{2 1)|

As s is Lipchitz, we observe that

N .
—Z/E| ~ Z sz A ) = sV Vi ) P< CEy.
71=1
1 N 1 N
Now set fiy, = ¥ 25] and Vtk ZH T _Zt Note that
]:1

i L& i .
[5G m(dy) = = sz zh) = [ 5w [, (dy) = e (dy)],
R o R
so that, s(-,-) being differentiable, one gets
» N ds, .
/R S(Ztk—17 y) [/’Ltk—l (dy) = Mty (dy)] = /R @(Ztk_py) [V(tk 1,Y ) Vtk 1( )] dy

< L Hv(tk—lv‘r) ‘/tk 1( )HL1

From (3.1) and the lemmas 3.1, 3.2 and 3.3, it follows that

1
B(Vitir2) = Vi, (@)l < CUV—Volltm + 1 + A1),

from which

_ 1
A S CAL (Vo = Vollfimy + 5 + A+ CALE.. (3.11)

Now, consider A3z. We need a precise estimate on \/Aj;.

As py,_, is the law of z;,_,, one has /b(x,y),utk_l(dy) = FE,b(z,z,_,), and we set

B, b(z, 2, ) P = By b(x, 2, )

13
zZ
tp—1

= /b(fzk_lay)ﬂtkq(dy)'

i
r=z
tp—1

Inria
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Observe:

1 Y vi
NZE|/ Ztk 17y)/“k 1 dy _N;b tp—1?

9 N
< WZE ‘E b($7ztk—1) i - Eﬁob($72tk—1) _
1=1 Zip_1 t—1
9 N 1 & '
+ —ZE Eqb(x, 2, ) - —EEZ?(%ZZ 1
Ni:l g ’ E;k—l NjZl '
9 N N 1 N :
+ﬁ§E DILEE MRS D
1= = Zt_q 1=
SWAES>
+ =N E|=Y iz 1,2 ) — by} 17Y] )
Nz 1 N]=1 o e * .

i) [

L 2
= 5k—1 + €1 T+ 5k—1 + 5k—1-

A previous computation shows that

4
€k

On the other hand, it holds that

1

5 9 N N
S =y B

J=1

(Eb(:(:,

—I—2 1
N &= N?

=1 7l

RR n " 2180

Il
==
*

&
——
—

5

[~

N
\‘d
I
o
—

< L} By

Z )

(3.12)

(3.13)
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9 N 1 N
= 2B E(b(e,z, ) — b5, )| |
Ni:l N]:l * * 72}@—1

from which it comes that
) o)1 N , : ?
6]{7—1 S 2Lb _EE | ng—l - ggk—l | .
N
Applying the lemma 3.3, we conclude that
e < 2L} IEAL (3.14)
It remains to treat }_,. Remark that

E#ob(l:72tk—1) ) - Eﬂob(xvztk_1) )

>t 13
zZ zZ Z
tp—1 tp—1 Tp—1

and that, for all z,

BLuba ) = Epbla,z) = [ Eba (1) Lpo(dy) = foldy) ]

Now integrate by parts and apply (3.3); it follows that, for all z, one has

BOl 277'7 =
E, bx,2, ) — Fzblz,z, ) |< ——0||Vo — Wlloum,
e 0) = Bz ) 1< 20TV~ Yol
so that, for £ > 1,
C )
€1 < t—52HV0 — VollLi(m). (3.15)

Combining (3.12), (3.13), (3.14), (3.15), one gets

Vo = Vol (g

tr—1

1
As < C At Ek_l.\l + At + N + CAtE,_4

Set |
&= Vo= VolLrm + ~ T At

In view of this upper bound and (3.11), the inequality (3.10) becomes:

Fe<(14+CADEy + CAL(S + At + CAYEELS  for k> 1,
V=1
E, < CAL.

Inria
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Consider the sequence (7;) defined by

VEL_1

Vé . fork>1
/tk_l M) M)

Y = (1 + CA)yp—r + CAL(S + At) + C AL
v = CAt

Then, for all £ =1,.., K, E; < 7. Suppose there exists an integer ¢ < K such that
Yo < 6 and 41 > O

As (7x) is increasing, it would hold that

vVr < g, Y < Vo — %H%J(R) +

+ At

1

N
1
— + At
N +

Thus, one would have

/
/

V-1

{7k<(1+0At+C )’7k-1—|—CAt(5—I—At), k=qg+1,.. K,

Y <0

-1 1 K 1
Noting that > — < / —dz = 2 (VK — \/q), an iteration gives
Vi~ Ve ’

=q q

y

s,

YK < Co.

That ends the proof. O

3.6. Proof of the convergence theorems. Having estimations for each

terms of the decomposition of the error V (#4,.) — V;,(+), at each time ¢, of the discretiza-
tion, from lemmas 3.1, 3.2, 3.3 and 3.4 we get that V k=1,.., K

_ — 1
E|V(te,z) = Vo (@)llnmw < LillVo = Vollumw + Lo N + Lz VAL

and

_ _ 1
Var(| V(@) = Vi(@)llwm ) < Ll Vo = Vol + Ly 5 + L5 AL

RR n " 2180
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To complete the proof of the theorem 2.1, it remains to estimate the approximation

error of Vy by Vy :
Vo= Vol = [ 1Vole) = Vola) | do

¥ N ; oo

= [Ty + X [ (Vo) - ) de + [ (1= V(@) da
-0 =1 yé N yé\f

= A4+ B 4+ C.

: 1
As Vp is an increasing function and by definition of the yg, it holds that B < ﬁ(yé\] —y0).

We will only treat A since C' can be treated by symmetry.
Let M be as in (H4) and define the function ¢ on R by :

T T

0(z) = /5 exn(—a%)

From (3.8), we have
Vo(e)
Suppose that yj < —M. Then
~lv N x
A = / )dz + / dx
oo %

< /_"W )'w Vo + - (v + W%m.

(o)

IN

(), for x < —M.

From (3.6), one deduces that :

—[p= () T 1
/_OO Y(a)de <[5+ (3.16)

so that

Now, if yj > —M

A:/_M VO(:s)d;c—l—/j; Volz) de g/ b(a)de + ~— (yi + M) .

— 00

Inria
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As =M < y5 < — |47 () |, it holds from (3.16) that, for any choice of y}

oo+ b+ (M J|—Zog<\/537}v>|>

and finally

Ve — Vollui(n <(\/7+2 Mv\llog(\/gzgf)))

Remark that if ug has a compact support (included in [—M, M]), then

— 1
IVo = Vollumy <  2M.0

The proof of Theorem 2.2 is based on the following decomposition of the error :
i = iy < e = (o @) gy + I (e = T ) * @ellirgy. (317)

The first term of the right hand side corresponds to the rate of convergence of the reg-
ularization with a gaussian kernel. If the density u; is in the sobolev space W*!(IR)
uniformly in time, the rate of convergence is given by the well-known estimate (cf.

Raviart [11]) :

1o, — (pay, * ) |22 (m) < C e || ey ||2,1- (3.18)

Using the integration by part formula for a Stieljes integral, the second term of (3.17)
becomes

I (e, = ) # el = [, | 0kte =) (Vtiow) - Vi) dy

so that

2
V2re?

The estimates of the Theorem 2.2 are obtained by combining (3.18) and (3.19).

E (Mtk - Ftk) * Dellpim) <

E|V(ts,.) = Vi)l (r). (3.19)

It remains to show that the assumptions (H3) and (H5) ensure that the density p, is
in W2'(R) uniformly in [0, 7.

RR n " 2180
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For a given function 7 in C'*(IR), we define u(t, z), for (¢,z) € [0,7] x IR by
u(t.z) = cxp(x()) ple)

Then, u is solution of the linear parabolic equation :

ou

E(t’x) = L(t)u(t,z), (t,z) €[0,7] x R,

u(0,z) = exp(r(z)) po(z),

where
_ 2 ~ 0 .
L(t) = a(t,x)w + b(t,l’)—x — ¢t x),
and
2
d—lJQ, ?)za(a)—ﬁ—'ir’,
2 ox
. B 162(02) ! 8(02) wt 2/ u N2
Cm e e PTGy A )

(3.20)

Choose 7(z) = In(1+42?), so that 7" and 7" are bounded functions. Under the assumption
(H3), 02,0 and 0%, are bounded functions in IR, uniformly on [0,7], for p = 0,1,2 and
q = 0,1. Moreover, writing on the form Ek(z, X;), it is easy to see that this functions are
Hélder in [0, 7], uniformly on IR, with exponent 1. Thus, the coefficients of L(t) satisfy

the hypothesis of the following result (cf Cannarsa and Vespri, [3]):

if ug is in H*(IR) then problem (3.20) has
a unique solution v € C'([0,]; L*(IR)) N C([0,T]; H*(R)).

The assumption (H5) ensures that ug is in H*(R). Then exp(w) p; is in H*(R),
uniformly on [0, 7] and we can easily deduce that g, is in W?#*(IR) uniformly on [0,7]. O
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