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Calcul du nombre de coriacité et de
dispersion pour les graphes d’intervalles et
d’autres graphes

Résumé : Nous montrons que le nombre de coriacité et de dispersion d’un
graphe peuvent étre calculés en temps polynomial pour les graphes d’inter-
valles, les graphes d’arcs circulaires, les graphes de permutations, les graphes
trapézoidaux et les graphes de cocomparabiliés de dimension bornée. Comme
conséquence, nous obtenons de nouveaux algorithmes permettant de décider
si un graphe admet un circuit hamiltonien ou un chemin hamiltonien pour
certaines des classes précédement citées.
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4 D. Kratsch, T. Kloks, H. Muller

1 Introduction

In this paper we present polynomial time algorithms computing the scattering
number and the toughness of graphs when the input graphs are restricted
to various classes of well-structured graphs. The problems are of particular
interest because of two reasons. On one hand, toughness is considered to be a
reasonable measure for the reliability of a network in case of node failures |1,
27]. On the other hand, both parameters are strongly related to hamiltonian
properties of graphs. If a graph has a hamiltonian circuit then its scattering
number is at most zero and its toughness is at least one. Nevertheless both
conditions are not sufficient for hamiltonicity of graphs in general. Fortunately
both conditions are necessary and sufficient for some graph classes. This was
shown for cographs by Jung [17] and recently extended to cocomparability
graphs by Steiner [26].

Hamiltonian properties of graphs are one of the most intensively studied
subjects of graph theory (see e.g. [6]). Unfortunately the HAMILTONIAN CIR-
CUIT problem ‘Given a graph G, decide whether it has a hamiltonian circuit’
as well as the HAMILTONIAN PATH problem ‘Given a graph G, decide whether
it has a hamiltonian path’ are NP-complete, like many other algorithmic de-
cision problems related to well-studied graph problems [13].

The toughness of a graph is an extensively studied graph parameter [2, 3, 8],
which is mainly due to the famous conjecture of Chvatal that every graph G
is necessarily hamiltonian if its toughness ¢(G) > 2 [9]. However not much
is known about the algorithmic properties of the TOUGHNESS problem ‘Given
a graph G and a rational ¢t > 0, decide whether ¢(G) > t’. Bauer, Hakimi
and Schmeichel have shown that the problem is coNP-complete [2]. Even
the problem ‘Given a bipartite graph G, decide whether ¢(G) = 1’ remains
coNP-complete [21]. Corneil, Lerchs and Stewart have given a linear time
algorithm computing the scattering number of cographs which leads to linear
time algorithms deciding whether a cograph has a hamiltonian circuit and
whether a cograph has a hamiltonian path [10]. There is a O(y/n m) algorithm
deciding whether a split graph has toughness less than one [21].

Many papers were written in the last decades dealing with the algorith-
mic complexity of the hamiltonian circuit problem when restricted to certain
classes of well-structured graphs [16, 24, 25]. The following are the best known

Inria



Toughness and scattering number of interval graphs 5

timebounds of polynomial time hamiltonian circuit algorithms for the graph
classes considered in this paper: O(n+m) [18] and O(nlogn) [23] for interval
graphs, O(n?logn) for circular-arc graphs [28] and O(n?) for cocomparability
graphs [12].

For definitions and properties of classes of well-structured graphs not given
here we refer to [7, 15].

In this paper we illustrate a method which enables the design of polynomial
time algorithms for computing the scattering number and the toughness of
interval graphs, circular-arc graphs, permutation graphs, circular permutation
graphs, trapezoid graphs and cocomparability graphs of bounded dimension.

2 Preliminaries

Throughout the paper we consider only finite, undirected graphs G = (V, E)
without loops and without multiple edges. The vertex set of the graph is
denoted by V and the edge set of the graph is denoted by E. We always
denote the number of vertices of a graph by n and the number of edges of a
graph by m.

Let G = (V, E) be a graph. Let W be a subset of V. Then G[W] denotes
the graph induced by the vertex set W, i.e., G[W] has vertex set W and two
vertices of W are adjacent in G[W] if and only if they are adjacent in G. We
denote the number of connected components of a graph G by ¢(G). A set
S C V is said to be a separator (or cutset) of G if ¢(G[V '\ S]) > 1. Note that
S = is a separator of G iff G is disconnected.

Now we give some definitions and important facts on toughness, scattering
number, hamiltonicity and traceability of graphs. The toughness t(G) of a
graph G was defined by Chvatal in [9].

Definition 2.1 The toughness of a complete graph K, is t(K,) = oco. If G
is not complete, then

o ST
HG) = mm{m . S separator of G} .

A graph G is said to be t-tough if t(G) >t holds, i.e., | S|>t-c(G[V \ 5])
for every separator S of G.

RR n " 2237



6 D. Kratsch, T. Kloks, H. Muller

The scattering number sc(G) of a graph G was defined by Jung in [17].

Definition 2.2 The scattering number of a complete graph K, is sc(K,) =
—o0. If G is not complete, then

se(G) = max{c(G[V \ S]) = |S|: S separator of G'}.
The following is an immediate consequence of the definitions.
Lemma 2.3 For every graph G holds t(G) > 1 iff se(G) <0.

The NP-completeness of the problem ‘Given a bipartite graph G, decide
whether ¢(G) < 17 [21] and Lemma 2.3 immediately imply

Theorem 2.4 The problem ‘Given a bipartite graph G = (V, E), decide whether
s¢(G) > 07 is NP-complete. Hence the SCATTERING NUMBER problem ‘Given
a graph G and an integer k, decide whether sc(G) > k7 is NP-complete.

Definition 2.5 A hamiltonian circuit of a graph G = (V, E) is a simple cycle
containing all vertices of G. A graph is said to be hamiltonian if it has a
hamiltonian circuit. A hamiltonian path of a graph G = (V, E) is a simple
path containing all vertices of G. A graph is said to be traceable if it has a
hamiltonian path.

The following theorem states well-known necessary conditions for hamiltonicity
and traceability [6, 9].

Theorem 2.6 If G = (V, F) is a hamiltonian graph then ¢(G[V \ S]) < |S|
for every nonempty proper subset S of V.

If G = (V, E) is a traceable graph then ¢(G[V\S]) < |S|+1 for every nonempty
proper subset S of V.

The following corollary given in [9, 17] is an immediate consequence of Theo-
rem 2.6, Definition 2.1 and 2.2.

Corollary 2.7 If a graph G is hamiltonian then t(G) > 1 and sc(G) < 0. If
a graph G is traceable then sc(G) < 1.

Fortunately there are classes of well-structured graphs for which the conditions
of Corollary 2.7 are sufficient as well.

Inria



Toughness and scattering number of interval graphs 7

Definition 2.8 Let G be a hereditary class of graphs. G is said to be cycle-
tough if for every graph G of G holds: G s hamiltonian if and only if G is
1-tough. G s said to be path-tough if for every graph G of G holds: G is
traceable if and only if sc(G) < 1.

Cocomparability graphs are cycle-tough [26] and path-tough [22].

Theorem 2.9 A cocomparability graph G = (V, E) is hamiltonian if and only
if G is 1-tough. A cocomparability graph G = (V, E) s traceable if and only
if se(G)<1.

Hence interval, permutation, trapezoid and cocomparability graphs of dimen-
sion at most d for any fixed d > 1, as proper subclasses of the class of cocom-
parability graphs, are also cycle-tough and path-tough. The fact that interval
graphs are cycle-tough is implicitly mentioned in [18, 23].

There is a lot of evidence that HAMILTONIAN CIRCUIT when restricted to
a cycle-tough graph class can not be NP-complete, as shown by the following
theorem given in [21].

Theorem 2.10 Let G be a graph class whose recognition problem belongs to
NPNcoNP. If G is cycle-tough then the HAMILTONIAN CIRCUIT problem,
when restricted to G, cannot be NP-complete unless NP =coNP.

Notice that the first assumption of Theorem 2.10 is obviously fulfilled for every
graph class having a polynomial time recognition algorithm.

A similar theorem holds for path-tough graph classes and the HAMILTONIAN
PATH problem [21].

3 Minimal separators and scattering number

Our algorithms, computing the scattering number and the toughness for inter-
val graphs, circular-arc graphs, permutation graphs and other graph classes,
will heavily use minimal separators of graphs and a ‘dynamic programming on
pieces’ similar to the technique introduced in [4, 11].

Definition 3.1 A subset S CV is an a,b-separator for nonadjacent vertices
a and b of a graph G = (V, E), if the removal of S separates a and b in
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8 D. Kratsch, T. Kloks, H. Muller

distinet connected components. If no proper subset of S is an a,b-separator
then S is a minimal a,b-separator. A minimal separator S is a set of vertices
such that S s a minimal a,b-separator for some nonadjacent vertices a and

b.

The following lemma was given in [19, 20]. It provides an easy algorithm to
recognize minimal separators.

Lemma 3.2 Let S be a separator of the graph G = (V,FE). Then S is a
minimal separator of G if and only if there are at least two different connected
components of G[V \ S| for which every vertex of S has a neighbor in both of
these components.

Our main tool for designing efficient algorithms computing the scattering
number of a graph on certain classes of well-structured graphs is given in the
next theorem.

Theorem 3.3 Let G = (V, E) be a graph which is not complete. Then

k
se(G) = max (; max(sc(G[Ci]), 1) — |S|) ,
where the maximum is taken over all minimal separators S of the graph G
and Cy,Cyq,...,Cy are the connected components of G[V '\ S].

Proof. First let X be a separator of G = (V,E) such that s¢(G) =
c¢(G[V \ X]) — | X]|. Let S be a minimal separator of G that is a subset of X
and let C,Cy, ..., C) be the connected components of G[V'\ S].

We consider the sets X; = XNC;, 1€ {1,2,...,k}. Assume X; = . Then
C; is also a component of G[V '\ X]|. Consequently ¢(G[C; \ X;]) — | X;| = 1.
Assume X; # 0. Suppose X; would not be a separator of G[C;]. Then we had
A GIVA (X \ X)) — X\ Xi| = e(GIV\ X]) — | X] + %] > oGV X]) | X]| =
s¢(@), a contradiction. Hence X; # 0 implies that X; is a separator of G[C],
thus sc(G[Cy]) > ¢(G[C; \ Xi]) — | Xl

Computing ¢(G[V \ X]) — |X| by essentially summing up the values of
c(G[C;\ Xi]) — | X;| over all components C; of G[V'\ S] will complete the proof
of the first direction.

se(G) = o(G[V\ X]) — | X] = Z{ GICi\ Xi]) = [Xil} = |51 <
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Toughness and scattering number of interval graphs 9

<> max(sc(G[C]),1) — |S].

=1

Now let S be a minimal separator of G = (V, F). Furthermorelet Cy,Cy, ...

be the connected components of G[V \ S]. We construct a separator X of G
such that X = SUUL, X; with X; C C; for every i € {1,2,...,k}.

For ¢ € {1,2,...,k} we set X; = 0 if se¢(G[C;]) < 1. Otherwise, if
se(G[Ci]) > 1, we choose a separator X; of G[C;] such that sc(G[C;]) =
c(G[C; \ Xi]) — | Xi|. Then X D S is a separator of G and we have

s¢(G) 2 o(GIV A X]) — | X] = Z{ (GIC\ Xi]) = [Xil} — 5],

W.lo.g. let C1,Cy,...,C,. 0 < r < k, be the components of G with
s¢(G[C;]) < 1. Consequently

k

se(G) = _{c(GICi\ Xi]) — [Xil} — S| =
=1
Zl—l— Z se( — S| = Zmax (se(G[Ci]), 1) — |S|.
i=r+1
This completes the proof. a

4 Toughness and minimal separators

Contrary to the vertex ranking problem and the computation of the scatter-
ing number there seems to be no formula concerning toughness of the type of
Theorem 3.3, i.e., a formula ¢(G) = ming f {t(G[C1]),t(G[C3)]),. .., t(G[Ck])}
where the minimum is taken over all minimal separators S of the graph G,
C1,Cy,...,Cy are the connected components of G[V \ S] and f is an ‘effi-
ciently computable function’. Fortunately there is a possibility to overcome
this difficulty which requires to compute auxiliary data.

RR n " 2237
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10 D. Kratsch, T. Kloks, H. Muller

Definition 4.1 Let G = (V, E) be a graph. For ¢ € {0,1,...,n} we define
¢i(G) to be the largest number of components the graph G can get after the
removal of exactly t vertices; i.e., ¢,(G) =0 and for i <n;

¢i(G) =max {¢(G[V\S]): SCV, |S|=1}.
Remark 4.2 Let G = (V, E) be a graph which is not complete. Then

v

HG) = min{Ci(G) L ei(G) > 1} .

The following theorem shows how to compute ¢;(G) for all ¢ € {0,1,...,n}.

Theorem 4.3 Let G = (V, E) be a graph which is not complete and let i €
{0,1,...,n}. If ¢;(G) > 1 then

k
CZ(G) B %1&}2( 0<ry 7“2 ..... ’/‘k<TL {ZCT] G[C : er -t |S|} ’

where the maximum is taken over all minimal separators S of G and over all
nonnegative integer vectors (ri,ra,...,rr). Furthermore C1,Cy,...,C) are
the connected components of G[V '\ S].

Proof. Let G = (V,E) be a graph which is not complete and let ¢ €
{0,1,...,n} such that ¢;(G) > 1.

First let X be a subset of V with |X| =1 and ¢(G[V \ X]) = ¢;(G) > 1.
Hence X is a separator of G. Let S be a minimal separator of G with
S C X. Let Cy,Cy,...,Ck be the connected components of G[V '\ S]. We set
X; = XN for every j € {1,2,...,k}. Then

i(G) = e G1V \ X]) = Y e(G1C;\ X)) < 3 e, (G1C)]) <

|S|<Z 0<7’1 7’2 ..... ’/’k<n

k
max {ZCT] G[C]) - erzi—|5|}.
7=1

Now let S be a minimal separator of G with |S| < ¢ and let (rq,r2,...,7%)
be a vector realizing the maximum of the right-hand side of the formula above.

Inria



Toughness and scattering number of interval graphs 11

For every j € {1,2,...,k} we choose a subset X; C C; such that |X;| = r;
and ¢, (G[C;]) = ¢(G[C;\ X;]). Hence X = SU U§:1 X, is a subset of V and
| X =[S+ Ele |X;] =S|+ Ele r; = 1. Consequently

k
%ﬁi}z{ 0<ry 7“2 ..... ’/‘k<7’L {ZCT] ]) : ]Z:;T] -t |S|} -

3 e(GIC; \ X;]) = oGV \ X]) < e(G).

J=1

This completes the proof. a

Remark 4.4 For every graph G = (V, E) holds ¢;(G) = 1 if and only if
i=n—1 ori<k(G), where kK(G) denotes the vertex connectivity of G.

How to handle all minimal separators will be shown in the following sec-
tions. The toughness formula (Theorem 4.3) is obviously harder to compute
than the scattering number formula (Theorem 3.3). The next lemma shows
that the difference is not too large in the sense of efficient computations.

Lemma 4.5 Let G = (V,E) be a graph which is not complete, let S be a

minimal separator of G and let Cy,C,,...,C) be the connected components

of GIV'\ S]. For every j € {1,...,k} let the list H; be (co(G[C}]), ca(G[Cy]),
o, |(GIC5])). There is an algorithm computing

0<ry1,r2,...y TE<n —

max {Z_: e, (GC5]) er =17— |S|}

for every i > |S| from the lists Hy, Hs, ..., Hy in time O(n?).

Proof. Let S be a minimal separator of the %raph G and let C1,C,,...,C}
be the components of G[V \ S]. We define c (GIV\S]), 1 <r <k, as the
largest number of components of the graph G[U]:1 ] after the removal of

i — | S| vertices of J;_, C;. Hence cgk)(G[V \ S]) is exactly the largest number

RR n " 2237



12 D. Kratsch, T. Kloks, H. Muller

of components G[Uf:1 C;] can have after the removal of ¢ — |S| vertices of
U§:1 C; which is exactly

k k
oo, MAX_ e (GO Y ori=1—15]|;.
_7‘1,7"2,...,7‘k_n ].:1 j:l
Let the list L) be (c§(G[V\ 8]), &GV \ S)),..., e} o (GIV\ S]),
1<r<k. Then LW = H;.
The algorithm iteratively computes for r = 2,3,...,k the list L") from
LU=Y and H, by using

NGV S]) = max {T ™GV \ S]) + ¢,(GIC,]) i p+g =i}

The computation of one entry cgr)(G[V \ S]) can be done in time O(n). Hence
all O(n?) entries are computed in time O(n®) by the algorithm. O

In the next section we demonstrate how a ‘dynamic programming on pieces’
leads to polynomial time algorithms for computing toughness and scattering
number on interval graphs.

5 Interval graphs

A graph G = (V, E) is an interval graph if there is a one-to-one correspondence
between the vertex set V' and a family of intervals of the real line such that
two vertices of G are joined by an edge iff the corresponding intervals have
non-empty intersection. Interval graphs are a well-known family of perfect
graphs with plenty of nice structural properties (cf. [7, 15]). We will use the
following characterization given by Gilmore and Hoffman [14].

Lemma 5.1 A graph G = (V, E) is an interval graph if and only if the maa-
imal cliques of G can be linearly ordered, such that, for every vertex v of G,
the mazimal cliques containing v occur consecutively.

Such a linear ordering of the maximal cliques of an interval graph is said
to be a consecutive clique arrangement. Notice that triangulated graphs and

Inria



Toughness and scattering number of interval graphs 13

thus interval graphs have at most n maximal cliques [15]. There is a linear
time recognition algorithm for interval graphs by Booth and Lueker which
also computes a consecutive clique arrangement of the input graph if it is an
interval graph [5].

Using the characterization of Lemma 5.1, we can easily identify the minimal
separators of an interval graph [20].

Lemma 5.2 Let G be an interval graph and let Ay, ..., A; be a consecutive
cligue arrangement of G. Then the set of all minimal separators of G consists
of the sets S, = A, N A,pq for pe {1,2,...,t —1}.

Hence an interval graph G = (V, E) has at most n minimal separators.

Now we show how to compute the scattering number and the toughness of
an interval graph by using the formulae of Theorem 3.3 and 4.3. We compute
s¢(G[P]) in the scattering number algorithm and ¢;(G[P]), ¢ € {0,1,...,|P|},
in the toughness algorithm only for pieces P C V' of the given interval graph
G=(V,E).

Definition 5.3 Let G be an interval graph with consecutive clique arrange-
ment Aq,...,A;. We define Ag = Aypy = 0. Forall I,y with 1 <[ <r <t
we define P(l,r) = (Ui Ai) \ (A1 U Argq). A set P(lr), 1 <1 <r <t is
said to be a piece of G if P(l,r) # 0 and G[P(l,r)] is connected. Furthermore
V =P(1,t) is a piece of G (even if G is disconnected).

The following lemma justifies the dynamic programming on pieces for in-
terval graphs.

Lemma 5.4 Let S be a minimal separator of G[P(l,r)], 1 <1 < r < t.
Then there exists a minimal separator S, of G, | < p < r, such that S =
S, NP(Lr) = S, \ (A1 U A,41). Moreover, every connected component of
G[P(l,r)\ S] is a piece of G.

Proof. G[P(l,r)] is an interval graph and the linear arrangement A; \
(AlmiU A1), A \ (Aic1 U Arpa), .o An \ (Aj-1 U A1) has all properties of
a consecutive clique arrangement for G[P(l,r)], except that cliques may occur
more than once. Therefore we can still apply Lemma 5.2 implying that all
minimal separators of G[P(l,r)] are sets of the form (A4, \ (Ai—1 U A,41)) N

RR n " 2237



14 D. Kratsch, T. Kloks, H. Muller

(Apt1 \ (Aim1 U Arr)) = (A N Appa) \ (A U Appy) = S, N P(Lr), p €
{LI4+1,...,r—1}.

For every v € V we define {(v) = min{k : v € A;} and r(v) = max{k :
v € Ag}. Then for all [;r with 1 <[ < r <t and for every component C
of G[P(l,r)] holds C' = P(I(C),r(C)) with I(C) = min{l(v) : v € C} and
r(C) = max{r(v) :v € C},ie., C is a piece.

Now let S = S,NP(l,r) be a minimal separator of G[P(l,r)], 1 <1 <p<
r <t. The graph G[P(l,r)\ S| = G[P(l,r)\ S,] is either the disjoint union of
G[P(l,p)] and G[P(p+ 1,r)] or equal to one of them (in case that P(l,p) =0
or P(p+1,r) =0). Hence the set of components of G[P(I,r)\ S,] is equal to
the union of the set of components of G[P([,p)] and of the set of components
of G[P(p+ 1,r)] or it is equal to one of these sets. Hence all components of
G[P(l,r)\ S,] are pieces.

O

There are essentially two different types of pieces of an interval graph. A
piece is called complete if it induces a complete graph and it is called noncom-
plete otherwise. The pieces P(l,1), I € {1,2,...,t}, are complete. Further-
more a piece P(l,r), [ < r, may also be complete. For every complete piece

P(l,r), I <r, holds

se(G[P(l,r)]) = — (1)
Ci(G[P(z,r)]):{ (1) gzjg(ll:mwlp(lw)l—l} )

The subgraphs induced by noncomplete pieces P(I,r), 1 <1l <r <t, have
minimal separators. Hence Theorem 3.3, Theorem 4.3 and Lemma 5.4 lead to

the following formulae. For every noncomplete piece P(l,r), 1 <[l <r < t,
holds

se(G[P(l,r)]) = max {Z max(sc(G[F]),1) — |S, N P(I, r)|} (3)

=1

where the maximum is taken over all S, " P(l,r), p € {{,I+1,...,r — 1},
that are minimal separators of G[P(l,r)].

Inria



Toughness and scattering number of interval graphs 15

For every noncomplete piece P(l,r), 1 < [ < r < t, and every i €
{(G[P(,7)])y...,|P(L,r)] — 2} holds

k
ci(GIP(1,r)]) = max} ¢, (G[P}]) (4)

7=1
where the maximum is taken over all S,NP(l,r), p € {[,[+1,...,r—1}, that
are minimal separators of G[P(l,r)] fulfilling the condition |S, N P(l,r)| <
and over all nonnegative integer vectors (r1,7q,...,r) fulfilling the condition
;?:1 r, =t —|S;NPr). In Eq. 3 and in Eq. 4 Py, P,..., P, are the

connected components of G[P(I,r)\ S,].

Let G = (V,F) be an interval graph. If G is a complete graph then
s¢(G) = —o0 and t(G) = co. Otherwise the ‘dynamic programming on pieces’
works as follows:

1. Compute a consecutive clique arrangement Aq, Ay, ..., A; of G, compute
[(v) = min{k : v € Ax} and r(v) = max{k : v € Ay} for every v € V,
compute all minimal separators S, = A, N A,41, p € {1,2,...,1 —1}.

2. For all [,r with 1 <1 < r <t compute the vertex set P(l,r), mark
(I,r) ‘empty’if P(l,r) =0 and mark (/,r) ‘complete’ if P(I,r) # 0 and
G[P(l,r)] is a complete graph.

3. For all nonmarked tuples (/,r) check whether G[P(l,r)] is connected. If
so mark (I/,7) ‘noncomplete’. Else mark (I,r) ‘disconnected’, compute
the components P; = P(l;,r;), 1 < j < k, of G[P(l,r)] and store
(Li,r1), (I2,72), ..., (lg, k) in a linked list with a pointer from (I,r) to
the head of this list.

4. For all (I,r), 1 <1 < r < t, marked ‘noncomplete’ and for every
p € {l,l+1...,r—1} compute the components P; = P(l;,r;), 1 <j <k,
of G[P(l,r)\ S,], check whether S, N P(l,r) is a minimal separator of
G[P(l,r)] and if so mark (p, [, ) ‘minimal’, store ({1,7r1), (l2,72), ..., (lg, %)
in a linked list with a pointer from (p,[,r) to the head of this list and
compute [S, N P(I,r)|.

(Compute (G[P(l,r)]) = min{|S, N P(L,r)| : (p,{,r) marked ‘mini-
mal’}.)
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5. For every pair ({,r) marked ‘complete’ compute se(G[P(l,r)]) according
to Eq. 1
(resp. compute ¢;(G[P(I,r)]) for every ¢ € {0,1,...,|P(l,7)|} according
to Eq. 2).

6. For d :==1 to t and for [ := 1 to t — d compute if ({,]+ d) is marked
‘noncomplete’ se(G[P(Il,1+ d)]) according to Eq. 3.
(resp. ¢;(G[P(l,1+d)]) for every i € {k(G[P([,l+d)]),..., [P, 1+d)|—
2} according to Eq. 4. Set ¢;(G[P(l,14d)]) =0 for ¢ = |P(l,l + d)| and
set ¢;(G[P(l,14+d)]) =1 for ¢ < k(G[P(l,14+d)]) or i = |P(l,I+d)|—1.)

7. Output sc(G) = sc(G[P(1,t)]) (resp. t(G) = min{i/c;(G[P(1,1)]) :
c(GP(L,1)]) > 1}).

Theorem 5.5 There is a O(n*) algorithm computing the scattering number
for interval graphs and there is a O(n®) algorithm computing the toughness
for interval graphs.

Proof. The correctness of both algorithms follows from Theorem 3.3, Theo-
rem 4.3 and Lemma 5.4.

For the time analysis let us first consider the scattering number algorithm.
Step 1, 2, 5 and 7 can be done in time O(n*) in a straightforward manner. In
step 3 testing connectedness and computing the components is done by a O(n+
m) algorithm for at most n? graphs G[P(l,r)]. If G[P(l,r)] is disconnected
and P; is a component then P; = P(l;,r;) with [; = min{l(v) : v € P;} and
r; = max{l(v) : v € P;} which can be computed in time O(n). Hence step 3
can be done in time O(n?).

Step 4 has to be executed for at most n® triples (p,l,r) with [ < p < r.
If P(I,r)\ S, # 0 then the components of G[P(l,r)\ S,] are computed as
indicated in the proof of Lemma 5.4 by using the marks of (I,p) and (p+1,r),
namely if the mark is ‘complete’ or ‘noncomplete’ then (I,p) and (p+ 1,r),
respectively, are stored and if the mark is ‘disconnected’ then the corresponding
linked list is added. Thus the linked list of (p,[,r) can be computed in time
O(n). S,NP(l,r) is a minimal separator of G[P(l,r)\ S,| iff there are at least
two components in the list of (p,l,r) such that every vertex of S, NP(l,r)
has a neighbour in them (see Lemma 3.2). Because of the properties of a
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consecutive clique arrangement it suffices to check the two components P; of
G[P(l,p)] with the two largest values of r; and the two components P; of
G[P(p + 1,r)] with the two smallest values of [; (if they exist). This can be
done in time O(n). Hence step 4 needs time O(n?).

Step 6 requires the evaluation of the right-hand side of Eq. 3 for at most n?
pairs ({,{+d). For every p with | < p < [+d and (p,!,!+d) marked ‘minimal’
the components P; of G[P(l,l+ d)\ S,] can be obtained in time O(n) from
the linked list of (p,{,{ + d). Each of the at most n values sc¢(G[F;]) can be
determined in constant time by table look-up since the scattering numbers of
smaller pieces are already known. Thus Y% max(sc(G[Pi]), 1) — |S,NP(I,1+
d)| can be evaluated in time O(n). Consequently step 6 of the scattering
number algorithm can be done in time O(n*).

The toughness algorithm differs from the scattering number algorithm es-
sentially in step 6 only when the right-hand side of Eq. 4 has to be evalu-
ated for every 1 € {k(G[P(l,l + d)]),...,|P(l,l +d)| —2}. The list H; =
(co( Py)ser(Fy), .. ep (), 5 € {1,2,...,k}, for each component P; =
(l;,r;) of G[P(l,1+d)\ S,] can be determined by table look-up in time O(n?)
since these lists have already been computed for the smaller pieces. Now there
is a O(n®) algorithm computing

k k

0§T1,I7“rzli}.§rk§n {]Z:; CTJ(G[PJ]) : ]z:; ry =1— |Sp N p(l7 [ + d)|}
for a fixed minimal separator S, NP (l,{+d) and for every ¢ with |S,NP(I,1+
d)] < i in time O(n®) given in Lemma 4.5. Thus the running time of the
toughness algorithm is O(n®). O

The algorithms compute the scattering number s¢(G) and the toughness
t(G) of the given interval graph G = (V, E). However, one can modify the
algorithms to compute within the same timebound a witness, i.e., a separator
S CV with ¢(G[V'\ S]) — |S| = se¢(G), a separator S” C V with [S'|/c¢(G[V \
S'l) = t(G) or even sets S; C V for every ¢ € {0,1,...,n} such that |S;| =1
and ¢;(G) = ¢(G[V \ Si]).

We demonstrate this for the scattering number algorithm. For comput-
ing such a set S during the execution of the scattering number algorithm we
compute for every noncomplete piece P(l,r) a separator S(I,r) of G[P(I,r)]
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such that sc(G[P(l,r)]) = «(G[P(l,r)\ S(,r)]) — |S(l,r)|. To this purpose
we set S(l,r) = 0 for every complete piece P(l,r) in step 4 of the algo-
rithm. During step 5 we compute S(/,r) for every noncomplete piece imme-
diately after the computation of sc(G[P(l,r)]). Let p € {[,I+1,...,r —1}
be a value realizing the maximum of the right-hand side of Eq. 3 and let
P(li,r1),P(lg,r2), ..., P(lk,ri) be the components of G[P(l,r)\ S,]. Then we
set S(I,r) =U{S(L,r):sc(G[P(l;,r;)]) > 1}. The correctness of this proce-

dure follows from the proof of Theorem 3.3.

6 Other classes of well-structured graphs

We described algorithms to compute the scattering number and the toughness
of interval graphs.

A similar ‘dynamic programming on pieces’ was used in [11] to design poly-
nomial time algorithms for the vertex ranking problem. Permutation graphs
were considered in detail there and these considerations apply also to the
toughness and scattering number problem. However slight modifications are
necessary (e.g. in this paper a piece is nonempty and induces a connected
subgraph).

The demonstrated approach does not rely much on the structure of interval
graphs. There are more classes of well-structured graphs having the properties
necessary to design polynomial time algorithms using a ‘dynamic programming
on pieces’. This leads to the following results.

The scattering number can be computed in time O(n°(n +m)) for permu-
tation graphs, in time O(n®(n 4+ m)) for trapezoid graphs, in time O(n*) for
circular-arc graphs and in time O(n®(n+m)) for circular permutation graphs.
The toughness can be computed in time O(n”) for permutation graphs, in
time O(n?) for trapezoid graphs, in time O(n®) for circular-arc graphs and in
time O(n?) for circular permutation graphs. We can also show that there is
a O(n®(n + m)) algorithm computing the scattering number and a O(n%*+3)
algorithm computing the toughness for cocomparability graphs of dimension
at most d, if an intersection model is part of the input. We refer to [15, 20]
for more details on cocomparability graphs of bounded dimension.

A scattering number algorithm for interval graphs, permutation graphs,
trapezoid graphs and cocomparability graphs of bounded dimension can also
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be used to decide traceability and hamiltonicity for these graph classes within
the same timebounds (see Theorem 2.9).

7 Conclusions

We like to mention some open problems. The HAMILTONIAN CIRCUIT prob-
lem on split graphs is NP-complete [15, 16]. On the other hand, since every
3/2-tough split graph is hamiltonian [21], a polynomial time algorithm com-
puting the toughness of split graphs would allow to recognize a subclass of the
hamiltonian split graphs. Does such a polynomial time algorithm exist?

Is the SCATTERING NUMBER problem and the TOUGHNESS problem, respec-
tively, NP-complete on cocomparability graphs?
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