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A propos de propriétés d’une classe de
caractéristiques spectrales des matrices et
d’applications aux équations différentielles

ordinaires

Résumé : Dans ce rapport on considére une classe de matrices intégrales H,
et une classe des caractéristiques spectrales matricielles &,, p > 0. Le rap-
port contient les preuves de leurs propriétés fondamentalles. En utilisant ces
propriétés, nous formulons un critere d’appartenance des spectres matriciels
au demi-plan fermé {Re A < 0} et prouvons des théoremes sur les propriétés
qualitatives des solutions des systemes d’équations différentielles ordinaires.
En particulier, on etablit des nouveaux criteres de stabilité asymptotique et de
stabilité au sens de Lyapounov des solutions des systemes d’équations différen-
tielles ordinaires linéaires. On présente un algorithm de calcul des paramétres
&,. On inclut quelques exemples de systemes d’équations différentielles or-
dinaires linéaires dépendant de paramétres. Pour ces systemes, utilisant les
caractéristiques e, on détermine les zones de stabilité au moyen d’un ordina-
teur.

Mots-clé : caractéristiques spectrales des matrices, exponentielle de matrice,
stabilité au sens de Lyapounov, équation de Lyapounov.



On properties of spectral characteristics of matrices 3

1 Introduction

It is well-known that the problem of calculation of eigenvalues of unsymmetric
matrices on a computer is "incorrect” (see, e.g., [T, 14]). Therefore, in order
to obtain information on the location of the spectrum of a matrix A of order
N in the complex plane or on the behaviour of the solutions of the system of
ordinary differential equations

Vo (1
we would like to have numerical characteristics for the matrix A which allow
us to answer on these questions. One of characteristics of such type is the
parameter of the asymptotic stability ee(A) for the system (1). This parameter
was introduced by S.K.Godunov and A.Ya.Bulgakov [1, 9]. For a Hurwitz
matrix A

e(A) =2 AfllH] (2)

where the matrix H is the solution of the Lyapunov equation
HA+ A"H = —1, (3)

I is the unit matrix. If A is non-Hurwitz, then &(A) = co. The parameter &(A)
gives a numerical criterion of the asymptotic stability of the solutions of (1).
This fact follows from the Lyapunov theorem about the asymptotic stability
(see, e.g., [8]).

S.K.Godunov and A.Ya.Bulgakov elaborated [2] an algorithm for calcula-
tion of &(A) on a computer with a guaranteed accuracy. It permits to solve
with a guaranteed accuracy the problem of the asymptotic stability for sys-
tems of the form (1). This is equivalent to the problem of characterizing the
matrices whose spectra belong to the open left half-plane { Re A < 0}. Howe-
ver, the question of characterizing the matrices whose spectra are contained in
the closed left half-plane { Re A < 0} was open. And the problem of obtaining
a numerical criterion of stability in the sense of Lyapunov for the system (1)
was not solved too.

Last year one of the authors of the present paper proposed [4] a solution to
these problems. An approach for solving is connected with his investigations in
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4 G.Demidenko and I.Matveeva

the theory of partial differential equations (see, e.g., [3]) and is based upon use
of the characteristics &,(A), p is real, p > 0, which he introduced in his lectures
on ordinary differential equations in Novosibirsk State University (Russia) in
1987. According to [4] the characteristics @,(A) for the matrix A are defined
as follows: if the integral

= [T Al e At (1)
0

exists, then

ap(A) = ap|| All[| Hp I, (5)

. 1
a, = </0 (1+ S)_2p6_25d8> .

If the integral (4) diverges, then a,(A) = cc.

It should be noted here that for the Hurwitz matrices the integral (4)
exists for p = 0 and is the unique solution of the Lyapunov equation (3), i.e.
the parameter ag(A) coincides with &(A).

where

The spectral characteristics @&,(A) allow to introduce new criteria [4-6] of
the asymptotic stability and stability in the sense of Lyapunov for the solutions
of the system (1). Moreover, using the characteristics &,(A) for 0 < p <
1/2 instead of &(A) one can obtain stronger numerical results. Note that the
approach from [4] permits also to solve some problems of linear algebra. Thus,
the characteristics e,(A) permit to answer on the question: Does a matrix
spectrum belong to a line (an angle, a strip or a convex polygon) in the complex
plane 7

The organization of the paper is as follows. In Sections 2-4 we present the
basic results of [4-6]. In particular, we formulate some properties of the matrix
H, in Section 2 and some properties of the characteristics &,(A) in Section 3.
Section 4 contains some spectral criteria for matrices and the theorems about
the properties of the solutions of (1). In Section 5 we discuss a numerical
algorithm which allows to obtain two-sided estimates for a,(A) by means of a
computer. Section 6 presents some numerical examples.

2 Properties of H,

Let us establish some properties of the matrices H,. We assume that A # 0.

Inria



On properties of spectral characteristics of matrices 5

Theorem 2.1 The matriz H, is Hermitian positive-definite and
(Hyv,v) = (ap[lA]) o] (6)

Proof. From the definition (4) it follows immediately that the matrix H,
is Hermitian. To prove that the matrix H, is positive definite we consider the
quadratic form (H,v,v) for any vector v. It is not difficult to show that the
following identity holds

(Hpv,v) = /0 (1 + s[[A) 7| o] ds. (7)
Indeed, according to (4)
(Hyv,v) = <</Oo(1 + 3||A||)_2peSA*eSAds) v,v)
0

= [T slAl e et vyds = [T+ sl Al e o] s,

Taking into account
e PNl < [leo]),

by (7) we obtain
(Hyo,v) > [ (14 slA]) e Ml o]
0
This leads to (6). O

Theorem 2.2 [f there exists the integral H,, then for any q > p the integral
H, exists and

[ Hy || > [ H,-
Proof. Let vy, ||vg|| =1, be a vector such that
[ H,|| = {Hyvo, vo).
From (7) we have
|| H|| :/0 (1+ sl AIDT*le*vo||*ds

RR n 2270



6 G.Demidenko and I.Matveeva

< [0+ A et Pds = (Hyvo, v
< mas {Hyo.) = |1y
v||=1
O

Theorem 2.3 If for an integer p > 0 the matriz H, exists then all eigenvalues
of the matriz A have nonpositive real parts, moreover, the mazimal size of the
Jordan blocks corresponding to the imaginary eigenvalues (if they exist) is not
greater than p.

Proof. Suppose that there exists an eigenvalue A; of the matrix A with
Re Aj > 0. Then by (7) for a corresponding eigenvector v; we have

(Hyvjyv) = [0+ sl Al e 2ds
(8)

* —2p 2sRe A 2

= [ slA) e oy
But if Re A; > 0 then this integral doesn’t exist. Consequently, the matrix H,
is indefinite. Thus, we have a contradiction, i.e. the eigenvalues cannot belong

to the right half-plane.

Assume that there exists an imaginary eigenvalue A; of the matrix A for

which the size of the corresponding Jordan block is equal to ¢, ¢ > p. Then
the system (1) has a solution of the form

y(t) = eMJ(tq_lvl +... 4= etAvq.

According to (7) for the generalized eigenvector v, we have

(Hyvg, o) = [ (L4 s A e, 2ds

:/0 (14 s||A) 2" 01 + . .. + v,||2ds.

Since vy is an eigenvector of the matrix A, this integral diverges for ¢ > p.
Hence, the matrix H, is indefinite. We have a contradiction. a

Inria



On properties of spectral characteristics of matrices 7

Note that if the spectrum of the matrix A belongs to the left half-plane
and if there exists at least one imaginary eigenvalue, then by the Lyapunov
theorem about the asymptotic stability the minimal number p = p,.;, such
that there exists a matrix of the form (4) must be greater than zero. The
following two theorems assert that p,,;, 1s uniquely defined by the maximal
size of the Jordan blocks corresponding to the imaginary eigenvalues.

Theorem 2.4 If p is the minimal natural number such that there exists a
matriz of the form (4), then the matriz A has at least one imaginary eigenvalue.
Moreover, the mazimal size of the Jordan blocks corresponding to the imaginary
eigenvalues is p.

Theorem 2.5 Let all eigenvalues of A belong to the closed left half-plane and
there exists at least one imaginary eigenvalue. If the maximal size of the Jordan
blocks corresponding to the imaginary eigenvalues is p, then H, exists and H,_,
doesn’t exist.

The proofs of Theorems 2.4 and 2.5 will be obtained in Section 3 as simple
corollaries of some theorems about properties of the spectral characteristics
&,

Theorem 2.6 If the matriz H, exists, then the following relation holds
HyA+ A" Hy = — 1+ 20 A Hypo o )
Proof. Introduce the matrix

t
H,(t) = / (1 + s||A[|)"2e4"e*Ads. (10)
0
We now prove that

Hy()A+ A Hy(t) = (1 + t| AN e — T+ 2p| A Hppa (1), (11)

Indeed, using properties of the matrix exponential we have

t d *
H(0)A+ ATH, (1) = [[(1 4] A]) (4" e) ds

RR n 2270



8 G.Demidenko and I.Matveeva

= (LA e = T 2] [ (14 sl A e s,
0
Hence, by the definition of H,.1,5(t) we obtain (11). From Theorem 2.3
p+1/
e ] < e(1+t),  t>0.
Since
H,(t) — Hp,
Hyp1p2(t) = Hyppapo
with ¢ — +o0o, we have (9).
O

Theorem 2.7 For the norm of the matriz H, the following estimate from
below holds
[, ]| = (|| AL~ (12)

Furthermore, if there exists at least one imaginary eigenvalue of the matriz A,
then
14, = (2p]l AL~ (13)

Note that the inequality (13) is more strict than (12) because for p # 0

00 00 1
1= / (14 s) e *ds < / (14 5)"# 'ds = —.
0 0 2p

Proof. The inequality (12) follows from (6) as

|Hyp|| = max(H,v,v).

llvll=1
We now prove (13). Let y(?) be a solution of the system (1), then we have

L (1), (0) = {(Hy A+ A" H,)y(2) (D). "

By (9) the equality (14) can be rewritten as

%<pr(t)7y(t)> +(y(1),y(2)) = 2pl|All(Hps1/29(1), y(1)).

Inria



On properties of spectral characteristics of matrices 9

Using the estimate
(Hyy(),y()) < [ Hlllly(1)]]?
and Theorem 2.2 we obtain

d

T oy () y () + [ Hp |7 (Hpy(0), 5(1)) < 2pl Al (Hyy(1), y(1)).

Rewrite this inequality in the form

d -
= (exp (1,7 — t2p]| Al (Hyy(8), (1)) <.
Consequently,

(Hpy(t),y(1)) < exp(t2p|All — t]| H,[|7")(H,y(0), y(0)).

If there exists at least one imaginary eigenvalue of the matrix A, then for an
arbitrary solution y(t) the quadratic form (H,y(), y(t)) cannot decrease when
t — +oo. Hence, it is necessary that 2p|| A|| — || H,|~* > 0. O

Theorem 2.8 Let H, exist. Then for any p > q + 1/2 the following estimate
holds
1, < ((2p = DIAID T IANH, | + 1)

Proof. Asp—1/2 > ¢, using Theorem 2.6 we have
Hy, 1A+ AH, 15 =—1+(2p—1)||A||H,.
By Theorem 2.2 we obtain
14, ]| = ((2p = DA [ Hpor/2A + A" Hyoa gz + 1|

< ((2p = DIADT W Ho-rp2 I AN+ 1A Hpm 2]l + 1)
= (
<

|
(2p = DIAIDT CIAN Hpry2ll + 1)
((2p = DIAIDT CIANH,]| + 1).

RR n 2270



10 G.Demidenko and I.Matveeva

According to Theorems 2.2, 2.7 and 2.8 we obtain that if for some p the
matrix H, = lim;_ ., H,(t) exists, then the family of the norms {||H,44]},
g > 0, 1s strictly decreasing with growth of ¢g. Moreover,

|Hyioll = O(1/q), q— o.

Theorem 2.9 Let p be the minimal natural number such that there exists the
matriz H,. Then for t — 400 we have the following relations

14, — Hy(1)]| = O(t™"), (15)
1 Hpt172 = Hypr ()] = O(77), (16)
I(H, — Hy(t))A+ A*(H, — Hy(t))|| = O(t™) (17)

where H,(t) is defined by (10).

The theorem will be proved in Section 3.

3 Properties of =,

We now establish some properties of the spectral characteristics e, defined by
(5). We assume again that A # 0.

Theorem 3.1 The following equalities hold
e(A) = ay| Allsup ([~ (1+ s| A [le ol ds ) o] (18)
P 2 ;&g 0 )

ay(A) = @, (A/]|A])- (19)

Proof. The equality (18) follows immediately from the definitions of a,(A)
and H,. Let us prove (19).
Since the asymptotic properties of the solutions of the systems

dy dz A
27 _ A, d ==
at 0w T a”

Inria



On properties of spectral characteristics of matrices 11

are identical then e,(A/||A||) = oo if and only if &,(A) = co. If &,(A) and
a,(A/||Al|) are finite then (19) follows from the definitions of these parameters.
Indeed,

@p(A) = a,|| Al || = apllAIIII/O (1+ s AN~ e ds||

= |l [ (14 ) et N AMAdg)| = e, (4] ]

Theorem 3.2 [f&,(A) < oo, then 1 < &,(A) < &,(A), ¢ > p.

Proof. Using the definition (5) and Theorem 2.2, we have a,(A) < &,(A),
g > p. By Theorem 2.1 the matrix H, is Hermitian positive definite. Therefore

11, = a1, 0,0).
6), we obtain ||H,| > (a,||A])~". Hence, a&,(A4) > 1.

(
Since the family {e,(A)} is monotonically decreasing with increase of p, it
follows that a,(A4) > 1. O

Taking into account

Theorem 3.3 If the matriz A has at least one eigenvalue A\; with Re A; > 0
then &,(A) = oo for all p > 0.

Proof. Let v; be an eigenvector corresponding to A; . By (8) we have
(Hpvj,v;) = /0 (1 + Al b e ds|lv; |1

Since Re A; > 0, it follows that the integral diverges. Consequently, &,(A) = oo
for all p. a

Theorem 3.4 [feen(A) = oo, then A has at least one eigenvalue with positive
real part.

RR n 2270



12 G.Demidenko and I.Matveeva

Proof. We use an indirect proof. Assume that all eigenvalues have nonposi-
tive real parts, i.e. Re A; < 0,5 =1,..., N. From the Gelfand-Shilov inequality
(see, e.g., [13]) we have

(2t Al @2t An~-
||etA||§ (1-|- T —I_”.—I_W ) t>0. (20)
That is
21| A 21| AV
(v, ew) < (1 + ( |1|! 1) St %) [[of[[[w]]

for any vectors v, w. Hence, the quadratic form
t
([ 0+ slany e estds ) o, w)

t
= [+ S]] e o, eHw)ds
0

has the limit when ¢t — +o00. Consequently, the matrix Hy exists and sy (A)
must be finite. Thus, we have a contradiction. a

Theorem 3.5 Let all eigenvalues of the matriz A have nonpositive real parts.
If the maximal size of the Jordan blocks corresponding to the imaginary eigen-
values is p, then se,_1(A) = 00 and &,(A) < .

Proof. Let J be the Jordan canonical form of the matrix A ,i.e. T7'AT = J.
Since the maximal size of the Jordan blocks corresponding to the imaginary
eigenvalues is p, then there exists a constant ¢ > 0 such that the following
estimate holds

el = |1 Te”T=H| < |TIIT e < et + el A", t>0.
Using this inequality, we obtain
(e, ew) < (1 + LA ~|v]|[|w]

for any vectors v, w. Since for H,(t) from (10)

(Hy(t)o,w) = [ (14 AN e 40, eu)ds,

Inria



On properties of spectral characteristics of matrices 13

it follows that there exists the limit
lim (H,(t)v,w).

t—+4oo

Consequently, the matrix H, is definite and @,(A) < co.
Now we prove that a,_1(A) = co. Assume that &,_1(A) < co. From (18)
we have

wpea(4) = s A sup ( [0+ s AN e ) o]

= apealAllsup ([ 701+ sllAD T s ) | Ty
Yy

Hence, for any vector y # 0,
oA ([ 00+ AN Ty 2 ds) [Ty 72 < pa(4) < ox.

Since the maximal size of the Jordan blocks corresponding to the imaginary
eigenvalues is p, then there exists a vector y° such that

Tety° = et’\ﬂ(tp_l'l){ +...+ 'vé), Re ); = 0.
Consequently, the integral
| sllAly e Ty s
diverges. Thus, we obtain a contradiction. O

The proot of Theorem 2.5 can then be obtained as a consequence of this
Theorem.

Theorem 3.6 [f &, 1(A) = oo and &,(A) < oo for natural p, then A has
imaginary eigenvalues. Moreover, the maximal size of the Jordan blocks cor-
responding to the imaginary eigenvalues is p.

RR n 2270



14 G.Demidenko and I.Matveeva

Proof. It is known that all eigenvalues of the matrix A have negative real
parts if and only if &y(A) < oo. On the other hand, according to Theorem
3.3, the matrix A has not any eigenvalues with positive real parts. Therefore,
the spectrum of the matrix A is the union of two sets: the first one consists
of all eigenvalues with negative real parts (it may be empty), the second one
consists of all imaginary eigenvalues (A can have only imaginary eigenvalues).

Let the maximal size of the Jordan blocks corresponding to the imagi-
nary eigenvalues be p 4+ k. From Theorem 3.5 we have a,;5-1(A) = oo and
e,k A) < 00, Since &,(A) < oo, it follows that k # 1. Taking into account
Theorem 3.2, we obtain that k& cannot be positive. On the other hand, if £ < 0,
then k cannot be equal to —1 as &,_1(A) = co. If k¥ < —2, then by Theorem
3.2 we have &,_1(A) < &,41(A) < co. This leads to a contradiction. Hence, k
can be only zero. a

The proof of Theorem 2.4 follows immediately from this Theorem.

Theorem 3.7 If &, 1(A) = oo and &,(A) < oo for natural p, then
&p_14e(A) < oo forany > 1/2.

Proof. From Theorem 3.1

ep_14e(A) = ap_14c|| Al ||Sl||1£)1 : (1+ 3||A||)_2p+2_25||eSA'U||2d$||v||_2.
Using Theorem 3.6, we have
le**oll < (1 +s[|AlPHoll, s >0 (21)
This leads to a&,_14.(A) < oo for any ¢ > 1/2. O

Theorem 3.8 Let p be a nonnegative integer. Then &,(A) < oo if and only
Zf wp-}—l/Q(A) < 00.

Proof. Taking into account Theorem 3.2, it is sufficient to verify that if
&@pt1/2(A) < 00, then a,(A) < oco.

Inria



On properties of spectral characteristics of matrices 15

First we consider the case of p = 0. Let a;/5(A) < oo. Suppose that
ao(A) = co. From Theorem 3.2 we have a&(A) < oco. Consequently, by Theo-
rem 3.6 the matrix A has at least one imaginary eigenvalue A;. Let v;, ||v;]| =1
be a corresponding eigenvector. Using Theorem 3.1, we obtain the inequality

asll Al [ (1+sl|Al)ds

= al/zllAll/O (1 + sl AN e o; |2 ds]lv;]|7* < ae172(A) < oo,

But the integral is divergent. We have a contradiction.

Consider the case when p is natural. We assume that a,(A) = co. As noted
earlier, if &, /2(A) < oo, then @,;1(A) < co. Therefore, by Theorem 3.6 we
obtain that there exists A\; with ReA; = 0 and linearly independent vectors
U1, 0z, ..., Up41 such that the vector function

y(t) = et’\ﬂ(tpvl + P o4+ Vpt1)

is a solution of the system (1). Using Theorem 3.1, we have the estimate
ap+1/2||A||/0 (L4 s[[AIDT* 5" o1 + 577 v + o+ vppa|Pds[|opea |7

< @pyi/2(A).
It can be rewritten as

1/2

(/0 (14 s|[ A2 Y|sP01 + 5" vs + ... + vp+1||2ds)

1/2
® A
< (ﬂ) ool

api1/2[| Al

Taking into account the Minkovskii inequality, we obtain

1/2

([T a2 o gas)

. o1 1/2
- (/0 (14 Al Zsfvp_ﬁln?ds)

i=0
RR n° 2270



16 G.Demidenko and I.Matveeva

1/2
® A
< (ﬂ) ool

ap1/2]|Af
Hence,
00 1/2
([ shan=sfds ) foal
p—1 00 9 1 25 1/2
< ([T shan s Pids) ol
7=0
+ (_aepiﬂ/z(A))l/? lvpsall
ap1/2(| Al ’
But all summands in the right-hand side are finite and the integral from the
left is divergent. Thus, we have a contradiction. Hence, a&,(A) < oc. a

Finally, we prove Theorem 2.9.

Proof. From the definitions of the matrices H,, H,(t) we obtain that
H, — H,(t) :/ (14 s||A|) e 4 ds.
¢

By the conditions of the Theorem, p is the minimal natural number such
that the matrix H, exists, i.e. &,_1(A) = 00, &,(A) < co. Then by Theorem
3.6 the inequality (21) holds for any vector v. Hence, estimating the integral

[+ s et
1

we obtain (15).
Formulae (16) and (17) can be proved in a similar way. O

4 On spectral properties of matrices and
qualitative behaviour of solutions of sys-
tems of linear ordinary differential equa-
tions

This Section includes some spectral criteria and theorems about qualitative
properties of the solutions of the system (1). In particular, it contains new

Inria



On properties of spectral characteristics of matrices 17

criteria of the asymptotic stability and stability in the sense of Lyapunov of
the solutions of (1).
At first, we formulate the spectral criteria for the matrix A.

Theorem 4.1 The spectrum of A belongs to the open left half-plane {Re A <
0} if and only if there exists p € [0, 3] such that e,(A) < oo,

Proof. If all eigenvalues A; of A have negative real parts, then by the
Lyapunov theorem aq(A) < oo.

We now prove that if &,(A) < oo for some 0 < p < 1/2, then the spectrum
of A is contained in the open left half-plane. If a4 /2(A) < oo, then by Theorem
3.8 &¢(A) < oo. Hence, according to the Lyapunov theorem, the spectrum
of A belongs to the open left half-plane. If there exists p € (0, %) such that
ap(A) < oo, then from Theorem 3.2 we obtain the above case of a;/5(A) < .
O

Theorem 4.2 The spectrum of A belongs to the closed left half-plane {Re A
< 0} if and only if there exists p > 0 such that e,(A) < 0.

Proof. If all eigenvalues A; of A have Re); < 0, then by Theorem 3.5
&,(A) < oo for natural p which is the maximal size of the Jordan blocks
corresponding to the imaginary eigenvalues.

Conversely, if &,(A) < oo for some p > 0, then from Theorem 3.3 the
matrix A cannot have any eigenvalues with positive real parts. a

We now formulate some criteria [5, 6] of the asymptotic stability and sta-
bility in the sense of Lyapunov based upon the properties of the spectral cha-
racteristics a,(A4), p > 0.

Theorem 4.3 The null solution of the system (1) is asymptotically stable for
t > 0 if and only if there exists p € [0, %] such that &,(A) < oo.

Proof. Remind that the null solution of (1) is asymptotically stable for

t > 0 if and only if all eigenvalues of A are contained in the open left half-
plane. Therefore, the proof follows immediately from Theorem 4.1. a

RR n 2270



18 G.Demidenko and I.Matveeva

For p = 0 Theorem 4.3 is equivalent to the Lyapunov theorem about the
asymptotic stability because a&q(A) = &(A). In the case of p > 0 the present
criterion of the asymptotic stability is new. Note that, according to Theorem
3.2, &,(A) < &o(A). Therefore, it seems to be necessary to use the characte-
ristics &,(A4), 0 < p < 1/2, in order to obtain stronger results on a computer.
This is confirmed by computational experiments. Thus, Section 6 includes a
simple example which shows that there exist matrices A whose spectra belong
to the open left half-plane but the ratio ag(A)/a1/2(A) can be very large.
Theorem 4.4 Let &(A) = oo. The null solution of the system (1) is stable
in the sense of Lyapunov for t > 0 if and only if there exists p € (%, g] such
that &,(A) < 0.

Proof. According to the classical spectral criterion of stability of solutions
for t > 0 (see, e.g., [12]), the null solution of (1) is stable in the sense of
Lyapunov for ¢ > 0 if and only if all eigenvalues A; of A have Re A; < 0 and
only one-dimensional Jordan blocks correspond to the imaginary eigenvalues.
Taking into account Theorems 3.5 and 3.6, this is equivalent to &;(A) < oc.
Using Theorems 3.2, 3.7 and 3.8, we obtain that a;(A) < oo if and only if
e,(A) < oo for 1/2 < p <3/2. 0

The following theorem contains an integral representation of the solutions
of (1). This representation characterizes asymptotic properties when ¢t — +oc.

Theorem 4.5 Let &,_1(A) = o0 and &,(A) < oo for some natural p. Then
for a solution y(t) of the system (1) the following relation holds

ly(OI* = 1+t ADFH(H,(8) — Hp)A + A(Hy(t) = H,))y(0), y(0))
(22)
+ 20| Al{(Hp11/2 — Hp1a/2(1))y(0), y(0))]
where H, is defined by (4), H,(t) by (10).

Proof. Since asolution y(#) of (1) may be written in the form y(¢) = e*4y(0),
it follows from (11) that

(Hy()A + A™H,(1))y(0),y(0))
(23)

= L+ ANy @ = Ny + 2plAl(Hp41/2()y(0), y(0)).
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From Theorem 2.6
['=2p||A[|Hpy1po — (HpA + A™H,y),
then
1y (O)[* = 2p| A Hpr1/29(0), y(0)) — ((HpA + A*H,)y(0),y(0)).
Hence, substituting ||y(0)||* in (23) we obtain (22). O

If the conditions of Theorem 4.5 are fulfilled, then from (22) and Theorem
2.9 we obtain that the solution y(%) of (1) satisfies the limit relation

ly()]| = O(*~Y), for t— +oo. (24)

By Theorems 3.5 and 3.6, p is the maximal size of the Jordan blocks corres-
ponding to the imaginary eigenvalues of A. Therefore, (24) can be obtained
from the representation for the matrix exponential

etA — TetJT—l

where J is the Jordan canonical form of A. It should be noted here that one
can verify the conditions of Theorem 4.5 without knowledge of the matrix .J.
This will follow from a computational algorithm described in Section 5.

Finally, we establish uniform estimates for the solutions of (1) on the half-
line ¢ > 0. These estimates will be essentially used in Section 5 for the foun-
dation of the algorithm for a,(A).

Theorem 4.6 Let &&,_1(A) = o0 and &,(A) < oo for some natural p. Then
for a solution y(t) of the system (1) the following estimate holds

(Hyy(t),y(1)) < (L+t A2~ exp(—t/ || Hyl)(Hypy(0), y(0))
(25)

+ 2(p+ 1 = Al (Hp-14y(0), y(0))],

>0, e>1/2.
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Proof. Let us consider the form
h(t) = (1 + ]| A7) (H,y(t), y(2))

for an arbitrary solution y(). Since

S h(t) = (L A0 5 (1), (1)

—2(p — 1+ &) A (1 + ¢ Al A1)

and

d

7 ey (1), (1) = (HpA+ ATHy)y(1), y(1)),

from Theorem 2.6 we have

d —2(p—1+e
7 h(8) + (L4 Al A) Ty (1))

= 2| A[[ (L + t]| A2 Hy oy (), y(1))
—2(p — 1+ &)[[Al(1 + [ A]l) 7 A(2).
We denote by f(t) the right-hand side of this equality. Using the inequality

(Hpy(1),y(t)) < Il lly )1,

we obtain p
7 R+ [1H [ A(1) < f(1)
%(exp(f/HHpH)h(t)) < exp(t/|[H,]) f(1).
Hence,

h(t) < exp(—t/||Hpl[)(0) +/0 exp(—(t = s)/|[H, ) f(s) ds.
We now estimate the function f(t). By the monotony property
(Hp1/2y(1), (1)) < (Hpy(t), y(t))
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and from the definition of A(t) we have
F(t) < 2pl|Al(1 = (1 4+ 2]l Al)7HA(?)
+2(1 — &) || A[|(1 + ]| Al) " R(t) < 2p[|AlA(t)
+2(1 — &) [ AJ (1 + AN R(E) < 2(p + 1 = 2)||A[[A(2).
This leads to the inequality

h(t) < exp(=t/|[Hy|)2(0)

20+ 1= Al [ exp(—(t = )/ Hy ) h(s) ds

< exp(—t/|[H,||)h(0)
t
+2(p+1—<)]All /0 (1 + || A *E+ (Hyy(s), y(s))ds.
As y(s) = e*4y(0), by Theorem 3.7 from the previous section we obtain
h(t) < exp(—t/||Hp|)R(0) + 2(p + 1 — &) | A|| | Hp || (Hp-14-3(0), y(0)).
Consequently, from the definition h(t) we have (25). O

Corollary 4.1 The following estimate holds

I < (1 + A2 AT

max min

(26)
x[exp(—t/Ah,.) + 2(p+1—e)AEH Al

t>0, 1>e>1/2,

where X! and A . are the maximal and the minimal eigenvalues of the

matriz H, respectively, \e72+¢ is the mazimal eigenvalue of the matriz H,_ ..

The estimate (26) is an analog of the Gelfand-Shilov estimate (20).
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5 Numerical algorithm for 2,(A)

From the definitions of the numerical characteristics a,(A) it follows that
a&,(A) < oo if and only if the integral (4) converges. Since the matrix

(1+ 5||A||)_2pes’4*es’4d3

is Hermitian positive definite, therefore, in order to prove convergence of the
integral (4), it is sufficient to obtain the estimate from above

V(O] < const, ¢ >0,

where H,(t) is defined by (10). Note that by Theorem 3.1, one can suppose
that || Al = 1.
We further assume that p is a natural number (see the case of p = 0 in [2]).
Consider the sequence { H,(m)} where

H,(m) :/m(1+3)—2pesA*esAds, 1A[| = 1. (27)
0
Then
&y(A) = ap lim |[Hy(m)]].

Rewrite the integral (27) in the form

mo ok
H,(m) = Z/ (14 5)_27965‘4 e*Ads.
k=1 k-1
It is obvious that the matrices

k k
/ es4 eSAds, / (1+ 3)_27965’4 e*Ads
k k

-1 -1
are Hermitian positive definite and the following estimates hold
k

esA*esAdS </ (1—|—3)_2p€SA*eSAdS
k—1

(1 [

k-1
k
< k_Qp/ eAettds, k>1, p>0.
k-1
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Therefore, for the matrix H,(m) we have the estimates

m

k m k
1+ k)% A e*Ads < Hy(m) < k=2 A" esAds.
> ;
k=1 k-1 k=1 k-t
As
0< k™ — (14 k)7 <k72(1 — 1/47),

then the convergence

lim || H,(m)]|

m—00

is equivalent to the convergence of the series

o0 k
Ek_Zp/ A et ds. (28)
Pt k—1

Consider the following integrals
k *
By =/ e eSAds, kE>1.
k—1

Having calculated B; and e* we can determine other integrals By, k > 2, by

means of the relations
Bk — e(k_l)A*Ble(k_l)A.

Hence, we have the simple formula for calculation of the partial sum S,, of the
series (28)

S, = i kPeh=DAT B Pk DA, (29)
k=1

However, for solving real problems, it may be better to estimate the charac-
teristic a,41/2(A) instead of &,(A). By Theorem 3.8 both these characteristics
give the same information about the spectrum of the matrix A. On the other
hand, by Theorem 3.2 we have 1 < a,11/5(A) < &,(A). Therefore, it is possible
that for certain matrix A we will be able to calculate e,11/5(A) and won’t be
able to calculate &,(A) by means of a computer because its value is equal to
infinity for given computer. Section 6 contains one example which shows that
such situation is quite real even for matrix of order two.
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For e,41/2(A) we use the same scheme as for a,(A). In this case it is
necessary to consider the integrals

Hyepm) = [ (497 ted et ) =1,

0

instead of the integrals (27) and

@pr1/2(A) = appry2 lim ||Hppypo(m)).

m— 00

We obtaine analogously that existence of the limit
i [ Hp g 72(m)|

is equivalent to the convergence of the series

k—1

o0 k
Z k_Qp_l/ A e A ds (30)
k=1

and for the partial sum S! we have

57’71 - i k—p—l/Qe(k—l)A*Blk_p_l/Qe(k—l)A.
k=1

Note that if &,_1(A) = 0o and &,(A) < oo for natural p then one can point
out a majorant convergent series for

x k
S ||k‘2p‘1/k e e (31)
k=1 -

Indeed, according to the inequality (26), we have the following estimates

||e(k—1)A||2 S k?(p—l—l—s) )\glaz

)\p

min

maxr

X (e_(k—l)/Agnaz _I_ 2(p + 1 _ 6))\(p—1+6)) S C(S)kQ(p_l—I—E)’
1>e>1/2
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Consequently,
k
||k—2p—1/ esA esAdSH
k—1

— ||k—p—l/Qe(k—l)A*Blk—p—1/2€(k—1)A|| < C(S) ||B1 ||k26_3.

Therefore, for any 1 > ¢ > 1/2, the series

> c(e)|| Bk
k=1

is a majorant convergent one for (31). Hence, if &, 1(A) = oo and &,(A) < oo,
then one can estimate the convergence rate of the series (30).

The described algorithm is not optimal, but it demonstrates a principal pos-
sibility of obtaining estimates for the spectral characteristics @&,(A) by means
of a computer.

6 Numerical Examples

In this Section we illustrate the practical efficiency of the spectral characteris-
tics a&,(A) for study of stability of solutions of systems of ordinary differential
equations on a computer.

Example 1. Consider the following matrix

—0.001 b
A= ( 0 —0.001 )

where b is a parameter. It is clear that the eigenvalues of A are equal to —0.001
for any b. It is interesting to note that the values of the characteristics ag(A)
and aeq/3(A) increase with growth of b. The following table contains some values
of &g(A) and e;/2(A) with respect to the parameter b.

b | order of a(A) | order of =;/5(A)
1 10? 10°
10 | 102 108
10 | 10* 10%°
10° | 10*® 10*2
10* | 10* 10

RR n 2270



26 G.Demidenko and I.Matveeva

22

10

10 10 10
parameter b

Figure 1: Graphs of the characteristics ag(A) and aeq/,(A)

One can see that ao(A) grows faster than ee/2(A). Thus, for example,

ao(A)

~10° forb=1
a1 /5(A)

but
ao(A)

@1/2(A)

Hence, the use of the characteristic a;/5(A) instead of ag(A) permits to obtain
more rigorous results when solving the problem about the asymptotic stability
by means of a computer.

Examples 2 - 6 illustrate a possibility of picking out the asymptotic sta-
bility zones for systems of ordinary differential equations depending on two
parameters. Figures 2-9 represent the asymptotic stability regions calculated
by means of a computer by using the characteristics a(A) and ae;5(A). Thus,
on the figures having the even numbers one can see the asymptotic stability
regions obtained by using &g(A), on the figures having the odd numbers —

~ 107 for b = 10%.
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those obtained by using ae;/5(A). We point out also the change character of
these characteristics:

point-types | order of zeo(A) (s1/2(A))
. 10
0 10?
% 10°
+ 10
X 10°

It should be noted that the orders of the parameters aeg(A) and a/5(A) coin-

cide in the interior subregions. However, near boundaries values of &g(A) are

greater than values of &;/2(A) by some orders (see the figures on pp.32-41).
In examples 2-5 we consider the system of ordinary differential equations

2"+ eRa'+ (K +vF)z =0 (32)

where R, K, F' are square matrices of order 4, v, e are parameters. In particu-
lar, the system of Lagrangian equations is reduced to the system of such type
(see, e.g., [11]). The system (32) can be rewritten in the form

dy _
dt

y = ( :) Alv,e) = ( _(K(jer) —iR)'

Calculating ag(A(v, €)) and aeq/2(A(v, €)) for each fixed pair (v, ¢) we indicate
the asymptotic stability zones in ranges of variation of these parameters.
Example 2.

A(v,e)y

where

100 0 1 —05 0 0
. loz200 | -o0s5 2 0 0
K=19030] %= 0 0o 3 05 |
000 4 0 005 4
102 0
020 —2
F=1 503 o
020 4
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Example 3.

oS o MmO

S N O O

— o O O

Example 4.

0
0
4

3 0.5

-2
1
—0.5

—1
2
—1
0

05 0 0 O 1
0 0 —1
2 0|’ = -2
0 0 0 0.5 0

Example 5.

Examples 6. Consider the system

o
I
2
<t
_
Do
Q
T o
a
=%
+ T
< =
g
ER
Qg
/J\I\
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where

al b 0 0 ¢ 0 0 0 0 0 0 0
bboa? ¥ 0 0 & 0 0 0 0 0 0
06 ad b 0 0 0 0 0 0 0
0 0 b at 82 0 0 0 0 0 0
ec; 0 0 b a3 b5 0 0 & 0 0 0

A = 0 ¢ 0 006 a8 ¥ 0 0 & 0 0

! 00 & 0 0 a 7 0 0 & 0|’
0 0 0 ¢ 0 08 & ¥ 0 0
00 0 0 ¢ 0 0 a o 0 0
00 0 0 0 & 0 0 b al° 51 0
0 0 0 0 0 0 ¢ 0 0 b° o' !
00 0 0 0 0 0 0 0 b al?

a; = 0.67, a® =1.22, af = 1.33, af =0.55, o} = 1.22, a = 2.67,

al =311, af = 1.44, af = 0.56, a° = 1.44, a;' = 1.78, a}® = 0.89,
bi = —0.33, b = —0.44, b = —0.44, bj = 0., b5 = —0.44, bS = —0.89,
bl = —0.89, b5 =0, b) = —0.11, b}° = —0.44, b' = —0.44,

e} =0.67, ¢ =1.22, ¢} =1.33, ¢] = 0.55, ¢ =1.22, & = 2.67,
el =311, § = —0.44,

a 00 0 0 0 0 0 0 0 0 0
0a2 0 0 0 000 0 0 0 0
0 0a¢d 0 0 0 0 0 0 0 0 0
00 0at 0 0 0 0 0 0 0 0
¢ 00 043 0 0 0O 0 0O 0 O
0 0 0 0a 0 0 0 0 0 0
A=l 0 02 00 04 00 0 0 0]
2 2
00 0 ¢ 0 0 0a 0 0 0 0
00 0 0c¢& 0 0 0a 0 0 0
000 0 0 0 c¢& 0 0 0 a® 0 0
000 0 0 0 0 ¢ 0 0 0 a 0
00 0 0 0 0 0c¢& 0 0 0 a
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ay = —1, a3 = —1.33, a5 = —1.33, a3 = —0.33, a = —1.33, a5 = —2.67,
— _2677 ag — _1337 ag e 07 aéo — 07 aél e 07 Q%Q e 0

k_ k& _
¢y = —ay, k=1,...,8,

[

a ’

3000 0O0O0O0O0OO0O0OTGO
04000O0O0O0O0O0O0OTGO

0 0400O0O0O0O0O0O0OTGO
0001 0O0O0O0OO0OO0O0OTO
0000 400O0O0O0O0OTGO
D 000008 0O0O0O0OO0OTO
1 0O0O0O0O0O0OS8O0O0OO0OO0O
000 0O0O0OO0O40O0O0O0
0000 O0O0OO0OOTTO0OO0OPO
000 0OO0O0OO0OOUOM4O0O0
0000 O0OO0OO0OOUOO0M40O0
000 0O0O0OO0OOGOO0OO0O3

Systems of such type arise in problems of convection of geological structure
(see, e.g., [10]).

7 Conclusion

In this paper we presented the approach from [4] for solving the problem
about characterizing location of the spectrum of a matrix A in the closed left
half-plane. This approach is based upon the use of the family of the spectral
characteristics @&,(A), p > 0. In our opinion, it is necessary to continue both
theoretical and applied researches in this direction. At present, the following
investigations can be started:

I. Algorithm with a guaranteed accuracy. To solve concrete problems
with the help of a computer it is necessary to take into account the structure
of machine representation of real numbers. The general peculiarity of all com-
puters is that any number stored in a computer or generated in intermediate
computations is indistinguishable from any other one sufficiently close to it. To
elaborate an algorithm with a guaranteed accuracy we must take into consi-
deration this effect. Therefore, it is necessary to investigate in more detail the
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dependence of properties of the characteristics &,(A) on A and p. In particular,
it is necessary to elaborate a perturbations theory for these parameters, i.e. to
study a character of changes of &,(A) for small perturbations of the elements
of A and p.

I1. Efficiency of the algorithm. The algorithm from Section 5 is pre-
liminary. It demonstrates a principal possibility to estimate the spectral cha-
racteristics &, on a computer. This is confirmed by a series of experiments.
However, to solve stability problems for systems depending on parameters it
requires much computer time. Now there exists a real possibility for elabo-
ration of an optimal algorithm. In particular, one can create a more optimal
algorithm than that from Section 5. One can also investigate analytic proper-
ties of &,(A) in order to define the boundaries of the stability zones computing
values of &,(A) on a rare grid in a range of variation of the parameters.

II1. Solving some problems of linear algebra. At present, using the
approach from [4], the problems about location of a matrix spectrum on a line,
a strip, an angle or a convex polygon (both open and closed) can be solved.
For each of these problems one can introduce spectral characteristics which
are analogous to @,. Using properties of these characteristics one can propose
a justified algorithm for their calculation on a computer.

The investigations were conducted at the Institute of Mathematics, Sibe-
rian Branch of the Russian Academy of Sciences, Novosibirsk, Russia and at
IRISA, Rennes, France.

We express a gratitude to S.K.Godunov and B.Philippe for useful discus-
sions, to J-F.Carpraux and A.N.Malyshev for editing French and English texts.
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Figure 2: Asymptotic stability zone computated by using aq(A)
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Figure 3: Asymptotic stability zone computated by using ae;5(A)

RR n 2270



G.Demidenko and I.Matveeva

34

SIS [oRoNoXoXoXo]

[eNeNoXoXoXoXo]

18

Lor

14

!
o~
—

2 a91weaed

parameter v

Figure 4: Asymptotic stability zone computated by using aq(A)
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Figure 5: Asymptotic stability zone computated by using ae; /5(A)
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