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»�nqp¨w6e6g�c,�yw3rtnyc�r6rtn�g��qg~§ l\`M��w�rt^mc,ps�Br6ps� �X�H����§#p{zszj�yg�cMlurtp{²¤g¬­ �Kw�ps�qb+^tv�z{g�w�«µ`H^
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� � `� � ` O/�'� � � `0a$- � �
»�nBv�w¸§<g�n�c�²¤g cMw��Bg�w�ps^tg���"� � � ` a$- � � E ^ b � � � � � � �"� 	 a$- � � � � �

�	 «µ`M^��mO h a 5 5 50a�#
w�ps�yl\g � � � M�c��y�X^ b ��hH­
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� � `� � ` O ��� �!� � `�� �&��� �!� � ` � - � � �F�"� � � `0a �!� � ` � ��� � ` �&- � � O ���%- � � � �"� � � `Na - � �
ZÖ«�c�p�w#w�e�c�z{z}�¦ranqg~�

���%- � � � �"� � � `Na - � � � c
g~�yw@vq^tg�wPc±w@e�c,zsz � � � `� � ` ­ H�g�lu`M�yl\zsvy�Bg�rtnyc�r � � � `Kp¨w �ml\z{`¬w�g �6rt` 
�� � �!� � `���c��y��rtnNvywp{r3e�c�(¤g�w�w@g~�yw@g±ra`�cM�q� � � � `�ra`�ranqg��qvq�y�Nz{gSc,r �!� ­ � � 	 � �ae6g�cHw�vq^ag�w �%nq`�§ e�v�lon�
	 ��
�� � �!� �<wtc�rtp¨w �yg�w�ranqg�w�vq�qbH^dcH�Bp{g~�Nr�p{�qg�¥¤vyc�z{p{r@��c�rjranqg�x�`Hp{�Nr �!� �m­»�nqg�rtg�w�r 0 � � � 0�`�c�z{zs`,§�w	rt`�xq^ag~²¤g~�Nr.rtnqg)0 � � «µ^t`He;�yg�l\`He6p{��bKrt`¤`&w�e�c�z{z �µ§�g�§�g~^agrt`¤`�`Mxqrap{e6p�w�rtp�lZ§#p{ran�^ag�w�xyg�lurZra` 0 � � �MpX­ g¤­{�~§<g#l~c��q�q`Hr�cHlon�p{g~²¤g<c��Bg�l\^ag�cMw@g#`,« ���Bg�w@xqp{rag`,«<w@e�c,zsz 0 � � �qw�`�e6`N�Bg�z?^ p�w��ycM�!�d­ZÖ«	�qg�p{rtn�g~^�c K¤g~^ap{`Hvyw7K¤rag~x%�q`H^�cB[jv�z{z�K¤rtg~xSp¨w#xy`¤wtw@p{�qzsg¤�Eranqg~�%§<g�pse6xq^t`�²¤gKranqg
e6`N�Bg~z®�B�f��g�rtrtg�^ 0 � � p{���qg~�Nr#p{�q��g~^#p{rag~^dc�rtp{`H�½­
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�� � �!� � - � ����"� � a � � � � � ��- � � � ��� � � � �&� � � � � - � �
c,�y��vyw�ps�qb �X�M��� �'� � a$- � � E ^>` � � �X��� �
rtnNvywZps��rtn�p¨w½p{rtg�^dc,rap{`H�½��c,zsbM`M^ap{ranqe §#p{z{z¤rag~^tefp{�yc�rtg	§#p{ran�K¤g~^ap{`HvywAK¬rtg~x½­0ZXr�p¨w�w�v D8l\psg~�Br
rt`�vyw@g�`H�qz{�Srtnqg�l\`H�yw�rmc,�Nr6^ ` �qv�rKp{���}�,� ��§<g3^tg~xqz�cMl\g ^ ` �N� ^ b � ^ ` rt`�^tg~z�c,�
rtnqp�w#l\`M���Bp{rap{`M� ­q»�nqg�xqvq^axy`¤w�g�`�«	rtnqp�w�^ag~z¨c��qc�rtp{`H��p¨w�ra`�w�xyg~g��6vqx�rag~^te6ps�yc,rap{`H��§#psrtn
rtnqp�w �dl\^ap{rap¨l~c�z.�3l~cHw�g¤­
»�nqg&l\`M��w�rdc��Brmw4^ ` �Y^ b c�^tg�wal~c,zsp{�qbfl\`M��w�rdc��BrmwK§#p{rtnSrtnqg�«µ`Hz{zs`,§#ps�qb���g�nyc~²Bps`M^dc�z

z{pse6p{rmw .
� h � ^ b � ^ ` � hL.
K¤g~^ap{`Hvyw5K¤rtg~x�p¨w�e6`M^ag3�Bp D�l\v�z{rKra`8«µv�z �yzszX�®w�p{��l\g3§�g�cHw2(�^tg�z¨c,rap{²¤g~zs�6z¨c�^tbHg6�Bg�º
l\^ag�cMw@g3`,« � � O �� � � � a$- �m­½»�nqg~^ag\«µ`M^ag�e�c��B�6psrtg~^mc,rap{`M��w¸§#psz{z l\`M�yluz{vy�Bg�p{� [jvqz{z
K¤rag~x½­y»�nqgK��g~§�lu`M�yw@rt^dc�p{�Nr#p{��rtn�gKe6`N�Bg~z �X�H���d�qps�6�qg~�Nr#p{rag~^dc�rtps`M� # � hH�q§#p{z{z�yg�zsg�wtw#cHl\rtps²¤g �Xw@g~g48Zpsbq­y���m­
¯�vq^3g~�Nxyg~^tpse6g~�Nrdw�w�nq`�§ ranyc,r3g�cMw�� xq^t`H�qz{g~e8w�l\`H�B²¤g~^abMg�«}cHw�r��	�Bp D8l\vqzsr�xq^a`Mº
�qzsg~e�w#l\`H�B²¤g~^abMgK«}cMw@r�c,rPrtnqg���g�bMp{���qp{�qb��qvqr c�«µrtg�^Kw@g~²¤g~^dc�z½p{rag~^dc�rtp{`H�yw#§�g�`H�qº
w�g�^t²¤g �tÁ~psbMºµÁ�c,bHbMps�qb��3�yg~nyc~²Bps`M^�­

� M � ^ ` � ^ b � M .
K¤g~^ap{`Hvyw7K¤rag~x�p¨wjg�cMw��Srt`6«µvqz �yz{z}­y»�nqg3�qg~§ l\`H�yw�ra^dc,ps�Br�ps�%rtn�g3e6`N�Bg~z �X�H���d�®p{�
�qg~�Nr	p{rag~^dc�rtp{`H� # � hH�¤§#p{z{zy�yg�e6`M^ag�cMl\rap{²¤g¤­¤»�n�gKw@x�g�g���`,« �Ng�l\^tg�cMw�ps�qb��Bvyc�z{p{r@�
b¤c�x6p¨w	^tg~z�c,rap{²¤g~zs��w�zs`,§��¤�qv�r�rtn�gjrag~�y�Bg~��l\��ra` �aÁ~p{bHºÖÁ�c,b���`�«��Bp D�luvqz{r.x�^t`M��z{g~e�w
p¨w�^ag��Bvylug��E­
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8q`M^	�y`MranSl~cMw@g�w\�¤rtn�gKc~²¤g~^mc,bMgPw�xyg~g���`,« �Bg�l\^tg�cHw�ps�qb�rtnqg��Nvyc,zsp{r@��b¬c,x�p¨w	w�n�`,§#�fp{�
8Zp{b�­Eh�MB­�¯�vq^<e6g�cHw�vq^ag�w	w�nq`�§¶rtn�c,r#rtn�gKldnq`Mp�l\g ^ ` . O M 2{h�c,���B^>b . O M�2Ü��p�w�c�bH`¤`N�
l\`Mefxq^t`He6p¨w@g��yg~r@§�g~g��3rtnqgPw�xyg~g��3`,«¼�Bg�l\^ag�cMw@p{�qb�ranqgK�Nvyc,zsp{r@��b¬c,x�c��y��ranqg�rtg~�y�Ng~�yl\�
rt` �tÁ~psbMºµÁ�c,bHbMps�qb��N­

01

0v*

m1, m2

v m2v* m1v*

all inequalities (g,d) exists (g*,d*) >= m1v*

8�p{bMv�^tg�� .y�#g~z¨c�rtps`M�yw��yg~r@§�g�g~�>^>`~��^>b�c,�y� �
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»¼` g~²Hc,z{v�c,rtg 1½kjº}c,z{bH`M^ap{rtn�e §<g%vyw@g�� ranqg�wac,e6g�rag�w�raºÖxq^a`M�qzsg~e�w3cHw�ps�¶¹#c,z�cMw�c,�y�
KNc,zsrtÁ~e8c,��� <,�}��`H�qrdc�p{�qg��%ranyc,� (qwjra`��+­��q­?KNc�z{rtÁ�e�c,�S²Bp�c&«µrax�c,�q`H�B�Ne6`Mv�w�«µ^a`Me�ranqg
�yz{g".qe�c�rtn½­Ül\z{g�e6w@`M�½­ g��Bv .é¿]KNc�z{rtÁ�e�c,�E¿�xq^tps�Brmc,xy�N­ò`Mv�r~­ ��­
»�nqg�ps�Brag~bMg~^�lu`¤w�rPl\`¤g�D8l\psg~�Brmw�c�^tg�bHg~�qg~^mc,rag��8«µ^a`Me M�ra`%h�M]M6c��y�±ranqg3w@p{Á~gJ��`,«

rtnqg�w�g�xq^t`H�qz{g�e�w�^mc,�qbHg�w�«µ^a`Me ��vqxSrt`��M�N­H�g�w�`Hz{²¤g6ranqgSkK]	�%xq^t`H�qz{g�e�cHw�e�c��Bpse3vqe�ps�©`M^d�Ng~^3rt`�e�c�p{�Nrdc�p{� l\`Mnqg�^tg~�ylug
§#p{ran�ranqgjx�c,xyg~^dw	§#nqp¨ldn��Bg�wal\^tps�ygjranqgK¹�v��y�Bz{g�»½^tv�w�r	e6g~ranq`N� � KNldnq^dc�e6e c,�y� �y`�§<g�ò���X� �éhNM�� �d­YK¬p{�yl\gPp{��¹#c�z¨cHwjc��y� KNc�z{raÁ~e�c,�C� < �}�qrtnqg&kK]	��x�^t`M��z{g~e p�w#w�`Hz{²¤g���cMw�e6p{�qpsº
e�v�e��M§�g�ra^dc,��wÏ«µ`M^ae6g��6rtn�g�lu`¤w�r�lu`¤g�D�lup{g~�Nrdw<cMw�«µ`Mz{zs`�§�wN. 
 �	 ��� O h�M]M � 
 	 ��� ­¯���rtnqg�w�g�rtg�w@rtºµxq^t`H�qz{g�e�w\�¤§�g�g~²Hc�z{vyc�rtg���w�g�²¤g~^dc�zEe6g~ranq`N�qwN.
�%g~rtn�`N�+h�p�w¸ranqg3w@rdc,���qc,^m��w�vq�qbH^dcH�Bp{g~�Nr�e6g~rtn�`N�E�y�Bg�wal\^tps��g��8ps� 8q^tpsg~Á~g�c��y� <<cM�Bg�º
b¤c�^?�éh��X���qg~�Nr3�%g~ranq`N�©��p�w�c��³p{efxq^t`�²¤g~e�g\�NrK`�«��%g~ranq`N�¶h±�N��p{�yl\`H^txy`M^mc,rap{`M� `,«
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iteration k

f(x )
k

m1,m2 -> 0

m1,m2 -> 1

f(x )
k

lower bound

upper bound

8ZpsbMvq^ag3hNM&.Ek�²¤g~^dc�bMg�w@x�g�g��±`�«	�Bg�l\^tg�cHw�ps�qb3rtnqg��Bv�c,z{psr@��b¬c,x%«µ`M^ ^>`�a�^>b
�
M�a~h

c,zsz�l\z¨cHwtw�º}�3l\zsp¨¥¤vqg�w\­N�%g~ranq`N����p¨w	rtnqg�w�v��qbM^mcM�Bpsg~�Br<e6g~ranq`N��§#p{ran�e6`N�Bp ��g���w@vq�qbH^dc,º
�Bp{g��BrKranyc,rPrdc,(¤g�wjp{�Nrt`�cHl~l\`Hvq�BrPrtnqg3^ag�l\g~�Nr#nqp¨w@rt`H^t�%`�«��Bps^tg�lurtp{`H�½­y»�nqp�w�w@rt^mc,rtg�bM�%p�w
�Bg�wal\^tps��g��%p{� =<c,efg~^tps�qpX� 8�^mc,rardc�c,�y����c Df`Mzsp � �,� .yp «<ranqg�c,�qbHz{g3�yg~r@§�g�g~�%ranqg3�qg~§
c,�y��rtn�g3xq^tg~²Np{`HvywK�Bps^tg�lurtp{`H�%p�wjbM^ag�c,rag~^Krtn�c,��w�`He6g��y�Ng��±²Hc�z{vqg3§<g��B`M��� rKrt^avyw�rPp{�
rtnqgf�qg~§ �Np{^tg�l\rtps`M� c,�y�+l�c,^t^a��`M�+ranqg�`Mz¨��`M�qg¤´½psr�e�vyw@rK�yg6rtnq`HvqbMnNr3cHw�cSw�g�l\`H�y�
`M^m�Bg~^�^tg����qg~e6g~�Nr#`,«�w@rdc,���qc,^m�+w�vq��bM^dcH�Bp{g��Br�c��y���q`Mr�rt`��yg�l\`H�B«µvyw�g���g~psrtnqg�^j§#psrtn
c,� �@ºXw@vq�qbH^dcM�Np{g~�Nr6`M^f§#p{rtnWc�z{`Nl~c�z�c,xqx�^t`��Bpse�c,rap{`H�³`,«�ranqg%xy`Mzs�Bra`Mxyg¤­#�%g�rtnq`N�¶�
p¨wKrtn�g6¹�vq���Bz{g�»½^tvyw@r�e6g�rtnq`N���Bg�wtl\^ap{�yg���p{� K¤g�lurtp{`H� <N­��%g~rtnq`N�H<%c��y�+��c,^ag�ranqg
1½kjº}c,z{bH`M^ap{rtn�e�wZ§#p{ran�ps�yl\`H^txy`M^mc,rtg���l\z�cMwaw�º}��luz{p¨¥¤vqg�w�c,����`N�q�NºÖnq`Hz{g�w	x Oª�B�H^tg�w@x�g�l\rtpsº
²¤g~z{�¬­M�%g~ranq`N�B@Kc��y� 
�c�^tg�rtnqg�w�(¤g~z{g�rt`M� 1½k�ºXc�z{bM`H^tpsrtnqe�w�§#p{rtn�p{��l\`M^ax�`H^dc�rtg���l\z¨cHwtw@ºX�
l\z{p�¥¦v�g�w3c,�y�³`N���BºÖn�`Mz{g�w�x O �B�	^tg�w@xyg�l\rtps²¤g~z{�¬­ H�g%bMps²¤g�`M�yl\gSe6`M^ag�rtnqgS^tg�w@vqz{r�`,«
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1½kjº}c,z{bH`M^ap{rtn�e�w�g~��nyc,�ylug���§#p{ran�w2(¤g�z{g~ra`M�fc�²¤`Hp¨�qw �tÁ~psbMºµÁ�c,bHbMps�qb���c,�y� �y���qw�`Mvqr<bMzs`Mº
�yc,z�`Mx�rtp{e�vqe `�«	rtnqp�w�xq^t`H�qz{g�e�­
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ZX��rtnqp�w x�c,xyg~^K§<g��Bg�wtlu^tp{�yg���c6nqg�vq^tp�w�rtp�l��ycHw�g���`M��c6zs`Nl~c,z	c�xqxq^a`,�Np{e8c,rtps`M��`�«�ranqg
kK]	��xy`Hz{�Nrt`Mxyg3§�­ ^~­òr��Nvyc,zsp{r@�6b¤c�x8�µ^tg~z�c,�Ng���¿\«µg�cMw�ps�qz{g�w@`Mz{v�rtp{`H�yw �m­¼¯�vq^Pl\`He6xqvqrmc,rtps`Mº
�yc,z g~�Bxyg~^ap{e6g��Brmw_^ag~xy`M^arKrtnyc�rjpsrjbHp{²¤g�w��yg~rartg~^�^tg�w�vqzsrjranyc,��¹�vq�y�Bzsg3»½^tvyw@rje6g�rtnq`N�E�
�ycMw@g��3`M�fc,�fc,xqxq^a`��Bpse�c,rap{`M�3`�«�w@vq�qbM^mcM�Bpsg~�Nr~´Me6`H^tg~`�²¤g~^���l\`Mefxqvqrdc�rtps`M�3^tg�e�c,ps�yw «}c�^
w�pse6xqz{g�^�rtn�c,��rtn�g�¹�vq�y�Bzsg�»½^tv�w�rKe6g�rtnq`N��w�ps�yl\g�p{rP�B`¤g�wj�q`HrK^tg�¥¦vqps^tg�p{�Nrtg�^te6g��Np¨c,rag
¥¦v�cM�B^mc,rtp�l�`Mxqrap{e6psÁ�c,rap{`H�½­0ZXr	l\`Mv�z¨���yg#§�`H^trtnN§#nqpsz{g�ra`�w�ravy�B�&�Bp À®g~^ag~�Br�rt^mcM�Bg�`,À w��yg~raº
§�g~g��±�y`Hrtn�c�xqxq^a`¤cMldnqg�wu­
»�nqg��½�,psr.lu`Me6xyc�^tg�wE«}c~²¤`M^mc,�qzs��ra`Kw@rdc��y�qc,^m��efg~rtnq`N��w¼vyw@p{�qb�«}cMl\g~rmw\�HcMwZpsrZ^ag��Bvylug�w

rtnqg�p{^½�Nvqe��yg~^®§#p{ranqp{�&c¸ra^dcMlurdc,��z{g	�y`Mvq�y�®� IJ�K� b �m�Mc~À®`M^d�Np{�qb�c#e6`H^tg<cMl~luvq^dc�rtg<lon�`Mp¨lug
c,e6`H�qb+ranqg~e�­G8Zp{�yc�z{zs�¤�.§�gSp{�Nrt^t`N�Nvyl\g�c�^tg�w@rt^tp�l\rtg�� �%`H�qbMg�w@g�¥¤vqg~�yl\g�`H�Wc�z{`Nl~c�z
w�vq��w�rt^avyl\ravq^tg6`�«PkK]	�±§�­ ^~­òr��Bv�c,z{psr@��b¤c,x §#nqp¨ldn�x�^tg~²¤g~�Nrdw �tÁ~psbMºµÁ�c,bHbMp{��b���p{� w�`Mefg
xyc,ranq`Mzs`MbHp¨l~c�z.l~cHw�g�wu­

�jx�rt`f�%`M�qbHg�w�g�¥¤vqg~�ylug�pse6xq^a`,²¤g�e�g~�¤r��¤§�g�bHvqg�wawjrtnyc�rKrtn�p¨w#nqg~vq^ap¨w�rap¨l�l\`Mvqz��±�yg
c,xqx�z{p{g��³`M� �Bp À®g~^ag~�Br�xq^a`M�qzsg~e�w4�Xw�g�r±x�cMl�(Bps�qb�x�^t`M��z{g~e��<w�g�r�l\`�²¤g~^tps�qb�xq^t`H�qz{g~e �d�
xq^t`�²Np¨�Bg���rtnqg�p{^�vq�y�Bg�^tz{�Np{��b%w@rt^avyl\rtv�^tg�c�z{z{`�§�w�c,�+g�D8l\psg~�Br w�p{g�²Bps�qb%`�«#«}cMl\g~rmw�§�­ ^~­òr
�Bvyc�z{p{r@�6b¬c,x½­
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