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Mathematical Problems and Methods in
Resistivity Well-loggings

Li Ta-Tsien Tan Yongji
Dept. of Mathematics, Fudan University, Shanghai 200433, China

Summary - The resistivity well-logging is one of the most important and common
techniques in petroleum exploitation. In this paper the authors introduce a new kind of
boundary value problem, the total flux boundary value problem, to model various resistiv-
ity well-logging problems, and review some effective theoretical and numerical techniques
to handle this kind of problem.

AMS Subject Classifications : §6A20, 35J20, 34B40, 35B27, 35R30.

Keywords : Resistivity well-logging ; Total flux boundary problem ; Boundary ho-
mogenization.

Problemes et Méthodes Mathématiques pour la
Diagraphie de Puits par Resistivité

Résumé - La diagraphie de puits par résistivité est une des techniques les plus im-
portantes et les plus utilisées en exploitation pétroliere. Dans cet article, les auteurs intro-
duisent une nouvelle sorte de probléemes aux limites, le probéme aux limites avec condition
de flux total, pour modéliser divers problemes de diagraphie de puits par résistivité, et ils
présentent certaines techniques théoriques et numériques efficaces permettant de traiter ce
genre de probléme.

Mots-clés : Diagraphie de puits par résistivité ; Probléeme aux limites avec condition
de flux total ; Homogénéisation frontiere.



1 Introduction

In petroleum exploitation one often uses various methods of well-loggings, among which
the resistivity well-logging is one of the most important and common techniques. After a
well has been drilled, one puts a log tool into the well. The tool discharges a steady current
to the underground and forms a static electric field. By measuring the electric potential
somewhere, one infers the resistivity of the geological stratum. Combining this information
with the porosity of the stratum obtained by some other well-logging techniques, one can
calculate the oil storage.

In order to infer the resistivity of the stratum from the well-logging information, we
have to determine the corresponding electric field and then to interpret the well-logging
information. This asks us to study some interesting mathematical problems. In this paper
we shall review the mathematical problems related to the resistivity well-logging, some
techniques to solve these problems and certain theorical aspects.

In section 2, we shall model the resistivity well-logging problem by means of a new
kind of boundary value problem, the total flux boundary value problem. In section 3 we
set up the variational principle for such boundary value problems and discuss the exis-
tence and uniqueness of the solution. In section 4, the procedure for solving this kind
of boundary value problem by finite element method will be given. In section 5 we give
some numerical results. In section 6 we show the advantages of this mathematical model
and describe the limiting behavior of the solution. In section 7 we discuss the boundary
homogenization for the boundary value problem. In section § and section 9 the inverse
problems of resistivity identification and the boundary homogenization for them have been
described. In section 10 we present the generalization and applications to some other fields.

2 Mathematical modelling for resistivity well-loggings

There are many different kinds of resistivity well-loggings. Without loss of generality, we
shall only give the models for the dual-lateral well-logging and the micro-spheric focusing

well-logging.

2.1 Formation Model

In oil-geophysics [1-2], the underground formation is usually supposed to be regularly
sratified. In figure 2.1 a cross section through the well-axis is shown, where Q,, is the well-
bore filled with mud; Q, is the enclosing rock; €., and 2, are two parts of the objective
formation, which is the main measuring object. Since the objective formation is usually
composed of porous sand-stone, the mud-filtrate penetrates into the porous region and
changes the resistivity in the subdomin ., which is then called the invaded zone. The
part of objective formation which is not invaled by the mud-filtrate is denoted by £2,.
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The formation is often supposed to be symmetric to the middle plane of the
objective formation and to the well-axis.

Since the current discharged from the electrode essentially covers a limited
region, usually we limit ourselves to investigate the electric field in the following
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where

and R, Z are sufficiently large.
The resistivity function is usually supposed to be piecewise constant:

R"l il) QY"’
Rz in g,

=4 R, i Q. (2:3)
Rt n Qg.

For some kinds of resistivity well-loggings, e.g., for the micro-spheric focusing well-
logging, the current actually covers a very small domain, then we can neglect the
enclosing rock and the objective formation without being invaded by the mud-
filtrate and then only investigate the domain composed of the well-bore and the
invaded zone. In this case, to detect the resistivity of the invaded zone more
accurately we have to consider the mud-cake (with resistivity R,.) attached to
the well-wall, the generation of which is due to the deposition of the mud. A cross
section of the domain through the well-axis is shown in Fig.2.2 and the resistivity
function can be written as
R, in §,,
P = Rmc n ch, (24)
R 1n Q.
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2.2 Differential equation and boundary conditions

The electric field produced by the resistivity well-logging is approximately a
steady one. Let u = u(x,y,z) be the potential of the electric field. We shall

introduce the differential equation and the boundary conditions for it.

In a static electric field without source, the current density function j satisfies

the continuity equation
div] = 0.

By Ohm'’s law in differential form

)=

k)

> [ty

where p is the resistivity and E is the intensity of electric field with
E= —grad u.

Therefore we have |
— div(—grad u) = 0,
P

R RN
Oz pdz’ Jy pdy’ Oz pdz

(2.9)

It means that the potential function u satisfies a quasi-harmonic equation. Since p
1s piecewise constant, the preceding equation must be satisfied in each subdomain

where p is a constant.

On each interface of the subdomains with different resistivity, we have to
prescribe the corresponding interface conditions. Let I'. be one interface, p_, u_



and p,, uy be the resistivity and the potential on both sides of the interface
respectively. By the continuity of potential, at each point of the interface I'., we
have

u-fr, = uylr,. (2.10)
The current through a surface element dS on T is

< o 1 = - lau
dl = -ndS = ;E -ndS = —;%db’, (2.11)

where 7 is the unit normal vector on .. By the continuity of current, at each

point of the interface I', we have
1 <5u)
r. P+ 671 +

1 [Ou
p— \on/ _
where the normal vector 7 takes the same direction on both sides of [y, and

du ek} , . : : :
(5%)+ Ir. and (35)- [r. stand for the normal derivatives on both sides of T.

(2.12)

b
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respectively.
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On the boundary of the domain (see Figure 2.3), the potential function satis-
fies several different kinds of boundary conditions. In the case that the potential
on I't, a part of the boundary, is known, we have the usual boundary condition
of Dirichlet type

u |r,= f (given function). (2.13)

In particular, on the surface of the earth the potential can be assumed to be zero:

u =0 (2.14)



moreover, on the boundary far from the electrode ,since the electric potential is
very weak there, we may also suppose that condition (2.14) is satisfied on it.

On the insulation boundary and the symmetric surface, denoted by I'y, we
have

- 1 Ju
J-fl=—==-5=| =0, 2.15
= o (215)
i.e., the boundary condition of Neumann type
1 Ju
=0. 2.1
2o, (2.16)

In the resistivity well-logging, some part of the boundary is composed of the
metal surfaces of the electrodes. On the metal surface of each electrode, denoted
by Io, the potential is unknown but should be constant, i.e.,

u |r,= const(to be determined), (2.17)

while the current [ discharged from the electrode is known:

// -dS —/ E ndS = [ (given constant), (2.18)
ro r0

then we have 19
-// —2Ras =1, (2.19)
r, pPOn

where 72 is the unit outward normal vector.
By combining (2.17) and (2.19), we get the following boundary condition of
new type [3-4]
u |r,= ¢ (unknown constant),
(2.20)
ffr 1 6“(15 = [ (given constant),

called the boundary condition with equivalued surface or the total flux boundary
condition, which is of essential importance in the resistivity well-logging.

2.3 Mathematical modelling

To detect the resistivity of the formation by the well-logging measuring informa-
tion is an inverse problem. Nevertheless, since the corresponding direct problem
is the basis for solving the inverse problem, we shall first establish the mathe-
matical model for the direct problem under the assumption that the geometric
structure of the formation and the resistivity p are all known, then we discuss
the inverse problem.



2.3.1 Dual-lateral well-logging

The dual-lateral well-logging [5] is an important technique and has been widely
used. The tool of the well-logging is mainly made of an electrode system with
nine metal electrode rings embedded into a cylindrical insulator, among which
the electrode Ao is called the main electrode; two pairs of electrodes (M, M;)
and (Ny, V;) are called the supervision electrodes; two pairs of electrodes (A;, A,)
and (A}, A3) are called the screen electrodes (see Figure 2.4). Two electrodes in
each pair are located symmetrically with respect to the main electrode Aq and
are linked each other by wire. There are two kinds of dual-lateral well-loggings:
the deep detection and the shallow detection. Without loss of generality, we only
formulate the mathematical model for the deep dectetion (see the left part of

Figure 2.4).
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Figure 2.4

In the case of deep detection, the log tool is put in the center of the well and

a current [o, called the main current, is discharged from the main electrode Ag;

in the meantime, currents [; and I with the same sign as Iy, called the screen

currents, are discharged from the pairs of screen electrodes {A4;, 4;) and (A}, A3)

respectively. Certain circuits can be used to automatically adjust I; and I] such
that

u]A:= Ju |A. (i= 1,2), (221)

where 7 is a positive constant, and the potential difference between two pairs of



the supervision electrodes (M, M;) and (N,, N,) is zero:
wl= b, (= 1,2) (222)

In the course of well-logging, the potential on the supervision electrodes (M,, M,)
(or (Ny, N2)) is measured and denoted by U, with which we shall estimate the
resistivity.

Since there are two pairs of screen electrodes and the second pair (A}, A}) has
a big length, the main current Iy is almost perpendicular to the surface of the
electrode Ay and penetrates deeply into the earth. This well-logging method is
sensitive for the distant part of the formation.

Noting that the electrode system and the formation model possess the axi-
symmetry and the symmetry about the middle plane of the formation, the poten-
tial is a function of variables » and z: u = u(r, z), where r = /22 + y? and the
domain reduces to a 2-dimensional domain © on the (r, z) plane shown in Fig.
2.3.

Thus, the quasi-harmonic equation (2.9) satisfied by the potential u changes

_E(la_“)_i(ﬁa_u)_o (2.23)
Or por 0z pdz" o
where p is definded by (2.3).
On each interface between the subdomains with different resistivity, the inter-

its form into

face conditions (2.10) and (2.12) should be satisfied. On the surface of the earth
z = Z and on the distant boundary » = R, we have u = 0. Denoting the union
of these two parts of boundary by I'y,we have

ur,= 0. (2.24)

Denoting the union of the symimetric axis » = 0, the symmetric plane z = 0 and
all the insulation surfaces on the log-tool by I';, we have

:;dg =0. (2.2
pon|r.

[S]
Q]
7]
~—

Noticing the symmetry, on the upper half of the surface of the main electrode Ao,
denoted by Ag/2 which is located in the half plane z > 0, by (2.20) we have

{ u = Cyo (unknown constant), (2.26)

on/z ,%%%dz = 41% (given constant).

Similarly, on the supervision electrodes M, and N;, we have

{ u = Cp, (unknown constant), (2.27)

rou,, _
fo ﬁa;dz = 0,

8



u = CN, (unknown constant),
[rOug, _ g (2.28)
N pa_
respectively, and on the screen electrodes A, and A] we have
u=Cy, ( unl\nown constant),
[,z au (2.29)
Ay p I?%
u = Cy4; (unknown constant),
f r aud., _ I (2.30)
AL PpOr 47r .
respectively, where, by (2.21)-(2.22), /;, I] are to be determined by the constraints

ufag= e 4 (2.31)
u |M1: u |N1 .

Since the problem is a linear one, we may take
Iy =1. (2.32)

Let u;(r, z) be the solution to boundary value problem (2.23)-(2.30), (2.10) and
(2.12) with Ip = 1 and [} = I] = 0;u(r, z) the solution to the same boundary
value problem with /o = 0,]; = 1 and /] = 0; and us(r, z) the solution to the same
boundary value problem with /o = [; = 0 and /] = 1. By linear superposition,
the solution to the direct dual-lateral well-logging problem under consideration
must be a linear combination of uy, uy and uj:

u(r, z) = uy(r, 2) + auy(r, z) + Bus(r, 2), (2.33)

where constants ¢, § are determined by (2.31), i.e

]

{ W ag toug |4 +Bus ay=v(u1 |4, +auz |4, +6us |a,), (2.34)

uy M, Houg fvy +Bus M = ur i, taus |y, HBus |, -

2.3.2 Micro-spheric focusing well-logging

The micro-spheric focusing well-logging [5] is a very useful technique to detect
the resistivity of the invaded zone. The electrode system is made of five concen-
tric rectangular ring-shaped electrodes and a couple of return-circuit electrodes
embedded into an insulation panel with the same curvature as the well-wall (see

Fig. 2.5).



Figure 2.5

For the purpose of well-logging, the electrode panel is lowered into the drilled
well and forced to contact the well-wall. The main electrode Aq discharges a static
current I = Iy + Iy, where Iy, called the main current, is the current absorbed
by the return-circuite electrode B, while I, called the auxiliary current, is the
current absorbed by the auxiliary electrode A;. The instrument automatically
adjusts Iy and I; such that the potentials on the supervision electrodes M, and
M, are equal to each other, i.e.,

U A, —U le.: 0 (235)
and the potential difference between the measuring electrode My and the super-

vision electrode M; (or M;) is a given constant V| i.e.,
u |Mo —u |M.: | (Z - 1,2). (236)

Here, the main current [y is measured.

In the present situation, even if the formation model 1s axi-symmetric, the
problem can not be formulated into an axi-symmetric one, since the electrode
contacts a part of the well-wall and a full 3-dimensional problem has to be con-
sidered. Noting the symmetry of the electrode system, the problem will be solved
in the part £ > 0, z > 0 of the cylindrical domain Q : 0 <» < R, 0< 2 < Z,
shown in Fig.2.6.

10



Figure 2.6

By (2.9), the potential function u = u(z,y, z) of the electric field satisfies

J 10 g ,10 0,10
L (m ) - (R - (52 =0 (2.37)
dz pdx’ Oy pdy 0z pO=z
in each subdomain with constant resistivity, where p is defined by (2.4). On each
interface, conditions (2.10) and (2.12) are satisfied. Onr = R and z = Z, denoted
by T';, we have

u ]rlz 0. (238)

On the insulation surface and the symmetric boundary, denoted by I'y, we have
10
el RS (2.39)
pon|p,

On the main electrode Ag,

u [4,= Ca, (unknown constant),
(2.40)

10u ;o _ lo+ 14
fonM pETLdS -

where Ag/4 stands for the intersection of Ay and the boundary of Q. On the

measuring electrode My and the supervision electrodes M;, M, we have

4 3

u |p,= Cp, (unknown constant),
15 (1=0,1,2) (2.41)
f fM.’/4 ﬁa%ds = 0’

11



respectively. On the auxiliary electrode A;,

u |4,= Cyu, (unknown constant), (2.42)
4
ffAl/.; lauds_ 4 |

and on the return-circuit electrode B

C unknown constant),
{ wls=Ce ) (2.43)

[ Jaja 5 8Las = -,

where Iy and I, will be determined by (2.35)-(2.36).
Let ui(z,y,2)(i = 1,2) be the solutions to boundary value problem (2.37)-
(2.43), (2.10) and (2.12) with I =1,I; = 0 and Iy = 0,]; = 1 respectively. The

linear combination
u = u(z,y,2) = auy(z,y, z) + Puzz,y, 2) (2.44)

is the solution to the direct problem for the micro spheric focusing well-logging,
where a, § are determined by (2.35)-(2.36), i.e.,

{ a(uy [am, —ur |aM,) + Buz (M, —u2 |a) =0,

2.45
s Iage —tur ) + Blus vy —ua e, ) = V. (2.45)

2.3.3 Inverse problem

If the coefficient p is not completely known, but some additional information
about the potential u is given, to solve simutaniously the coeflicient p and the
potential u provides one kind of inverse problem. Since p is piecewise constant,
this kind of inverse problem reduces to a parameter identification problem to
identify some resistivity parameters (R, Rz, Is, €tc.) and some geometric pa-
rameters (thickness of the objective formation, depth of the invaded zone, etc.).
In what follows we shall first consider the direct problem.

3 Variational principle, existence and unique-
ness of the solution

The direct problem for the resistivity well-logging asks us to solve the following
problem:

1
—v(;Vu)—o (3.1)

12



in each subdomain of {1 with constant p; On each interface between the subdo-
mains with different resistivity:

{u’zu“ (3.2)
10uy _ (10uy . :
(550)- = (5g5)+
u|r,= 0 (3.3)
1 0u
—a—n |r‘2= 0; (34)

On the surface of each electrode T (z = 1,2,---, L),

{ = C; (unknown constant), (35)

ffr laudS =1 (glven constant).

Here T, the boundary of Q, is the union of I'y, I'y and [y (z = 1,2,---, L) which
do not overlap each other and I} NT, =0, TN I=00+#747=1,---,L)
moreover, p > &g > 0, where g is a constant.

Introduce the following closed subspace of H'(Q):

={v=v(z,y,2) |veE H(Q v lry=0,v|p=const(z=1,---,L)}. (3.6)

u 1s called to be a weak solution to boundary value problem (3.1)-(3.5), if u € V}
such that

a(u, ¢) = L(9), V ¢ € Vg, . (3.7)
or, equivalently, if u € V4 such that
J(u) = minJ(v), (3.8)
where |
a(u,¢) = /// —VuV¢ dzdydz, (3.9)
Qp
. L
=Y L | (3.10)
=1
and |
J(v) = é-a(v,v) — L(v). (3.11)

By Lax-Milgram theorem, it is easy to show that problem (3.1)-(3.5) admits a
unique weak solution u € V; [3-4].

13



4 Numerical solution by the finite element
method

Due to the variational principle in section 3, solving the boundary value problem
related to the resistivity well-logging is equivalent to find the minimun of the

functional
1 1 \ =
J(v =—///—|Vv dzxdydz — Lv | 4.1
W =5 [ [ ], 517 ePaedie =5 sy (4.1

on the space
Vo = {v=v(z,y,2) | v € H'(Q), vi|r,=0, v lpi=const (=1,---,L)}, (4.2)
i.e., to find u € V, such that

J(u) = min J(v), (4.3)

veEVy

which is equivalent to find u© € V4 such that

L
1
[ ] [vuvedsau:=> 1ol voew, (4.4)
Q =1

where T‘f) stands for the surface of the i-th electrode and I; i1s the current dis-
charged by it (1 =1,---,L).

Problem (4.3) or (4.4) can be numerically solved by Ritz or Galerkin finite
element method [5-6]. Nevertheless some special skills have to be used to treat
the total flux boundary condition.

4.1 Stiffness matrix

We can form the stiffness matrix by the standard procedure of the finite element
method, then treat the total flux boundary condition. We now use some geometric
quatities to represent the finite element equations, as an example, for the dual-
lateral well-logging.

14
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Since the problem is axi-symimetric, we can take a 2-dimensional partition
on the domain Q in the (r,2) plane (cf. Figure 2.3). We use the linear triangle
element based on the perpendicular network. Suppose that there are n nodepoints
on each net-line parallel to the well-axis and the total number of the nodepoints
is N. If the j7-th node is an interior node shown in Fig.4.1, the j-th row of the
stiffness matrix is (see [7])

[0) <, 0, kj.j—na 0,---,0, kj,j—l : kj,j, ij-H ,0,--+,0, kj.j+71’ 0,--- 10]a (45)

where
kjjon = (—1— cot ay + &= cot ),
kjjo1 = —(% cot oy + 21:}7 cot 3,),
kjjqr = —(%ﬁ; cot a5'+ % cot fs), (4.6)
kjipn = (Eﬁ‘}T cot g + 75 - cot B4),
kig = =(Kjjon + kjjor + i + kjjan),

and 7y is the r-coordinate of the gravity center for the i-th triangle element around
the node j (i = 1,---,6); Ry, Ry, Rir1, Ryv denote the resistivities in four quad-

rants around j respectively; o, 8i(i = 1,---,6) are the inner angles of elements
shown in Fig.4.1.

15



Similarly we can form the corresponding row of the stiffness matrix for each
boundary node.
Thus, we obtain the stiffness matrix

K = (kye)nxn- (4.7)

4.2 Treatment for equi-valued surfaces

Before solving the finite element equations, we have to consider the constraints
on the equi-valued surfaces. Without loss of generality, we suppose that there is
only one equi-valued surface 'y (electrode) with nodepoints numbered by 1,1+
1,---,m — 1,m. Moreover, for simplicity of statement we suppose that I'; = .
Let the unknown vector of the node potential be

6 = (uy,ug, -, un)’. (4.8)
There should be

U = u1+1 = " = Uy = Uy, (49)
Taking the following invertible transformation

U = W — Uy,

Vig1 = U1 — Y42,

(4.10)
Um-1 = Um—1 — U,
vm = um.)
we have
V=V = " = U1 =0. ‘ (411)
The inverse transformation of (4.10) is
u = v+ Vi4+1 + - 4 U F U,
Uil = V41 + - + Unp,
: (4.12)
Un—1 = Um-1 T Um,
Um = Upm.
\
The quadratic form
l ¢ I
J = 56 Ké— Eu II‘O, (413)
which is a discrete form of the quadratic functionnal
1 r I
J(u) = 5//{);[ V ul®drdz — e Iro s (4.14)

16



should be changed relevantly.

Let
ba = (u1,u1+1,-~-,um_l,um)T, (4.15)
gA = (vl,v1+1,"-,vm_1,vm)T (4.16)
and
6, _ 6
§=18a |, 6= 641, (4.17)
5'2 52
where
81 = (ur,- -, wa)T, (4.18)
8 = (tmsrs -y un)’ (4.19)
Setting
1
B 1 -+ 1 (w20
A — 0 3 .
1

which is an (m — [+ 1) x (m — [ + 1) upper triangular matrix, by (4.12) we have

§4 = RaS4. (4.21)
Therefore _
§ = R6 . (4.22)
with
E, 0 0
R=10 R4 0 , (4.23)
0 0 Es

where E; 1s the unit matrix of order (I — 1) and E; is the unit matrix of order
(N — m). Thus, the quadratic form (4.13) turns into

J=16TKs— —I—um

2 ar

lap o ]
= _6T[ 6— — m 4.24
2 g (4.24)

where B
K = RTKR. (4.25)
Let _

6= (ur, Wty Upny oo ,uL)T (4.26)

17



and let X be the submatrix of /', obtained by deleting the rows and the columns
corresponding to the indices from ! to m — 1. Noticing (4.11) we have

1=T=~= =~
J= 55 Ké— 6P, (4.27)
where
(})
P = oo —_— .o T
P = (0) 0, 47r’0’ aO) . (4.28)
If K is written as
I sym.
Ky Ka : (4.29)
Ks Ky K,
we have
~ I, Sym.
K=|K, ku (4.30)
I3 7{_; K,
Witll m m m
K= kY kpyooy > kjum), (4.31)
=t =l i=1
Fu=) "> k; (4.32)
=l j=l
and

Ky =0 kmirss > kmeagrn > kwj)T. (4.33)
i=l j=l j=I

Thus we finish the treatment on the equi-valued surface and get the system
of finite element equations

K§=P, (4.34)
where P is given by (4.28).

4.3 Remarks

The problem for the micro-spheric focusing well-logging is a full 3-dimensional
problem. Noting the symmetry, it is convenient to make the finite element par-
tition on a cuboid

.,
IAS A
N A 4
FANR=SEN

- b

opa

: (4.35)

o
N IA



in the cylinderical coordinates (r, ¢, =), where ry is equal to the difference between
the well-radius and the thickness of the mud-cake. First of all, we divide (r}, R)
into H parts by points r;(z = 0,---,H) with ro = 7,7y = R and r; < r;y
(:=0,---,H —1). We can take Ar; = (r;y; — ;) to be increasing with respect
tot=40,---,H—1.

We can use the same 2-dimensional element partition as in §4.1 for each plane
domainr =7, =5 < ¢ <5,0<2<Z (¢ =0,--,H), and by connecting the
corresponding nodes on neighbouring planes, we get a 3-dimensional element par-
tition. Since all the 2-dimensional elements are triangles, we get a 3-dimensional
mesh with triangular prisms.

By similarity of the elements ,we can devise an algorithm to form the stiffness
matrix very quickly.

In the numerical simulation, usually we only need the values of the potential
on the electrodes. It is beneficial to number the node points on electrodes at the
last, so that only a few last unknowns have to be solved.

It is easy to see that the following similarity property holds: the solution
u = u(z,y, z) corresponding to the resistivity p will change into ¥ = au(z,y, 2),
if the resistivity p changes into ap, where a is an arbitrary positive number.
Then, in the numerical simulation we may fix the resistivity in one subdomain,
say, In H;,, to be equal to | and take the resistivity in other subdomins to be
R/ R0, Ri/ Rzo, etc.

While we make interpretation chart for the well-logging or interprete the well-
logging information by the computer, we have to do a great amount of calculation
for various formation resistivities. For example, in the micro-spheric focusing well-
logging, if we separate R., and R,,. into n levels, we need to solve thé problem
n? times. Nevertheless, by similarity, only n times are enough.

Besides, since the resistivity in the invaded zone is always supposed to be 1,
the resistivity distribution turns into

ﬁ_{ R/ Rzoy 16 <1 <19,

1, e <1 < R, (4.36)

where 3 is the well-radius. Thus, when a direct technique is used to solve the
system of finite element equations, the equations for the interior nodes in the
invaded zone only need to be formed and decomposed once for all different values
of Rm¢/Rzo. Thus, what we have to do for each concrete value of R,../R;. is to
form the equations for other nodes and make the corresponding decomposition
to obtain the solution. In such a way much computation time is saved.
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5 Numerical results

By use of the mathematical model given by the total flux boundary value problem,
the numerical simulation by the finite element method produces very accurate
results [5], [8]. '

In the well-logging interpretation there are two important parameters: the
instrument constant K, and the apparent resistivity p4. For the micro-spheric
focusing well-logging, _

T
Ko = 7" (5.1)

and

pa 2 Rusrr = Ko - _I‘i’ (5.2)
)
where E, is the main current obtained in the homogeneous case p = 1, [ is the
main current, and V is given by (2.36).

For a given electrode panel, we use our model to do the numerical simulation
and obtain the instrument constant /¢ = 0.0976. In the meantime, by using
a physical experiment to determine the same instrument constant, we obtain
Ko = 0.0988. The relative error is only 1.21%.

For the mud-cake thicknesses 5, 10, 15, 20, 25, 30 (mm) and R;o/ Rm. values 2,
5, 10, 50, 100, we do the computation and draw the characterizing curve shown
in Fig. 5.1. To interpret the well-logging information, for different mud-cake
thicknesses and diffrent values of R,,/R.,.. we draw the resulting curves with
the auxilary current ratio n = I;/Is or 7 - (Rme/1.91RmspL) as the horizontal
coordinate and Rarspr/Rmc as the vertical coordinate (see Fig.5.2 and‘Fig.5.3).
These charts have been successfully used to interpret the well-logging information
in pratical exploitation for many oil fields in China.
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6 Connection between the total flux bound-
ary value problem and the classical boundary
value problems

The resistivity well-logging problem can be also formulated by the classical bound-
ary value problem instead of by the total flux boundary value problem. Never-
theless this way usually loses the accuracy, and takes more computing time since .
more boundary value problems must be solved.

For example, the micro-spheric focusing well-logging problem has been formu-
lated to a couple of total flux boundary value problems given in Section 2.3.2. But
the same problem must be formulated by five classical boundary value problems
as follows:

Let u;, u,, uz ug and us be the solutions to the following classical boundary
value problems respectively:

((2.37)-(2.39), (2.10), (2.12),
u’le = 1,
‘U,IAl = 0,

J ulp =0, (0-1)
u’lMl = ule =0,
uln, = 0;

((2.37)-(2.39), (2.10), (2.12),
ule = 0,
ulA, = 1,
A (6.2)
u'Ml = ule =0,

L ulm, = 0;

((2.37)-(2.39), (2.10), (2.12),
uIAo = 0,
ulA, = 0,
ulp =1, (6.3)
UIMI = u|M2 =0,
uIMO = 0;

((2.37)-(2:39), (2.10), (2.12),
‘U.IAO = 0,
ula, =0,

RS (6.4)

ulMx = u[Mz =1,
u]Mo = 0;
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((2.37)-(2.39), (2.10), (2.12),
ule = 0,
ula, =0,

¢ ul’;'z 0 (6.5)
ulMl = ule =0,

\ U|Mo = 1.

The solution to the micro-spheric focusing well-logging problem should be the
linear combination of u;, u,, us, ug and us:

U = a u; + asuy + azus + aqug + asus, (6.6)
where a;(: = 1,---,5) are determined by

uIMo - ulMl = V’

ffMo 1 au =0,

ffM1+M2 : auds (6.7)

fonlaudS_I

ffA,+B 1 auds -

Moreover, for solving a;(: = 1,---,5) we have to use the numerical derivation and
numerical integration in (6.7), hence the numerical error would be amplified.

Therefore, formulating the well-logging problem by the classical boundary
value problem is a less economical and less accurate way. Thus, using the total
flux boundary value problem is the best way to model the resistivity well-logging
problem.

Wei [11] and Sun {10] investigated the limiting behaviour while the size of
an electrode that charges no current tends to zero. They concluded that the
solution to the total flux boundary value problem converges to the solution to
the boundary value problem without that electrode. It means that when the total
flux is zero, if the size of the electrode is relatively small we may omit the total
flux boundary condition, i.e., the total flux boundary condition can be replaced

by the classical Neumann boundary condition g% = 0.

7 Electrode homogenization

In some well-loggings, e.g., the micro-lateral well-logging and the micro-spheric
focusing well-logging, the aim is to detect the resistivity in the area near the well-
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bore. The electrodes are lowered into the drilled well and forced to snugly fit the
well-wall. For this purpose, the engineers have designed the patched electrode I’y
which is made of many electrode cells linked by wire on a rubber plate, as shown
in Fig.7.1. In this case the boundary condition on I'y changes into the mixture
of two parts: On the surface of the rubber

1 0u
;_(9_1; = (; (7.1)
while on the union of the metal cells of electrode:

u = C is an unknown constant (7.2)

and the total flux 18
//-—u—dS is a given quantity /. (7.3)
pOon

When the size of electrode cell is very small and then the number of electrode
cells is large enough, the boundary condition on I'g becomes so complicated that
even if a very meticulous mesh is used, we can not get a good numerical solution
by the finite element method.

i— Electrode
cells

Figure 7.1

The boundary homogenization technique suggested by A.Damlamian and Li
Ta-tsien [12-13] and Li Ta-tsien {14] can be used to simplify this kind of boundary
condition on I’y and to reduce the complexity efficiently.

Without loss of generality, we only discuss the case with a single patched
electrode. Suppose that € is a domain in R® with boundary " which is separated
into three parts I'y,['; and [y, where I’y and I'; are defined as before, while [y
stands for the patched electrode. _ _

Thus, the surface I'q is divided into two regular subsets I'§ and I'§, where I'§
is composed of insulation material, while T'§, the surface of piecewise electrodes,-
is composed of a number of connected surfaces I' ;(i = 1,---,m(¢)):

m(c)

re=Jre., (7.4)
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in which each T'g; denotes the surface of a connected piece of electrode. Since
these connected pieces are linked each other by wire, the potential u must be
constant on the whole I'§. On the other hand, the total current discharged from
I['§ is still the given constant 1.

The boundary value problem corresponding to the case of patched electrode
is
=XV, (-1/3 V ue) =0 in  except the interfaces,
u. satisfies (2.10) and (2.12) on each interface,

_ Jue| _
Y Ir,=0, ?71‘|r2 =0, (7.5)
a — 0

n |,

uc [r¢= C. (unknown constant), ffré %g%ds = 1.

1 onT}§,
Xe = { 0 ~0 (7.6)

&
on 'y

Let

be the characteristic function of I'y on I'y. We make the following hypothesis:
(H) For any weak * convergent subsequence {x./} of {x.} in L®(I'o), its limit
function is always different from zero almost everywhere on I'y; namely,if

X — x weak * in L®(To), (7.7)

then
x # 0 a.e. on [. . (7.8)

Hypothesis (H) actually gives a restriction on the geometric structure of I'§
as € — 0. In fact, it follows from (H) that there exists a constant a > 0 such that
for any fixed e > 0

meas [g>a>0. (7.9)

Particularly, in the case of periodic structure as shown in Fig.7.2, the whole
sequence '

Xe — 0 # 0 weak x in L®([g) ase — 0, (7.10)
so that (H) is automatically satisfied.
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Figure 7.2

Intrbducing the space

Vo={¢€ H'(Q) | é1Ir,=0,¢

re= const}, (7.11)

the solution u, € V, to problem (7.5) is characterized by

///%Vuev¢dxdydz=1¢|rg,V¢€Ve- (7.12)
Q

Taking ¢ = u, in (7.12), we obtain

1
/// ~| ¥ w|’dzdydz = Tuc |y - (7.13)
QP

Then, due to Poincaré inequality and the trace theorem, it is no difficult to see
that u, is bounded in H'(Q) and C, = u, r¢ is bounded. By extracting a proper
subsequence €, tending to zero, we conclude that there exists u € H'(Q) such
that

u., — u weakly in H'(Q). (7.14)

Taking €,, — 0 on both sides of u,, Xc, = Ce,Xen> We get u|r, - x = Cx, where C
is the limit of the sequence C,,. Consequently, from hypothesis (H) we have

u = C. (7.15)
Introduce the space
V={secH(Q)]¢Ir,=0,¢ |r,= const}. (7.16)

It is clear that V C V, and u € V. Therefore, from (7.12) we obtain
///%Vucvqﬁd:z:dydzzld)lro, VoelV. (7.17)
Q
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Then, choosing € = €,, and taking the limit, we obtain

///%VUvqﬁdz:dydz:](f)Iro, VeV (7.18)
Q

This is nothing but the variational formula for the following problem:

- (% vu) =0 in§ except the interfaces,

u satisfies (2.10) and (2.12) on each interface,
u Irl_ ' On L =Y

¢ |r,= C (unknown constant), ffl‘o %g%ds =1

So u, the limit of u,,, is the solution to problem (7.19). From the uniqueness of
the solution to problem (7.19), the whole sequence u, converges to u as ¢ — 0.
Noticing that by (7.13) and (7.18), the H!(Q) norm of u, converges to the H!(Q)
norm of u, we conclude that u, converges to u, strongly in H'(f2).

Thus, the homogenized boundary condition on T 1s the following total flux
boundary condition:

-1
]
o
~—

ulr, = C (unknown constant), (
10 :
f fro ﬁa:—ids = 1

Hence, in the problem of resistivity well-logging, if the size of each connected
piece of patched electrode is relatively small, instead of the patched electrode we
can approximately regard the whole surface I'y as an electrode and the complexity
is then reduced.

8 Inverse problems

The main purpose of resistivity well-logging is to determine the formation resis-
tivity by measuring some information from the well-logging field, in other words,
to determine certain coefficients in the partial differential equation by some addi-
tional information of the solution to the corresponding boundary value problem.
The author of [15] proved the uniqueness of the solution to the inverse problem
to determine the near constant coefficient in a quasiharmonic equation, provided
that both the potential and the flux on the whole boundary are measured. Nev-
ertheless, in the case of well-logging, it is very difficult to measure the potential
and the flux on the whole bounday. As mentioned above, by the assumption of
oil-geophysics, the coefficient of the equation is simplified to be piecewise con-
stant, so the inverse problem turns into a parameter identification problem, in
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which several physical parameters (resistivities in different formations) and sev-
eral geometric parameters (depth of the invaded zone, thickness of the objective
layer etc.) are to be determined.

Tan [16], Li & Tan [17] obtained the well-posedness for the case of identifying
a single physical or geometric parameter.

First of all, we illustrate how to identify the depth of the invaded zone. This
is an identification problem for a single geometric parameter. For simplicity and
without loss of generality, we suppose that the domain § is only composed of two .
subdomains Q;, and €, and there is only one electrode. Let h be the depth of
the invaded zone. We denote

Qh = Qz'07 ‘
{ Qp-n = O, ' (®.1)

as shown in Fig.8.1, and then we have

_ Rxo n Qh,
p= { R, in Oy . (82)

Since the water increases the conductivity of the formation, we always have

Rz < R.. ' (8.3)
H
e ) —~
Qro Qt
Figure 8.1

Now suppose that the piecewise constant resistivity and all the geometric
parameters except h, the depth of the invaded zone, are known, we investigate
the following identification problem (P,): To find (k,un(z,y)) € [0, H] x H}(Q)

28



such that

/ a .
-2 (LG 3%(%3’; ) - £(5%4) =0 in U,
up, satisfies (2.10) and (2. 2) on the interface between Q) and Qpy_;, o4
Up |F1_ 0, —a—hi ( ’ )
\ uplr, = U, s p—a—de—I

where both U and I are all given constants and p is defined by (8.2).
Let

V={ve H(Q)]|v|r,=0,v |r,= const} (8.5)

an

In(v /// | v v|*dzdydz + = /// |Vv| dzdydz — Iv
1978 Rz, Qpyon

For any fixed h € [0, H], there exists a unique u; € V such that

Iro
(8.6)
Ji(un) = Igéi‘l) J(v), (8.7)

and uy is characterized by

1
// l \VATRAVAY) dxdydz+/// —Qup- v dzdydz = Iv|r,, VveV.
Qp Rxo Qy_n Rt
(8.8)

By (8.6) and (8.8), we have

Jn(up) = ——Iuh Ire= /// |7 unl d:thdz+/// —IVuhI dzdydz).
Qp Rz, Qp—n

(8.9)

Let U = up |r,. Keeping the other factors fixed, U is a function of A € [0, H],

denoted by '

U=U(h). - (8.10)
Since I > 0, by maximum principle it is evident that
U(h) >0, Yhel0 H] (8.11)

For h,h € [0.H) with b > h, let u, € V, uz € V be the solutions of (8.7)

corresponding to A = h and h = h respectively, l.e.,

Ju(up) = Iulél‘Ilth(v) (8.12)
Jr(uy) = Igél&l.]"'(v) (8.13)
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Noting (8.3), it is easy to see from (8.9) and (8.12) that
Uh)-U(h) = —(Jh(uh) YAUN))

< ,(Jh( )il

= (= -— /// | v uzl*dzdydz < 0.(8.14)
Rz, - Qn-n

Actually, the strict inequality should hold in (8.14), since by Holmogren’s unique-
ness theorem (see [18]) it is impossible to have

/// | v uz |*dzdydz = 0. (8.15)
avﬂn,, A

U(R) <U(k), Vh,hel0,H]withh>h, (8.16)

namely, U(h) is a strictly decreasing function of k € [0, H].
It is easy to see that

Thus, we have

///|Vuh|2d:1:dydzfc, Vhel0,H], (8.17)
Q

where C is a positive constant independent of h.
On the other hand, it follows from (8.8) that

< I 1 1 ~
U(h)—-U(h) = T(T_Rzo)///n:ﬂnﬂ hVuz-Vuh dzdydz (h > k), (8.18)

then by the absolute continuity of Lebesgue integration, for any fixed k € (0, H),
we have

U(R) = U(R) as h — h*. (8.19)
Similarly, for any fixed h € (0, H], we have
UR) = U(h) as h — h~. (8.20)

Hence U(%) is a continuous function of h € [0, H].

Since U = U(h) is a continuous and strictly decreasing function of h on
[0, H}, it has a continuous and strictly decreasing inverse function h = h(U) for
U € [U(H),U(0)]. Hence, for each U € [U(H),U(0)], the identification problem
(Ps) admits a unique solution (k,uz(z,y)) with & = A(T).
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In a similar way we can obtain the well-posedness for a single physical param-
eter identification. For example, we want to identify the resistivity R, provided
that the other parameters are all known. Let

1 1
Jr(v) = %(///,’; E|vv|2d:rdydz+/// Rxo|VU|2d:rdydz+
/// L|Vv|"’davdydz+/// —1-|Vv|2d:z:dydz)——1v Ire
Q, Rs Qe Rt

(8.21)

and V be defined by (8.5). The identification problem (Pr) to identify the re-
sistivity R; can be written in the following variational form: to find (R:,ug,) €
(0,+00) x V such that

J = min Jg,(v),
r(ur) = min Jr,(v) (8.22)
uRg IFo: U’
where U is a given measuring potential on the electrode.
For any fixed R € (0,+00) , there exists a unique ug € V such that
Jr(ur) = mei‘r/l Jr(v). (8.23)
Denoting U = ugr |r,, U is a function of R € (0, +00):
U =U(R). " (8.24)

In a similar way, we can show that U = U(R) is a strictly decreasing and contin-

uous function and
}IZIH}) U(R) = Uo,
lim U(R) = U, (8.25)
R—+00

where U or U, is the measuring potential on the electrode in the case that
Qg, 1s either a very good conductor or an insulator respectively. Thus for each
U € (Us,Up) the identification problem (Pg) is well-posed.

For the multi-parameter identification, no good theoretical result has been
obtained yet.

As shown in Fig.5.3, the results obtained by solving many direct problems for
micro-spheric focusing well-logging can been plotted into a chart. By using that
chart it is easy to graphically determine both the thickness of the mud-cake and
the resistivity in the invaded zone by measuring I and 1.

Tikhonov’s regularization techenique {19] and the pluse-spectrum technique
[20] have been used to solve the identification problem for two parameters.
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9 Boundary homogenization for inverse prob-
lems

When we use the patched electrode described in Section 7, it is interesting to
investigate the limiting behaviour for the solution to the identification problem.
Tan [21], Li & Tan [17] obtained the homogenization results for a single physical
or geometric parameter identification respectively.

Suppose that an electrode is replaced by a patched electrode as in Section T7:

Io=Tg| JTs, (9.1)

where I'g is the surface of the original electrode; fg 1s the insulator surface of the
patched electrode and T'§ is the union of all the electrode cells:

m(e)
Ie = U I .. (9.2)
=1

For any fixed € > 0, when the potential on I'§ is known: U = U, we consider the
following identification problem (Pf): to find (h*,u$.) € [0, H] x V. such that

Ji (u§.) = min J£. (v),
e ( ;_2 minJx (v) (9.3)
uj. = U on T,
where
€ 1 1 2 1 2
Ji(v) = =( | ¥ v|*dzdydz + = vV v|*dzdydz — Iv |rg
2 Qpn Rxo Qy_n t
(9.4)
and
V.={ve H(Q)|v|r,=0,v Ire= const} (9.5)
with Q; and Qy_p defined in Section 8. )
For each h € [0, H] there exists a unique u§ € V. such that
Ji(ug) = eV, Ji(v). (9.6)
Let
| U=uj | . (9.7)
U is a function of h € [0, H], denoted by
U = U¢(h), (9.8)
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provided that the other factors are all fixed. By the conclusion in Section 8, U¢(h)
is a continuous, strictly decreasing function of A € [0, H] and

U(h) >0, Yhelo,H] (9.9)

So for any given € > 0, U = U°(h) has a continuous, strictly decreasing inverse
function

h = h*(U), YU € [U(H),U(0)) (9.10)
and the solution to identification problem (Pf) for any given U € [U(H),U(0)] is
given by (ﬁe,u%‘), where

k= hre(0). (9.11)

Now we shall show that for the same measuring potential value U on the elec-
trode the solution (?,u‘r) to identification (FPf) converges to the solution to
identification problem (P,) mentioned in §8, as ¢ — 0.

Let U = U(h) be the potential value on the original electrode, which depends
on the depth of the invaded zone as defined in Section 8. It is not difficult to
show that

Us(h) > U(h). (9.12)

By the homogenization result for the direct problem, for each & € [0, H],as ¢ — 0
we have
u§ — uy  strongly in H'(2) (9.13)
and
U¢(h) — U(h). o (9.14)
Noticing (9.12) and the strictly decresasing property of the inverse function we
have
1" > R, (9.15)
where &° = h¢(U) and & = h(U), h(U) being the inverse function of U = U(h).
Under hypothesis (H) we shall show that for each U € (U(H), U(0)],

R (9.16)
and

ut~ — ug; strongly in H'(9) (9.17)

as € — 0. In fact, since

[ & 1 & 1 1 & 1 &
JE) = — 2T, [rs= —( / / / | Pdrdydz+ / / / L vugPdedydz)
2 2 a, Bzo Qp_n U
. (9.18)

and

u%c IFBZ U, (919)
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we conclude that
g ll i) < C, (9.20)

where C is a positive constant independent of €. Then, by weak compactness and
noticing 0 < A~ < H we get that there exists a subsequence &, — 0 such that

B — R, (9.21)
uzt, — u weakly in H'(Q), (9.22)
uzlalr, — @ |r, strongly in L*(To) (9.23)

for some real number £ and some function & € H'(€) which satisfies

/)%

\VARA VLY d:cdydz+/// R%vfivv dzdydz = v |r,, Vv E V.
0 ~ t
H=h

(9.24)
On the other hand, we have (at least for a subsequence of ¢, still denoted by ¢,,)
XeaUstalro. = XU |r, weakly in L*(To) (9.25)

and
XenUsinlry = xe,U — xU weak star in L=(Ty). (9.26)

Then, by hypothesis (H), we have

Ulr=U . (9.27)

and then u is the solution to the direct problem with the depth of the invaded
zone h = h. Because of the uniqueness of the solution to identification problem
(Ph), we have

L =% =h(0) (9.28)

and
u = up. ‘ (9.29)

By noticing the convergence of the H'! norm of {u:%,} ase — 0 and the uniqueness
of the solution to the variational problem, finally we get (9.16)-(9.17).

In the case for identifying a single physical parameter, we have a similar result,
i.e., for the same measuring value U the identification result for the patched
elctrode tends to the identification result for the original elctrode as ¢ tends to
zero, provided that the total current discharged from these two kinds of electrodes
are the same.
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10 Other applications and generalization

The total flux boundary value problem which has been used to describe the
resistivity well-logging electric field can be also applied to many other fields. For
example, the temperature distribution around a cable where the total heat flux
from unit length of the cable is known can be formulated by a boundary value
problem with total flux boundary condition for the Laplace equation.

Figure 10.1

The most interesting problem is the torsion problem for an elastic rod with a
multply-connected cross section [22-23]. Let the cross section of the rod be shown
as in Fig.10.1 and the stress function be

d =2G0¢(z,y),

where G is the shear modulus and @ is the torsion angle per unit length, ¢ satisfies

~A¢p=1 inQ (10.1)

and
¢ =0 on the exterior boundary TI';. (10.2)
Suppose that there are m holes with boundaries Ti(; = 1,---,m) in the cross

section of the rod, then on each I'j we have the following total flux boundary
condition

¢ = C; (unknown constant),
{ ) (103)

Jry s = 4,
where A; is the area of the ¢-th hole and n is the unit normal vector pointed to
the interior of the hole. The theoretical and numerical method for the resistivity
well-logging can be used to solve the torsion problem for this kind of rod.

The total flux boundary value problem can be extended to the time-dependence
problem, i.e., to the evolution case. In petroleum exploitation, the oil pressure
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p = p(z,y, 2) satisfies the equation

Op

and the following boundary condition on the well-wall I'y [24-25]

{ p = C(t) (unknown funciton of t) on £o =Tq x (0,7, (10.5)
5

[, 92as = A1), for t € (0,T),

where Ao(t) is a given function which stands for the rate of oil flux per unit length
from the wall at time ¢{. Similar boundary condition can be also prescribed for
the wave equation [27] and for the pseudo-parabolic equation {31]
Ju
(1 —A)E{—Auz F(z,t). (10.6)

The limiting behaviour of the solution to the time-dependant problem has been
investigated in [26-28] with applications in the pointwise control [29-30].

The total flux boundary condition or the boundary condition with equivalued
surface can be generalized to the so-called complementary boundary condition
for the Laplace equation or for the Poisson equation:

u—feM, (10.7)
g% —-ge Mt o
on some boundary I'g, where f and g are given functions defined on I'g, M is a
closed subspace of H'/?(Ty), M* denotes the dual orthogonal complement of M,

le.,

fV['L = {v | v € (HI/Z(I“O))', (U,(;5)((”1/2([*0)/,”1/2([*0)) = O,V ¢ € M}, (108)

in which (H'/2(T))’ denotes the dual space of H'/?(Ty).

By the variational method, it is easy to see that the corresponding comple-
mentary boundary value problem is well-posed [32]. Choosing M in different
* ways, we can obtain a great many boundary conditions, for example:

If M = {0} or M = H'*(T) we obtain the standard boundary condition of
Dirichlet or of Neumann type respectively. Those are two extreme cases.

If M is a subspace spanned by {1}, i.e., M = {C} where C is an arbitrary
constant, and f = 0, we obtain the total flux boundary condition.

If M is a subspace spanned by several linearly independent functions ¢;(i =
1,---,J) in HY?(T,), and f = 0, we obtain the following boundary condition:

J
t=1
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and

ggdudS = A; (given constant), (:=1,---,J), (10.10)
L, on
where ¢;(¢ = 1,--+,J) are unknown constants.

If Mt is a subspace spanned by {1} i.e., M+ = {C} where C is an arbitrary
constant, and g = 0, we obtain the following nonlocal boundary condition

g—z— = d (unknown cgnstant) (10.11)
and
/ udS = B (given constant). (10.12)
To

If M* is a subspace spanned by several linear independent functions ;(: =
1,---,K) in (HY*,))’, and g = 0, we obtain the boundary condition on Ty as
follows:

fu .
5;._12;(a¢h (G=1,--,K) (10.13)
and
/ u;dS = B; (given constant), (:=1,---,K), (10.14)
Io '
where d;(z = 1,--+, K) are unknown constants.

The complementary boundary value problem can be also extended into the
evolution equations and the higher order equations [33-34].
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